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Abstract: We study a toy model of linear-quadratic mean field game with delay. We “lift” the delayed
dynamic into an infinite dimensional space, and recast the mean field game system which is made of
a forward Kolmogorov equation and a backward Hamilton-Jacobi-Bellman equation. We identify the
corresponding master equation. A solution to this master equation is computed, and we show that it
provides an approximation to a Nash equilibrium of the finite player game.
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1. Introduction

A linear quadratic stochastic game model of inter-bank borrowing and lending was proposed in
(Carmona et al. 2015). In this model, each individual bank tries to minimize its costs by controlling
its rate of borrowing or lending to a central bank with no obligation to pay back its loan. The finding
is that, in equilibrium, the central bank acts as a clearing house providing liquidity, and hence
stability is enhanced. This model was extended in (Carmona et al. 2018), where a delay in the
controls was introduced. The financial motivation is that banks are responsible for the past borrowing
or lending, and need to make a repayment after a fixed time (the delay). In this model, the
dynamics of the log-monetary reserves of the banks are described by stochastic delayed differential
equations (SDDE). A closed-loop Nash equilibrium is identified by formulating the original SDDE
in an infinite dimensional space formed by the state and the past of the control, and by solving the
corresponding infinite dimensional Hamilton-Jacobi-Bellman (HJB) equation. For general stochastic
equations and control theory in infinite dimension, we refer to (Bensoussan et al. 2007; Fabbri et al. 2017;
Da Prato and Zabczyk 2008).

In this paper, we study the mean field game (MFG) corresponding to the model proposed in
(Carmona et al. 2018) as the number of banks goes to infinity. We identify the mean field game
system, which is a system of coupled partial differential equations (PDEs). The forward Kolmogorov
equation describes the dynamics of the joint law of current state and past control, and the backward
HJB equation describes the evolution of the value function. Recently, J].-M. Lasry and P.--L. Lions
introduced the concept of “master equation” which contains all the information about the MFG.
The well-posedness of this master equation in presence of a common noise and convergence of the
N-player system is analyzed in (Cardaliaguet et al. 2015) by a PDE approach. A probabilistic approach
is proposed in (Carmona and Delarue 2014; Chassagneux et al. 2014). See also the two-volume book
(Carmona and Delarue 2018) for a complete account of this approach.
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In this paper, the master equation for our delayed mean field game is derived, a solution is given
explicitly, and we show that it is the limit of the closed-loop Nash equilibrium of the N-player game
system as N — oo.

The paper is organized as follows. In Section 2, we briefly review the stochastic game model with
delay presented in (Carmona et al. 2018). Then, in Section 3, we construct the corresponding mean
field game system. In Section 4, we define derivatives with respect to probability measures in the space
P(H) where H is the Hilbert space defined at the beginning of Section 2.2. In addition, we derive
the master equation, and exhibit an explicit solution. Furthermore, in Section 5, we show that this
solution of the master equation is an approximation of order 1/N to the solution of the finite-player
Nash system. Lastly, in Section 6, we compare the solution of the Nash system, the solution of the
mean field game system, and the solution to the master equation.

2. A Differential Game with Delay

2.1. The Model

Let (Xi,i =1,---,N) represents the log-monetary reserves of the N banks at time t. At each time

t, bank i controls its rate of borrowing or lending «}, and it also needs to make a repayment after a

fixed time T such that 0 < T < T, at a rate denoted by ai__. The dynamic of log-monetary reserves for
each bank is given by

dXi = (al —al_)dt + cdW, (1)

with deterministic initial conditions
X =&, andal = ¢i(s)fors € [-1,0], )

where Wti, i = 1,...,N are independent standard Brownian motions, and banks have the same
volatility o > 0.

Bank i interacts with other banks by choosing its own strategy in order to minimize its cost
functional | i(uci, zx_i), which involves the average of log-monetary reserves of all the other banks.
The notation % is a (N — 1) tuple of the o/ with j #iand j € {1,---, N}, which represents all other
banks’ control except bank i. The cost functional for bank i € {1, ..., N} is given by:

. . T .
I, a) = E [ | A+ gi(xn)| )
where the running and terminal cost functions f and g are:
. 1 "o € i\ X 1 N X
filx,a') = = (a')"+ = (x —x")°, with¥:= — ) x*, ande >0,
2 2 N = @)

2.2. Construction of a Nash Equilibrium

In order to apply the dynamic programming principle to identify a closed-loop Nash
equilibrium, we have to enlarge the state space by including the path of past controls, which lie in
H := L2([—7,0];R), the Hilbert space of square integrable real functions defined on [—T, 0], and write
an infinite dimensional representation for our system. This evolution equation approach was initiated
in (Vinter and Kwong 1981) under a deterministic control setting, and later was generalized in
(Gozzi and Marinelli 2006) to a stochastic control problem.
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Givenz € R x H, zp € R, and z; € H will denote the two components of the product space R x H.
The inner product on R x H will be denoted by (-, -), and it is defined by

0
(z,2) = 2020 + /71 z1(s)z1(s)ds. ©®)

Therefore, the new state is denoted by Zi = (Zélt,Zi +(s)), s € [—7,0], which corresponds to
(Xi,al___.) in the notation of the original system (1).
Bank i tries to minimize its cost functional J*(a’,a~") defined by

. . . T .
Fitzata) =& | [ fiZoud)as + gi(Zom)|2 =2]. ©®)

After all other players j # i have chosen their optimal strategies which minimize their cost
functionals, player i’s value function V' (t,z) is defined by

Vi(t,z) = inf]i(t, z, oc",ufi).
ﬂ(l
By dynamic programming principle, the value function V'(t,z) must satisfy the following infinite
dimensional HJB equation (see Fabbri et al. 2017 Chapter 2 for details):

AVi(tz) + 3Tr(G*GaVi(t,2)) + L1 (AzK, 0, Vi(t,2)) +inf, [2,5:1<Bak,azkvi(t,z)> + fi(zo, af)] =0, (7)

with terminal condition V/(T,z) = §(Z — 2 )2, where the operator A : D(A) C Rx H — R x His

defined as p
A (20,21(5)) — (Zl(o)"zdls(S)> ae., s €[-1,0],

and its domain is D(A) = {(zo,z1(-)) € R x H: z1(-) € WY?([-7,0[;R), z1(—7) = 0}.
The adjoint of Ais A* : D(A*) C R x H — R x H and is defined by

A*: (zg,21(5)) — <0, dz;s(s)) ae., s €[-1,0],

with domain D(A*) = {(z9,21(-)) € R x H: z;(-) € W'2([-7,0];R), 29 = 2z1(0)}.
The operator B : R — R x H is defined by

B:u— (u,—0_+(s)u), s € [-1,0],

where §_+(-) is the Dirac measure at —T.
The adjoint of Bis B* : R x H — R given by

B : (z0,21(s)) = z0 — 21(—7).
The operator G : RN — RN x HN is defined by
G :zp— (02,0).
The infinite dimensional representation of the original system (1) is given by

dZi = (AZi + Bal)dt + GdW;, 0 < t < T,

i i (8)
Zy= (&', ¢'(s)) € H.
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By minimizing the Hamiltonian in (7), the infimum can be computed, so that the optimal control

is attained at ' ‘ , 4
&' = —(B,, V) = — (azévl — [0 V'](*T)) : ©)

Assuming that each player follows its own optimal strategy (&');<;<y, which forms a Nash
equilibrium, the corresponding value function follows the HJB equation

WV + 1Tr(G*Ga V') + L1 (AZK, 0,4 V) — Yy (B* 0 V) - (B*azkvk) = Y(B*0, V)2 + §(20 — z)> = 0. (10)
After applying the definitions of the operators A, B and Q, the HJB equation for player i becomes:
OV + iy 3070, VI Tkl [o, 21 (0 V1 )ds
— X (0 VE = V4 (—1)) (94 V = [0V (- )) 1)
1(y i d i 2 €(5 iV2 _
~3 (3, V =104 VI(-7)) + 520 — 22 =0.
As shown in (Carmona et al. 2018), a solution of the system (11) can be found in the form

Vi(t,z) = Eo(t) (20 — 2)% — 2(20 — 2b) [°_ Ex(t,—7 —s) (21 — 2} )ds

+ 0 [0 Eat,—T—s, T — r)(z1 — 2)) (21 — 2, )dsdr + Es(t), 12)

for some deterministic functions Ey(t), E1(t,s), Ea(t,s,), and E3(t) satisfying the following PDEs

dEgt(t) +2 (1\1[2 — 1) (Eo(f) + Eq (¢, 0))2 _’_g _0,

P OB 2 (e 1) (Bal0) + Er(t,0) (Ea5) + Ea5,0) =0,

aEz(at;s, r) 9Ex(t,s,r) OEx(ts,r) (13)
1

+2 (N2 - 1) (Ex(t,s) + Ealt,5,0))(E1(t,7) + Ea(t,7,0)) = 0,

e - G

with boundary conditions: Vt € [0, T] and Vs, r € [—1,0],

Eo(T) ==, Ei(T,s) =0, Ex(T,s,r)=0, Ea(ts,r)=Eatr,s),
El(t, —T) = —Eo(t), Eg(t,s,—T) = —El(t,s), Eg(T) =0.

(14)

This set of PDEs (13) with boundary conditions (14) admits a unique solution as shown in
(Vinter and Kwong 1981), and the optimal strategies take the integral form

i) =2 (1 - %) {(El(tro) +Eo() (20 — 7)) = 2L (Ealt, =T = 5,0) + Ex(t,—T —5)) (21 — Z})ds| . (15)
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3. The Mean Field Game System

The mean field game theory describes the structure of a game with infinite many indistinguishable
players. All players are rational, i.e., each player tries to minimize their cost against the mass of other
players. This assumption implies that the running cost and terminal cost in (4) only depend on i-th
player’s state 26 and the empirical distribution of (z{)) j#i- Denoting this empirical distribution by

W= g Loy

j#i il
these costs, as in (4), can be re-written as
fi(zo,0l) = 5(a)? + §(20 — 25)2
= J(w')+ O—f)(&mwoy%w@%=ﬂ%maw, (16)
8i(z0) = (1 - *) (Jr vodpuy (o) — Zo)z = g(zh, 1p)-

As the number N of players goes to oo, the joint empirical distribution of the states and past
controls Z = (Zé V20 )

Vtizi 6

(20,24,

with marginals
i1 i1
Hor = m;(szé,t’ Hie = m;(SZ{/

converges to a deterministic limit denoted by v(t) (with marginals denoted by wuo(t) and p(f)).
Here, we assume that, at time 0, 1/(1'J satisfies the LLN (for instance with i.i.d. Zé), and that the
propagation of chaos property holds. A full justification of this property would involve generalizing
the result in Section 2.1 of (Carmona and Delarue 2014) to an infinite dimensional setting in order to
take into account the past of the controls. This is highly technical but intuitively sound. A complete
proof is beyond the scope of this paper.

In the limit, a single representative player tries to minimize his cost functional, and, dropping the
index i, his value function is defined as

T
Vb2 = inf B[ [ Zoon(s)a)ds + g(Zor, (D)2 =2 7

(“s)tSsST

subject to
dz; = (AZt + Bﬁct)dt + GdW;. (18)

The HJB equation for the value function V(t,z) reads
0V + 3Tr(G*GO=2V) + (AZ,.V) +infy { (Ba, 3:V) + 12+ § (fy yodpo(yo) —20)°} =0, (19)
with terminal condition V(T,z) = §( g vodpo(vo) — z0)?. Then, we minimize in a to get

- (aZOV - [azl V] (_T)> . (20)
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After plugging it into (19), our backward HJB equation reads:
1 0 d 1
AV + 5070z, V + /_Tz%(azlx/)ds — 5 @,V — 3, V](-=7))?
2
€
+5 (/R Yoduo(yo) — Zo) =0, (21)

V(T,z) = % (/R}/Odﬂo(yo) —Zo)z-

Next, since we “lift” the original non-Markovian optimization problem into a infinite dimensional
Markovian control problem, we are able to characterize the corresponding generator for (18), which is
denoted by £,

. 1 *
Li¢(z) = ((AZ + Bit),0:¢) + ETr(G G022 9), (22)
where ¢ is a smooth function and the time dependency comes from &; given by (20). The derivation of

the adjoint £} of L; is given in Appendix A. Consequently, the forward Kolmogorov equation for the
distribution v(t) reads

ow= [ o, (jl) 35— [ 30y (1) 60(5) — 8 <(5))ds + 02y {22V — [0, VI(~T))v)

[ 0 {0V~ o VI () + 20 )
v(0) = B(E $(s)eel_ro))

Combining (21) with (23), we obtain the mean field game system. To solve this, We make the
following ansatz for the value function

-0

V(t,z) = Eo(t)(mo — z0)* — 2(mo — z0) / . Ei(t, =T —s)(my — z1)ds

0 0 (24)
+/_ /_ Ex(t,—t—s,—T —1)(my — z1)(mq — zq)dsdr + E3(¢t).

where we denote the mean of state my := fR zodpo(zp), and the mean of past control m; :=

fH z1dpq(z1). Plugging (24) into (23), multiplying both sides of (23) by zj, and integrating over
R x H, we have

0 d 0
/]RxHZOBtVdZ: /]Rx]l—]lzo /_Tazl (dszlv> dsdz—/RXHzo /_Tazl(zlv)(éo(s) —0_+(s))dsdz
0
+ / 20929 {02,V — [02, V] (—7))v}dz — / 2 / 92, {92V — [0, V] (=)0} o (s)dsdz (25)
RxH JRxH J-1
1
+/RXHZ()§U'2HZOZOUCZZ.
After integration by parts, we obtain
iy — / {92,V — [0, V](—1)} vdz = 0, 26)
JRxH

as can be seen directly using (24).
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Similarly, plugging (24) to (23), multiplying both sides of (23) by z;, and integrating over R x H,
we get

/RXHzlatvdz— /]R><H21 /4 7 (dzlv> deZ_/Rtzl/ 2, (z21V) (00(s) — 6—<(s))dsdz
+/RtzlaZO{(aZOV— [821V](—T))v}dz—/RXHzl Lazl{(az()v— [0, V) (—1))v}o_<(s)dsdz (27)

1 5
+ . 2(782020 vdz.

By integration by parts, we deduce

0
oy = — [ / cewdsdz+ [ 21w(60(s) = 0-c(s)dsd
== A sy ] Z1V(00(s) — O(s))dsdz
+ [ A3V = 0 VI(—T)} vz (28)
JRxH
= 0.
Now we are ready to verify the ansatz (24). We first compute the derivative of the ansatz,

dEy(t)

*V = — (mo—Zo)Z—Z(mo—Zo)/q 5

0 _ _
+/ / oEy(t,—T—s,—T—7) (1 — 1) (my — 2, )dsdr + dE;t(t>,
—T

0 8E1(t,—r—s) (ml —zl)ds

02,V = —2Eo(t)(mo — z9) +2 /_ Ei(t, =7 —s)(m1 — z1)ds, @9

0
0;,V =2E;(t, -7 —s)(my — zo) — 2/ Ex(t,—T—s,—T —r)(my — z1)dr,
—T
02020V = 2Ep(t).

Then, we plug the ansatz (24) into (7), and by collecting (my — zg)? terms, (mg — zo)(my — z1)
terms, (m; — z1 )2 terms, and constant terms, we obtain the following system of PDEs:

dEo(t
o) _a(Ey(t) + E1(0)7 + § =0,
JE (t,s JdE{(t,s
1a(t ) _ 19(5 ) 2B (1) + Ex(£,0)) (Ex(t,5) + Ea(,5,0)) = 0,
(30)
aEZ(;;S’” - aEZ(Z’ s1) aEZ(:’S' ") a(Ey(t,5) + Ealt,5,0)) (Ex(t, ) + Ea(t,7,0)) = 0,
dE;(t
—st( ) 4 ?Ey(t) = 0,
with boundary conditions
C
EO(T) = ir El(T/S) = O/ EZ(TI S, 7’) = 0/ EZ(t/S/ 7’) = EZ(t/ 7, S)r (31)

El (t, —T) = —Eo(i’), Ez(t, S,—T) = —El(t,s), E3(T) =0.

As for (13)—-(14), the system (30)—(31) admits a unique solution.
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4. The Master Equation

4.1. Derivatives

The master equation for this delayed game lies in an infinite dimensional space, and it requires a
notion of derivatives in the space of measures in P (H).
The set P (H) of probability measure on H is endowed with Monge-Kantorovich distance

v, i) =sop { | [ £~ i) 2

: f € Lipy (H)} , (32)
H
where Lip(H) is the collection of real-valued Lipschitz functions on H with Lipschitz constant 1.

Definition 1. We say that F : P(H) — His C if there exists an operator 5 : P(H) x H — H such that for
any pq and py € P(H)

lim Tt eGs —m)) - (”1):/ 5F(m,y1)( — 1) (n1)- (33)

e—0t €

Definition 2. If 5‘%( p1,y1) is of class C' with respect to yy, the marginal derivative Dy, F : P(H) x H — H
is defined in the sense of Fréchet derivative:

oF
Dy, F(p1, 1) —Dyl (V1,y1) (34)

Remark 1. Usually we will encounter a map U : P(H) — R. In this case, U can be expressed in a form of
composition U o F, where U : H — R, and F : P(H) — H, ie, U = (Uo F)(u1).

If 55 is C! with respect to y1, and U is Fréchet differentiable, then 5u : P(H) x H — H, and D, U
P(H) x ]HI — H are defined by

ou - OF
m(ﬂlf}h) := (DrU) (M) , and Dy, U(py, y1) := (DpU) (Dy, F) - (35)

Example 1. Suppose U(p1) = f S g(xi(s dyl(xl)ds where ¢ : H — M is Fréchet differentiable.
Then U(p1) can be written as U[F(py))(s), where U[F f F(s)ds,and F(y1) = [z §(x1(s))dp1(x1). Then

F(u1+e(py — ) = /Hg(xl(S))d(ere(# —H1))-

So

F(Vl +€(V Vl)) (,”1) _ /Hg(x1(5))d(ﬂ/1 —,'1/11)-

€

Then SF
m(m,yl) =g(y1), and Dy, F(p1,y1) = Dy, 8(y1)-

Since DrU[F] = 1, we have

ou

571(#1,1/1) = ¢(y1) and Dy, U(p1,y1) = Dy, 8(y1)-
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4.2. The Master Equation
Theorem 1. Forany (tp,vp) € [0, T] x P(R x H), we define

u(tor'/VO) = V(tOr')r (36)
where (V,v) is a classical solution to the system of forward-backward Equations (21) and (23), with initial

condition v(ty) = vo, and terminal condition V(T,z) = 5( [z yodpo(yo) — z0)?, respectively. Then U must
satisfy the following master equation

1 1

atU(t,Zo,ZLV) + EUZaZOZOU(t,Zo,Zl,V) + 50'2 /l‘%ayODHOU(t,ZQ,Z1,1/,]/0)d]l()(y0)
0 d 0 d

+ zl—azlll(t,zo,zl,v)ds—i—/ / vi=7- [Du U(t, 20, 21,v,1)] (s)dpa (y1)ds
—T dS —7 JH dS

- / (o U(t, Yo, y1,v) — [0y, U(t, Yo, y1,v)](—T)) DugU(t, 20,21, v, yo)dv (y) (37)
+/ (QyoU(t, yo,y1,v) — [0y, U(t, y0,y1,v)|(—=T)) [Dy, U(t, 20,21, v,y1)](—T)dv (y)
2, € ' 2
E(azou(t,zo,zl,v)—[azlu(t,zo,zl,v)](—r)) +2 ( /Ryodyo(yo)—zo> —0,

where g and yq are the marginal law for Zy and Zq respectively.

Proof. Forany h € [0,T —ty], V(to+h,-) = U(to+h,-,v(tg + h)). Then

atV(tOI )
=a:U(t,z,vp +/ to,z v,y)oev(to, y)dy
(5U 0 d 0
=ad;U(tg,z,vg) + - —(to,z,v,Y) /_ Iy, v ds—/_ ay](ylv)(éo(s)—é,r(s))ds
4y, { (3o U — [0y, U](—T))v} — / Ay, { (U — [0, U] (—T))v} 0« ds+ 57 29yoyoV >dy
=a;U(tg,z,vp) / /RXH D, U(to, z,v, y) ylvdyds (38)
+ / / Dy, Uyyv(bo(s) — 6+ (s))dyds — / Dyou(ayou— 9y, U] (—7))vdy
—7 JRxH Rx
0
[ D@l = Py UN—0w)oc(s)dyds + [ 2c?,,DyUvdy

0 d
=0:U(to,z,v0) + / /R HylgDm Uvdyds — /RxH Dy, U(9y,U — [0y, U](—7))vdy
1
[ DuUIT) (@l ~ Py U)(=7)vdy + 50 [ 3y,DyqUlndy.
RxH
On the other hand, V satisfies the HJB Equation (7).

%
1 0 d 2 € 2
== 500z, — 2192, V)ds + 5 (a V—[0V](=1))" ~ 3 /Ryodﬂo(yo) — 20 (39)

1 0 4q 1 el [ 2
= — EUZaZOZOu — ./_T Zlg(azl U)ds + E (azou - [azl u](—’())z J— E (/R yodyo(yo) - ZO) .

Therefore, subtracting (39) from (38), we have shown that U satisfies the master Equation (37). O
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4.3. Explicit Solution of the Master Equation

It turns out that this master Equation (37) can be solved explicitly by making the following ansatz,
and we also define mg := [ yodio(yo) and my := [ y1duq(y1) for convenience.

U(t,zo,z1,v) = Eo(t)(mo — z9)* — 2(mo — zo) /i Ei(t,—T —s)(my — z1)ds

0 0 (40)
—|—/ Ex(t,—t —s,—7 —r)(my — z1)(my — z1)dsdr 4+ Es(t).
—TJ—=T
Then, we compute the partial derivatives needed in (37) explicitly, we have
dEy(t 0 9E(t,—T—s
ol = ot (mo — 20)* — 2(mo — 20) / M(Tﬂl —z1)ds
dt —T ot
0 T —
+/ / byt —T =5 T 1) (ml—zl)(ml—zl)dsdr+dE3(t),
- dt
0
9z, U = —2E(t)(mg — zo) + 2/ Ei(t,—7T —s)(mq — z1)ds,
-7
_ ’ (41)
0, U =2E(t, -1 —s)(my—z9) =2 | Ex(t,—T—s,—7T—r)(my —zy)dr,
-7

0
Dy U = 2Eo(t)(mg — zg) — 2 - Ei(t,—t —s)(my — z1)ds,

0
D, U= —2E(t, =T —s)(mg—z9) +2 | Ep(t,—T—s,—T —r)(mq —z1)dr,

T

dzyzoU = 2Eq(t),

and plug those into our master Equation (37). We have

dEst(t)(mo N 20)2 —2(mp — z0) /70T W(Wl — z1)ds
+/;T /O aEz t,—T—s, —T—T’) (ml 721)("11 le)dsdr+ dE;t(t) +; Z(ZE ( ))
_/ my —71) ( aE1(t a—T—S)( o — 20) _2/_0T aEz(t,—T;Ss,—T—r) (1 —zl)dr> i

2

0
-2 ((Eo(t) + E1(t,0))(mo — z0) — lT(El(tr —T—=s)+E(t,—1—-5,0))(m _Zl)d5>

+ = (mg —z9)*> = 0.

NI o™

Collecting (my — zo)? terms, (mg — zg)(m1 — z1) terms, (m; — z1)? terms, and constant terms,
we obtain that the function E;,i = 0, - - , 3, satisfy the system of PDEs (30) with boundary conditions (31).

5. Convergence of the Nash System

From the previous section, we have seen that our master equation is well posed, and we obtained
an explicit solution. Furthermore, it also describes the limit of Nash equilibria of the N-player games
as N — co. In this section, generalizing to the case with delay the results of (Cardaliaguet et al. 2015)
(see also Kolokoltsov et al. 2014), we show that the solution of the Nash system (11) converges
to the solution of the master Equation (37) as number of players N — +o00, with a 1/N Cesaro
convergence rate.

In Section 4, we find that (40) is a solution to the master Equation (37). We set
ui(t,zo,z1) == U(t, zf),zi,vi), where 11 = ﬁ it ‘S(Zg,z’{)' denotes the joint empirical measure of



Risks 2018, 6, 90 11 0f 17

zp and z;. The empirical measure of zj is given by ;46 = ﬁ Yk 0.k, and the empirical measure of z;
0

is given by ‘uil = ﬁ Ek# 521{. Note that, by direct computation, for k # i, and any N > 2,

. 1 S
azgul(t,zo,zl) = mD%U(t,zé,z’],v’,zg),
. 1 o
azzful(t,zo,zl) = mDuau(t,zb,zﬁ,vl,zl), (42)
i 1 k 1 i ik ok
azgzgu (t,20,21) = mazo [D U}(t zo,zl,v zy) + WD%%U(WWZVV ,20,20)-

Proposition 1. Foranyi € {1,---,N}, u'(t,zo,z1) satisfies
ol —l—Zk 1 2026 ; ku +Zk 1]_ di p) B Nds — ):k#l (8 cuk [Bzﬁuk}(—r)> (az;éui — [az;{ui](—r)) )
3 (o0~ (1)) 4 (20— )P +(t2) =0,
where ||é'(t,2)|| < & with terminal condition u (T, z) = §(20 — z})>.
This shows that (u')jc(q,.. Ny i “almost” a solution to the Nash system (11).

Proof. We compute each term in the above equation in terms of U using the relationship (42), and we
use the fact that U is a solution to the master equation.

N .
1
) 57 azgzgu (t,20,21)

k=1
1
:§a2a iz i(t,20,21) + Z ~0%d 2okl i(t,29,21)
k#

1, 2 id ik
=50 azozlll(t zb, 21, V') + 0' gi_lazk D U](t,zo,zl,v,zo)
1

022 o1 D, le(t zb, 28, v1, 28, 2K)
k;éz
1
E‘Tzaz U(t zo,zl, )+ ¢7 /ayOD uj(t, zo,zl, ,yo)dyo(yo)
1 2 o i1 0 i
+50y _1 /RD%%U(LZO,ZM,yo,yo)dﬂo(yo)-

. .
k=1""T
—/O 490 whas+ ¥ [ 9 (04t )ds
= . 1ds i = 1d k
. d
:/ d— (9, U ds+k§l/ {1Dylu(t zbh, 2V, zl)] ds
0 ld i
:/_T 1d—(8 iU) ds+/ /y1 D U t, zo,zl,v y1)} duy (y1)ds.
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e  From the solution (40) of the master equation, d,U is Lipschitz with respect to the measures. Namely,

; C
|02, U (1,25, v') — 02U (1, 25,05) | < Cr(dmx (i, 16) + dmx (i, 1)) < N 1
(44)
. . ; C
[0z, U(t, 25, v7) — 02, U(t, 25, v5) |1z < Caldmx (s 16) + Ak (413, 1)) < f T
Thus,
L (040 ~ 041 040~ P} —)
1
iy 1 k 1
_Za kUtzo,zl, ) mDy uft, zo,zl,v z5) — N 1[D iU(t, zo,zl,v zl)]( T)
k#i
1 ; ; 1
o k k k
_kglaku (t, 25, 25,v5)] (=) (I\HD%U(t,zb,zl,yl,zO) N—l[D (Ut zh, 28, v, 28)] (— T))
2, U( Lo Ut o ok i ok LD Ut £ ok
71; Ut 28,25, v7) N 1w Ut 20,21V, 20) — 7 (D) Ut 25,21, 21)](=7)
1 ; ; 1
_Zaklltzo,zl, N(=7) (Z\HD%U(t,ZB,z’l‘,yl,z’é) N—l[D Ut zh, 20, v, 25)) (— T))
k#i
+O(N)

0 . L
=[] (0wt =0y, U) (by0,y1,v) - (DU =Dy U) (426,24, v o,y )y (o, )6 <)

1
+ O(N)
Then,

atu—|—2 Uakku—i—Z/ Zld 8ku

YO — )~ — g (~1)) — & (3 — () Sz — 2

k;éz 0 1
=3, U + EU 20, Ut 2, 23, v') + 502 /Rayo [Dy; Ul(t 29,21, v, yo)dpo (o)
0 i d 0 d i i
+ 7T21%(azgu)d5+/4/H]/1% [Dygu(t,zo,zl,v,yl)} dpy (y1)ds
— [, @l =By, UI(=D)) (t.y0,31,v) - (D, U = D, UN(=T) ) (t,2b, 21, vy, y1)dv (o, 1)
1 2, € i %
—S,u- [azf (=) + 5 ([ vodnb(yo) — 2%

1 S .

:o%).

O
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Theorem 2. Let V' be the solution to the HJB Equation (11) of the N-player system, where N > 1 fixed, and U
be the solution to the master Equation (37). Fix any (to,vg) € [0,T] x P(R x H). Then for any z € RV,

let vl = N T Zﬁél ), we have

1

N |vf(t0,z) — U(ty,2',v')| < CN7L. (45)

] N gk

Proof. We first apply Ito’s formula to (V') (1,..,N}, and use the fact that V' satisfies the HJB Equation (11)
for the Nash system.

dvi(t, Z;)
=3;Vidt +9,VidZ; + %Tr(azzvid[z, Z)t)

=0;Vidt + (AZ, azvf>dt + (B&',0,V')dt + (3,V!, G)dW; + %Tr(G*Gaszi)dt

N
—oVidt + 2 / kL d 3V )dsdt — Y (V' — [0 VI)(— 1) (04 VE — 4 VH (—T)dt (46)
k=1

+ kzl 50'28216216 Vidt + kzl 0'8216 Vithk

1 , , _ , N ,
=[—2<azgv1—[az;V’]<—r>>2— (20— 202 |ar+ ) oo gvian

N ™

Then, we apply Ito’s formula to ut (t,Zt), and use the fact that u satisfies (43)
du'(t,Z)
=du'dt + 0,u'dZ; + %Tr(azzuid[Z, Z)s)

=du'dt + (AZ,d,u)dt + (B&',0,u')dt + (9.u', G)dt + %Tr(G*Gazzui)dt

, N 0 4 . N ‘ ‘
} k ) k k
:Btuldt —+ = ‘/71’ Zl %(az’f Lll)dsdt — k:1(azgul _ [azllful} (—T)) (ang — [azllfv ](_T))dt
N 1 ) ) N ) ,
1 1
+ ];:1 EU azgzgu dt + kE:1 aazéu th 47)

N . .
:kzzl (azguk _ [az’{uk](_T)) (azgu — [azlfu ](—T)) dt

— ﬁ(azéui — [azﬁuf](—T))(angk — [az;ka](—T))dt - %(az6 ut — [0 u'](—7))2dt
k=1

N
€ - . . .
—5(Zo - Z4)?dt — e'dt + k; aaz,éuldwf.
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Substracting (46) from (47), taking the square and applying Ito’s formula again, we obtain
dlu'(t, Zy) — VI (t, Zy))?
=2[u'(t, Z¢) — Vi (t, Z)](du' (t, Zs) — AV (t, Z)) + d[u’ — Vi, ul — V)

— 2 — V) (%(E)Zéui ~ foyu)(~)? - %(azé vi- oy V"}(f'r))z) dt —2(u — Vi)elde
(48)
=1

20 — V) (ki (Bz;éui _ [az,{uf](_r)) ((az(k)vk —a,b) - <[E)Z;{Vk](—r) - [Bzﬁuk](—f)») dt

N N
2 i (2 i i k
+k§o 0410 =9,V dt+k;0<az;6ul—azgv’>dwt.

Recall that d kui(t 20,21) = ﬁD 'U(t zb, 2, v1,2k) is bounded by § for k # i, and ¢ is
bounded by N- Let (2 )16{1 N} bea famﬂy of independent random variable with common law
vp. By integrating (48) from f to T, and taking expectation conditional on &, we have

e T .
EE[|ul — Vi|?] 4 o2 ZE“ {/t |8216u’s —Bz;éVs’|zds]

+ CES [/tT|u vl |[azau;](—1’)—[aZaVﬂ(—T)@ s
c ¥ = 1
L v gl gAYl .

Bl Vi) + OB | [ = Vi gt -0y v o
C N T T .
b B[ g o]

+ N/t E=[Juf — Vi|)ds.

By the fact that u}. = Vi, and using Young’s inequality, we have

- ‘ /T , .

B2l — Vi B2 | [ o — 0.,V

T . ) Cei [ /T ) . c N _1,T . .

< ~ RE i yi2 71.5/ 7_1_1_12 a/z_lZ
O+2€1]E [/t lul Vs\ds}+ E L 0, BZOVS\ds}—kTNG E L ul — Vi|2ds

C€22E~ {/ 01 akvklzds}+—E~ {/ I —V’|2ds} C€3/ 1ds
<L 4 cE® / i — vipds| + S 3 B2 / 10k —a, VEPds
— N2 ! s s ZNk:1 ¢ %8 z5 S ’

(50)

Taking average on both sides, we have

1Y 2| Vil 1Y =7 i i2
N;E ]+N;E [,/t azéusaZBVS|ds}

<£+—§C]EE /T|ui7Vi|2ds +£i1@3 / |aku akvk|2ds (51)
_N2 N ¢ S S 2Nk:1

L& T i
Nz/t |us_Vs‘dS
i=1
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By Gronwall’s inequality and taking supremum over [0, T], we have

C
sup Vi | < (52)
te(o,T] l N2
which implies
N ) C
— (t0,8) — Vi(tg, B)| < — 53
N ; 08) — Vi(to,8)| < 1. 53)

Choosing Z uniformly distributed in (R x H)N, then by continuity of ' and V’, and the fact that
u'(t, Z) is defined by U(t, Z, Zi,v'), we have, for any z € (R x H)N

1

N . \U(to, 2, V) — Vi(to,z)| <

™M=

C
= 54

Il
—_

O

6. Conclusions

The mean field game system acts as a characteristic of the master equation. The master equation
contains all the information in the mean field game system, and it turns the forward-backward PDE
into a single equation. The solution to the mean field game system is a pair (V, v), that is the value
function and the joint law of current state and past law. The solution to the master equation is a
function of (¢,z,v).

Since our model is linear quadratic, we are able to solve both the mean field game system and the
master equation as shown in Sections 3 and 4, however, the techniques are not the same. The technique
for solving the mean field game is that we first make an ansatz for the solution of the HJB equation.
Then plugging this ansatz into the Fokker-Planck Equation (23), we find that the means of state and
past control are constant. Hence, the ansatz (24) can be verified. On the other hand, a notion of
derivative with respect to measure is needed in order to solve the master equation. Again, we make an
ansatz (40), which has a similar form as (24) but is a function of (t,z,v), and we verify that it satisfies
the master equation.

The sets of PDEs (30) with boundary conditions (31) are the same for the two problems. This is due
to the fact that our model is linear-quadratic and the means of states and past controls are constants.

Last but not the least, the Nash equilibrium of the corresponding N-player game is presented
in Section 2. The value function (12) looks similar to the value function (24) in the mean field game
system and the solution (40) to the master equation. As N — oo, the set of PDEs (13) becomes
the same as (30). This implies that the solution to the mean filed game appears to be the limit of
the Nash system, but generally, the convergence has been known in very few specific situations.
Additionally, the solution to the master equation is also a limit to the Nash system, as shown
in Section 5.

To summarize, we have extended the notion of master equation in the context of our toy model
with delay, and we have shown that, as in the case without delay, this master equation provides an
approximation to the corresponding finite-player game with delay. A general form of such a result,
not necessarily for linear-quadratic games, is part of our ongoing research.
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Abbreviations

The following abbreviations are used in this manuscript:

SDDE  Stochastic Delayed Differential Equation

HJB
MFG
PDE
LLN
NSF

Hamilton-Jacobi-Bellman
Mean Field Game

Partial Differential Equation
Law of Large Numbers
National Science Foundation

Appendix A. Adjoint Operator

Let ¢ be a smooth test function defined on R x H. In the following computation, we use the notation
V(L)) = . z)dv(t,z).
ov(®) = [ g@avt3)

If the test function ¢ is of the form ¢(z f P(zo,21(s))ds for a smooth function i defined on

RZ, then

- /j)r /RX[Rw(ZOrzl(S))V(t/ZO,Zl(S))dzodzl(s)ds,

where v(t,20,21(s)) is understood as a two-dimensional density. By abuse of notation, we also use

() = v(t, d_// V(t,2)dzd
<g01/( )> ./RXH z)az —T ]Rx]R Z zas.

Then, we have

(Lrg,v(t))
_[T /RXR dazlf v(t,z dzds+/ —(32yV — [02,V](—7))0z 0(2)v(t, 2)dz
/—T/RxR aZO azl V(= T))az]@(Z)§,T(s)y(tlz)dzds
+/]R ]HI2 zaz[)zoq)( ) (t Z)dZ
ﬂféxR o) “’ZW‘M/ [, 7192 0@v(t2) (60(s) = b-c(s))dzds
+/ 920 {(02,V — [0, V](—1))v(t,2)} @(2)dz
/7/R 9z {02V — [0z, V](—=1))v(t,2) } 6~ (s) p(2)dzds
+/ 20' az[)zo (t Z)gD(Z)dZ
_/_T /RXR (d‘zslv (¢, z)) (P(Z)dst_/_OT /H;XR821(21U(t12))¢(2)(50(5) —5_(s))dzds
F o050 {0V~ P2 VI(-D)(6.2)) p(z)dz
N /_OT /RxRaZl {(92V = [0z, VI(=1))v(t,2) } 6 (5) p(2)dzds
1(7282020V(t,2)§0(z)dz

RxH 2

=(¢, Liv(b)).

+
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