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Abstract: We consider a two-dimensional ruin problem where the surplus process of business lines
is modelled by a two-dimensional correlated Brownian motion with drift. We study the ruin function
P(u) for the component-wise ruin (that is both business lines are ruined in an infinite-time horizon),
where u is the same initial capital for each line. We measure the goodness of the business by analysing the
adjustment coefficient, that is the limit of — In P(u) /u as u tends to infinity, which depends essentially on
the correlation p of the two surplus processes. In order to work out the adjustment coefficient we solve
a two-layer optimization problem.

Keywords: adjustment coefficient; logarithmic asymptotics; quadratic programming problem; ruin
probability; two-dimensional Brownian motion

1. Introduction

In classical risk theory, the surplus process of an insurance company is modelled by the compound
Poisson risk model. For both applied and theoretical investigations, calculation of ruin probabilities for
such model is of particular interest. In order to avoid technical calculations, diffusion approximation is
often considered e.g., (Asmussen and Albrecher 2010; Grandell 1991; Iglehart 1969; Klugman et al. 2012),
which results in tractable approximations for the interested finite-time or infinite-time ruin probabilities.
The basic premise for the approximation is to let the number of claims grow in a unit time interval and to
make the claim sizes smaller in such a way that the risk process converges to a Brownian motion with
drift. Precisely, the Brownian motion risk process is defined by

R(t) =x+pt—0oB(t), t >0,

where x > 0 is the initial capital, p > 0 is the net profit rate and ¢B(t) models the net loss process
with ¢ > 0 the volatility coefficient. Roughly speaking, ¢B(t) is an approximation of the total claim
amount process by time ¢ minus its expectation, the latter is usually called the pure premium amount
and calculated to cover the average payments of claims. The net profit, also called safety loading, is the
component which protects the company from large deviations of claims from the average and also allows
an accumulation of capital. Ruin related problems for Brownian models have been well studied; see, for
example, Asmussen and Albrecher (2010); Gerber and Shiu (2004).
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In recent years, multi-dimensional risk models have been introduced to model the surplus of multiple
business lines of an insurance company or the suplus of collaborating companies (e.g., insurance and
reinsurance). We refer to Asmussen and Albrecher (2010) [Chapter XIII 9] and Avram and Loke (2018);
Avram and Minca (2017); Avram et al. (2008a, 2008b); Albrecher et al. (2017); Azcue and Muler (2018);
Azcue et al. (2019); Foss et al. (2017); Ji and Robert (2018) for relevant recent discussions. It is concluded
in the literature that in comparison with the well-understood 1-dimensional risk models, study of
multi-dimensional risk models is much more challenging. It was shown recently in Delsing et al. (2019)
that multi-dimensional Brownian model can serve as approximation of a multi-dimensional classical risk
model in a Markovian environment. Therefore, obtained results for multi-dimensional Brownian model
can serve as approximations of the multi-dimensional classical risk models in a Markovian environment;
ruin probability approximation has been used in the aforementioned paper. Actually, multi-dimensional
Brownian models have drawn a lot of attention due to its tractability and practical relevancy.

A d-dimensional Brownian model can be defined in a matrix form as

R(t) = x+ pt— X(t), t >0, with X(t) = AB(t),

where x = (xq1,- -, xd)T, p=(p, -, pd)T € (0, oo)d are, respectively, (column) vectors representing
the initial capital and net profit rate, A € R?*? is a non-singular matrix modelling dependence between
different business lines and B(t) = (By(t),...,B4(t))",t > 0is a standard d-dimensional Brownian motion
(BM) with independent coordinates. Here T is the transpose sign. In what follows, vectors are understood
as column vectors written in bold letters.

Different types of ruin can be considered in multi-dimensional models, which are relevant to the
probability that the surplus of one or more of the business lines drops below zero in a certain time interval
[0, T] with T either a finite constant or infinity. One of the commonly studied is the so-called simultaneous
ruin probability defined as

d
QT(x) =P {Elte[O,T] ﬂ {Rl(t) < 0}},
i=1

which is the probability that at a certain time ¢+ € [0,T] all the surpluses become negative.
Here for T < oo, Qr(x) is called finite-time simultaneous ruin probability, and Qe (x) is called
infinite-time simultaneous ruin probability. Simultaneous ruin probability, which is essentially the hitting
probability of R(t) to the orthant {y € R? : y; < 0,i = 1,...,d}, has been discussed for multi-dimensional
Brownian models in different contexts; see Debicki et al. (2018); Garbit and Raschel (2014). In Garbit
and Raschel (2014), for fixed x the asymptotic behaviour of Qr(x) as T — oo has been discussed.
Whereas, in Debicki et al. (2018), the asymptotic behaviour, as u — oo, of the infinite-time ruin probability
Qw(x), with x = au = (aqu,apu,...,aqu)’,a; > 0,1 < i < d has been obtained. Note that it is
common in risk theory to derive the later type of asymptotic results for ruin probabilities; see, for example,
Avram et al. (2008a); Embrechts et al. (1997); Mikosch (2008).
Another type of ruin probability is the component-wise (or joint) ruin probability defined as

Pr(x):=P { ﬁ {HtG[O,T]Ri(t) < O}} =P { ﬁ{ sup (X;(t;) — piti) > x,«}}, 1)

i=1 i=1 t;€[0,T]

which is the probability that all surpluses get below zero but possibly at different times. It is this possibility
that makes the study of Pr(x) more difficult.

The study of joint distribution of the extrema of multi-dimensional BM over finite-time interval has
been proved to be important in quantitative finance; see, for example, He et al. (1998); Kou and Zhong (2016).
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We refer to Delsing et al. (2019) for a comprehensive summary of related results. Due to the complexity
of the problem, two-dimensional case has been the focus in the literature and for this case some explicit
formulas can be obtained by using a PDE approach. Of particular relevance to the ruin probability Pr(x)
is a result derived in He et al. (1998) which shows that

]P’{ sup (Xp(t) — p1t) < x1, sup (Xa(s) — pas) < xz}
te[0,T) s€[0,7]

_ eu1x1+a2xz+be(x1’ X, T)/

where a1, ap, b are known constants and f is a function defined in terms of infinite-series, double-integral
and Bessel function. Using the above formula one can derive an expression for Pr(x) in two-dimensional
case as follows

Pr(x) = 1 —]P{ sup (Xq(t) — prt) < xl} —]P’{ sup (Xa(s) — pas) < xz} (2

te[0,T] s€[0,T]

—HP’{ sup (X1 (t) — p1t) < x1, sup (Xa(s) — pas) < xz} ,
te[0,T] s€[0,T]

where the expression for the distribution of single supremum is also known; see He et al. (1998). Note that
even though we have obtained explicit expression of Pr(x) in (2) for the two-dimensional case, it seems
difficult to derive the explicit form of the corresponding infinite-time ruin probability P (x) by simply
putting T — oo in (2).

By assuming x = au = (aqu, au, .. .,txdu)T,zxi > 0,1 <i < d, we aim to analyse the asymptotic
behaviour of the infinite-time ruin probability P (x) as u — co. Applying Theorem 1 in Debicki et al. (2010)
we arrive at the following logarithmic asymptotics

1 1
——InPo(x) ~ ~inf inf o'%;'v, asu— o (©)]
u t>0v>a+pt
provided ¥ is non-singular, where pt := (pit1,---,pats)', inequality of vectors are meant

component-wise, and ;! is the inverse matrix of the covariance function &t of (Xi(t1), -, X4(ts)),
witht = (t,--- ,t;) " and 0= (0,---,0) " € R Let us recall that conventionally for two given positive
functions f(-) and h(-), we write f(x) ~ h(x) if imy_e f(x)/h(x) = 1.

For more precise analysis on P (x), it seems crucial to first solve the two-layer optimization problem
in (3) and find the optimization points #j. As it can be recognized in the following, when dealing with
d-dimensional case with d > 2 the calculations become highly nontrivial and complicated. Therefore, in this
contribution we only discuss a tractable two-dimensional model and aim for an explicit logarithmic
asymptotics by solving the minimization problem in (3).

In the classical ruin theory when analysing the compound Poisson model or Sparre Andersen
model, the so-called adjustment coefficient is used as a measure of goodness; see, for example,
Asmussen and Albrecher (2010) or Rolski et al. (2009). It is of interest to obtain the solution of the
minimization problem in (3) from a practical point of view, as it can be seen as an analogue of the
adjustment coefficient and thus we could get some insights about the risk that the company is facing.
As discussed in Asmussen and Albrecher (2010) and Li et al. (2007) it is also of interest to know how the
dependence between different risks influences the joint ruin probability, which can be easily analysed
through the obtained logarithmic asymptotics; see Remark 2.
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The rest of this paper is organised as follows. In Section 2, we formulate the two-dimensional
Brownian model and give the main results of this paper. The main lines of proof with auxiliary lemmas are
displayed in Section 3. In Section 4 we conclude the paper. All technical proofs of the lemmas in Section 3
are presented in Appendix A.

2. Model Formulation and Main Results

Due to the fact that component-wise ruin probability P (x) does not change under scaling, we can
simply assume that the volatility coefficient for all business lines is equal to 1. Furthermore, noting that
the timelines for different business lines should be distinguished as shown in (1) and (3), we introduce
a two-parameter extension of correlated two-dimensional BM defined as

(X2(), Xa(s)) = (Blm, pBi(s) +1/1 P232(5)> , bs>0,

with p € (—1,1) and mutually independent Brownian motions By, B;. We shall consider the following two
dependent insurance risk processes

Ri(t):u—i-yit—Xi(t), t>0, i=1,2,

where i1, up > 0 are net profit rates, u is the initial capital (which is assumed to be the same for both
business lines, as otherwise, the calculations become rather complicated). We shall assume without loss of
generality that y1 < pp. Here, y; is different from p; (see (1)) in the sense that it corresponds to the (scaled)
model with volatility coefficient standardized to be 1.

In this contribution, we shall focus on the logarithmic asymptotics of

P(u) := Po(u(1,1) 1) P {{3>0R1(t) <0} N {Is=oRa(s) < 0}} (4)

=P {sup(Xl(t) — upt) > u, sup(Xa(s) — pas) > u} , asu — oo.

t>0 s>0
Define
o+ — (A p2)? — 4 (o — ) 1 . Mt
e c O, =), - 5
P1 diy [0,5), f2 20 5)
and let

t=t"(p) =s :s()::\/ . (6)
b o M+ 13— 2pp1p

The following theorem constitutes the main result of this contribution.
Theorem 1. For the joint infinite-time ruin probability (4) we have, as u — oo,

2(ua + (1 —=20)p1), if —1<p<py;

log(P(u 2/t A N
_ g(u( ) ~ ﬂ1+;ﬁ; /m if 1< p < pa;
2”2/ lf pZ < p < 1.

Remark 2. (a) Following the classical one-dimensional risk theory we can call quantities on the right hand side in
Theorem 1 as adjustment coefficients. They serve sometimes as a measure of goodness for a risk business.
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(b) One can easily check that adjustment coefficient as a function of p is continuous, strictly decreasing on
(=1, p2] and it is constant, equal to 2y on [P, 1). This means that as the two lines of business becomes more

positively correlated the risk of ruin becomes larger, which is consistent with the intuition.

@)

Define
t,s):= inf N ()T, ts>0,

g(t,s) lefiw(x y)Z (%) s
y>1+4puos

! pEAS ,with t As = min(t,s) and p € (—1,1).

where Zt_sl is the inverse matrix of X =
ptAs S
The proof of Theorem 1 follows from (3) which implies that the logarithmic asymptotics for P(u) is of
the form
_%mp(u) ~ g(;o), U — o, 8)
where
inf  g(ts), )
2

t =
8(t) o)
and Proposition 3 below, wherein we list dominating points #y that optimize the function g over (0, o)

and the corresponding optimal values g(y).
In order to solve the two-layer minimization problem in (9) (see also (7)) we define for t,s > 0 the

following functions:
14 upt)? 1+ pps)?
gl(t)—( tyl)r gZ(S)—( SVZ)r

g3(t;s) = (L4 mt, 1+ pos) B (14t 1+ pos)
Since f A s appears in the above formula, we shall consider a partition of the quadrant (0, )2, namely
(10)

(0,0)2=AULUB, A={s<t},L={s=1t}, B={s>t}.

For convenience we denote A = {s < t} = AULand B = {s > t} = BU L. Hereafter, all sets are

defined on (0,0)2, 50 (t,s) € (0, 0)? will be omitted.
Note that g3(t,s) can be represented in the following form:
— (s | (g t)—p(1+p0s))?
= 5 ,

ga(ts) : s €A »
p0m0? i 4 o) ¢ B (1)

t,s) =
83(t,s) g5(t)s) = (1+¢:1t)z n ((1+yzss_p2t ,
Denote further
2 2 _
(1+ ps)> + <1+y(21s)_ pz;_f(l ) (Lt pas) o (12)

8L(s) = gals,s) = gp(s,s) =
In the next proposition we identify the so-called dominating points, that is, points ty for which
function defined in (7) achieves its minimum. This identification might also be useful for deriving a more

subtle asymptotics for P(u).
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Notation: In the following, in order to keep the notation consistent, p < yy/ o is understood as p < 1if
H1 = Ha-
Proposition 3.
(i)  Suppose that —1 < p < 0.

For 1 < pp we have

g(to) = ga(ta,sa) =4(pa + (1 —20)u1),

where, (ta,s4) = (ta(p),sa(p)) := (%, Hrlzmp)is the unique minimizer of g(t,s), (t,s) € (0,00)2.
For y1 = pp =: p we have

g(to) = ga(ta,sa) = ga(ts,sp) = 8(1 —p)p,

where (ta,54) = (%,m) € A, (tg,sp) := (m, %) € B are the only two minimizers of

g(t,s),(t,s) € (0,00)2.
(ii)  Suppose that 0 < p < p1. We have

g(to) = ga(ta,sa) =4(pa + (1 —20)u1),

where (ta,s4) € A is the unique minimizer of g(t,s), (t,s) € (0,00)2.
(iii) Suppose that p = py. We have

g(to) = ga(ta,sa) = 4(pa + (1 —20)u1),

A

where (ta,s4) = (ta(p1),54(01)) = (t*(p1),5"(p1)) € L, is the unique minimizer of g(t,s), (t,s) €
(0,00)2, with (t*,s*) defined in (6).
(iv) Suppose that p1 < p < pp. We have

* * _ * _ 2 *
g(ty) = ga(t',s*) = gL(t*) = 71+p(;11+;42+2/t ),

where (t*,5*) € L is the unique minimizer of g(t,s), (t,s) € (0,0)2.

(v)  Suppose that p = py. We have t*(p2) = s*(p2) = 1/ o and

8(to) = 8a(1/p2, 1/ p2) = gL.(1/2) = g2(1/ 2) = 4pio,
where the minimum of g(t,s), (t,5) € (0,00)? is attained at (1/pp, 1/ y2), with g3(1/ 2,1/ 42) = 2(1/12)

and 1/ py is the unique minimizer of g»(s),s € (0,00).
(vi) Suppose that po < p < 1. We have

8(to) = &2(1/p2) = 4pa,
where the minimum of ¢(t,s), (t,s) € (0,00)? is attained when g(t,s) = g»(s).

Remark 4. In case that iy = pp, we have p1 = 0, p2 = 1 and thus scenarios (ii) and (vi) do not apply.
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3. Proofs of Main Results

As discussed in the previous section, Proposition 3 combined with (8), straightforwardly implies the
thesis of Theorem 1. In what follows, we shall focus on the proof of Proposition 3, for which we need to
find the dominating points #j by solving the two-layer minimization problem (9).

The solution of quadratic programming problem of the form (7) (inner minimization problem of
(9)) has been well understood; for example, Hashorva (2005); Hashorva and Hiisler (2002) (see also
Lemma 2.1 of Debicki et al. (2018)). For completeness and for reference, we present below Lemma 2.1 of
Debicki et al. (2018) for the case where d = 2.

We introduce some more notation. If I C {1,2}, then for a vector a € R?> we denote by a; = (a;,i € I)
a sub-block vector of a. Similarly, if further | C {1,2}, for a matrix M = (m;;); jc(12} € R?*2 we denote by
Miyj= My = (mjj)ic1 jej the sub-block matrix of M determined by I and J. Further, write M= (My)~?
for the inverse matrix of Mj; whenever it exists.

Lemma 5. Let M € R>*2 be a positive definite matrix. If b € R?\ (—oc0,0)?, then the quadratic
programming problem

Pypi(b) : Minimise x ' M~ x under the linear constraint x > b
has a unique solution b and there exists a unique non-empty index set I C {1,2} such that

by =b; #0;, M;'b; >0y,
and  if I° = {1,2} \ I # @, then byc = Mye;M;,'b; > bye.

Furthermore,

m>i£1xTM71x - b M b= b[TMﬁlbI >0,
xX=

M = x;—MI_IYI;I = x}er_IlbI, Vx € R
For the solution of the quadratic programming problem (7) a suitable representation for g(t,s) is
worked out in the following lemma.

For 1 > p > pu1/ua, let Dy = {(t,5) : wi(s) < t < fi(s)} and D; = (0,0)2 \ D, , with boundary
functions given by

p—1  pu2 s
§) = —F+""155, wi(s) = —F———, 5>0, 13
fl() 1 " 1() P+(P,u2—]41)5 ( )

and the unique intersection point of f1(s), w1(s),s > 0, given by

* * 1-
Sl = Sl (p) = ﬁ, (14:)

as depicted in Figure 1.
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—1
t hls) = G + ks
D,
_ s
5*{ ............ wl(s) — pt+(ppa—p1)s

7 s

Figure 1. Partition of (0, )2 into Dy, D,.
Lemma 6. Let g(t,s),t,s > 0 be given as in (7). We have:

(i) If—1<p < p1/p, then
g(ts) =gs(t,s), (ts)€ (0,00)%

(i) If1>p > py/yp, then

o — ) &ts), if(ts)eD
$lts) = { (s), if (t,s) € Ds.
Moreover, we have g3(f1(s),s) = g3(w1(s),s) = g2(s) forall s > s7.

3.1. Proof of Proposition 3

We shall discuss in order the case when —1 < p < 0 and the case when 0 < p < 1 in the following
two subsections. In both scenarios we shall first derive the minimizers of the function g(t,s) on regions A
and B (see (10)) separately and then look for a global minimizer by comparing the two minimum values.
For clarity some scenarios are analysed in forms of lemmas.

311.Case -1 < p <0
By Lemma 6, we have that
g(t;s) = g3(t,s), (ts)€ (0,00)%

We shall derive the minimizers of ¢3(t,s) on A, B separately.
Minimizers of g3(t,s) on A. We have, for any fixed s,

d¢3(t,s ¢ (t,s
g38(t - gAB(t 20 & (ut+1—p—ppas)(nt — (2> —ppa)s+p—1) =0,

where the representation (11) is used. Two roots of the above equation are:

— 1+ ppos 1—p+ (2u10% — ppi2)s
_P P25y () = LR (2107~ ppia)s (15)
H1 H1

Note that, due to the form of the function g4 (t,s) given in (11), for any fixed s, there exists a unique
minimizer of g4 (f,s) on A which is either an inner point ¢; or t, (the one that is larger than s), or a boundary
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point s. Next, we check if any of t;,i = 1,2, is larger than s. Since p < 0,#; < 0 < t;. So we check if t, > s.
It can be shown that

th>s & (p1+ppu2 —2u10%)s <1—p. (16)

Two scenarios pi1 + ppa — 2u10% < 0 and pq + ppp — 2p1p? > 0 will be distinguished.
Scenario p1 + ppa — 2u10% < 0. We have from (16) that

t<0<s <ty

and thus

(e y8a(t:5) = b fals),
where

(Lt pos)®

fa(s) :=ga(ta(s),s) = + 41 (1= p) + (0°H1 — pp2)s).

S

Next, since

1 1
"(s)=0 & sp=s = = >0, 17
fA( ) A A(P) |}42—2p}11‘ 1y — 2001 17)
the unique minimizer of g3(t,s) on A is given by (t4,54) with
1-2p
tg:i=12(s4) = —.
A= t(sa) 0
Scenario p1 + ppa — 2p10% > 0. We have from (16) that
1-— 1-—

H<0<s<t & s< 4 4 =:5""(p) = s, (18)

w1+ pp2 —2mp>  p(p2 — pip) + (1 —p?)

and in this case,

0 solts) = min (| inffa(s), inf 1(5)), (19)

where g7 (s) is given in (12). Note that

g1(s)=0 & s :s(p):\/ . (20)
g K3+ 5 — 2pp1po

Next, for —1 < p < 0 we have that (recall s** given in (18))

*

¥ > 1-p ! L 1;’O>s.

7>7>7>S,S**>
=) T T 1
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Therefore, by (19) we conclude that the unique minimizer of ¢3(t,s) on A is again given by (f4,s4).
Consequently, for all —1 < p < 0, we have that the unique minimizer of g3(t,s) on A is given by
(f A, S A) ,and

inf_g3(t,5) = ga(ta,sa) = 4(p2 + (1 —20)p1). (21)
(ts)eA

Minimizers of g3(t,s) on B. Similarly, we have, for any fixed ¢,

0¢3(t,s d¢g(t,s
g3z§s - gBa<s L 20 & (s +1—p—ppit)(pas — (2aiz® — pn)t +p—1) = 0.

Two roots of the above equation are:

— 1+ ppst 1—p+ (2up? — pp )t
4 it ) = L (2Ha0" — )t 22)

s1 =5q(t) :=
1=s1(t) ™ i

Next, we check if any of s;,i = 1,2, is greater than f. Agains; < 0 < sy as p < 0. So we checkif sy > ¢.
It can be shown that

sy >t & (ua+pur — 20t <1 —p. (23)

Thus, for Scenario y + pp1 — 2p2p? < 0 we have that

s1<0<t<sy

and in this case
inf g¢3(t,s) = inf fp(t
inf_g3(t,s) %QOfB( ),

(t,s)eB
with
14 upt)?
fo(t) = gp(t,52(t)) = (%) +42((1=p) + (P°p2 — pp)t).
Next, note that
fz(t) =0 &< tg=tg(p) ! ! >0 (24)
= B = B = =
’ [ =202 11— 2pm2
Therefore, the unique minimizer of g3(t,s) on B is given by (tg,sp) with
1-2p .
sg = sa(tg) = , inf g3(t,s) = gp(tp,sp) = 4(p1 + (1 —20)u2).
H2 (t,s)eB
For Scenario yip + pp1 — 220> > 0 we have from (23) that
s1<0<t<sy & t< 1-p 1-p =:t""(p) = t"". (25)

o+ ppr — 2p20?  p(p1 — pp2) + pa(1 — p?)
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In this case,
(t’lsr)léﬁgs(tﬁ) = min (0<1tr;ft**f (), Inf g1 (t ))

Though it is not easy to determine explicitly the optimizer, we can conclude that the minimizer should
be taken at (tg,sp), (t*,t*) or (£**, t**), where t* = t*(p) = s*(p). Further, we have from the discussion in
(19) that

galta,sa) <gu(s*) = gu(t") = min(gr(t*), gL(t™)),

and
88(tp,sp) = 4(p1 + (1 —20)p2) > 4(u2 + (1 = 20)p1) = ga(ta,sa).

Combining the above discussions on A, B, we conclude that Proposition 3 holds for —1 < p < 0.

312 Case0<p <1

We shall derive the minimizers of ¢(t,s) on A, B separately. We start with discussions on B, for which
we give the following lemma. Recall t*(p) = s*(p) defined in (20) (see also (6)), tp(p) defined in (24), t**(p)
defined in (25) and sj (p) defined in (14) for y1 /pp < p < 1. Note that where it applies, 1/0 is understood
as +oo0 and 1/ o0 is understood as 0.

Lemma 7. We have:

(a)  The function t*(p) is a decreasing function on [0, 1] and both tg(p) and s} (p) are decreasing functions on
(H1/p2,1).

(b)  The function t**(p) decreases from 1/, at p = 0 to some positive value and then increases to 1/ iy at py
(defined in (5)) and then increases to +oo at the root p € (0,1] of the equation pp + pp1 — 2u20* = 0.

(c) For0 < p < yy/po, we have

tg(p) = 7 (0), £ (p) = £ (p),

where both equalities hold only when p = 0 and pq = yy.
(d) It holds that

ﬁ@g=m@ﬁ=ﬁ@ﬁ=ﬁ%mw:;. 26)

Moreover, for i /pp < p < 1 we have

s1(p) forall p € (p2,1).
si(p) forall p € (p2,1).
1(p) forall p € (P2, p).
*(p) forall p € (p2,p).
(p) forall p € (p2,p).

() 1(p) < si(p) forallp € (i /), £°(p) >
(i) tg(p) <si(p)forallp € (u1/p2,p2), tslp) >
(iii) t(p) <s7(p) forall p € (u1/p2,02), t7(p) >
(i) t7(p) < t*(p) forallp € (1/p2,02), £ (p) >t
() t7(p) < tp(p) forallp € (u1/p2,p2), t7(p) >t

Recall that by definition g7 (s) = ga(s,s) = ¢5(s,3),s > 0 (cf. (12)). For the minimum of ¢(¢,s) on B
we have the following lemma.
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Lemma 8. We have

(i) If0 < p < py, then

2
inf ¢(t,s) = ) = ——(uy +up +2/t%),
onf glts) =gLlt) = g+ )

where (t*,t*) is the unique minimizer of g(t,s) on B.
(ii) If p = po, then t*(p) = s*(p2) = 1/ pp and

inf_g(t,s) = gL(1/p2) = g2(1/p2) = 4p2,
(t,s)eB

where the minimum of g(t,s) on B is attained at (1/yp, 1/ ya), with g3(1/ 42,1/ p42) = g2(1/u2) and 1/
is the unique minimizer of g2(s),s € (0, 00).
(iii) If P < p <1, then

inf ¢(t,s) = f 1 =4y,
(t}sr)legg( 5) = (tsl)neng2() 82(1/p2) = 4pz

where the minimum of g(t,s) on B is attained when g(t,s) = g2(s) on D, (see Figure 1).

Next we consider the minimum of ¢(t,s) on A. Recall s*(p) defined in (20), s4(p) defined in (17)
and s**(p) defined in (18). We first give the following lemma.
Lemma 9. We have

(a) Both s*(p) and s**(p) are decreasing functions on [0,1].
(b)  That py is the unique point on [0, 1) such that

and
(i) s < s™(p) forall p € [0, s** orall p € (01,1),
(i1) sé((g))< S**(( ))]%;r allppe 0, 5 s & ())/r all ppe (531}1))

(c) Forall uy/pux < p <1, it holds that s**(p) < si‘(p).
For the minimum of g(t,s) on A we have the following lemma.

Lemma 10. We have

(i) If0 < p < py, then

inf _g(t,5) = ga(ta,sa) =4(p2+ (1 —20)u1),
(ts)eA

where (tp,s4) € A is the unique minimizer of g(t,s) on A.
(ii) Ifp = p1, then

inf_g(t,s) =ga(ta,sa) =4(p2 + (1 —-20)m1),
(t,s)EA

where (tp,s4) = (t*,s*) € L is the unique minimizer of g(t,s) on A.
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(iit) If p1 < p < pa, then

2
i f t’ = * = — 2 * P
(tffezg( s) =g1(s") 1+p(V1+M2+ /s)

where (s*,s*) is the unique minimizer of g(t,s) on A.
(iv) If p = po, then t*(pn) = s*(p2) = 1/ pp and

inf g(t,s) =g1(s") = g2(1/p2) = 4pa,
(t,s)€EA

where the minimum of g(t,s) on A is attained at (1/pp, 1/ u2), with g3(1/ 12,1/ 12) = g2(1/p2).
(v) Ifpr <p<1,then

inf_g(t,5) = g2(1/p2) = 4pa,
(ts)eA

where the minimum of ¢(t,s) on A is attained when g(t,s) = g»(s) on Dy (see Figure 1).

Consequently, combining the results in Lemma 8 and Lemma 10, we conclude that Proposition 3
holds for 0 < p < 1. Thus, the proof is complete.

4. Conclusions and Discussions

In the multi-dimensional risk theory, the so-called “ruin” can be defined in different manner.
Motivated by diffusion approximation approach, in this paper we modelled the risk process via
a multi-dimensional BM with drift. We analyzed the component-wise infinite-time ruin probability
for dimension d = 2 by solving a two-layer optimization problem, which by the use of Theorem 1 from
Debicki et al. (2010) led to the logarithmic asymptotics for P(u) as u — oo, given by explicit form of
the adjustment coefficient v = g(#()/2 (see (8)). An important tool here is Lemma 5 on the quadratic
programming, cited from Hashorva (2005). In this way we were also able to identify the dominating
points by careful analysis of different regimes for p and specify three regimes with different formulas for
7 (see Theorem 1). An open and difficult problem is the derivation of exact asymptotics for P(u) in (4),
for which the problem of finding dominating points would be the first step. A refined double-sum method
as in Debicki et al. (2018) might be suitable for this purpose. A detailed analysis of the case for dimensions
d > 2 seems to be technically very complicated, even for getting the logarithmic asymptotics. We also note
that a more natural problem of considering R;(t) = a;ju + p;t — X;(t), with general a; > 0,i = 1,2, leads to
much more difficult technicalities with the analysis of 7.

Define the ruin time of component i, 1 < i < d, by T; = min{t : R;(t) < 0} and let
Ty < T(g) < ... < Ty be the order statistics of ruin times. Then the component-wise infinite-time

ruin probability is equivalent to P {T(d) < oo} while the ruin time of at least one business line is

Tmin = Ty = min; T;. Other interesting problems like P {T(j) < oo} have not yet been analysed.
For instance, it would be interesting for d = 3 to study the case T(;). The general scheme on how
to obtain logarithmic asymptotics for such problems was discussed in Debicki et al. (2010).

Random vector X = (sup,~o(X1(t) — p1t),...,sup,~q(X4(t) — pat)) " has exponential marginals and
if it is not concentrated on a sﬁbspace of dimension less than d, it defines a multi-variate exponential
distribution. In this paper for dimension d = 2, we derived some asymptotic properties of such distribution.
Little is known about properties of this multi-variate distriution and more studies on it would be of interest.
For example a correlation structure of X is unknown. In particular, in the context of findings presented
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in this contribution, it would be interesting to find the correlation between sup,. (X1 (t) — p1t) and
sup;so(Xa(t) — pat).
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Appendix A

In this appendix, we present the proofs of the lemmas used in Section 3.

Proof of Lemma 6. Referring to Lemma 5, we have, for any fixed t, s, there exists a unique index set
I(t,s) C {1,2}
such that

g(t;s) = (14 prt, 1+ pas) ) (Zts)f&,s),l(t,s) (14 pat, 1+ p2s) 1, o) (A1)
and
(Zt) g0y 1(ee) (1 1t 1+ 128) [ ) > Oe)- (A2)

Since I(t,s) = {1},{2} or {1,2}, we have that

(S1) Ontheset Ey = {(t,5) :ptAss 1 (1+ups) > (1+puit)}, g(t,s) = ga(s)
(S2) Ontheset By = {(t,8) :pt Ast (1 +pugt) > (1+wus)}, g(ts) = g1(t)
(S3) Ontheset E3 = (0,00)2\ (E; UEy), g(t,s) = g3(t,9).

Clearly, if p < 0 then
Ei =E =@, E3=(0,00)2.

In this case,
g(t,s) =g3(t,s), (ts) € (0,00)2.

Next, we focus on the case where p > 0. We consider the regions A and B separately.
Analysis on A. We have

-1
A =ANE ={s<t<fi(s)}, f1<s>="7+"yﬂs,
1 1

Ay=ANE ={s<t<fas)}, fols)= %'
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Az =ANE; = {t>st>max(fi(s), f2(s))}.

Next we analyse the intersection situation of the functions f(s) = s, f1(s), f2(s) on region A.
Clearly, for any s > 0 we have f»(s) < s. Furthermore, f1(s) = f2(s) has a unique positive solution s;
given by
L-p
p(p2 = o)’
Finally, for pp, < p1 we have that f;(s) does not intersect with f(s) on (0, o) but for pup > p; the
unique intersection point is given by s7 > sy (cf. (14)). To conclude, we have, for p < p1/ o,

S1 =

8(t,s) = gs(t,s), (ts) € 4,

and for p > 1/ yz,

o(ts) = 8a(t,s), if (t,s) € An{t > max(s, fi(s)),t > fi(s)}
’ g2(s), if (t,s) e An{s <t < fils)}-

Additionally, we have from Lemma 5 g3(f1(s),s) = g2(s) for all s > s7.
Analysis on B. The two scenarios p < p1/p2 and p > pq/pp will be considered separately. For p <
U1/ pp, we have

f
Bi=BNE ={t<s<h(t)}, m(t)= m'

By—BNE = {t<s<h(t)}, h(t)=FL"14PMy
K2 M2
B3 =BNE;= {S > max(t,hl(t),hz(t))}.

It is easy to check that
t>hy(t), t>hy(t), V>0,
and thus
g(t,s) = g3(t,s), (ts) € B.
For p > p1/uz, we have
L S
P+ (ou2 = p)s’

1-p
B, =BNE,=4wy(s) <t <s}, wr(s)= + s,
2 2 = {wa(s) b wa(s) o ap
B3 = BN E3 = {t < min(s, wi(s), wo(s))}.

By =BNE; ={wi(s) <t <s}, wi(s) =

Next we analyze the intersection situation of the functions w(s) = s, w1 (s), wy(s) on region B.

Clearly, for any s > 0, wa(s) > s. wy(s) and wy(s) do not intersect on (0, 0). w(s) and w(s) has
a unique intersection point sy (cf. (14)).

To conclude, we have, for p < 1 /2,

g(t,s) =g3(t,s), (t,s) €B,



Risks 2019, 7, 83 16 of 21

and for p > 1/ ua,

g(t,s) = g3(t,s), if (t,s) € BN{t < min(s,w(s))}
’ 2(s), if (t,s) € BN{wy(s) <t <s}.

Additionally, it follows from Lemma 5 that g3(w(s),s) = g(s) for all s > sj.
Consequently, the claim follows by a combination of the above results. This completes the proof. O

Proof of Lemma 7. (a) The claim for t*(p) follows by noting its following representation:

£ () =" (p) = 20 —p) - .
W3+ H5 — 2papa + 2p1pn — 2pp1 po % 2

The claims for tg(p) and s7(p) follow directly from their definition.
(b) First note that

Next it is calculated that

O™ (p) _ —2pap® +4p2p — p1 —
9p (2 + pp1 — 2p2p?)?

Thus, the claim of (b) follows by analysing the sign of at*; (0)
(c) Forany0 < p < uj/u wehave |u; —2ppz| < pp and thus

over (0,p).

> 1—p > 1—P _t**()
W =y~ up(1—p2) o1 — pp2) + pa(1— p?) o)

Further, since

3+ w5 — 2puap2 = pr (i — pp2) + pa (2 — ppr) < p2pn — ppz) + p2(p2 — ppr) < 2u5(1 = p),

it follows that

t(p) =2 — = t"(p).

1
H2
(d) Itis easy to check that (26) holds. For (i) we have

F(0) —st(p) = (1—p) (ﬁ}p) - fjp)) ,

where

1- 2+u3-2 + 1,)2 24 2
filp) = \/( P)y + 13 pmm):\/ﬂmsz_(Vl Vz)p+V1 M3

2 2 2
f2(p)

PH2 — P
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Analysing the properties of the above two functions, we have f; (p) is strictly decreasing on [0, 1] with

2 2
A0 = (B2 5 i = £(0), A =0< 0 1 = (1),

and thus there is a unique intersection point of the two curves t*(p) and sj(p) which is p = p,.
Therefore, the claim of (i) follows. Similarly, the claim of (ii) follows since

—(1 + 1o+ 2420%
pp2 — p1) (2042 — p1)

tg(p) —s1(p) = (

Finally, the claims of (iii), (iv) and (v) follow easily from (a), (b) and (26). This completes the proof. O

Proof of Lemma 8. Consider first the case where 0 < p < pq /. Recall (22). We check if any of s;,i = 1,2,
is greater than t. Clearly, s; < t. Next, we check whether s, > t. It is easy to check that

S >t & t<t,

where (recall (25))

I—-p
PR = = > 0.
2 p(p1 — p20) + p2(1 —p?)

Then

(t,lsl)liﬁg3(tls> = min <0<1trlft** gB(t,s2(t)), tg}f* gp(t, t)) .

Consequently, it follows from (c) of Lemma 7 the claim of (i) holds for 0 < p < py/p».
Next, we consider pq/py < p < 1. Recall the function w;(s) defined in (13). Denote the inverse
function of wy(s) by

; ot .
— P>
=T gy e

We have from Lemma 6 that
gB(t, W1(t)) = ga2(t), t>s].

Further note that 1/ is the unique minimizer of ¢»(s),s > 0. For y1/pa < p < pa, we have from (d)
in Lemma 7 that

inf g2(s) = g2(s7) = gr(s7) > gu(t"),

s1<s
and further

(t}sr)ligg(w) - mm(0<1tr;ft**gg(t,Sz(t)),t**lgr}gsfgg(t,t),sgrgtgs(t,wl(t)),slingfsgz(S))

= &t 1) = gu(t"),

where (t*,t*) is the unique minimizer of g(t,s) on B. Therefore, the claim for yi1 /pp < p < ps is established.
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For p = Py, because of (26) we have

inf t, = i inf t,s5(t)), inf t,wq(t)), inf
(t}:)legg( s) mm(0<tlgl /mgB( s2(t)) i Sth( w1 (t)) i Sng(5)>

= g(1/p2,1/p2) = g1.(1/42) = g2(1/p2),

and the unique minimum of g(#,s) on B is attained at (1/p2,1/i2). Moreover, for all p, < p < 1 we have
N 1 *
s2(tp) = W1(tg) = — > s7.
H2

Thus,
(t}:;é?g(t, s) = mln(0<l?<ft3 gB(t,s2(t)), tangfth(f, (1)), Slff;fs $2(8))

= gB(tg, 1/p2) = $2(1/p2),

and the unique minimum of g(t,s) on B is attained when g(t,s) = g2(s) on D,. This completes the
proof. O

Proof of Lemma 9. (a) The claim for s*(p) has been shown in the proof of (a) in Lemma 7. Next, we show
the claim for s**(p), for which it is sufficient to show that %p(p) < 0forall p € [0,1]. In fact, we have

Is™ (o) —2u1p* +4pp — p — o

dp (11 + pp2 — 2p10%)?

< 0.

(b) In order to prove (i), the following two scenarios will be discussed separately:
(81). w2 <2u1;  (52). 2 =21
First consider (S1). If 0 < p < 2%, then

(41 + pp2 — 2p10%) — (1 — p) (42 — 2011)
(H2 = 20p1) (1 + pp2 — 2p1102)
f(p)
(m2 = 2pp1) (1 + pp2 — 2u10%)”

sa(p) =s7(p) =

where

flo) = —4mp* +2(p2 + u)p — 2 + .
Analysing the function f, we conclude that
flo) <0, for p[0,p1), f(p) >0, for p€ (pr ")

Further, for £2 < o < 1wehave
21

M1+ po —2u1p S0
2op1 — pa) (p1 + pp2 — 2p10%)

sa(p) =s(p) = (
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Thus, the claim in (i) is established for (S1). Similarly, the claim in (i) is valid for (S2) . Next, note that

* ok 1 i _ L
=500 = -0 (355~ 7))
with
filp) = \/(l — ) +2V§—ZPH1H2) = \/y1y2p2 _(m Zﬂz)szr #%JZF#%

falp) = w1+pp2—2mp

Analysing the properties of the above two functions, we have f; (p) is strictly decreasing on [0, 1] with

2., .2
f1(0) = @ >u = f(0), fi(1)=0<p—pu = fo(1),

and thus there is a unique intersection point p € (0,1) of s*(p) and s**(p). It seems not clear at the moment
whether this unique point is §; or not, since we have to solve a polynomial equation of order 4. Instead, it is
sufficient to show that

sa(p1) = s(p1). (A3)

In fact, basic calculations show that the above is equivalent to

(2u1p1 — (11 + p2)) f(p1) = 0

which is valid due to the fact that f(p1) = 0. Finally, the claim in (c) follows since

pp2 — 1 < p1 + ppz — 20741

This completes the proof. [

Proof of Lemma 10. Two cases p1 < pq1/p2 and p1 > p1/ 2 should be distinguished. Since the proofs for
these two cases are similar, we give below only the proof for the more complicated case p1 < p1/uo.
Note that, for 0 < p < py /2, asin (19),

inf g(t,s) = inf g3(t,s) = min( inf  fa(s), inf gL(s)> ,

(t,s)EA (ts)eA 0<s<s** §>5**

and thus the claim for 0 < p < 4/, follows directly from (i)—(ii) of (b) in Lemma 9.
Next, we consider the case y1/p2 < p < P2 (note here p1 < p1/pu2 < p). We have by (i) of (d) in
Lemma 7 and (i)-(ii) of (b) in Lemma 9 that

s (p) <s™(p) = t7(p) <s1(p), sip) > ;2 sa(p) > s™(p)-
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Thus, it follows from Lemma 6 that

inf g(t,s) = min( inf ga(ta(s),s), inf ga(s,s), inf ga(fi(s),s), infgz(s)>
(ts)eA 0<s<s** s**<s<s] s1<s s7<s

= 8a(t’,s) =g.(s"),

and (t*,s*) € L is the unique minimizer of g(t,s) on A. Here we used the fact that
inf 24(i(5),5) = inf g2(5) = ga(fi(s7),57) = ga(s1) > g1(5").
1

*
51 <s

Next, if p = f,, then

and thus

. (. . . .
(t’t?ézg(w) min (Ogsf;fs** galta(s)s), |, b ga(ss), inf ga(fi(s)s), /1;2<ng(5))

8a(1/p2, 1/ u2) = g1 (1/p2) = §2(1/p2).

Furthermore, the unique minimum of g(ts) on A is attained at (1/uz 1/p2),

with g3(1/p2,1/p2) = 82(1/ p2).
Finally, for o, < p <1, we have

*

s (p) <s1(p) <s™(p) < :2 sa(p) >s™(p),

and thus

inf g(t,s) = min< inf ga(ta(s),s), inf ga(s,s), inf ga(f1(s),s), infgz(s)>
0<s<s** sT<s s{<s

(ts)eA §** <s<s]

= 9(1/u2),

where the unique minimum of g(t,s) on A is attained when g¢3(t,5) = g2(s) on D,. This completes
the proof. O
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