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1. Introduction

In classical homological algebra, homological dimensions are important invariants,
and every homological dimension is defined in terms of some certain subcategory. For
example, one can define projective dimension in terms of the subcategory consisting of
projective objects, and define injective dimension in terms of the subcategory of consisiting
injective objects in any abelian category. Resolving subcategories play important roles in
approximation theory (e.g., [1,2]). As an important example of resolving subcategories,
Auslander and Buchweitz [3] studied the approximation theory of the subcategory con-
sisting of maximal Cohen-Macaulay modules over an Artin algebra. Zhu [4] studied
the resolution dimension with respect to a resolving subcategory in an abelian category,
and Huang [5] introduced relative preresolving subcategories in an abelian category and
defined homological dimensions relative to these subcategories. In [6,7], Ma, Zhao, and
Huang investigated homological dimensions relative to (pre)resolving subcategories in
triangulated categories with a proper class of triangles. For more references on resolution
and homological dimension, see [8-11], for example.

Exact and triangulated categories are two important structures in category theory.

In [12], Nakaoka and Palu introduced the notion of extriangulated categories as a simulta-
neous generalization of exact categories and extension-closed subcategories of triangulated
categories. After that, the study of extriangulated categories has become an active topic,
and up to now, many results on exact categories and triangulated categories can be unified
in the same framework, e.g., see [8,12-16]. Recently, Hu, Zhang, Zhou [13] studied a
relative homological algebra in an extriangulated category (¢, E, s) which parallels the
relative homological algebra in triangulated categories and exact categories. By specifying
a class of E-triangles, which is called a proper class ¢ of E-triangles, the authors introduced
¢-projective, ¢-injective, ¢-Gprojective and ¢-Ginjective dimensions, and discussed their
properties. In abelian categories, the subcategory consisting of Gorenstein projective objects
is a resolving subcategory, thus the aim of this paper is to introduce a notion of resolving
subcategories in extriangulated categories, which regards the subcategory consisting of
¢-Gprojective objects as a special example. After this, we devote to further studying homo-
logical dimensions relative to a resolving subcategory in extriangulated categories which
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recovers lots of known results in abelian and triangulated categories, and is new in exact
categories. The paper is organized as follows.

In Section 2, we give some terminology and some preliminary results. In particular,
we introduce the notion of resolving subcategories in extriangulated categories with a
proper class of E-triangles.

In Section 3, we introduce the notion of X-resolution dimension of objects relative
to a resolving subcategory X, and some homological properties of resolution dimension
are obtained. In particular, we obtain Auslander-Buchweitz approximation E-triangles
(see Proposition 4) for objects with finite X-resolution dimension. Our main result is
the following.

Theorem 1. Let X be a resolving subcategory of an extriangulated category (¢, E, s) with a proper
class of E-triangles &, and $) a &-cogenerator of X with X 1 §. Let X be the full subcategory of
¢ whose objects have finite X-resolution dimension, and let (V. (M) (resp. O)*(M)) be an nth
X-syzygy (resp. syzygy) of M. Assume that one of the following conditions satisfies:

(a)  $is closed under cocones of ¢-deflations.
(b)  $is closed under direct summands.

Forany M € €, if M € X, then the following statements are equivalent:
(1) X-res.dimM < m.
(2) O"(M) € X foralln > m.
(3) QL (M) € Xforalln > m.
(4) Cxtz(M,H) =0foralln>mandall H € $.
(5) §xt’g(M, L)=0foralln >mandal L € .
(6) M admits a right X-approximation ¢ : X — M, where ¢ is a ¢-defaltion, such that there is

an E-triangle K — X M-~ satisfying $-res.dim K < m — 1.
(7)  There are two E-triangles
Wy — Xy — M- >

and
M—>WM_o xM_ o

in ¢ such that Xp; and XM gre in X and $H-res.dimWy < m — 1, H-res.dim WM =
X-res.dim WM < m.

As applications, in Section 4, we will further study objects with a finite resolution
dimension with respect to a resolving subcategory X. We construct adjoint pairs for two
kinds of inclusion functors (see Theorems 3 and 4). Given a resolving subcategory X
of €, we construct a new resolving subcategory GPx(¢) with a ¢-cogenerator X N +X
(see Theorem 5), which generalizes the Gorenstein projective subcategory GP(¢) given by
Hu, Zhang, and Zhou [13] of [Definition 4.8].

Throughout this paper, all subcategories are full, additive and closed under isomorphisms.

2. Preliminaries

We first recall some notions and some needed properties of extriangulated categories
from [12].

Let € be an additive category and E : ¥°P x ¢ — 2b a biadditive functor, where
2b is the category of abelian groups. Let A,C € 4. An element é € E(C, A) is called an
E-extension. Two sequences of morphisms

AXBYCand AR U
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are said to be equivalent if there exists an isomorphism b € Homg (B, B') such that x" = bx
and y = y'b. We denoteby [ A=~ B Jc ] the equivalence class of A > B EANGH
D) 0 Id
particular, we write 0 := [ A —> A @ C(*Q C].
For an E-extension ¢ € E(C, A), we briefly write

a0 :=E(C,a)(d) and c*6 := E(c, A)(9).

For two E-extensions § € E(C, A) and ¢’ € E(C’, A’), a morphism from 6 to ¢’ is a pair
(a,c) of morphisms with a € Hom¢ (A, A’) and ¢ € Homg (C, C’) such that 2.0 = ¢*¥'.

Definition 1. ([12] of [Definition 2.9], [17]) Let s be a correspondence which associates an equiva-

lence class 5(6) = [ A > B ENs | to each E-extension 6 € E(C, A). The correspondence s is
called a realization of E provided that it satisfies the following condition.

(R) Leté € E(C,A)and ' € E(C', A’) be any pair of E-extensions with
s(0)=[AB 2 Clands(d) =[ A *>~B L' ].

Then for any morphism (a,c) : 6 — &, there exists b € Home (B, B') such that the

following diagram
A—2s>B—2scC
RN
JOR A
commutes.

Let 5 be a realization of E. If 5(0) = [ A > B s | for some E-extension 6 € E(C, A),

then we say that the sequence A —> B Y C realizes &; and in the condition (R), we say that the
triple (a, b, c) realizes the morphism (a, c).

For any two equivalence classes [ A —> B AN Jand [ A’ gl |, we define

Lo =[Aea e ™ cac ).

[ASB hClola 5B
Definition 2. ([12] of [Definition 2.10], [17]) A realization s of [E is called additive if it satisfies
the following conditions.

(1) Forany A,C € €, the split E-extension 0 € E(C, A) satisfies 5(0) = 0.
(2)  For any pair of E-extensions 6 € E(C,A) and &' € E(C',A"), we have 5(5 ®¢') =
5(6) s(d).

Definition 3. ([12] of [Definition 2.12], [17]) The triple (¢, E, s) is called an externally triangu-
lated (or extriangulated for short) category if it satisfies the following conditions.

(ET1E : €°P x € — b is a biadditive functor.

(ET2)s is an additive realization of E.

(ET3)Let 6 € E(C, A) and &' € E(C', A’) be any pair of E-extensions with
s(0)=[AB 2 Clands(d) =[A' =B L],

For any commutative diagram
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AILB/HC/

in €, there exists a morphism (a,c) : & — &' which is realized by the triple (a, b, c).
(ET3)°P Dual of (ET3).
(ET4)Let 6 € E(C, A) and p € E(F, B) be any pair of E-extensions with

s(0)=[A-2>B->Clands(p) = [B->D 2 F].

Then there exist an object E € €, an E-extension & withs(¢) = [A—>D ~>E |, and a
commutative diagram

A*X>B*y>
)

A z D w

i
;

~

H<—m<—=0

in €, which satisfy the following compatibilities.
(i)  s(y.p)=[C—>E-T].
(i)  s*¢ =0.
(iii)  x.¢ = t*p.
(ET4)°P Dual of (ET4).

Remark 1. Please note that both exact categories and triangulated categories are extriangulated
categories (see [12] of [Proposition 3.22]) and extension closed subcategories of extriangulated
categories are again extriangulated (see [12] of [Remark 2.18]). Moreover, there exist extriangulated
categories which are neither exact categories nor triangulated categories (see [12] of [Proposition
3.30] and [13] of [Remark 3.3]).

We will use the following terminology.
Definition 4. ([12] of [ Definitions 2.15and 2.19],[17]) Let (¢, E, s) be an extriangulated category.
1. Asequence A—>B 2o C iscalleda conflation if it realizes some E-extension § € E(C, A).
In this case, x is called an inflation and y is called a deflation.

2. Ifaconflation A—~B -~ C realizes 5 € E(C, A), we call the pair (A =B —%C,0)
an E-triangle, and write it in the following way.

A5 Bl
We usually do not write this “6" if it is not used in the arqument.

xl

! /
3. Let ASB-5C0= and A =B 2" 2> be any pair of E-triangles. If a triplet
(a,b,c) realizes (a,c) : 6 — &', then we write it as

AXsp Yl

N A

A/ i> B/ o C/ o
and call (a, b, ¢) a morphism of E-triangles.

/ ! !
If a, b, c above are isomorphisms, then A ~> B L CP and A B 'Y aresaid
to be isomorphic.
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Remark 2. We can view the collection of all E-triangles together with morphisms of E-triangles as
an additive category. Indeed,

(i)  Let (a,b,c) be a morphism from A > B el o A e s and let
(a',V',c") be a morphism from A’ s oA g el The
composition is defined by (a'a,b'b, c'c).

The composition is well defined. In fact, assume that (a,c) : § — &' and (a’,c') : 6’ — &"
define morphisms of E-extensions, then a6 = c*8' and a'.6' = ¢'*6". Thus,
(a'a)d = (d'va.)6 = d'«(a.d) = a' (") = (ac*)d
— (c*a/*)(S/ — c*(a/*él) — C*(Cl*(sﬂ) — (C*C/*)(S// — (C/C)*éll,
that is, (a'a,c'c) : 6 — 6" is a morphism of E-extensions.

(ii)  For an E-triangle A =~ B oc e the identity morphism is (Id 4, Id, Idc).
(iit)  The associativity of the composition is inherited by the associativity of the composition in €.

(iv) The E-triangle 0 % 0-%0-"> isan initial and terminal object.

(v)  For objects X,Y in a category, write 1x : X — XUY and 1y : Y — XUY for the
morphisms equipping the coproduct (if it exists), and tx : XY — Xand ry : XY —
Y for the morphisms equipping the product (if it exists). Now since € is additive, there

is an isomorphism ¢xy : X UY — XMY. Now fix objects A—>B el and

x! Y 5 . .
A" == B' = C' = = . There are isomorphisms

E(CTC/, AT A" E(CLUC, AL A"

I |
E(C,A)NE(C,A)NE(C',A)NE(C’,A") =E(C,A)UE(C,A") UE(C',A)LUE(C', A")
where 1y (y,x)0 = E(pccrty, mx) and Yigy x) = E(nyeccr,ix) forall X = A, A’

and Y = C,C'. Now let 5 U = p(x) and 516" = 071 (x) where x = ig(c,4)(0) +
tg(cr,ay(0"). Then it is easy to check: that

’ Ly ’
AUA M E BB cuc e

. X Y ) / x' / ]// /(5’
is the coproduct of A —>B —>C—> and A' — B' — C' - > ;and that
’—‘/
Ana T pnptlicnc ¥

is the product of A —> B el and A B L fs ; and that the triple

(aa, BB, Pccr) is the (unique) morphism
AuA Bt eyl
l Pa,al l ?B,B’ J/ Pc,c’
Ana e pap Y enc
induced by the universal property.

The following condition is analogous to the weak idempotent completeness in exact
categories (see [12] of [Condition 5.8]).
Condition (WIC) Consider the following conditions.
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(@) Letf € ¥(A,B),g € ¢(B,C) be any composable pair of morphisms. If gf is an
inflation, then so is f.

(b) Letf € ¢(A,B),g € ¢(B,C) be any composable pair of morphisms. If ¢f is a
deflation, then so is g.

Example 1. (1) If € is an exact category, then Condition (WIC) is equivalent to € is weakly
idempotent complete (see [18] of [Proposition 7.6]).
(2) If € is a triangulated category, then Condition (WIC) is automatically satisfied.

Lemmal. (c.f. [12] of [Proposition 3.15], [17]) Assume that (€, E, s) is an extriangulated category.

1 1
(1)  Let C bean object in €, and let Aq i B o and Ar 2, B, o2,
be any pair of E-triangles. Then there is a commutative diagram in €

Ay —= Ay

A1—>ML>B2

|

1*>31*1>C

which satisfies s(y301) = [A1 By i By] and s(y;é2) = [Az Ry - B1].

6 6
(2)  Let Abean objectin€,andlet A i B n, Cy - s oand A2 By 2, C, s
be any pair of E-triangles. Then there is a commutative diagram in €

A g Mo

e |

B2HNHC1

\Lyz \sz
C=—0C

which satisfies s(x2,01) = [ By N A Cy Jand 5(x1,62) = [ By 2N 2 G .

The following definitions are quoted verbatim from [13] of [Section 3]. A class of
E-triangles ¢ is closed under base change if for any E-triangle

A2 Ytoc-Cce

and any morphism c: C" — C, then any E-triangle A A R LN belongs to ¢.
Dually, a class of E-triangles ¢ is closed under cobase change if for any E-triangle

AS-Btc e

and any morphism a: A — A’, then any E-triangle A’ —= B’ —— c s belongs to ¢.
A class of E-triangles ¢ is called safurated if in the situation of Lemma 1(1), whenever

5 30
Ay 2 B> L C-2> and Aq ST Y B B> B belong to ¢, then the E-triangle

o
A 2B et
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belongs to ¢.

An E-triangle A —> B -2 iscalled split if &6 = 0. It is easy to see that it is
split if and only if x is section or y is retraction.
The full subcategory consisting of the split E-triangles will be denoted by Ay.

Definition 5. ([13] of [Definition 3.1], [17]) Let { be a class of E-triangles which is closed un-
der isomorphisms. Then ¢ is called a proper class of E-triangles if the following conditions hold:

(@) ¢ is closed under finite coproducts and Ag C .
(b) ¢ is closed under base change and cobase change.
(c) ¢ issaturated.

A proper class is a class which is not a set in general.

Definition 6. ([13] of [Definition 4.1], [17]) An object P € ¥ is called ¢-projective if for
any E-triangle

A$-B*y>cfé>

in ¢, the induced sequence of abelian groups
0 — Homg (P, A) — Homg (P, B) —= Homg(P,C) —=0

is exact. Dually, we have the definition of {-injective objects.

We denote by P (&) (resp., Z(&)) the full subcategory of 4 consisting of &-projective
(resp., {-injective) objects. It follows from the definition that P (¢) and Z({) are full, additive,
closed under isomorphisms and direct summands.

An extriangulated category (¢, E, s) is said to have enough &-projectives (resp., enough
¢-injectives) provided that for each object A there exists an E-triangle K — P — A — >
(resp., A—=1—=K-> )ingwith P € P(¢) (resp., I € Z(&)).

The &-projective dimension {-pdA of A € € is defined inductively. If A € P({), then
define ¢-pdA = 0. For a positive integer #, one writes ¢-pdA = n provided
(@) thereis an E-triangle K—P — A - > withP € P({)and {-pdK =n—1,

(b) there doesnotexistan E-triangle L — P’ — A — > with P’ € P(¢)and -pdL < n — 1.

Of course we set -pdA = oo, if §-pdA # n foralln > 0.

Dually we can define the ¢-injective dimension ¢-idA of an object A € €.

Definition 7. ([13] of [Definition 4.4], [171) A {-exact complex X is a diagram

d do
X, Xo X_4

in € such that for each integer n, we have d, = g,_1 fu for some E-triangle

Kn—i—l&;Xnﬁ)Kn*>

inc.
In particular, by saying that

dy dq
Xy —=Xy1——=X1—Xp

is ¢-exact, it means that there are E-triangles

d — d
XX, UK - and Ky S X e Xy - -
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in G, and for each integer 1 < i < n — 1, we have d; = g;_1 f; for some E-triangle

Ki+1g$Xi£Kz’*>

incg.

Definition 8. ([8] of [Definition 3.1], [17]) Let M be an object in €. By a ¢-projective resolution
of M we mean a symbol of the form P — M where P is a {-exact complex, where P, € P (&) for all
n > 0and where P_y = M and P, =0 foralln < —1.

The notion of ¢-injective coresolution of M is given dually.

Definition 9. ([8] of [Definition 3.2], [17]) Let M and N be objects in €.

(1) Ifwe choose a ¢-projective resolution P —— M of M, by applying the functor €(—, N) to
P we have a complex of abelian groups € (P, N). For any integer n > 0, the {-cohomology
groups (;‘x%(g) (M, N) are defined as

Extlyz) (M, N) = H'(¢(P,N)).

(2)  Ifwe choose a ¢-injective coresolution N —=1 of N, by applying the functor € (M, —) to
I we have a complex of abelian groups ¢ (M, 1). For any integer n > 0, the -cohomology
groups (’jxt%@) (M, N) are defined as

Extly o (M, N) = H"(%(M, 1))

Remark 3. (1) In fact, there is an isomorphism {xtp o (M,N) = &xt7 . (M, N), which is

P(8)
denoted by &xtz (M, N) (see [8] of [ Definition 3.2]).
(2) Assume that € has enough ¢-projective objects. Using a standard argument in homological
algebra, there is a bijection

S MN) > {{[N2Z2M]| N2z EM% eg)
Remark 4. ([8] of [Lemma 3.4]) Let
X—Y—->7— >

be an E-triangle in §. If € has enough ¢-projective objects and M is an object in €, then there exists
a long exact sequence

0 — xt(Z, M) —= oxt2(Y, M) — &xt2(X, M) —
Extz(Z, M) — &xtz(Y, M) — xtz(X, M) — - -

of abelian groups. If € has enough ¢-injective objects and N is an object in €, then there exists a
long exact sequence

0 —= ¢xt2(N, X) — xt2(N,Y) — xt@(N, Z) —
Extz(N, X) — Ext;(N,Y) — gxtz(N, Z) — - --
of abelian groups.

Now, we set
¥t ={Me | xt7 (X, M) = 0forall X € X}

X ={Me?|xt" (M, X) = 0forall X € x}.
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For two subcategories $) and X of ¢, wesay $ L Xif  C Lx (equivalently, X C 9.
Definition 10. ([13] of [Definition 4.5], [17]) Let WV be a class of objects in €. An E-triangle
A—sB—>C-->

in & is called to be €' (—, W)-exact (resp., € (W, —)-exact) if for any W € W, the induced sequence
of abelian groups 0 — ¢ (C,W) —= € (B, W) —= € (A, W) —=0 (resp.,

0—=%¢(W,A) — ¢ (W,B) — % (W,C) —=0) is exact in Ab.

Definition 11. ([13] of [Definition 4.6], [17]) Let W be a class of objects in €. A complex X is
called € (—, W)-exact (resp., € (W, —)-exact) if it is a {-exact complex

d d
Xy —= Xg —> X_1

in € such that for each integer n we have d, = g,,_1 fn for some € (—, W)-exact (resp., € (W, —)-
exact) E-triangle
K1 gi> Xn L Ky n >
inc.
A C-exact complex X is called complete P({)-exact (resp., complete I(¢)-exact) if it is
€ (—,P({))-exact (resp., € (I (&), —)-exact).

Definition 12. ([13] of [Definition 4.7], [17]) A complete G-projective resolution is a complete
P(&)-exact complex

d d
P:--- P, —~Py—>P,

in € such that Py is C-projective for each integer n. Dually, a complete C-injective coresolution is a
complete Z()-exact complex

d d
I:--- [ —>Ip—>1,

in € such that I, is ¢-injective for each integer n.

Definition 13. ([13] of [Definition 4.8], [17]) Let P be a complete {-projective resolution in €.
Therefore, for each integer n, there exists a €' (—, P(&))-exact E-triangle

8 fi 6
Kn+1L>Pn*n>Kn*”*>

in . The objects K, are called {-Gprojective for each integer n.
Dually if 1 is a complete -injective coresolution in €, there exists a € (Z(E), —)-exact
E-triangle
8n fu n

Kn+1*>1n*>Kn**>

in ¢ for each integer n. The objects K,, are called ¢-Ginjective for each integer n.

We denote by GP(¢) (resp., GZ(&)) the class of ¢-Gprojective (resp., {-Ginjective)
objects. It is obvious that P(¢) C GP(¢) and Z(¢) € GZ(Q).

Definition 14. Let $) and X be two subcategories of ¢ with §§ C X. Then §) is called a
¢-cogenerator of X if for any object X in X, there exists an E-triangle

X—H—7->
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inwithH € Hand Z € X.
Definition 15. ([13] of [Definition 3.4]) Let
XY ->Z->
be an E-triangle in ¢. Then the morphism u (resp. v) is called a ¢-infaltion (resp. a ¢-deflation).
Fix some arbitrary E-triangle
X—Y—->7->

in §. We say that X is closed under ¢-extensions if, given any such E-triangle in § as above, if
X, Z liein X, then Y lie in X. We say that X is closed under cocones of ¢-deflations (resp. cones
of ¢-inflations) if, given any such E-triangle in ¢ as above, if Y, Z lie in X (resp. X, Y lie in
X), the so too does X (resp. Z).

Definition 16. Let ¢ be an extriangulated category with enough -projective objects and X
a subcategory of €. Then X is called a resolving subcategory of ¢ if the following conditions
are satisfied.

(1) P() € x.

(2) X is closed under {-extensions.

(3) X is closed under cocones of ¢-deflations.

Remark 5. (@) We do not require that a resolving subcategory is closed under direct summands
in the above definition.

(b)  P(&) is a resolving subcategory and closed under direct summands.

(c) GP(E) is a resolving subcategory and closed under direct summands (see [13] of [Theorems
4.16 and 4.17]).

In the following sections, we always assume that ¢ = (¢, E, s) is an extriangulated category
and ¢ is a proper class of E-triangles in €. We also assume that the extriangulated category € has
enough ¢-projectives and enough ¢-injectives satisfying Condition (WIC).

3. Resolution Dimension with Respect to a Resolving Subcategory
We first introduce the following definition.

Definition 17. Let X be a subcategory of ¢ and M € €. The X-resolution dimension of M (with
respect to §), written X-res.dim M, is defined by

X-res.dim M = inf{n > 0 | there exists a i-exact complex

Xy —> - —= X1 —= —= Xo —= M in € with all X; objects in X}.

For a ¢-exact complex

fut f A fo

=Xy — =X —=Xg—M

i hi
with all X; € X, there are E-triangles Kj 3 Xo J;O M- and K1, L X; —K; - >

with f; = gi—1h; for each i > 0. The object K; are called an ith X-syzygy of M, denoted by Q5 (M).
In case X = P({), we have {-pd M = X-res.dim M and write Q' (M) := Q’P@)(M). In case

X = GP(E), X-res.dim M coincides with ¢-G pd M defined by Hu, Zhang and Zhou [13] as
¢-Gprojective dimension, the proof is straightforward.
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Lemma 2. Let X be a resolving subcategory of €. For any object M € €, if

X, 2o e xy I xS 1)
and
Y, 3oy By, 2 Mm @)

are G-exact complexes with all X; and Y; in X for 0 < i < n —1, then X, € X if and only if
Y, € X.

Proof. For M € ¢, since ¢ has enough ¢-projectives, there exists a ¢-exact complex

; Ty h h
Ky =+ Py q "> —=P =P —>M ®
with P, € P(§) for0 <i<n-—1.
First of all, by the ¢-exact complex (1) there are E-triangles
KM xS M- - and KM 2 x L KM -
in ¢ with f1 = t157. Moreover, by the {-exact complex (3) there is an E-triangle

K 2 Py Jo M - > in¢. Consider the following diagram

KM Ky
itz (1) Jlul
X1 %Xl o P LQPO(@(;
51 ho
¢ fo i %

KM*>X()*>M7
| \
Y v

It is easy to see that 51, (0 ® 0) = 0 = hp*(dp), i.e., (s1,hp) : 0B 0 — Jp is a morphism of

[E-extensions. Thus, by [13] of [Lemma 4.15], there is an E-triangle K; 3 X186 P . Xo— =
such that the following diagram

KM K K4

ty w1 uy
i ©) i (01) \LOEBO
X1‘>X1@PO‘>P07 >
¢S1 ifh
M 5] fO
K1 —Xpg——>M —>
\ \ |
i ] v
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commutes. By [13] of [Lemma 4.14], there exist morphisms ky : éVI — Kq and kq :

Ky — Kj such that there is an E-triangle I(M 9 Ky 9 K; — = and meanwhile, the

following diagram

k; > k
KM$K1%-K17>

1) w1 uq
i (o) / (01 i 00

commutes. Repeating this process, we can obtain the following ¢-exact complex

Kp 2% Xy @ Pyy —> Xp 1 O Pyg—> —= Xy @ P — X, & Py > X .

Similarly, we have the following ¢-exact complex

Zn

Kn%Y @P 1%Yn_l@Pnizﬁ...%YZ@Plﬁyl@POpl‘)YO'

Decompose the ¢-exact complex (4) as the E-triangle

Wn

K,—X,®P,_1—X->
in ¢ and the ¢-exact complex
X > Xy 1B Pypg—> —=Xo®P —=X; B Py > X, .

Decompose the -exact complex (5) as the E-triangle

Zn

Ky —=Yn®Py1—Y->

in ¢ and the -exact complex

Y=Y, 1 BP—> — Y& P — Y, &Py Y .

)

©)

(6)

@)

®)

)

Since X is resolving, we have that X and Y are objects in X by ¢-exact complexes (7)
and (9). Moreover, by E-triangles (6) and (8) we have that X, ® P,_1 € X if and only if

K, e Xifandonlyif Y;, ® P,_q € X.
However, from the following E-triangles in {

anxn@Pn O 0L and v, QY op, Wp 0.,

we have that X;, € Xifandonlyif X, ® P,_1 € X,and Y, € Xifand only if Y;, ® P,,_1

Thus, X, € Xifandonly if Y, € X. O

Using the above, we can get

e X

Proposition 1. Let X be a resolving subcategory of € and M € €. Then the following statements

are equivalent:

(1) X-res.dimM < m.

(2) QM) € X forn > m.
(3) QL (M) € X forn>m.
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Proof. Apply Lemma?2. O

Now we can compare resolution dimensions in a given E-triangle in ¢ as follows.
Proposition 2. labelprop-resdim Let X be a resolving subcategory of €, and let
A—B—C->

be an E-triangle in ¢. Then we have the following statements for any objects A, B and C in €
(1) ZX-res.dim B < max{X-res.dim A, X-res.dim C}.

(2)  X-res.dim A < max{X-res.dim B, X-res.dimC — 1}.

(3) X-res.dim C < max{X-res.dim A + 1, X-res.dim B}.

Proof. For any D € €, if X-res.dim D = d < co, by Proposition 1, we have the following
¢-exact complex

PdD‘>PdDil‘>---%-P1D‘>P(?‘>D

in ¢ with PP € P() for0 <i<d—1and PP € X.

(1) Assume X-res.dim A = m < o0 and X-res.dim C = n < oo, We will use induction
on m and n. The case m = n = 0 is trivial. Without loss of generality, we assume m < n,
then we can let P = 0 for i > m. As a similar argument to proof of Lemma 2, we can
obtain the following ¢-exact complex

PreP; —P4 @&PC  — ... —~P!oPS—B

in%.

Thus, X¥-res.dim B < n = max{X-res.dim A, X-res.dim C}.

(2) Assume X-res.dim B = m < oo and X-res.dim C = n < co. We will use induction
on m and n. The case m = n = 0 is trivial. Without loss of generality, we assume m < n —1,
then we can let PiB = 0 for i > m. By [14] of [Theorem 1], there exist a {-exact complex

p¢epPs  —~pP¢ PP, ... -PfHPP-K-—A

and an E-triangle
K—Pf & P8 —DP§ - >~

in ¢, it follows that K € P({) by Remark 5. Thus, X-res.dim A < n — 1 and the desired
assertion is obtained.

(3) Assume X-res.dimA = m < oo and X-res.dimB = n < oo. We proceed it by
induction on m and n. The case m = n = 0 is trivial. Without loss of generality, we assume
m+ 1 < n, then we can let PZ-A = 0 for i > m. By [14] of [Theorem 3], we have the following
¢-exact complex

PPept — ... —~PPaP —-PPapP! —-PP—C

in €, thus X-res.dim A < n and the desired assertion is obtained. [

We use X to denote the full subcategory of 4 whose objects have finite X-resolution
dimension. Following the above, we have the closure properties for the subcategory X.

Remark 6. If X is a resolving subcategory of €, then X is closed under cocones of &-deflations,
cones of ¢-inflations and G-extensions.
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Corollary 1. Let X be a resolving subcategory of €, and let
A—>B—>C- >

be an E-triangle in ¢.
(1) LetC € X. Then X-res.dim A = X-res.dim B.

(2) Let B € X. Then either A € X or else X-res.dim A = X-res.dim C — 1.
(3) Let Ae€ XandB,C ¢ X. Then X-res.dim B = X-res.dim C.

Proposition 3. Let $ and X be two subcategories of € with $ C X.

1) HCX

(2) If X is resolving, then for any M € $, H-res.dimM = X-res.dim M if and only if
HNx =9
In particular, if X L §), and §) is closed under cocones of G-deflations or closed under direct
summands, then H N X = §H.

Proof. (1) Obviously.

(2) The only if part. Clearly, § C § N X. Let M € $ N X. By assumption, we have
N-res.dim M = X-res.dim M = 0, then M € §), and so fNx C $. Thus, HNX =9

The if part. Suppose $-res.dimM = n < co and X-res.dimM = m < oo. Clearly
m < n. Consider the following ¢-exact complexes

H,— ---—Hy—M

and
Xpyp——>Xg—M

with H; € .SﬁandX]- € Xforall0 < i <nand 0 < j < m. Since H C X, we have
QOF(M) € X by Lemma 2. Then Q¢ (M) € HNX = $H,and thus H-res.dim M < m and the
desired equality is obtained.

Now, we assume that X | $) and $) is closed under cocones of ¢-deflations or closed
under direct summands. Clearly, $ C HNX. Conversely, let M € $ N X. There exists a
¢-exact complex

Hy,—~H, 14— —Hy—M

with each H; lies in . Set K; = Cocone(H; — H; 1) for 0 < i < n — 2, where

H_; = M. Since X is resolving, we have K; € X, and hence K; € HNXx. Consider
the following E-triangle

Hy —H, 1 —K,;, > - > (10)

in ¢. Since gxté(Kn_z, H,) = 0 by the assumption that X L §, we have that the E-
triangle (10) is split by Remark 3(2). It follows that H,,_1 = H, @ K,,_, and there exists an
E-triangle

0
Ky—2—=Hy 1 —Hy—>

in ¢. Since §) is closed under cocones of -deflations or closed under direct summands by
assumption, we have K,,_» € ). Repeating this process, we can obtain each K; € ), hence
MeHand HNXCH Thus, HNX =9H. O

Now we give the following definition.
Definition 18. Let X be a subcategory of ¢ and M an object in €. A ¢-deflation X — M with

X € X is said to be a right X-approximation of M if Home (X, X) — Home (X, M) — 0 is
exact for any X € X.
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The notion of a left X-approximation of M is given dually.
We need the following easy and useful observation.

Lemma 3. Let §) and X be two subcategories of €.
(1) Ifx L9 thenX L fj In particular, if $ L $), then $ L 5
2) IfMe L9, then M €15

Proof. let M € f) Then there is a ¢-exact complex

hn By h
Hy —*Hy 1=+ —Hy—>M
with each H; € §) for some nonnegative integer n. This means that there are E-triangles

h 8n-1 w, h w; 8i .
Hy—+Hy, 1">K,1->, Kl —Hy—>M- > ,and Kjj; —=H; =>K;— > in¢

with ; = w;_1g; forany 0 < i < n — 1. Applying Remark 4, we can get Cxté(X, M) =
Xt (X, Ky) ... 2 oxti (X, Hy) = O forany X € X. O

The following is an analogous theory of Auslander-Buchweitz approximations (see [3,6]).

Proposition 4. Let X be a subcategory of € closed under ¢-extensions, and let §) be a subcategory
of X such that $) is a ¢-cogenerator of X. Then for each M € € with X-res.dimM = n < oo,
there exist two E-triangles

KLx S mo (11)
and
M5 W SX -~ (12)

in & where X, X' € X, H-res.dimK < n — 1 and H-res.dimW < n.
In particular, if X L ), then the ¢-deflation g : X — M is a right X-approximation of M, and
the ¢-inflation u : M — W is a left $)-approximation of M.

Proof. We will use induction on n. The case for n = 0 is trivial. If n = 1, there exists
an E-triangle

X1—Xg—M- > (13)
in ¢ with Xy, X7 € X. Since ) is a {-cogenerator of X, there is an E-triangle

X1 —H— Xi - >
in ¢ with H € $ and X] € X. By Lemma 1(2), we have the following commutative diagram

Xi—Xg—>M— >

Lo

H—u>X6—>M— >

oo
X| — X!

\ \

¥ Y
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Since ¢ is closed under cobase changes, we obtain that the E-triangle
H-%X)—~M- > (14)

is in & with $-res.dim H = 0. Notice that a'u = « is a ¢-deflation, so we have that &’ is a
¢-deflation by [13] of [Proposition 4.13], hence the E-triangle

!/
Xo—= X == X| - ~

is in ¢ by [12] of [Remark 3.10]. Since X is closed under ¢-extensions by assumption, we
have X € X. Therefore, (14) is the first desired E-triangle.
For X{, since ) is a ¢-cogenerator of X, there is an E-triangle

X(/) — Hy — X(/)/ — >
in ¢ with Hy € $ and X{] € X. By (ET4), we have the following commutative diagram

H—>X)—=M— > (15)

|
H-YHy-Y>U--~
[ |
Xl — XJ
| |
v v

Notice that #/ = Bu is a ¢-inflation by [13] of [Corollary 3.5], so the E-triangle

H-% Hy Y U- > isin ¢. Since 40’ = vy is a ¢-deflation, 7/ is a ¢-deflation by [13] of
[Proposition 4.13]. Therefore, the E-triangle

/
M—U-">XlI -~

isin ¢ with $-res.dim U < 1 and X(’)’ € X, which is the second desired E-triangle.
Now suppose nn > 2. Then there is an E-triangle

K —Xg— M- > (16)

in ¢ with X-res.dimK’ < n —1and Xj € X. For K/, by the induction hypothesis, we get
an E-triangle
K—>K—X,- >

in ¢ with §-res.dimK < n—1and X, € X. By Lemma 1(2), we have the following
commutative diagram

K/HXOHMf >

L

K—sX—>M-— >
e
X =—=2Xp
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Notice that A’k = A is a ¢-deflation, then A’ is a ¢-deflation by [13] of [Proposition 4.13],
so the E-triangle
Xo—X—>Xp— >

isin ¢. It follows that X € X from the assumption that X is closed under ¢-extensions. Since
¢ is closed under cobase changes, we obtain the first desired E-triangle

K—X-—>M-> (17)

in ¢ with $-res.dimK <n —1and X € X.
For X, since $) is a ¢-cogenerator of X, we get the following E-triangle

X—H —X -»

in ¢ with H € and X’ € X.
By (ET4), we have the following commutative diagram

K—X—M-— >

.

K—H —W— >

I

X/ X/
| |
| |

Y Y

As a similar argument to that of the diagram (15), we obtain that the E-triangles
K—H —W->
and
M—W-—X - > (18)

are in ¢. Thus, (18) is the second desired E-triangle in ¢ with -res.dimW <n an~d X' eXx.
In particular, suppose X L $). By Lemma 3, we have X L $). Then é‘xté(X, K)=0

for any X € %, it follows that Hom (X, X) — Homy (X, M) — 0 is exact. Thus, the

¢-deflation X — M is a right X-approximation of M. Similarly, we can prove that the
E-inflation 1 : M — W is a left H-approximation of M. [

Proposition 5. Keep the notion as Proposition 4. Assume M € X with X-res.dim M = n < oo.

(1)  If X is resolving, then in the E-triangles (11) and (12), we have $)-res.dim K = n — 1 and
H-res.dimW = X-res.dim W = n.
In particular, if X L §, then the C-deflation X — M in the E-triangle (11) is a right
X-approximation of M, such that $-res.dimK = n — 1.

(2) IfX L $and X is resolving, then there is an E-triangle

M—M —>X-»>

in &with M € X%, X € ¥ and %X-res.dim M = X-res.dim M’
(3) (@) Letwg = HtNAH. If wg is a E-cogenerator of $ and § is closed under E-extensions,
then X | wg ifand only if X L (51N H).
(b) If X is a resolving and wx = X N X+ is a &-cogenerator of X and M € X*, then
X-res.dim M = wx-res.dim M.
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(4)  Suppose that $) and X are resolving. If wg = $ N H* is a E-cogenerator of H and X L wg,

then M admits a right X-approximation X' — M such that K" — X' — M — > isan
E-triangle in &, where $-res.dim K" = n — 1. In fact, we have wg;-res.dimK” = n — 1.

Proof. (1) If n = 1, then there is an E-triangle X; — Xo — M — > . By setting K = X
in the E-triangles (11), we have X-res.dimK = 0. If n > 1, then K ¢ X. Applying
Corollary 1(2) to the E-triangle (11) yields that X-res.dim K = n — 1. On the other hand,
since $ C X, wehaven — 1 = X-res.dimK < $)-res.dim K < n — 1. Thus, $H-res.dimK =
n—1.

Moreover, applying Corollary 1(1) to the E-triangle (12) implies X-res.dimW =
X-res.dim M = n. Therefore, n = X-res.dim W < §)-res.dim W < n. Hence $)-res.dim W =
X-res.dimW = n.

The last assertion follows from the above argument and Proposition 4.

(2) Since X L $, we have X L ?) by Lemma 3, and so the result immediately follows
from (1) and Propostion 4.

(3) (a) («=) Suppose X L (.FJL ﬂ.%) Clearly, wg = HNH CHing C xlie
XL Wwe.

(=) Suppose X L wg. Let L € N §H. By Proposition 4, there exists an E-triangle

K —Hy—L—- >

in ¢ with Hy € $ and wg-res.dimK’ < §-res.dimL — 1 < oo. Notice that $ L wg, so
Hn L (ij by Lemma 3, and hence K' € 1, thusL € -+ implies Hy € $1. Then HO € wg,
and so L € @yg,. Since X | wg, we have L € X by Lemma 3. Thus, X L (N H).

(b) Suppose X-res.dim M = n, by (1) and Propostion 4, there exists an E-triangle

K—Xy—M- >

in § with Xp € X and wx-res.dimK = n — 1. Notice that ¥ L wg, so X L @x by
Lemma 3, thus M € ¥t and K € ¥+, s0 Xy € x+ by Remark 4, and hence Xy € wx. It
follows that wx-res.dim M < n. However, n = X-res.dim M < wx-res.dim M < n, thus
X-res.dim M = wx-res.dim M.

(4) Suppose X-res.dim M = n, by (1), there exists an E-triangle

K—Xy— M- > (19)
in ¢ with Xp € X and $-res.dim K = n — 1. By (2), there is an E-triangle
K—K'—sH- >

in & with H € $, K” € ' and $-res.dimK” = $-res.dimK. Then K"’ € H+n 9. By
Lemma 1(2), we have the following commutative diagram

K—sXg—M— >

o

K' — X — s M— >
H——H
| |
| |
\ \

One can see that the E-triangle

K' —=X — M- > (20)



Mathematics 2021, 9, 980

19 of 29

isin & and X’ € X. Notice that X | wg,s0 X L H+ N H by (3)(a). Then L:fxté(f(, K") =0 for
any X € ¥, and so Homy (X, X') — Hom(X, M) — 0 is exact. Thus, the &-deflation

X' — M is aright X-approximation of M and $)- res.dim K" = n — 1 in the E-triangle (20).
Notice that K" € £+, so we have wg-res.dim K’ = §-res.dimK” = n — 1 by 3)(b). O

Lemma 4. Let ) be a subcategory of € with $ L $. Assume that $) is closed under cocones of
¢-deflations or closed under direct summands. Then $ = $H N 1g.

Proof. Clearly,  C 5% N-+H.
Conversely, let M € $ N 1$. Then there is a ¢-exact complex

h Iy !
Hy —2H, 1> .. —Hy—>M

with each H; € §) for some nonnegative integer n. This means that there are E-triangles

h 8n—1 w h w; 8i .
Hy—*Hy 1 "> Ky 1->, Ki—Hy—>M-> ,and Kiy; —>H;—>K;~> in¢

with h; = w;_q1g;forany 0 <i <n —1. Then M € i) yields K; € i) by Remark 4, and so
the E-triangle
hy 8n—1
H, —H; 1—Ky2- >

is split. It follows that H,,_1 = H, ® K,,_» and there exists an E-triangle

0
Ky —=Hy1—Hy—>
in . Since $) is closed under cocones of ¢-deflations or closed under direct summands

by assumption, we have K,,_» € $). Repeating this process, we can obtain K; € $), hence
Me$Hand HN+H C H. Thus, HN+H=9H. O

Proposition 6. Let X be a resolving subcategory of € and $) a ¢-cogenerator of X with X L §.
Assume that §) is closed under cocones of ¢-deflations or closed under direct summands. Then
X=XntH=%Xn"ts

Proof. Clearly, X C xn 19 and xn ij C xn 1§,

Now, let M € XN-1H. Then by Lemma 3(2), we have M € xn L?), and hence
Xntocxntis.

On the other hand, by Proposition 4, there is an E-triangle

K—X—>M-> (21)

in ¢ with X € X and $)-res.dim K < oco. Notice that M € 0] implies K € 0] by Remark 4,
andhence K € HN+H =96 by Lemma 4. Notice that éjxté(M, K) = 0, so the E-triangle (21)
is split, hence X = K @ M. Consider the following E-triangle

M—>X—>K-

in ¢. It follows that M € X from the assumption that X is resolving. Thus, xn 1gcx. O

Our main result is the following

Theorem 2. Let X be a resolving subcategory of € and $) a G-cogenerator of X with X L $.
Assume that $) is closed under cocones of ¢-deflations or closed under direct summands. For any
M € €, if M € X, then the following statements are equivalent:

(1) X-res.dim M < m.
(2) (M) € X foralln > m.
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(3) QL (M) € X foralln > m.
(4) ijxtg(M,H) =0foralln >mandall H € $.

(5) @’xtg(M, L)=0foralln >mandal L € .
(6) M admits a right X-approximation ¢ : X — M, where ¢ is a {-deflation, such that there is
an E-triangle K — X Ay satisfying $)-res.dim K < m — 1.
(7)  There are two E-triangles
Wy — Xy — M- >

and
M—>WM_s XM _

in ¢ such that Xy, XM IS X and $H-res.dim Wy, < m — 1,
$-res.dim WM = x-res.dim WM < m.

Proof. (1) < (2) < (3) follow from Proposition 1.

(1) = (6) follows from Proposition 5(1), and (6) = (1) is straightforward.
(1) = (7) follows from Proposition 5(1), and (7) = (1) is straightforward.
(1) = (4) Suppose X-res.dim M < m. There is a ¢-exact complex

Xy X, M

with all X; in X. This means that there are E-triangles X, i X 1@ Ky »—>,

K] gX()ﬁ)M* > ,and Ki+1 gX'iKi* > iné’withxi = Wi—18i foranyO <
i < m —1. By assumption, we have §xtk>1(X,-, H) = 0forall H € $. Thus, by Remark 4,
(:xt”(M H) = Cxt” "(Xm,H) = 0 forn > m.

4)=(0B)It follows from Lemma 3.

(5) = (4) Itis clear.

(4) = (1) Since M € X, by Proposition 5(1), there is an E-triangle K — X — M — >
in ¢ with $-res.dinK < oo and X € X. Then gxté(K, H) = (:xt’C*l(M, H) for H € $
and i > 1 since éxté?l(X, H) = 0. Therefore, §xté2m(1<, H) = 0. Please note that
$-res.dim K < oo, so we have the following -exact complex

H,—.--— Hy—K
with all H; € §). Then by Remark 4,
Exte(QE~1(K), H) = gxt ™" {(K, H) = 0

fori > 1and all H € $), which means ngl(K) € 6. Notice that $-res.dim ngl(K) <

oo, hence ngl(K) € HNtH It follows that ngl(K) € 9 from Lemma 4,
so H-res.dimK < m — 1. Thus, X-res.dimM < m. O

4. Applications
4.1. Additive Quotient Categories with Respect to a Resolving Subcategory

In this subsection, we will further study objects with a finite resolution dimension
with respect to a resolving subcategory X. We construct adjoint pairs for two kinds of
inclusion functors, which unifies some results of [6,19].

Suppose that D and X are two subcategories of . We use [D] to denote the ideal of X
consisting of morphisms which factor through some object in D. Thus, one has a quotient
category X/[D], which is also an additive category.

Throughout this subsection, we always assume that X is a resolving subcategory of ¢
and ) is a ¢-cogenerator of X with X L §.
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Lemma 5. Let f : X — M be a morphism in € with X € X and M € X. Then f € [9] if and
only if f € [5].

Proof. The only if part is trivial.
For the if part, suppose that f factors through an object L € . Then f = gh, where
h:X — Land g: L — M. Since L € §, there is an E-triangle

Ll —H—1L- >

inZfwithH € $and L' € $. Notice that X | £, one has X L 9 by Lemma 3, and thus
(jxté(X, L") = 0. Therefore, h factors through H, it follows that f factors through H. [

Now let M € X. By Proposition 4, there is an E-triangle
Wy =% Xpp —> M — > (22)

in ¢ with X3y € X and Wy, € §. Moreover, since we assume that X L $, the morphism p is
a right X-approximation of M by Proposition 4.

Lemma 6. Let M, N € X and f : M — N be a morphism in €. Choose two E-triangles

Wy =% Xy~ M= = and Wy —> Xy - N - =

in ¢ with Xy, XN € X and Wy, Wy € 9, then we have the following statements:

(1) There exists a morphism § : Xpy — Xy such that gg = fp.
(2) Ifg, g : Xy — Xy are two morphisms such that q¢ = fp and g3’ = fp, then [g] = [¢'] in
Homx/[ﬁ](XM, XN)

Proof. (1) Since we assume that X L §), the morphism p and q are right X-approximation
of M and N respectively by Proposition 4. Then the existence of g is obvious.

(2) Suppose g, §' : Xy — X are two morphisms such that g¢ = fp and g3’ = fp,
then q(¢' — ¢) = q¢’ —qg = 0. By [12] of [Proposition 3.3], there exists a morphism
h: Xy — Wy such that g’ — g = Bh, i.e., there is a commutative diagram as follows:

Xm

W i,

|8
£ B q
Wy —Xy—>N->.

Notice that Wy € $,s0 ¢’ — g : X — Xy factors through an object in $ by Lemma 5.
Thus, [g] = [¢'] in Homy /() (Xm, Xn). O

Now let

/

Wyt —% Xy —> M- = and Wi, %=X, > M- >

be two E-triangles in ¢ with Xy, X}, € X and Wy, W}, € 9. By Lemma 6(1), there
exist morphisms ¢ : X) — X}, and I : X}; — Xy such that p'g = Idyp = p and
ph = Idpmp’ = p'. Thus, phg = p = pldy, and so [h][g] = [hg] = [Idp] by Lemma 6(2).
Similarly, [g][#] = [Idp]. Therefore, Xps = X}, in X/[$)]. Following this and Lemma 6(2),
there exists a well-defined additive functor

F:X— X/[9]
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which maps an object M € X to Xj; appeared in (22) and a morphism f : M — N €
Homz (M, N) to [¢] € Homy /() (Xm, Xn) as described in Lemma 6.

It is obvious that F(H) = 0 for any object H € $). Hence, there exists an additive
functor y : X/[$] — X/[$] making the following diagram

R — Y]

7
s T

X/19),

commute, where 77 is the canonical quotient functor. Clearly, let N € X and

Wy > Xy = N - =

an E-triangle in ¢ with Wy € $ and Xy € X, then u(N) = pu(7t(N)) = F(N) = Xy.
We have the following result.

Theorem 3. The additive functor p : X/[9] — x/[9)] defined above is right adjoint to the
inclusion functor X/ 9] — X/[9)].

Proof. Let X € X and N € X. Choose an E-triangle

Wy > Xy = N - =

in ¢ with Wy € Hand X N € X. Notice that the additive map

[q] : Homy () (X, p(N)) — Homg/m](X, N)

is natural in both X and N by Lemma 6. We claim that [g] is an isomorphism.

Indeed, since ¥ L $, by Lemma 3, we have @xté(X, Wy) = 0, and hence
Homy (X, Xy) — Home (X, N) is an epimorphism, so [g] is still an epimorphism.

Now, assume that ¢ : X — Xy is a morphism such that [gg] = [g][g] = [g]<[8] =
[0] € Homy 1) (X, N). Then there exist an object H € § and morphisms s : X — H and
t : H — N such that q¢ = ts. Consider the following diagram below

X—~H

koo )

WN —= XN > N->.

Since X L $ by assumption, one has X L 9 by Lemma 3. Moreover, since $ C X, $ L EA'),
and hence Cxté(H, Wy) = 0. Thus, there exists a morphism 0 : H — Xy such that t = 6.
Since q(g — 0s) = qg —qbs = ts —ts = 0, so g — 6s factors through Wy. By Lemma 5,
g — 0s factors through an object in . It follows that [¢ — 0s] = 0 € Homy 5 (X, N).
Since s = 0 € Homy /() (X, N), we have 0 = [¢] € Homy /(] (X, N). Therefore, [q], isa
monomorphism, and thus [g]. is an isomorphism. [

Corollary 2. Assume that $) is closed under direct summands. For any N € X, the following
statements are equivalent:

(1) NeES#.
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(2)  There is an E-triangle
Wy — XN A, N - >

in & with Wy € $ and Xy € X such that [q] = [0] € Homg (o (X,N).

Proof. Theassertion (1) = (2) follows from Lemma 5. It suffices to show (2) = (1). Notice
that the adjunction isomorphism established in Theorem 3 implies that the additive map

[q]* : Homx/[ﬁ](XN, XN) — Homi/[ (XN/ N)

9]

is an isomorphism. Since [g]«[idx, ]| = [gidx,] = [q] = [0] € Homa%/m](XN, N) =0,so0
lidx,] = [0] € Homy () (XN, Xn), and thus idx, factors through an object H € $. It
follows that Xy is a direct summand of H. Since $) is closed under direct summands, we

have Xy € 9. Thus, N € 5?3 O
Next we compare additive quotients $/[X] and X/[X]. Let M € X. By Proposition 4,

there is an [E-triangle
M WM _Loxm_ (23)

in ¢ with XM e xand WM ¢ ?) Moreover, since we assume that X L §), the morphism s is
a left $-approximation of M by Proposition 4.

Lemma 7. Let M, N € X and f : M — N be a morphism in €. Choose two E-triangles
M-S WM XM o gnd N WN T xN

in & with XM, XN € x and WM, WN € §. Then we have the following statements:

(1) There exists a morphism g : WM — WN such that gs = tf.

2) Ifg, g+ WM — WN are two morphisms such that gs = tf and g's = tf, then [g] = [¢'] in
Homg/[x] (XMr XN)-

Proof. (1) Since X L §) by assumption, we have é‘xté(XM, WN) = 0 by Lemma 3. Therefore,

there exists a morphism g: WM — WN such that gs = tf.

(2) Suppose g, ¢’ : WM — WN are two morphisms such that gs = tf and ¢’s = tf,
then (¢’ — ¢)s = ¢’s — g5 = 0, and so there exists a morphism /' : XM — WN such that
¢ — g =M1, ie., there is a commutative diagram as follows:

M= WM LoxM_
s
wN
Notice that XM € X, s0 ¢’ — g : WM — WN factors through an object in X. Thus,
[¢] = [¢'] in Homg/m(WM, whN). O

As a similar argument to the functor F, by Lemma 7, there exists a well-defined
additive functor
G:X— 9/[X

which maps an object M € X to WM appeared in (23) and a morphism f : M — N €
Homg (M, N) to [g] € Homg 4, (WM, WN) as described in Lemma 7.
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_Obviously, G(X) = 0 for any object X € X. Hence, there exists an additive functor
7 :X/[X] — $/[X] making the following diagram commute

S

X/ [35]3,"

where 7 is the canonical quotient functor.
We have the following result.

Theorem 4. The additive functor 1 : X/[X] — /(%] defined above is left adjoint to the inclusion
functor H/[X] — X/[X].

Proof. Let K be an object in $ and M an object in X. By Proposition 4, there is an E-triangle
M= WM _LoxM_
in ¢ with WM e 5% and XM € %x. Notice that the additive map

[s]* : Homg /1y (7(M),K) — Homgz (M, K)
is natural in both M and K by Lemma 7. We claim that [s]* is an isomorphism.
Indeed, since X L $, by Lemma 3, we have Cxté(XM,K) = 0, and hence
Homg, (WM, K) — Homg (M, K) is an epimorphism, so [s]* is still an epimorphism.
Now, assume that ¢ : WM — K is a morphism such that [gs] = [g][s] = [s]*[g] =
[0] € Homy /1x](M, K). Then there exist an object X € X and morphisms v : M — X and
k : X — Ksuch that gs = kv. Since §) is a {-cogenerator of X, there exists an E-triangle

X—H-—>=X -

inwithH € Hand X' € X.
Notice that {fxté(XM, H) =0and zjxté(X’, K) = 0, by Remark 4 we get the following
commutative diagram

M= WM _LoxmM_

|

19 /
Y
X4>_H4>X/7>

%

kl
/) .UN
K

It follows that [¢v"v'] = [0] € Homﬁ/x(WM,K) as H € X. Since v"v's = kv = gs €
Homg 4, (M, K), by Lemma 7(2), we have [g] = [0V] € Homg 4 (WM, K), and hence

[¢] = 0. Therefore, [s]* is a monomorphism, and thus [s]* is an isomorphism. []

Corollary 3. Assume that X is closed under direct summands. For any N € X, the following
statements are equivalent:

(1) NeX

(2)  There is an E-triangle

N_>WN_xN_ -

in & with WN € § and XN € X such that [s] = [0] € Homs

2/ (N W),
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Proof. The assertion (1) = (2) is obvious. It suffices to show (2) = (1). Notice that the
adjunction isomorphism established in Theorem 4 implies that the additive map

[s]* : Hom¢

N N N

is isomorphic. Since [s]*[idy~] = [idyns] = [s] = [0] € Homg )y (N,WN) =0, so
lidyn] = [0] € Homg o, (WN,WN), and thus id,y~ factors through an object X’ € X. Tt
follows that WY is a direct summand of X’. Since X is closed under direct summands, we
have WN € X. Thus, N € X. [

4.2. Construct a New Resolving Subcategory

In this subsection, we will construct a new resolving subcategory from a given resolv-
ing subcategory, which generalizes the notion of {-Gorenstein projective objects given by
Hu, Zhang and Zhou [13]. By applying the results of this section to the subcategory of
¢-Gprojective objects, we reformulate some known results in [8,13].

Definition 19. Let X be a subcategory of € and M € €. A complete P (&)X-resolution of M is
a Home (—, X)-exact &-exact complex

o> P—>P—-=X—— X —...
in € with all P; € P(&), X' € XN 1% such that both
Ki—P—>M-> and M— X' —K!' - ~
are corresponding E-triangles in {. The GP x (&)-Gorenstein category is defined as
GPx (&) = {M € € | M admits a complete P (&) X-resolution}.

Throughout this subsection, we always assume that X is a resolving subcategory of .

Remark 7. (1) Since X is a resolving subcategory of €, we have P(&) C X,s0 P(&) C XN +LX.
Then we have K1 € GPx(E).

(2) IfM € GPx(§), then {xt2(M, X) = Homg (M, X) and {xt7' (M, X) = 0 for any X € X.
Indeed, let M € GPx (&), then there is an E-triangle

Ki—Py— M- >

in § with Py € P({) and K1 € GPx (&), which is Homy (—, X)-exact. If X € X, then we
have the following commutative diagram

0 — Homg (M, X) — Homg (P, X) — Homy (K7, X)

0 — &xt2(M, X) —— &xt2(Py, X) — &xt2(Kq, X) — Extx(M, X) — 0

0

Using the proof of [8] of [Lemma 3.6], we have (;"xtg(M, X) = Homy (M, X). Moreover,
there is a Homey (—, X)-exact E-exact complex

--%-Plé-PO%M

which is a &-projective resolution of M, thus (:xtgzl (M, X) =0forany X € X.
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Evidently, since € has enough -projectives, M € GPx (&) if and only if §xt8(M, X) =

Homy (M, X) and Cxt?l(M, X) = 0forany X € X, and M admits a Home (—, X)-exact
¢-exact complex
M—X0' o x1 ...

with X' € XN +X.
(3) IfX = P(E), then clearly X N +X = P(¢&), and thus GPx (&) coincides with GP () defined
in [13].

Lemma 8. Assume X N+X C GPx(¢). Then X N +X is a &-cogenerator of GPx (&) and is
closed under cocones of ¢-deflations.

Proof. Let M € GPx(¢). There is a Hom¢ (—, X)-exact E-triangle
M—X' s Kl » (24)

in & with X0 € XN +X C GPx(&). For any X € X, applying the functor Homy (—, X) to
the E-triangle (24) yields the following commutative diagram

0 — Hom (K', X) — Hom (X%, X) — Homy (M, X)

| | -

0 — Zxtd(K', X) —— gxt2(X?, X) — gxtg(M, X) — ¢xti(K', X) —0,

IR

where the two isomorphisms follows from the assumption that X, M € GPx (&) and
Remark 7(2). It follows that §xt% (K',X) = 0 and gxtg(Kl,X) =~ Hom (K, X), so K €

GP«x (&) by Remark 7(2), then X N +X is a ¢-cogenerator of GPx(&).
It is obvious that X N X is closed under cocones of ¢-deflations. [

We have the following result.

Theorem 5. Assume XN+X C GPx(&). The subcategory GP x (&) is a resolving subcategory of €.

Proof. The step 1: Let P be a {-projective object. Consider the following ¢-exact complex

0% p M p O g

in €. Clearly, it is Homg (—, X)-exact. In particular,
idp

id
0-%pp % andp2p-%0-0%

are corresponding [E-triangles in &. Since P € X N X by Remark 7(1), we have P (&) C GPx(&).
The step 2: Given any E-triangle

M; 5 My -5 Mz — > . (25)

in ¢ with My, M3 € GPx(¢). Then
(1) §xtg(M1,X) =~ Home (M, X) and Cxt?l(Ml, X) =0 for any X € X, and M; admits
a Homg (—, X)-exact {-exact complex

M1‘>X§J‘>X%‘>-~

with Xi € xnLx.
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(ii) (fxtg(Mg, X) =2 Homy (M3, X) and §xt§1(M3, X) = 0 for any X € X, and M3 admits
a Homg (—, X)-exact ¢-exact complex

with X4 € xntx.

Applying Homgy (—, X) for any X € X, we have a commutative diagram as follows

Homy (M3, X) — Homgy (M, X) — Homgy (Mq, X) —0

e | |

0 —= gxt2(Ms, X) —— gxtg(Mp, X) — Ext2(My, X)

with exact rows. By (i) and (ii), f1 and f3 are isomorphic, so f, is isomorphic, i.e.,
§xtg(M2, X) = Homy (M, X). Moreover, by Remark 4, we have Cxtgzl(Mz, X) = 0 for

any X € X. Finally, the E-triangle (26) is Homg (—, X N 1 X)-exact, so using a similar
argument to that of the Horseshoe Lemma (e.g., [13] of [Theorem 4.16]), we can construct a
Homg (—, X)-exact ¢-exact complex

with X5 € XN+ X. Thus, My € GPx(£).
The step 3: Given any E-triangle

M; > My > Mz — > . (26)

in ¢ with My, M3 € GPx({). As a similar argument to that of the step 2, we can prove
that éxtg(Ml,X) >~ Homg (M, X) and g’,‘xt?l(M],X) = 0 for any X € X. Moreover, since
Cxtg(Mz,X) =~ Home (Mp, X) and Cxtg(M3,X) = Homy (M3, X) for any X € X, it follows
from Remark 4 that the E-triangle (26) is Homy (—, X)-exact. By Lemma 8, there is an
E-triangle My —> X =~ K} — = in ¢ with X{ € XN 1X and K} € GPx(¢). By (ET4),
we have the following commutative diagram

My — My, — M3 — >

Voo

M1HX?HW77>

Lo

1 1
K3 K
\ \
\ \

Since M3, K} € GPx(Z), we have W € GPx(¢) by the step 2, and the E-triangle
M; — X} — W - > in ¢ is Hom¢(—, X)-exact. Thus, we can get a Hom¢ (—, X)-exact
¢-exact complex
M) — X} — X} — ..

with Xi € XN +X. Thus, M; € GPx(g).
Therefore, GPx (&) is a resolving subcategory of . [

As an application of Theorem 2, we have
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—

Proposition 7. Assume X N+X C GPx(&). If M € GPx(&), then the following statements
are equivalent:

(1) GPx(&)-res.dim M < m.
(2) O"(M) € GPx(E) foralln > m.
(3) Qgpx(g)(M) € GPx(¢) forall n > m.

(4) ¢xt{(M,H) =0foralln>mandall H € XN*X.

—

(5) ¢xtf(M,L) =0foralln >mandall L € XN+X.
(6) M admits a right GP x (&)-approximation ¢ : X — M, where ¢ is a {-deflation, such that

there is an E-triangle K — X BAYY satisfying $-res.dim K < m — 1.
(7)  There are two E-triangles
Wy — Xy — M- >

and
M‘>WM‘>XM7>

in & such that Xp, XM € GPx(&) and XN+tX-resdimWy < m — 1,
XN +x-res.dim WM = GPx(&)-res.dim WM < m.

Putting X = P({), we have the following corollary immediately, which reformulates
and generalizes [13] of [Proposition 5.9] and [8] of [Theorem 3.9].

—

Corollary 4. Let M € €. If M € GP(¢), then the following statements are equivalent:

(1) GP(E)-res.dimM < m.
(2) O"(M) € GP(¢) forall n > m.
(3) QZP@(M) € GP(E) foralln > m.

(4) ffxtg‘(M,H) =0foralln > mandall P € P ().
(5) Gatf(M,L)=0foralln > mandall L € P(Z).
(6) M admits a GP({)-approximation ¢ : X — M, where ¢ is a ¢-defaltion, such that there is

an E-triangle K — X M-~ satisfying -pd K < m — 1.
(7)  There are two E-triangles

and
M—>WM_ xM_ o

in & such that Xpy and XM arein X, &-pd WM = GP(&)-res.dim WM < mand &-pd Wy, <
m— 1.
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