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Abstract: In this paper, we carry out a comprehensive comparison of Gaussian general-
ized autoregressive conditional heteroskedasticity (GARCH) and autoregressive stochastic
volatility (ARSV) models for volatility forecasting using the S&P 500 Index. In partic-
ular, we investigate their performance using the physical measure (also known as the
real-world probability measure) for risk management purposes and risk-neutral measures
for derivative pricing purposes. Under the physical measure, after fitting the historical
return sequence, we calculate the likelihoods and test the normality for the error terms of
these two models. In addition, two robust loss functions, the MSE and QLIKE, are adopted
for a comparison of the one-step-ahead volatility forecasts. The empirical results show that
the ARSV(1) model outperforms the GARCH(1, 1) model in terms of the in-sample and out-
of-sample performance under the physical measure. Under the risk-neutral measure, we
explore the in-sample and out-of-sample average option pricing errors of the two models.
The results indicate that these two models are considerably close when pricing call options,
while the ARSV(1) model is significantly superior to the GARCH(1, 1) model regarding
fitting and predicting put option prices. Another finding is that the implied versions of
the two models, which parameterize the initial volatility, are not robust for out-of-sample
option price predictions.

Keywords: GARCH; ARSV; physical measure; risk-neutral measure; particle filter;
in-sample fitting; out-of-sample prediction

1. Introduction

In financial risk management, there can never be too much emphasis on monitoring
market volatility. Market volatility rises, as does the risk of collapse. The stock market
crash on 19 October 1987, the tech bubble burst in the late 1990s, the global financial crisis
in 2008, the stock plunge on 5 February 2018, and the pandemic related stock plunges in
March 2020 are all examples of such a knock-on effect. As a crucial parameter when pricing
derivatives and estimating measures of risk, how to precisely estimate and forecast market
return volatilities has been an enduringly popular field of research.

There are three prevalent types of volatility models: (1) the ARCH/GARCH-family
models (Bollerslev 1986; Engle 1982; Engle and Ng 1993), (2) stochastic volatility (SV)
models (e.g., the autoregressive stochastic volatility (ARSV) model (Taylor 1982), the Hull-
White model (Hull and White 1987), and the multi-factor model (Dahlen and Solibakke
2012)), and (3) realized volatility (RV) models (Andersen et al. 2001). RV models depend
on high-frequency intra-daily data which are not always available. Therefore, we only
consider the first two types of models. In particular, we focus on the two most popular
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models among their classes, namely the Gaussian GARCH(1, 1) and ARSV(1) models.
The fundamental difference between these two models is that in the ARSV(1) model, the
volatility is treated as a latent variable with unexpected noise, while the volatility in the
GARCH(1, 1) model is deterministic.

Despite the extra adaptability, the latent volatility process in the SV models adds to the
difficulty of parameter estimation. Due to breakthroughs in computing capacity, along with
more efficient estimation methods, taking advantage of SV models is increasingly likely.
When faced with the choice between the ARCH/GARCH-family models and SV models,
people are interested in which one gives a more accurate volatility estimate. Carnero et al.
(2001) show the ARSV(1) model is more flexible than the GARCH(1, 1) model regarding
excess kurtosis, low first-order autocorrelation, and high persistence of volatility. Yu (2002)
makes a comparison of nine models in terms of predicting volatilities using New Zealand
stock data and demonstrates that the ARSV(1) model outperforms its rival candidates.
Furthermore, Lehar et al. (2002) compare the performance of the GARCH and Hull-White
models in terms of their out-of-sample option valuation errors and Value-at-Risk forecasts.
Moreover, the ability to reproduce the stylized facts in the financial series of the GARCH(1,
1), exponential GARCH(1, 1), and ARSV(1) models is investigated by Malmsten and
Terdsvirta (2010), and they conclude that none of the models dominates over the others.

Generally speaking, volatility measures are classified into two main categories. The
first is the physical measure, under which the volatilities are directly tracked via fit-
ting series of the historical asset returns. This measure, also known as the real-world
measure, is usually applied in portfolio hedging and risk management. For example,
Skoglund et al. (2010) validate Value-at-Risk (VaR) models using historical stock data and
show that GARCH volatility models are effective in the VaR models. The other is the
risk-neutral measure, under which the volatilities of the underlying asset are derived from
its derivative prices. Naturally, the risk-neutral measure is suitable for option pricing.
The local risk-neutral valuation relationship assumes that the volatilities under the two
measures above are equal (see Duan (1995)). In practice, the risk-neutral measure, however,
tends to have larger volatilities than the counterparts under the physical measure, which is
known as the volatility risk premium phenomenon (see Bakshi and Kapadia (2003); Low
and Zhang (2005)). Explanations for such a phenomenon are beyond the scope of this paper.
In this paper, we only consider the two models’ performance under these two volatility
measures.

To the best of our knowledge, risk-neutral GARCH(1, 1) and ARSV(1) models have
not been compared in previous empirical studies. This paper complements the literature
by conducting a comprehensive comparison of the GARCH(1, 1) and ARSV(1) models
regarding their in-sample fitting and out-of-sample prediction capabilities using both
physical and risk-neutral measures. Under the physical measure, we calculate their log-
likelihoods, test the normality of the error term, and explore the one-step-ahead volatility
forecasts. Under the risk-neutral measure, we investigate the option pricing errors of the
original and implied versions of the two models.

The rest of this paper is organized as follows: In Section 2, we discuss the parameter
estimation methods for the GARCH(1, 1) and ARSV(1) models under both the physical and
risk-neutral measures. In Section 3, we describe the dataset and discuss the methodologies
used for a comprehensive comparison of these two models. Then, we investigate the
empirical results in Section 4. In Section 5, we conclude this paper by suggesting potential
topics for future research. We give all of the technical details in the Appendices A—C.
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2. The Models and Parameter Estimation Methods

In what follows, we will discuss the parameter estimation for both the GARCH(1, 1)
and ARSV(1) models under the physical and risk-neutral measures, respectively.

2.1. Estimating the GARCH(1, 1) Model Under the Physical Measure

A volatility model under the physical measure is estimated to fit the return series
as precisely as possible. The GARCH(1, 1) model, which relates the current conditional
variance to the lagged squared residual and the lagged conditional variance estimate, is
constructed as shown in Equation (1):

Yt = 01z, 2zt S N(O, 1),
2 2 2 2 M
oy = ap+a10{_1zy_1 + bioj_q.
where {y;};>1 denotes the log daily return series (which can be magnified), and o7 stands
for the conditional variance estimate at time ¢. To ensure the stationarity of the variance,

the parameters are required to satisfy a9 > 0,41 > 0,b; > 0,and a; + b7 < 1.

Since z; follows a normal distribution, the maximum-likelihood estimation method
can be adopted to estimate the GARCH(1, 1) model under the physical measure. Suppose
61 = (ao,a1,ay) is its constant parameter vector to be estimated. Given a sample of T
original/magnified log daily returns, the GARCH(1, 1) model under the physical measure
is estimated by maximizing its log-likelihood function, denoted by In[py(y1.7)], as follows:

01 = (4o, 41,b1) = argmax In[py(y1.7)],

ﬂ[),lll,hl
1 T ) T 2 (2)
In[po(yi:r)] = —5 |TIn(27) + Y In(o7) + ) 5 |.
t=1 =1 Y%

2.2. Estimating the ARSV(1) Model Under the Physical Measure

There have been many studies on Taylor’s ARSV model. Actually, in Bayesian time
series analysis, ARSV is a fundamental example when studying Markov chain Monte Carlo
(MCMC) algorithms or particle filter (also known as Sequential Monte Carlo) methods
since its nonlinearity makes traditional Kalman filtering infeasible. Generally, there are two
equivalent forms of the ARSV(1) model (see Appendix A). The first form assumes that the
latent log variance follows a Gaussian AR(1) process with a constant return drift. In this
paper, we adopt the following ARSV(1) model because it is easier to estimate and more
straightforward to implement in the option pricing model:

Xt iid

Yt :ﬁeXP(E)Ct, gt ~ N(0,1),

) ©)
xi=¢xea o, S NOL), & L.

where {yt};>1 is still the original/magnified log daily return series, and B2 exp(x;) denotes
the conditional variance at time t. Suppose 6, = (¢,7?, B?) is the constant parameter
vector of the ARSV(1) model under the physical measure. The scale parameter 5 replaces
the constant drift of the log variance process. For the persistence parameter ¢, || < 1
should be ensured to satisfy the stationarity condition. In addition, {; };>1 and {7 };>1 are
two independent processes in this paper, though in many cases they are assumed to be
correlated in order to capture the leverage effect.

Unlike the GARCH(1, 1) model, the log variance process in the ARSV(1) model in-
cludes an unexpected noise term, which explains why it is classified as a stochastic volatility
model. Despite the absence of an analytical likelihood function, Monte Carlo simulation
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methods have been proposed for estimating the ARSV(1) model. MCMC algorithms such
as the Gibbs sampler (Kalaylioglu and Ghosh 2009) suggest the posterior distributions of
the parameters. Such algorithms are faced with prior density selection issues and have
high time consumption after the burn-in period. On the other hand, particle filter is ef-
fective for estimating the likelihood, and the expectation-maximization (EM) or gradient
ascent method can subsequently be implemented to maximize the estimated likelihood.
Particle MCMC (Andrieu et al. 2010), a combination of the particle filter and MCMC meth-
ods, can also be used for the parameter learning of the ARSV(1) model, though it is quite
time-consuming.

In this paper, particle filter is preferred to MCMC algorithms when estimating the
ARSV(1) model under the physical measure because the former naturally derives the
approximate likelihood that is necessary for the model comparison. Moreover, since
the ARSV(1) model belongs to the exponential family, we adopt a forward-only ver-
sion of the Forward Filter Backward Smoothing (FFBS) algorithm with the EM method
(Del Moral et al. 2010) to maximize the particle-based likelihood of the ARSV(1) model (see
Appendix B).

2.3. Estimating the Models Under the Risk-Neutral Probability Measure

Instead of maximizing the likelihood, parameter estimation under the risk-neutral
measure is directly related to option pricing. Duan (1995) suggests that the risk-neutral
GARCH(1, 1) model be given by

St 1., iid
1 _— = —_ = ’ ~ N 0, 1 7
n S, 71 Z(Tt + 01z¢, 2t ( ) @
<2

7= o+ mo7 gz g + bty

where r; denotes the daily risk-free interest rate, &; denotes the volatility estimate at time £,
and S; denotes the asset spot price. Similar to its counterpart under the physical measure,
the risk-neutral ARSV(1) model can be derived as follows:

iid

s 1, L%
In 7t =71 — 7'326Xp(ft) + ,Bexp(*t)ét/ gt ~ N(Oll)’
St-1 2 2

- ~ - iid
Xr=¢% 1+, '~ N(0,1), & Ly

)

where Bexp(%) stands for the volatility estimate at time ¢. For a European call/put option,
its price at time ¢t is calculated as the discounted average pay-off at maturity T under the
risk-neutral measure Q:

Ct = e "T-YELmax (St — K,0)| F(1)], P = e ""T"DEQ[max(K — St,0)|F(t)]. (6)

where K is its strike price, St is the asset price at maturity T, and F (¢) is a filtration. The
time unit in Equation (6) is one trading day. Without an analytical solution for the option
price for both the risk-neutral GARCH(1, 1) and ARSV(1) models, the options need to be
priced using Monte Carlo simulation. Let the initial volatility estimate at time f be o;. Based
on Equation (4), the asset price at maturity T under the risk-neutral GARCH(1, 1) model is
computed through a simulated return process step by step (the log variance at each time
step is simultaneously determined) as follows:

1 I T
S¢ =Siexp [(T —t)r — > Y. i+ Y izl 7)
k=t+1 k=t+1
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where the superscript G stands for the GARCH(1, 1) model. Repeating the simulation m
times, the European call/put option price at time ¢ of the risk-neutral GARCH(1, 1) model
is given by

e~ (T—t) m G, GG e~ (T—t) m -
_— Zmax(ST (j)—K0), P7(0°)~—— Zmax(K —S55(j),0). (8)
j=1 j=1

CoE%) ~ _
where ¢ = (dg, i, El) is the GARCH(1, 1) parameter vector, and j denotes the simula-
tion index.

On the other hand, the risk-neutral ARSV(1) model has a volatility process that is
independent of the return dynamics. Since the initial volatility estimate is o¢, the initial ¥; is
set to 2In(o;/B). Conditional on one simulated {fk}gz 141 sequence, the European option
price of the risk-neutral ARSV(1) model at time ¢ can be calculated using the Black-Scholes
(B-S) formula as follows:

EQ[CA| exp(X+1), exp(&i12), ..., exp(¥r)] = BScan(T — £, 54, K, 11,0), )
IEJQ[PtA| exp(%i41),exp(%ry2), ..., exp(&r)] = BSput(T —t,51, K, 11,0), (10)
T
where 62 = 1 Y. Brexp(%y). (11)
T—t k=t+1

For completeness and quick reference, we also give the B-S formula here.

BScan(T, So, K, 7,07) = SoN(d1) — Ke ""N(d>), (12)
BSput(T, So, K, 1,0) = Ke ""N(—dp) — SoN(—dy), (13)
where
In(%2) + (r+102)T d
dy = (%) (+3) , dy=d -0 T,andN(d):/ L
oV'T —o0 /27T

We still adopt the trading day time unit for the parameters of the B-S formula, and the
superscript A stands for the ARSV(1) model. Despite the commonly used yearly expressed
parameters in the B-S formula, the daily expressed ones actually work in the same way. In
other words, BS.an (552, St, K, Yr1, VY0) = BSean(T — t,S1, K, r1,0) if T, t, 11, and & are all
expressed in ‘day’, and Y (Y = 252 in this paper) is the number of trading days in a year.
The proof for Equations (9) and (10) is straightforward.

Proof. Suppose the sequence {J?k},f:t 41 has been obtained. We have

~ D 1. T ~ T 5 b
InSEHexp(Z) Y1 = InSi+ (T —t) = 5B Y exp(x) + Y. Bexp(T)&, (14)
2 k=t+1 k=t+1 2

where 2 stands for the operator for ‘equivalence in distribution’. As ¢y N (0,1) for
k=t+1,...,T,wehave Y| , ; Bexp (%)é‘k ~ N(0, B2 Lf_;,1 exp(%)) according to the
properties of the normal distribution. Hence, with 62 defined in Equation (11), we can
simplify Equation (14) by

T T
In S7|{exp (%)}, 1n5t+71(T*f)*%52 ) exp(fk)Jr( By eXP(fk))Z

k=t+1 k=t+1

2lnSt+r1(T—t)—%ﬁZ(T—t)—&-fT\/T—tZ, Z~N@O1), (15
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It is obvious that Equation (15) can be seen as a model in which the asset price follows
a geometric Brownian motion with the constant daily volatility & and the constant daily
risk-free rate 1. In fact, the B-S formula is derived from such a model. Therefore, we have

EQ [C? | {eXp(fk) }Z:t+1] :BSCall(T - t/ Str K/ "1, (7\') O

Then, the simulated European call option price in the risk-neutral ARSV(1) model is
derived by

m
CA(64) = ER[ER[CA {exp (%) Hoyin]] & 2 Sean(T — 1,51, K,11,0(j)).  (16)

§\'—‘

where ¢ (j) is computed from the j-th simulation path of the ARSV(1) log variance process
with a given parameter vector 84 = (¢, 4, B). In this paper, the simulation number m is
set to 10, and the common random number technique is adopted to price options with
different strike prices. Similarly, the European put option can be valued by

M§

- . 1 vy
PA64) = EQ[EQ[PA | {exp (%) }_;11]] ~ -, BSput(T —t,5:,K,r1,0(j)).  (17)
1

j

As Equations (16) and (17) show, all we need to simulate is the log variance dynamics
when pricing options under the risk-neutral ARSV(1) model even though it originally
has two innovation processes. On the other hand, the conditional variance process in the
risk-neutral GARCH(1, 1) model is deterministic and fully depends on the previous return.
That is why only the return dynamics needs to be simulated in the GARCH(1, 1) option
pricing model.

Suppose we have a collection of options with their observed market prices. As for both
the risk-neutral GARCH(1, 1) and ARSV(1) models, the nonlinear-least-squares parameter
estimator is obtained by minimizing the mean squared pricing error (MSPE):

6 —argmin - Y (0~ 0,(8)%  MSPE = L ¥ (0, — 0,(8))2. (18)
i iz iz
where v; is the observed market price of the i-th option, 7 is the number of options in the
collection, and @;(f) is the theoretical price of the i-th option derived from the corresponding
volatility model using the parameter vector 6.

Remark 1. Apparently, the accuracies of the approximations in (8), (16), and (17) depend on the
value of m. For different products, the convergence speeds can be different. In this paper, our main
focus is a comparison of the converged values under GARCH (1, 1) and ARSV(1) instead of a
comparison of the convergence speed; we simply choose a large value of m (m = 10,000) for both the
GARCH(1, 1) and ARSV(1) methods.

3. Methodology and Data
3.1. Comparison Under the Physical Measure

We estimate a volatility model under the physical measure by maximizing its log-
likelihood. The log-likelihood of the GARCH(1, 1) model is straightforwardly calculated,
while that in the ARSV(1) model needs to be computed via particle filter. Since both of the
two models have three parameters, the maximum likelihood is valuable for the in-sample
fitting comparison.

Furthermore, some other statistics can be compared using the estimated volatility
at each time step. For the GARCH(1, 1) model, given the parameter estimates under the
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physical measure and the observed return series, we can fully determine the sequence of
conditional variances. On the other hand, for the ARSV(1) model, its conditional variance
remains a latent state variable, even though its parameter estimates have been obtained.
Let the estimated parameter vector of the ARSV(1) model be (§, 42, %) and the size of
the in-sample dataset be T. Using particle smoothing algorithms (see Appendix C.2), the
particle-based volatility estimate, E[ exp(x¢/2)|y1.7], is approximated for t = 1,2,...,T
using Equation (A15). Subsequently, through normality tests such as the Kolmogorov—

Smirnov, Lilliefors, and Anderson-Darling tests, we can investigate how good the error

T
sequence ({ Z—i }thl for the GARCH(1, 1) model and {m }t:1 for the ARSV(1)

model) is for fitting the assumed standard normal distribution.

As for any volatility model, fitting the in-sample observations is one task while
forecasting volatilities in the future is an entirely different challenge. The preferred model
for an in-sample comparison does not necessarily guarantee a better out-sample forecast.
Patton (2011) studies the properties of well-documented loss functions developed for
volatility forecast evaluation and shows that only the MSE and QLIKE, defined in Equations
(19) and (20), are robust to noisy volatility proxies. Therefore, in this paper, we use these
two loss functions for the out-of-sample one-step-ahead volatility forecast comparison
between the two volatility models.

1&,
MSE = Y (@F = hy1)?, (19)
t=1
LIKE= 1Y (Inh % 20
Q —nZ(n He-1 1 )- (20)

tt—1

T
A

where 7 is the number of out-of-sample observations, h;;_; is the conditional variance
forecast for time ¢ given the information set until time ¢ — 1, and &7 is the true conditional
variance or the conditionally unbiased variance proxy at time t. In practice, the true
conditional variances are unobservable, and the realized volatility, computed by the sum
of intra-daily returns, is often considered to be a good proxy. Though such computation
is not complicated, high-frequency intra-daily return data are not always accessible. The
variance proxy suggested by Awartani and Corradi (2005), which adopts the squared
filtered daily return and ensures the correct ranking of the volatility forecast models, is
adopted in this paper. In Equations (19) and (20), &7 is replaced with (y} — 7)2, where v} is
the out-of-sample log daily return and § = % i1 y; denotes the mean of the out-of-sample
log daily returns.

3.2. Comparison Under the Risk-Neutral Measure

The risk-neutral versions of the GARCH(1, 1) and ARSV(1) models will be evaluated
based on in-sample option price fitting and out-of-sample option price prediction. Instead
of handling a collection of options over a long time span, we analyze the options in a
single day, a choice adopted by Bakshi et al. (1997), for the following reasons. Firstly,
while the options limited to a single day might not be sufficient for a robust parameter
estimation, it indeed eases the computational burden when minimizing the in-sample
pricing error. Moreover, one-day collection makes more sense because the parameter
estimation is updated as soon as new information arrives, while a long-term sample has to
assume that the parameters stay unchanged for a long time. This choice also avoids mixing
up known information with unknown conditions. For example, if the collection includes
the options from two different days, we have to ignore the asset price on the second day
when pricing the first-day options, even though that information is provided.
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Another issue is the selection of the out-of-sample options. After estimating the
parameters by minimizing the in-sample option pricing error, we use them to calculate
the pricing error of the out-of-sample options, which indicates the model’s capability of
predicting option prices in the future. Indeed, the out-of-sample performance draws much
more attention in the derivative market. A smaller in-sample option pricing error indicates
that a model fits the observed option prices better, but it is the out-of-sample prediction that
guides participants’ behaviors. Christoffersen and Jacobs (2004) value options for the next
Wednesday using parameters estimated from the current Wednesday when comparing
different GARCH models. This is a favorable choice because it leaves five days for the
parameter updates. As previously demonstrated, the new observed asset prices will directly
affect the deterministic conditional variance in the GARCH(1, 1) model. However, leaving
several days between the in-sample and out-of-sample collections is trivial for the ARSV(1)
model because in that model, the new price information will not be involved in the log
variance dynamics, which is stochastic and independent of the return process. Therefore, in
this paper, the out-of-sample options come from the day following the in-sample single day.

Moreover, a precondition for estimating the risk-neutral parameters is obtaining an
initial volatility estimate. Suppose the in-sample options are selected from Day t and
the out-of-sample options come from the next day—Day ¢ + 1. In this paper, the initial
volatility estimate for Day ¢, denoted by o, is initialized to the standard deviation of the
unconditional sample of the 180-day log returns before Day ¢, and the volatility estimates
after Day f are updated based on the corresponding volatility model. We also investigate
the results after parameterizing the initial volatility. When the risk-neutral parameters
for Day f are estimated by minimizing the in-sample MSPE using Equation (18), they are
assumed to stay unchanged overnight. Hence, the out-of-sample option pricing errors
on Day t + 1 are valued under the corresponding volatility model using its in-sample
parameter estimates, the initial volatility estimate for Day ¢, and the new information set

on Day t 4 1. Moreover, we assume a constant daily risk-free interest rate of 22'202/°.

3.3. Data

This paper focuses on the daily close value and options of the S&P 500 Index. For the
comparison under the physical measure, the in-sample observations (Sample A) consist of
the log daily return sequence over a ten-year period from 2 January 1996 to 30 December
2005. When estimating the in-sample MLE parameters analytically (GARCH) or numeri-
cally (ARSV), we use the magnified return series, y; = 100 x In 5%1 (t=1,...,T), obtained
by scaling the original log daily returns by 100. In addition, 250 log daily returns, magnified
in the same way, following Sample A constitute the out-of-sample dataset—Sample B. A
summary of Sample A and Sample B is presented in Table 1.

Table 1. Characteristics of the magnified in-sample (Sample A) and out-of-sample (Sample B) datasets
under the physical measure.

Sample Size Mean Max Min Std. Dev. Skewness Kurtosis

A T =2518 2775x 1072 5574 —7.113  1.154 —9.077 x 1072 5.956
B T' =250 5.288x1072 2134 —1.850  0.631 9.547 x 1072 4.157

For the comparison under the risk-neutral measure, as previously mentioned, the
‘one day in-sample with the second day out-of-sample’ rule is adopted. During the period
of 30 October 2017 to 1 February 2018, all of the in-sample and out-of-sample pairs are
chosen from every two consecutive days in each week; that is, we have four such pairs
every week. For example, every Monday will only be selected as the in-sample day, and

the following Tuesday will be its out-of-sample ‘partner’. That Tuesday itself also offers the
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second in-sample option, while its matched out-of-sample day is the following Wednesday,
and so on. We skip holidays and avoid selecting Friday as an in-sample day so that there is
no weekend gap between the in-sample and out-of-sample pair. For each day, around thirty-
five options with the highest volumes whose index-to-strike ratio is located in [0.9,1.1] are
selected, and the market price of each chosen option is set as the mean value of the last bid
and the ask prices when the market closes.

4. The Empirical Study

4.1. Results Under the Physical Measure
4.1.1. In-Sample Comparison Under the Physical Measure

The parameter estimates of the GARCH(1, 1) and ARSV(1) models for Sample A under
the physical measure are listed in Table 2, in which ‘LL" is short for log-likelihood and the
standard errors are reported in parentheses (-). The parameter estimates and their standard
errors in the ARSV(1) model are the sample mean and sample standard deviations of the
estimates of the last 250 iterations using the offline EM method. This shows the ARSV(1)
model has a larger log-likelihood.

Table 2. Parameter estimates under the physical measure, Sample A.

Volatility Model Parameter Estimates LL
GARCH(1,1) 89 =126345x10"2 47 =7.76129 x 1072 by = 9.15091 x 10~ —3682.529
(4.9 x 1079) (1.2 x 1072) (1.4 x 1072)
ARSV(1) $ =9.86795 x 10~ 42 =1.50959 x 102 B* = 1.02930 —3656.791
(1.7 x 10~%) (7.0 x 107%) (2.7 x 1072)

When calculating the maximume-likelihood estimators (MLE) with the GARCH(1, 1)
model, the initial volatility for Day 1 (the first in-sample day), denoted by o7, is set as the
standard deviation of Sample A. The subsequent conditional variances are updated by the
model. In the s-th EM offline iteration for estimating the ARSV(1) model, we also set a prior
normal distribution for the particles for Day 1 such that the expected volatility on that day
is same as 0q. Hence, the prior distribution can be derived as follows:

We assume xé ~ N(us, (752) in the s-th iteration fori = 1,..., N where N is the number
of particles. The parameter estimate (¢, 72, B2) of the s-th iteration is updated from the

2
maximum step of the (s — 1)-th iteration. One popular choice for o2 is 11;)2. Here, we set
5 S
02 = max(-—,,1.35) to ensure the diversity of the particles. y;s is calculated by solving

g’
BsElexp(3-)] = 07, as in Equation (21):

X1 1 1 0 0 1

E[exp(3)| = exp(G1s + 507) = g Me=2n(h - gt (21)

Table 2 shows that the maximum-likelihood estimates of the GARCH(1, 1) model under

the physical measure, whose p-values are all less than 0.01, are significantly different

from 0. Many empirical studies have a positive log-likelihood because their returns are

not subject to 100 times magnification. Revisiting the second equation in Equation (2),

when magnifying y; and o; at the same time, the first term —J In(277) and the third term

2
~1 Y z—:z stay unchanged, while the second term — 1 YL In(¢?) is indeed affected. A
larger sequence of conditional variance estimates may decrease the log-likelihood to a
negative value.

Furthermore, as illuminated in Appendix B.3, the ARSV(1) model is estimated using

the offline EM method with a forward-only FFBS algorithm, and the estimates of all of the

iterations are shown in Figure 1. We run 2730 offline iterations in total, of which the last 200
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iterations have 1250 particles, and the remaining ones use 800 particles. For each parameter
estimate, the arithmetic mean of the last 250 iterations is depicted by a blue dashed line,
with the mean value marked on the right side, while the red line sketches the estimates
across all iterations. As illustrated in Figure 1, the estimates of ¢ and % quickly converge,
while the estimates of 82 fluctuate within a relatively small range around the blue dashed
line.

Once the parameter estimates of the ARSV(1) model are obtained, its particle-based
computations of both the log-likelihood and E[Bexp(%)[y1.7] (t+ < T) can be implemented
together using particle filtering and smoothing via the bootstrap filter algorithm with
10° particles, as demonstrated in Appendix C.2. The numerical log-likelihood estimation,
approximated using Equation (A21) in Appendix C.3, does not require a large number
of particles. However, the subsequent particle smoothing does, as it suffers from the
degeneracy problem caused by a large observation number (T = 2518).

x10~1
XY o]
[} E -1
9.7 / 9.86795 x 107" |
9.5 L / ! ! ! ! ! ! ]
0 450 900 1350 1800 2250 2700
x10~2
2 \
v 6 |- o
3L 1.50959 x 1072 |
E ! ! ! ! ! ! =
0 450 900 1350 1800 2250 2700
x10~1
99F oo, o]
[} E -1
9.7 / 9.86795 x 107" |
9.5 L / ! ! ! ! ! ! ]
0 450 900 1350 1800 2250 2700

Figure 1. Particle-based parameter estimates of the ARSV(1) model under the physical measure,
Sample A.

Now, let us investigate the distribution of the error terms in the return dynamics.
Given the maximum-likelihood parameter estimates and the initial volatility, the volatility
at time ¢ (1 <t < T) in the GARCH(I, 1) model is fully determined, and thus the error
sequence is given by { Z—: }thl. The ARSV(1) counterpart must be estimated through particle
smoothing, as detailed in Appendix C.2. Subsequently, we can obtain the error sequence

= yt
{ E[Bexp(xt/2)|y1.7]
puted using Equation (A15). Both models assume that the return process errors follow the

standard normal distribution.

} , in which the denominator (in-sample volatility estimate) is com-
t=1

The Q-Q plots versus the assumed standard normal distribution for the error sequences
of the two models are shown in Figure 2, and the corresponding normality test results are
reported in Table 3, in which the preferred value in each row is underlined. The Q-Q plots
indicate that the error sequences of both models have slightly lighter right tails than the
standard normal distribution. As for the left tail, the error sequence of the GARCH(1, 1)
model is much heavier than a standard normal distribution, while the ARSV(1) counterpart
is almost identical to the standard normal distribution. Moreover, considering the result
of each normality test whose null hypothesis assumes that the tested sample follows the
standard normal distribution, the ARSV(1) model always has a larger p-value. Therefore,
when it comes to fitting historical returns, the ARSV(1) model’s normality assumption
for the error sequence is more appropriate than that of the GARCH(1, 1) model. This
conclusion is in accordance with the findings of Carnero et al. (2004).
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As a whole, the ARSV(1) model has a larger likelihood when fitting historical returns
and is better for satisfying the assumption that the error sequence in the return process
follows a standard normal distribution. Therefore, the ARSV(1) model outperforms the
GARCH(1, 1) model in terms of the in-sample comparison under the physical measure.

—  45° line
2 A ARSV(1)
* GARCH(1, 1)

Error Sequence

Figure 2. Q-Q plots: error sequences of GARCH(1, 1) and ARSV(1) models vs. standard normal
distribution, Sample A.

Table 3. Normality tests for the error sequences, Sample A.

Normality Test p-Value, GARCH(1, 1) p-Value, ARSV(1)
Kolmogorov-Smirnov <1073 0.013
Lilliefors <1073 0.472
Anderson-Darling 0.006 0.015

4.1.2. Out-of-Sample Comparison Under the Physical Measure

The out-of-sample return dataset, Sample B, follow the in-sample dataset without any
gap. Therefore, the last in-sample volatility estimate can be directly used to generate the
first out-of-sample volatility forecast. This kind of one-step-ahead prediction is natural for
the GARCH(1, 1) model since it is exactly how this model works. Given the last in-sample
conditional variance estimate and the out-of-sample magnified return series, all of the out-
of-sample conditional variances are determined through the specification of the conditional
variance in the GARCH(1, 1) model step by step as follows:

Wiy =0+ ayf +bik, o, t=T,T+1... T+T -1 (22)
where (4, 41, El) denote the in-sample maximum-likelihood parameter estimates, h(T3‘T7l is
the last in-sample conditional variance estimate, T is the size of the in-sample dataset, and
T’ is the size of the out-of-sample one. In light of the ARSV(1) model, the out-of-sample
volatility forecasts are still particle-based. Fortunately, as demonstrated in Appendix C.4,
the one-step-ahead prediction can be connected seamlessly with the particle filtering; that
is, the ARSV(1) out-of-sample conditional variance estimate is given by

h;“H‘t =E[fexp(xip1)|y1e), t=T,T+1,...,T+T —1. (23)

Its parameter estimates are also determined based on the in-sample dataset and stay
unchanged for the out-of-sample forecasts. Figure 3 shows both the in-sample and out-of-
sample volatility estimates. It illustrates that the two models’ volatility estimates follow
similar patterns, though their magnitudes differ.
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Figure 3. In-sample (A) and out-of-sample (B) volatility estimates.

The out-of-sample volatility forecast results of the two models are summarized in
Table 4, in which the preferred value in each row is underlined. As it shows, the ARSV(1)
model has smaller values for the MSE and QLIKE loss functions, so it is also superior
to the GARCH(1, 1) model in terms of the out-of-sample volatility forecast under the
physical measure.

Table 4. Out-of-sample volatility forecast results of the GARCH(1, 1) and ARSV(1) models, Sample B.

Loss Function GARCH(@, 1) ARSV()
MSE 5.0372 x 107! 5.0367 x 10~}
QLIKE 6.8369 x 1072 6.7339 x 102

4.2. Results Under the Risk-Neutral Measure

The S&P 500 Index European call and put options are investigated separately. For
each kind of option, we split them into two groups: one expires in about 30 calendar days,
and the other expires in about 50 calendar days.

In addition to the GARCH(1, 1) and ARSV(1) models, we investigate the traditional
B-S model and the B-S model with implied volatility (BS-IV). Both the traditional BS model
and the BS-IV model assume a constant volatility across the time to maturity when pricing
options. We set the initial volatility in the traditional B-S model to be the same as the initial
volatility in the GARCH(1, 1) and ARSV(1) models. On the other hand, the BS-IV model
parameterizes its initial volatility when minimizing the in-sample MSPE as follows:

[0; — BSean(T; — t,St, Ky, 11, 0)]. (24)

1 n
0jy = argmin —
o n —1

1

where S; is the close price of in-sample Day t; n is the number of in-sample call options;
r1 is the constant daily risk-free rate (r; = 2.5%/252); and T; — ¢, K;, and v; are the time to
maturity (in trading days), strike price, and market price of the i-th option, respectively.
We want to mention that even though the our in-sample or out-of-sample options are
chosen on a single day and expire in about 30 or 50 days, their times to maturity may vary
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slightly, such as 31 or 33 days. The risk-neutral GARCH(1, 1) and ARSV(1) models for the
n in-sample call options at t are estimated as follows:

[Z),' - th(éG/U't/i)]z/ GG = (ﬁo, ﬁ1151)/ (25)

-

I
—

GARCH(1, 1) : (§©)* =argmin

G

S|~ IR

-

Il
—_

ARSV(1) : (64)* =argmin [v; — CA (04, 00,1)]%, 64 = (, 7, B). (26)

A

where the theoretical option prices CZ (€, o1, i) and C{ (84, 0%, i) are calculated, respectively,
using Equations (8) and (16) using the given initial volatility estimate, 3, along with the
identifications (the strike price K; and time to maturity T; — t) of the i-th option. All
three risk-neutral models (BS-IV, GARCH(1, 1), and ARSV(1)) for the put options are
estimated similarly.

It is worth noting that the in-sample risk-neutral parameter estimates remain un-
changed for the out-of-sample option pricing. Moreover, the initial volatility estimate of
the risk-neutral B-S, GARCH(1, 1), and ARSV(1) models comes from the historical daily
returns, while it is the only parameter in the BS-IV model. In fact, the in-sample and out-of-
sample performances of the B-S model depend entirely on the initial volatility estimates
and option selections. Table 5 summarizes the average risk-neutral parameter estimates,
with the corresponding standard deviations in the sample in parentheses (-). The average
in-sample and out-of-sample option pricing errors are reported in Tables 6 and 7, in which
the preferred value in each column is underlined, and the corresponding sample standard
deviations are included in parentheses (-).

Table 5. Average in-sample risk-neutral parameter estimates.

GARCH(, 1) ARSV(1) BS-IV
ﬁo ﬁl bl 4; ;)-’ :B 4

call. 30 davs 6949 x 107® 0144 0571 0442 0525 6787 x1073 4557 x 103
/ y (8.10 x 107°)  (0.20) (0.35) (0.28) (0.52) (1.55x1072) (7.87 x 107%)
4477 x107® 0204 0.605 0.367 0234 4589 x1073 4.817x1073
call, 50 days 6 —4 —4
(3.05x107%) (0.21) (0.33) (0.12) (0.35) (9.42x107%) (6.85 x 107%)
4t 30 davs 6.727 x107® 0939 0.061 0.886 1.228 1.038x103 6.207 x 103
put Y (24x1076)  (0.08) (0.08) (0.08) (0.40) (836x1074) (836 x 104
at. 50 davs 6.134 x107® 0.863 0.137 0.873 1417 9.888x10~* 6.924x 103
put, y (1.66 x 107°)  (0.11) (0.11) (0.05) (0.32) (4.90 x 107%)  (8.19 x 107%)

According to Table 5, the risk-neutral parameters of the GARCH(1, 1) and ARSV(1)
models are quite different from their physical counterparts. (The return sequence is mag-
nified 100 times. Without this magnification, the previous 4y in GARCH(1, 1) and § in
ARSV(1) would divide by 100, while the other parameter estimates would remain un-
changed.) For example, for the put options in the GARCH(1, 1) model, b, is less than
0.2, while its physical counterpart is close to 1. By contrast, ¢ in the ARSV(1) model is
much larger than its physical counterpart. The risk-neutral estimates also depend on the
kind of option. #; in the GARCH(1, 1) is such an example. Interestingly, it seems that
the put options have larger volatilities, as the corresponding &;, apparently grows. The
pricing errors in the traditional B-S model are exacerbated for put options because the
initial volatility is always around 4.2 x 10~3, with tiny fluctuations.

Furthermore, although estimating the ARSV(1) model is much more complicated
than estimating the GARCH(1, 1) model under the physical measure, estimating their
risk-neutral versions requires a similar computational burden. The reason for this is that



Risks 2025, 13, 31 14 of 24

as previously demonstrated, only one process needs to be simulated in the risk-neutral
ARSV(1) model.

Table 6. Average in-sample and out-of-sample call option pricing errors with a given initial volatility.

Call, 30 Calendar Days Call, 50 Calendar Days
MSPE In-Sample Out-of-Sample In-Sample Out-of-Sample

2.1912 4.0073 3.4537 5.5005
GARCH(L, 1) (2.14) (3.54) (2.59) (3.85)
2.2057 4.0540 3.6125 5.6605
ARSV(D) (2.19) (3.58) (2.66) (3.92)
BS-IV 2.2675 3.9935 3.6264 5.6303
(2.23) (3.59) (2.68) (3.92)

B-S 11.3419 11.2559 21.3919 20.7546
(15.56) (15.39) (33.34) (33.21)

Table 7. Average in-sample and out-of-sample put option pricing errors with a given initial volatility.

Put, 30 Calendar Days Put, 50 Calendar Days
MSPE In-Sample Out-of-Sample In-Sample Out-of-Sample

2.9376 4.0737 5.6874 7.5993
GARCH(, 1) (2.19) (3.40) (2.84) (5.00)
0.6949 2.0679 1.1797 2.7540
ARSV(D) (1.06) 2.21) (1.47) (2.86)

BS-IV 9.8680 10.8460 21.3281 23.7384
(3.55) (4.88) (6.32) (8.46)

B-S 46.4342 44.1500 143.4384 137.2699
(41.65) (39.52) (91.28) (91.59)

4.2.1. In-Sample Comparison Under the Risk-Neutral Measure

For the call options, the GARCH(1, 1) model slightly outperforms its three rivals in
terms of the average in-sample MSPE and the standard deviation, regardless of the time to
maturity. Therefore, the GARCH(1, 1) model fits the observed call option prices better with
less dispersion. However, its superiority over the ARSV(1) and BS-IV models is not as clear.

The in-sample performance of the put options is another story. The ARSV(1) model
remarkably dominates over the others for both the 30-day and 50-day put options. In
addition, the GARCH(1, 1) model also substantially outperforms the BS-IV model.

Furthermore, options with a longer time to maturity tend to have a larger average
in-sample MSPE. Not surprisingly, the traditional B-S model is always inferior to the
GARCH(1, 1) and BS-IV models regarding the in-sample pricing error. The reason for this
is that with the same initial volatility estimate, the B-S model refers to a special case of
the GARCH(1, 1) model. On the other hand, the BS-IV model, whose initial volatility is
parameterized, is an optimal version of the B-S model with respect to the in-sample MSPE.

4.2.2. Out-of-Sample Comparison Under the Risk-Neutral Measure

As expected, for all models, the out-of-sample average MSPE is larger than its in-
sample counterpart. Moreover, the longer the time to maturity is, the harder it becomes to
predict the out-of-sample option prices. For call options, the BS-IV model performs better
than the others for 30-day options, while the GARCH(1, 1) model is preferred for 50-day
options. The out-of-sample call pricing errors are similar across the models, except for the
traditional B-S model.
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The obvious superiority of the ARSV(1) model over the others within the in-sample
put options is kept for the out-of-sample pricing performances. Overall, the ARSV(1)
model is indeed preferable when pricing put options. In contrast, put options are less
suitable in the GARCH(1, 1) model than call options. This finding is similar to the result of
Heston and Nandi (2000).

One thing we need to pay attention to is the initial volatility estimate for each in-sample
trading day. Admittedly, we set the initial volatility casually without examining other
strategies. Refined initial values will no doubt improve the option pricing performance
of both the GARCH(1, 1) and ARSV(1) models. For example, the initial volatility for a
risk-neutral model can be estimated using its physical counterpart. On the other hand, the
BS-IV model adopts an implied volatility, but it remains inferior to the two models with
variant volatilities in most of the scenarios examined. Therefore, dynamic volatility models
like the ARSV(1) and GARCH(1, 1) models are more accurate for option pricing than a
constant volatility model.

Instead of using historical returns, we can derive the initial volatility directly from
the preceding option prices. This adjustment brings about the implied versions of the
GARCH(1, 1) and ARSV(1) models, whose pricing performances are explored in the
following subsection.

4.3. Risk-Neutral GARCH(1, 1) and ARSV(1) Models Using Implied Volatilities

Rather than setting a relatively casual value, we can also parameterize the initial
volatility estimate in the risk-neutral GARCH(1, 1) and ARSV(1) models. For the call
options, the implied versions of the two models are estimated by minimizing the in-sample
MSPE of the n options as follows:

n
GARCH-IV(1, 1) : (65)* :argmin% Y [o;—CE (85,013 65 = (do,a1,b1,00), (27)

v/ v
aG 1
oS i=1

n
ARSV-IV(1) : (84)* :argmin% Y [oi—CAO2, D% 0 = (4,9, Bor).  (28)
g4 i=1

where the suffix *-IV” or the subscript ‘iv’ stands for the implied version that parameterizes
the initial volatility estimate ;. In addition, C’F (éicv, i) and C{‘(éf\‘,, i), which denote the
theoretical prices of the i-th call option with the risk-neutral GARCH(1, 1) and ARSV(1)
models, are calculated using Equation (8) and Equation (16), respectively. The counterparts
for put options can be estimated in a similar way. The in-sample and out-of-sample average
MSPE of the implied versions of the two risk-neutral models is presented in Table 8, which
includes the standard deviations in parentheses (-).

Table 8 shows that parameterizing the initial volatility leads to a smaller average
in-sample MSPE for both the risk-neutral GARCH(1, 1) and ARSV(1) models. Most of
the corresponding standard deviations also decrease. Such improvements are within our
expectations since the original non-implied versions are just special cases of the implied
versions when minimizing the in-sample MSPE. However, an extra volatility parameter
also brings about more uncertainties in the out-of-sample results. In terms of the average
values and standard deviations of the out-of-sample pricing errors, the implied versions
of both models are inferior to their original non-implied counterparts that casually set the
initial volatility estimates.
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Table 8. Average in-sample and out-of-sample option pricing errors of the implied GARCH(1, 1) and
ARSV(1) models.

GARCH-IV(1, 1) ARSV-IV(1)

MSPE In-Sample Out-of-Sample In-Sample Out-of-Sample
call. 30 davs 1.9666 12.3583 2.2000 45315

' y (2.03) (11.47) (2.20) (3.87)
call. 50 davs 3.3549 5.7784 3.4535 6.4111

’ y (2.45) (4.62) (2.50) (5.16)
4t 30 dave 0.6459 7.3234 0.6787 2.2551
put y (1.00) (5.97) (1.05) (2.56)
b 50 da 1.1828 9.5250 1.1271 2.9827
put, s (1.35) (6.28) (1.48) (3.42)

One reason for this is that the in-sample nonlinear-least-squares parameter estimators
are to some extent sensitive to the input option identifications, such as the spot price and
time to maturity, while parameterizing the volatility would further add to such sensitivity.
Moreover, it is likely that the implied models will have an abnormal initial volatility
estimate; that is, when minimizing the in-sample MSPE, we may obtain an extremely
large initial volatility estimate in the implied models. Then, the subsequent out-of-sample
prediction error tends to become out of control. In theory, volatility is a positive real
number without an upper bound. To avoid abnormal cases, within our implementation,
we constrain the daily initial volatility to be less than 0.023 in our implementation. When
the in-sample initial volatility estimate reaches this upper bound, there is a high possibility
that the out-of-sample prediction error will be substantially large. By allowing for a smaller
upper bound, the out-of-sample results may be better, but this will make the extra volatility
parameter less meaningful. Moreover, the upper bound should be connected to the market
situation. For example, in a bear market, the upper bound can be relatively larger. How
to set a reasonable upper bound for the initial volatility parameter is worth investigating
in the future. Overall, for our option samples, the implied versions of the GARCH(1, 1)
and ARSV(1) models are not recommended. After all, the out-of-sample prediction error
matters more than the in-sample counterpart.

5. Conclusions

This paper conducts a comprehensive comparison of the GARCH(1, 1) and ARSV(1)
models under both the physical and risk-neutral measures. Under the physical measure,
we investigate their log-likelihoods after fitting the historical returns and test the normality
assumption for their error terms in the return process. Moreover, two robust loss functions,
MSE and QLIKE, are adopted for a comparison of the one-step-ahead volatility forecasts.
The results show that the ARSV(1) model outperforms the GARCH(1, 1) model in both its
in-sample fitting and out-of-sample prediction performance under the physical measure.

On the other hand, under the risk-neutral measure, we explore the in-sample and out-
of-sample option pricing errors of the two models. We show that only the volatility process
in the ARSV(1) model needs to be simulated for option pricing. In addition, we consider
both the original and implied versions of the two risk-neutral models. The traditional and
implied B-S models are also examined as benchmarks. We find that the performances of
the two models are quite similar when pricing call options, while the ARSV(1) model is
remarkably superior to the GARCH(1, 1) model for pricing put options. In addition, their
implied versions are not robust for out-of-sample option price prediction.
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For the non-implied versions of the risk-neutral GARCH(1, 1) and ARSV(1) models,
we adopt a causal initial volatility estimate when investigating their in-sample and out-
of-sample pricing errors. It is indeed likely that other selections could lead to a better
performance. When parameterizing the initial volatility in the implied version, how to set
a reasonable upper bound for this parameter is also worth studying. Moreover, instead of
the original normal distribution, using the GARCH(1, 1) and ARSV(1) with Leptokurtic
distributions, such as Student’s t and exponential distributions, could be explored in
the future.
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Appendix A. The Two Forms of the ARSV(1) Model
The first version of the ARSV(1) model is

x} iid
Yt :eXP(Et)Ct, G ~ N(0,1),

iid
Xp=a+¢xi_ +yn, e~ NO,1), & Ly

The second equation can be transformed into the following equation:

Xp—p=¢(xi_q —u)+ 1,

where p = %5, Let x; = x, —p, and we have y; = exp(*3%)& = exp(h)exp(3)é:.

Therefore, the ARSV(1) model above is transformed as follows:

v =pexp()E, &N,

iid
Xt =PXi_ 1+, M~ N(Orl)/ Gr L Mt.

where B = exp(}). One change we need to pay attention to is that the conditional variance
in the former version is denoted by exp(x}), while it is denoted by % exp(x;) in the new
one.

Appendix B. A Forward-Only Version of the FFBS Algorithm with the
EM Method

Appendix B.1. Forward Filter Backward Smoothing

As shown in Equation (3), the ARSV(1) model belongs to the family of state space
models consisting of a transition equation for the state variable (x) and a measurement
equation for the observation variable (y). In the ARSV(1) model, the unobservable state
variable, x;, is independent of the states and observations in the past if x;_1 is given:

p(xe|x1—1, Y1e—1) = p(Xe|Xe—1, X102, Y1:e-1) = fo(xe|xe—1). (AT)
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If the innovation term in the transition equation is independent of that in the observation
equation, we also have

p(yelxre, yre—1) = p(yelxe, X16-1, y1:0—1) = o (Ye|xt). (A2)

Here, Ujsj denotes the sequence {u;, u;\1,...,u j}, x1 follows a prior distribution, 6 is the
parameter vector, fp(+|-), and gy(+|-) are the transition and measurement equations, re-
spectively. Given n observations, suppose that s, : X x X — R,k € N, is a sequence of
functions and S, (x1.,) = L1, s]-(x]-_l, xj) denotes the corresponding sequence of additive

]
functionals built from s;. Then, the smoothed additive functional is defined by

n

83 = EG[Sn(Xlzn)Wl:n] = / LZ Sj(lelxj)‘| pG(xl:nh/l:n)dxl:n' (A3)

If Sy (x1.,) is in the form of additive functionals, the challenging approximation of S,‘z
can be simplified using a forward-only version of the FFBS algorithm proposed by
Del Moral et al. (2010). An auxiliary function is defined by

Tne(xn) = / Sn(xX1:0) Po (X1:n-1 Y101, X ) AX 101 (A4)
T?(x1) is generally set to equal 0, and T9(x,) can be obtained recursively as follows:

Ty (xn) = /[Sn—l(xlzn—l) + 8n(Xn—1,%n) [Po (X101 [Y1:0-1, Xn)dX1:0 1
= /{/ Sn—l(xlzn—l)Pe(xlzn—z|y1:n—2,xn—l)dxlzn—z] Po(Xn—1|Y1:n—1, Xn)dxy 1
+ / sn(Xn—1, Xn) Po (X1:n—1[Y1:0-1, Xn)dX1:0 1
= /Tgfl(xnfl)Pe(xnfl|y1:n71,xn)dxn71+/sn(an,xn)pg(xn,l|y1:n,1,xn)dxn,1

:/[Tsfl(xn—l)+Sn(xn—lzxn)]Pe(xn—l|]/1:n—1/xn)dxn—1~ (A5)

where pg(x,—1|y1:n—1, Xn) is approximated using the forward filtering weighted particles as
follows: . .
Zjlil w,(1]31f9 (xn ‘xiﬁl )5x(j) (dxn—l)

L . (A6)

L @,y folanly )

Particle filter methods such as bootstrap filter (BF) and Auxiliary Particle Filter (APF) (see
Appendix C.1) are feasible in the necessary forward filtering process. Obviously, we have
89 = [ T8(xy)po(xn|y1.n)dx, based on Equation (A3). Thus, based on Equations (A4)—(A6),
an algorithm for approximating Sf is presented in Algorithm Al.

Po(dxp_1|y1:n—1,Xn) =
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Algorithm A1 Algorithm to Approximate the Smoothed Additive Functional S¢

1 Initialize Tg (xéi)) = 0 and obtain weighted filtering particles {x((]i), wéi) N

2 Repeat the following steps for time steps k = 1,2,...,n

2.1 Obtain weighted filtering particles {x,((i),wlgi)} fori=1,...,N.

70 (/) (/) ()
20 ?]?(xl((i)) Z 1‘*’k 1f9(xk ‘xk 1)[Tk L))+ sy )],izl,..-,N-

Ny w0l folx )

23 8 = TN, T8 (0.

Appendix B.2. The Offline EM Method

When maximizing the particle-based likelihood, techniques such as gradient ascent
and EM methods can be adopted in the form of online or offline schemes. The offline
scheme means updating the parameter estimates after capturing all of the observations,
while the online scheme updates the parameter estimates every time a new observation
arrives. Generally, a market dataset is not large enough for the online scheme, so the offline
scheme is used in this paper. Moreover, the EM method, if feasible, is preferred to the
gradient ascent method because it involves no concerns about the step size problem. The
parameter vector at the (I 4 1)-th iteration is updated as follows:

6,1 = argmax Q(6;,0). (A7)
0
where Q(0y,0) = [log po(X1:n,Y1:n) Po, (X1:n|Y1:n)dX1:n denotes the expectation of the E-
step, and 0; is the parameter vector at the I-th iteration. If pg(x1.,, y1.,) of a model (e.g., the
ARSV(1) model) belongs to the exponential family, the maximizing step in Equation (A7)
can simply be finished through a function of sufficient statistics calculated using the
forward-only FFBS algorithm as below.
Suppose {sh}ZLl is the collection of m sufficient statistics that is necessary for the
update function. The summary statistic is calculated by

S n= /Sh,n<x1:n/]/1:n)P9(x1:n|]/l:n)dxl:nr h=1,...,m. (A8)

where Sy, ) (X1:0, Y1in) = Li—sp s"(xx_1, X, yx) is in the additive form of Equation (A3). That
is why the forward-only FFBS algorithm is feasible for calculating the summary statistics.
We first transform pg(xy, yx|xx_1) into the following form:

Po(Xis1, Vi1 %) = 0(Xkp1, Vi) exp (((0), s(xk, Xep1, Yir1)) — A(0)). (A9)

where s(x, X1, Yis1) = [51 (X6, X1, Yia1)s - - - 8™ (X, Xkg1, Yia1)] i the sufficient statis-
tics vector, (-, -) denotes the scalar product, and 6 is the parameter vector. Cappé (2011)
shows the maximizing step can be completed as follows:

sl
%1:A<;>. (A10)

where S% is an m-dimensional vector whose h-th element S i 1, can be derived using

Equation (A8) using the forward-only FFBS. Moreover, A(s(xg, Xk11,Yk+1)) is the unique
solution of Vgip(0)s(xg, Xk11,Yks1) — VeA(0) =0
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Appendix B.3. Estimating the ARSV(1) Model Under the Physical Measure

In this paper, we implement the offline EM likelihood optimization method using a
forward-only FFBS algorithm to estimate the ARSV(1) model. According to Equation (3),
we transform its pg(X¢.41,Ys+1|x¢) into the form of Equation (A9) as follows:

Po(xtr1, Yev1lxt) = po(Yes1lXe1, xt)po(xXep1]xe)

— exp( xH—l) exp[— y%—i—l ] 1 exp[_ (xt+l _¢xf)2]
V2rB 282 exp(xe+1)” 27y 292
exp(—*51) Lo e X Viaee(xen) 10,
- — — =1 . (A1l
_
We have 0 = (9,756, olxnyn) = S2GE) A@) = i)+
sIn(BY), spa(xnxinyen) = (B xx ) v ep(—xg),  w(0) =
2
(—2‘%, %,—ﬁ, —ﬁ) For ease of presentation, let vector s = (z1,2p, z3,24)7 stand

for (x7,x:x411,%7,1,y7, 1 exp(—x;41))T. The unique solution to the complete-data
maximum-likelihood equation Vip(6)s — V4 A(0) = 0 is derived as follows:

% % o o ~fa+ b 0
2

Vep(0) = | £ —% B 0|, Vep®)s= | iz - Gn+ giz| = VeA(d) = | 5
0 0 0 21? ﬁ7~4 2’17

¢ and f3? are solved from the first and third equations in the linear system, respectively
Plugging ¢ into the second equation, 42 is also solved. Finally, we have ¢ = Z , ’y =z3— é
B* = z,. Therefore, the unique solution is 6(s) = A(z1,22,23,24) = (%,23 — 5,24).

With four sufficient statistics, we have m = 4 in the offline EM method. The al-
gorithm for estimating the ARSV(1) model under the physical measure is presented in
Algorithm A2.

Algorithm A2 Algorithm to Estimate ARSV(1) under the Physical Measure

1 Obtain the initial parameter estimates 8y = (¢o, 73, B3)-

2 Foriteration! = 0,1,...,ItN, update the parameter estimate using the following steps:

2.1 Generate {x%i) }N | from the prior distribution with 6, initialize Tl(i) (6;) =0, and set
the weighted filtering particles {x%z), wgl) =4y,

2.2 Repeat the following steps for k = 2,..., T with 6;:

2.2.1 Obtain normalized weighted filtering particles {x,((i), wlgi) }N | via the APF
algorithm.
N () yipl) (70
. w' X 01) +sk(x”,, x 7,
. T,El)((?) Lt wp” 1f9( | pd 1)[ ( l) k(1 X yk)],izl,...,N.

Z 1Wk 1f xk ]x )

223 8 =y, 0T (8)).
2.3 Update the parameter estimates with 0,1 = A(T187).

T is the number of observations, {y } /. i1 is the sequence of log daily returns, ItN is

the number of iterations, T, Tl )(91) is a four-dimensional axillary vector, si(xg_1, X, V), and
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A(+) : R* — R has been derived. In step 2.2.1, we implement the BF algorithm to obtain
weighted filtering particles given a new observation.

Appendix C. Particle Filter and Smoothing
Appendix C.1. Auxiliary Particle Filter

The Auxiliary Particle Filter (APF) algorithm with the given parameter vector 0 is
presented in Algorithm A3.

Algorithm A3 The Auxiliary Particle Filter Algorithm

1 Draw N samples x(()i) from the initial distribution and set w(()i) = %, fori=1,...,N.

2 For each time step, given the new observation y;;; and the weighted particles
{xt(l),wt(l) fil, repeat the following steps fort =0,1,..., T — 1
2.1 Calculate the conditional expected value 7"521 = E[x;11 \xfi) |fori=1,...,N.

2.2 Calculate the probabilities for each auxiliary index p(k()) wt(i) 20 (Y1 |y§21) for
i =1,...,N and then normalize them to unity.

2.3 (Re-sampling) Sample the auxiliary indices k() according to {p(k(j))}]-l\i ; and set
9 =4

2.4 (Propagating) Draw {xt(flzl} by f9(~\xfl)) fori=1,...,N.

() (i) :
=x"u 1 :Vlt<+1 fori=1,...,N.

(i) (Y1 |x§21)

2.5 Update the weights as w,/; « 0
8(yrlmiy)

and then normalize them to unity.

Appendix C.2. Particle Filtering Together with Smoothing Using a Bootstrap Filter

The particle filtering along with smoothing using bootstrap filter with the given
parameter vector 6 is detailed in Algorithm A4.

This algorithm re-samples particles with their ancestors so that the smoothing process
is also finished; that is, the re-sampling step at t is conducted for the whole particle path
x14. At each time step t (t < T), pg(x1.|y1.+) is approximated using the particles with
normalized weights as follows:

o (dx1e), (A12)

X1t

N
Po(xtly1:e) = Po(xX1:4ly1) = Z“’E%
i=1

Therefore, at the final time step T, the joint posterior density pg(x1.7|y1.7) can be approxi-
mated by

N
poldxi.r|yr.T) = ZW(TZ)5 i (dxi.r), (A13)

As previously mentioned, this algorithm also solves the smoothing problem. It is straight-
forward to approximate pg(xs|y1.7),1 < s < T by marginalizing pg(dx1.7|y1.7), as in
Equation (A14).

z

poldxs|yrr) =, wg)%i; (dxs), (A14)

I
—

(i)

where xsi is the s-th element of the vector (or path) xgl)T In addition, the volatility at time s

(s < T) is approximated by
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(')
E[pexp(xs/2)|y1.1] = ﬁZwT exp(—-)9 i (dxs)- (A15)

However, when T — s is very large, only a few of the original particles at time step s

will be kept at the final time step. To alleviate this kind of degeneracy problem, we increase
the number of particles to 10°.

Algorithm A4 Particle Filtering Along with Smoothing Using Bootstrap Filter

1 Attimet =1,

1.1 Draw N samples xgi) from the initial particle distribution, p(x1), fori =1,...,N.

1.2 Calculate and normalize the particle weights:

Unnormalized weights: wi(xgi)) = (yl\xii)), i=1,...,N;

Weight sum at time 1: ws(1) = ¥, wl(xg )),

Normalized weights: w%i) = w‘}v(sﬁ)), i=1,...,N.

2 Attimest=2,...,T,
2.1 Sample index A E?l based on the normalized weights {a)t(ﬁ)l }N_| using multinomial
or stratified re—sampling schemes fori =1, .

2.2 Sample xt ~ fo(- \x A 1)) and set xgz (x§ i f),xt( )) fori=1,...,N.
2.3 Calculate and normahze the particle weights:

Unnormalized weights: wt(xﬁ) S0 (yt|x5i)), i=1,...,N;

Weight sum at time : ws(t) = YN | w}(x}’ 2)

() _ @)

ws(t) ’

Normalized weights: w; i=1,...,N.

Appendix C.3. Particle-Based Log-Likelihood Computation

Given the approximated py(x1.t|y1.+) and pg(x¢) (t < T), particle filtering provides
a numerical solution for the likelihood estimation. Firstly, the marginal likelihood is
approximated by

T
po(yr.r) = Po(y1) [ [ Po(velyae—1), (Ale)
=2
where py(y1) and Py (yt|y1..—1) are derived using the Bootstrap Filter algorithm as follows:

1Y i 1
po(y1) /mmMHMW~fZ&mm) N Lwi()) = Hws(1), (A7)

po(yilyr:e—1) = /Pe(}/t/xl:t—lzxt|]/1:t71)dx1:t
= /pﬁ(yt|x1:t—lrxtryl:t—l)pe(xt|x1:t—1ry1:t—1)pf)(xlzt—1|y1:t—l)dx1:t (A18)

= /ge(]/t‘xt)fe(xt‘xt—l)pe(xlztflh/l:tfl)dxl:t/ (A19)

The simplification from Equation (A18) to Equation (A19) results from the Markovian
property of the observation and transition processes in the state space model, including
the ARSV(1) model. Within the bootstrap filter algorithm, we generate x; ~ fg(x¢[x;_1),
while the previous re-sampling step is conducted based on pg(x1.4—1|y1.t—1); then, we have
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X1:|Y10—1 ~ fo(xe|xi—1)po(x1:4—1|y1:4—1). Consequently, Equation (A19) can be approxi-
mated by

Z

y il ; 1
po(yily1:t-1) Z (i) = Nﬁwi(xifb =gws(t), 1<t<T.  (A20)
1=

As a whole, the particle-based computations of the marginal likelihood and log-likelihood
are approximated by

1 T 1 T
po(yir) = jws() [T gws()),  Inpolyur) = ~TInN+ Y Inws(t).  (A21)
t2 t=1

Appendix C.4. Particle-Based One-Step-Ahead Prediction Using the Bootstrap Filter
Under the state space model, the one-step-ahead prediction density pg(x;41|y1:t) is

given by
Pe(xt+1|y1:t) = /Pe(xt+1,x1:t|y1:t)dx1:t = /Pe(xt-H|x1:t/]/1:t)l79(x1:t|]/1:t)dx1:t

= / fo(xeq1lxe) po(x1lyre)dxr.s, (A22)

Revisiting the particle filtering along with smoothing algorithm using the bootstrap filter
in Appendix C.2, we have

(i)
Folresa|xt)). (A23)

1=

al i)y, ()
po(xealyre) = Y fo(xialx )w;” =

i=1 1

where Agi) is the re-sampling index at t 4+ 1, and the weighted particles {xilz, wt(i) N are
obtained at time step ¢t. Therefore, the particle-based one-step-ahead prediction using

bootstrap filter is summarized in Algorithm A5.

Algorithm A5 Particle-Based One-Step-Ahead Prediction Using Bootstrap Filter

1 Obtain {xg)T,w(Ti) }N | from the particle filtering together with smoothing using the
bootstrap filter at the last in-sample step T.

2 Attimest=T+1,..., T+ T,

2.1 Sample index AE )1 based on the normalized welghts {w 1 llc\] 1 using multinomial

or stratified re- samphng schemes fori =1,.

) )
2.2 Sample xfl) ~ f9(~\xt( - )) and set x() (xit 1),x£ )) fori=1,...,N.
2.3 One-step-ahead prediction; the cond1t10nal Varlance forecast at : ﬁ—l\j YN, exp(xt(i));
the volatility forecast at ¢ (if needed): £ N YN, exp( )/ 2).

2.4 Capture the new observation y;. Calculate and normalize the particle weights:
Unnormalized weights: wi(xgii) = gg(yﬂxgi)) i=1,...,N;
Weight sum at time t: ws(t) = YN, wt(xglz)

0 _ @)

Normalized weights: w,”’ = W, i=1,...,N.

The size of the out-of-sample dataset is T'. The first step above is to obtain the weighted
particles at the last in-sample step. Since the out-of-sample dataset follows the in-sample
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counterpart without any gap, the first step in the out-of-sample observations is at T + 1.
If there is a gap between the in-sample and out-of-sample datasets, the algorithm above
needs to be adjusted.
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