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Abstract: We considered an hybridizable discontinuous Galerkin (HDG) method for discrete elliptic
PDEs with random coefficients. By an approach of projection, we obtained the error analysis under
the assumption that a(w, x) is uniformly bounded. Together with the HDG method, we applied a
multilevel Monte Carlo (MLMC) method (MLMC-HDG method) to simulate the random elliptic
PDEs. We derived the overall convergence rate and total computation cost estimate. Finally, some
numerical experiments are presented to confirm the theoretical results.
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1. Introduction

In this paper, we focus on the elliptic partial differential equations (PDEs) with random
coefficients which arise in random vibrations, seismic activity and oil reservoir management
(see, e.g., [1-4]). For elliptic stochastic PDEs, there are many numerical methods, such as
intrusive and non-intrusive methods. The stochastic collocation method and stochastic
Galerkin method are important intrusive methods (see, e.g., [5-9]). The MC method is a
non-intrusive method. It is easy to implement, since the deterministic numerical method
programs can be used once the samples are given (see, e.g., [10]). However, the MC method
has a slow rate of convergence and its computational cost is also very expensive. To
improve the computational efficiency, many methods have been proposed. The MLMC
method is one of the most important methods. It has been widely used to simulate the
stochastic PDEs (see, e.g., [11-14]).

In [15], the HDG method was originally proposed by Cockburn, Gopalakrishnan and
Lazarov. It was then used to solve the second-order elliptic problems with remarkable
convergence properties in [16]. The error analysis of elliptic PDEs was given by introducing
a projection (see, e.g., [17] and references therein). To date, the HDG method has been
successfully applied to parabolic, convection diffusion problems, phase flows and optimal
control problem (see, e.g., [18-22]). However, we did not find theoretical or numerical
analysis works on the HDG method for PDEs with random coefficients.

In this work, we first considered the HDG method to investigate elliptic PDEs with
random coefficients under the assumption of a uniform bound. By a projection approach,
we derived the convergence analysis of the HDG method. Then, we achieved rigorous
bounds of the error and complexity for the MLMC method based on the HDG method.

The outline of the paper is as follows. In Section 2, the problem setting and HDG
method are given. In Section 3, we deduce the error analysis of the velocity and the
pressure. In Section 4, we use the error results in Section 3 to derive the complexity analysis
of the MLMC method for the elliptic PDEs with random coefficients. In Section 5, some
numerical experiments are presented to verify the effectiveness of the proposed method.
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2. Preliminaries
2.1. Problem Setting

We consider the following elliptic problem with random coefficients: find a random
function pair (g,u) : (Q x D)? — R satisfying almost surely (a.s.):

a(w,x)q(w,x) +Vu(w,x) = 0, inQxD, 1)
V-qlw,x) = flwx), inQxD, (2)
u(w,x) = g(x), onoaD, ©)]

where D C R? is a Lipschitz polyhedral domain, (Q, 7, P) is the complete probability
space with the set of outcomes (), o-algebra F and probability measure P. The a(w, x) is
the random coefficient, f(w, x) is the force term, and ¢(x) is the deterministic Dirichlet
boundary condition.

Let Y be a random variable in (Q), 7, P). Denote by E[Y] the expected value which
is defined by E[Y] = [, Y(w)dP(w). We make the following assumptions to the random
coefficient a(w, x), force term f(w, x) and boundary condition g(x).

Al. There exist two constants 0 < _ < 04 < oo such that:

P(w € Q0. <essinfyepa(w,x) < [|a(w,x)|pop) < 0v) = 1.

A2. Let g(x) € H/2(3D). The source term f(w, x) is square integrable with respect to
P ie., [HE[/f(w,x)[*dx < co.

2.2. HDG Method

Let Dy, be a shape regular triangulation of the domain D (see, e.g., [23]). Denote by hg
the diameter of simplex K € Dy, and let i := maxycp, hk. Set 9D, := {0K : K € Dy} and

&y = 5,2 Ué 9 where 8,2 is the set of the interior faces, 5;? is the set of the boundary faces.
For these stochastic Sobolev spaces L?(Q, L?(K)), L?(Q, H™(K)), the corresponding norms
are defined by

1/2
1/2
Hulle(Q,Lz(K)) = <E [Auzdx}) ’||u||L2(Q,Hm(K)) = (E|: Z A amu|2dx]) .

la|<m

Define the following finite dimensional spaces V, W, M by

V: = {velL?D):vlg€[P(K)]? VKeD,},
W: = {wELZ(D) cwlkg € P(K), VK€ Dy},
M: = {me L*0Dy):m|yk € P(dK), VoK € aD,},

where P;(K) is the set of polynomials of degree at most k on the element K. We write:

(w/v)Dh = Z (w'U)K' <#’€>Dh = Z <V/€>BK/

KeDy, KeDy,

where (-, ) is the L2 inner product on K, and (-, -) is the L? inner product on dK. Given
a sample w € Q, the HDG numerical method of (1)-(3) is to find (q,, j, 4w fewn) €
V x W x M such that:

(a(w/ x)qw,h/ v)Dh - (uw,hl V : v)Dh + <MAw,l’l/v : n>8Dh = 0/ (4)
_(qw,h/ vw)Dh + <Qw,h n, w>aDh = (f/ w)Dh/ (5)
<ﬁw,hf ;u>aD = <g/ .u>8D/ (6)

(@up mmappop = 0, )
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for all (v,w, u) € V. x W x M. The numerical trace §,, ,, is defined by

é\I(,‘),h = qw,h + T(uw,h - ﬁa},h)nl on aDhr
where T > 0 is a constant on dDj, in this paper.

3. Error Analysis
3.1. HDG Projection

Denote by (Ilyg, ITyyu) the HDG projection function, where Ilyq and Iy u are com-
ponents of V and W, respectively. On each simplex K € Dy, the projection (ITyq, ITyu)
satisfy the following equations:

(Myq —q,0)x =0, Vo€ [P (K)P, 8)
(TTwu —u, w)g =0, Yw € Pr_1(K), )
((Myq —q) -n+ t(Tywu — u), u)ox =0, Vi € Pi(0K). (10)

Then, we give an important result for the projection (Ily, ITyy ) in the following lemma.
The proof is similar to Theorem 2.1 in [17] and hence is omitted.

Lemma 1. Give a sample w € Q). Suppose the T is a positive constant on oK. Then, the system
(8)—(10) is uniquely solvable. Moreover, we have the following estimate for £4, ¢, € [0, k]

Lo+1 Oy
IMvg = qlli2;2)) < g gl 2 e 1) + CHE ) ull 2t (k)

Ly lo+1
| TTwu — ”HL2(Q;L2(K)) < Chy +1||u“LZ(Q;W“H(K)) +Chy ||V - qHLZ(Q;H["(K))'

where C is a generic constant independent of hg.

Let PZ;,h =1vq, — 9, PZ;,h = Ilwuw — uy ), and pZ}lh = Pymue — i, y, where Py is
the L2-orthogonal projection onto M which satisfies:

<T(PMMCU - uw)/ .u>aDh = Or VV € M. (11)
Then, we have the following error equations.

Lemma 2. Giveasample w € Q). Suppose (., tew), (G s teo s fleo,n) are the solutions of (1)~(3)

and (4)-(7) respectively. We have:

(Pl ¥ 2, +{olgo mhan, = (@(w,x)(Tlva,, — 4,),0)p,, (12
—(pl, ), V), + (P, - m,w)ap, =0, (13)

<p2;,h'V>BD =0, (14
<pw,h ' n’ V>6Dh\aD = 0/ (15)

(”(W'X)Pz,h'Z’)D

h

forall (v,w,n) € Vx W x M, where:
Pooji 1= P 1+ T(0lh ), — pl ), on 9Dy \dD. (16)
Proof. Given a sample w € (), the exact solution (g, 1) satisfies:

(a(w' X)qw,?))[)h - (uw/v ’ v)Dh + <Mw,?) ’ n>8Dh =0,
7(qwf Vw)Dh + <qw n, w>aDh = (f’w)Dh‘

for all (v,w,u) € V x W x M. Considering properties (8) and (9) of the projections
(Iy, ITy) and L2-projection Py, of (11), we obtain:
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(a(w, x)yq,,,v)p, — (Mwtw, V - 0)p, + (Pmitw,v - 1)p, = (a(w,x)(Mlyq,, —q,,),9)D,,
—(Iyq,,, Vw)p, + (Ilyq,, - n+ T(Iyuw — tw), w)sp, = (f,0)p,-

Subtracting (4) and (5) from the former equations, we obtain the expected Equa-
tions (12) and (13). By the boundary condition (6), we directly have Equation (14). Using
the properties of (Ily,ITy) and Py, we have:

Mvq, — qup) -1+ T(wle — e — Pmtto + ), 1)ap,\ap

9o = Geop) 1+ T(Uo — Uy — Uew + B 1), H)ap,\oD

9o 1 1)ap\oD + (G 1 H)ap,\aD
-0,

(P 1 W)ap,\oD =

where last identity is due to the fact that g,, is single valued on &, and g, ,, satisfies (7).
We complete the proof. [

3.2. Flux Estimate

Theorem 1. Suppose the exact solution (g, u) belongs to L>(C0; H**1(Dy,)) x L2(Q; H**1(Dy,))
(k > 0) and the assumption A1 holds. We have:

o
g — qh”Lz(Q;Lz(Dh)) < C<1 + ;)hkﬂ (||qHL2(Q;Hk+1(Dh)) + ||“||L2(Q;Hk+1(D,,)))r
where the constant C is independent of h.

Proof. Give a sample w € Q. Taking v = pZ} pin(12), w=pg , in(13), p = —p,, , - nin
(14)and y = — pf) , in (15) and adding these equations together, we obtain:

(”(wfx)PZ;,h'PZ;,h) D, (PZ,;«V : PZ;,h) D, + <Pi,hfPZ;,h “1)3p), — (PZ;,h/ Ve n)D,
+<pw,h ’ n’pZJ,h>aDh - <ﬁw,h n, PZ;,h>aDh = (61((,(], x) (quw - qw)’ pZ),h)D} ’

Applying the integration by parts to the left-hand-side (LHS) terms of the above
equation, we have

LHS = (a(wrx)PZ;,h/PZ;,h>D + (VPZ;,WPZ;J,>D - <PZJ,h'PZ;,/1 1)y, + <P21,h'PZ;,/1 “1)3p,
h h
- (PZ),h’ va/,h)Dh + <pw,h n, pZ},h>aDlx - <pw,h n, pZJ,h>aDlx
= (a(w, )l p01) (0 = PPl mamy, + (P 1.0l — Lo,
= (a(w,X)pZ,,h,pZ,,h) b, T (ol — 08 1) 0t — Pt oD,
where the last identity follows from (16). Hence:
q q < u i u i _ II _ q
a(w’x)Pw,h’pw,h D, + T(pw,h pw,h)’pw,h pw,h>aDh a(w,x)( Vi qw)’pw,h Dh.
Considering the assumption A1 and integrating in the probability space, we obtain:

E|(e],01)p, | +E|(v(0} — i), o} — pf)on,| < o-E|(Tvg —a.0)p, |

By Cauchy-Schwarz inequality and the fact T > 0, we have:

q o+
HPhHLZ(Q;LZ(Dh)) S ZHHW’ - ‘7HL2(0;L2(D;1))‘
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The triangle inequality implies:
19— anlli2c0;20,)) < 119 = Dvall 2 o2ip,)) + 1Mvae, — anlli2u2(0,))
o+
< (1 + U_) 1My q = qll2;12(D,))-
By Lemma 1, we complete the proof. O

3.3. Pressure Estimate

In this subsection, we use the Aubin—Nitsche duality argument to give the error
estimate of ||u — up||;2(;p, ). We introduce a dual problem for any given © € L2(0; L*(D))
by finding ®(w, x) such that:

a(w,x)®(w,x) + Ve(w,x) = 0, inQxD, (17)
V- ®(w,x) = O(w,x), inQxD, (18)
p(w,x) = 0, ondD. (19)

We assume that the boundary value problem admits the regularity estimate:

1@ (w, X)ll12(081 (D) + 1 9(@W, X) [ 12(0s12(D)) < CregllO(w, )l 12(0;r2(py),  (20)

where Crgg depends on o_ and ¢.. Then, we have the following theorem.

Theorem 2. Suppose the exact solution (g, u) belongs to L2(Q; H**1(Dy,)) x L2(Q; H*1(Dy,))
(k > 0) and the assumption A1 holds. We have:

[ — upllr2(0u12(p,)) < C (1 + 2>hk+l (|q|L2(Q;Hk+1(Dh)) + |”|L2(Q;Hk+1(Dh)))/
where the constant C is independent of h.
Proof. Give a sample w € (). Considering the properties of (8) and (10), we have:
(o7 0100,
=- (VPZ;,hr‘I’(wrx))Dh + <pff;,h,<l>(w,x) 'n>aDh
= - (VpZ‘J,h, 1'IV<I>(w,x)) D, + <p('f;,h, P(w,x) - n>
= (Ve v @(w,x)) |+ (pl Ty @(w,x) -1+ ([l (w, x) — plw, 1))

_ u . u _
= (Pl ¥ Ty @(w,x)) |+ (@l T (e, x) = 9@, 2))),

h

oDy,

Taking v = IIy®(w, x) in (12), we obtain:
u _(qu .
(pu;,h’ @((U, X)) D, - (pa},h’ \% (I)((U, X)) D,
= (bl V- Ty @(w,2)) )+ (0l T (w,2) = 9w, 2)) )

= (a(w, )0l v ®(w,2)) | + (0l Ty ®(w,x) - ),

D,

— (a(e, x)(TTyg,, = ,), Ty (@, ), + (ot T, x) = plw, x)) )
= (2@, )0 = 40 T ®@(@,2)) |+ (0, (M@, %) = Do, x)) )

+ {0 T, %) — p(w,x)) )

oDy,
oDy,

oD,
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where the last equation is due to the fact that ®(w, x) - n is continuity and pi , =0onaD.
By (10) and (11), we have:

o)

h

(200 2) 8 — 02 T @@9)) , + (ol =g Tl ) — gl )

= (00w, 0) (7 — 40y Ty ®(w,2)) |+ (70l = o) T, ),

— (ol — Pl ), Pug(e,x))

Dy
Error Equations (13) and (16) yield:

(000,

h

= (@, ¥) (@~ Gup) Ty @@, %)) — (V- Tlye(w,x)
D, D

h
(o1 P, )

h

aDh

D,

+
(2,280~ 40 Mv®(w,)) | = (V- 0l 0lw,x)) )+ (o9l ) )
(a(w,2)(q

w0 = o) My @(w,x)) |+ (oL, Volw,x))

h

Using Equation (17), we derive:

Dy,

= (4@, 1) (g ~ 40) Ty ®(w,2) ~ @(w,x))

(0w 1) (@ = 4) @(@,2) |+ (ol Vol )

+
= (2(w,2) (7, = 90 ), V@ (@, X) — ®(w, %))
_|_

h

Dh
(quw — G Vq)(w’ x) - Hk_lvq)(w/ x))Dh,

where TTF1 is the L2-projection on [P;_1 (K)]?. Considering the assumption A1 and inte-
grating in the probability space, we have:

E|(0},©)p, | <0+E[(g— a0, Ty @ (x) — ®(x)p |
+E [(l’lvq —q, Vo -1T""Vg(w, x))D ] .
h
By the Cauchy-Schwarz inequality, we deduce:

E (0}, ©)p,] < o118 = a4l 2120, TV ® = @212y

+1Mvq = qll20;02(p,) HV(P ~11"'ve

L2(O;L2(Dy))
Applying Lemma 1 and Theorem 1, we have:

[0
E[(pz,@)Dh] < C(l —+ i)hlﬂrl <|q‘L2(Q;HkH(Dh)) + ‘M|L2(Q;Hk+1(Dh))>.

(hU’+‘|<I>HL2<Q;H1<Dh)) =+ h2(7+||4’“L2(Q;HZ(D;,)) + hmin{k'l}a+”(fJHLZ(Q;HZ(Dh)))'
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The regularity assumption (20) implies:

[0
E[(p;,‘,@))DJ = C(l * a%)hkﬂ (""LZ(O;HWD;‘)) + ‘”|L2<0:H"“<Dn>>)
X (h‘7+||®HL2(Q;L2(Dh)) + 120y [0l 2 2(py)) + hmm{k’”ﬁH®||L2(Q;L2(Dh>))'

Hence:
HP}L;HLZ(Q;LZ(Dh)) <C (1 + Z:—‘r) k1 (h0—+ + h20-+ + hmin{k,l})

% (|q|L2(O;Hk“(Dh)) T |”|L2(0:Hk“(Dh)))'

Together with the Lemma 1, we obtain:

g
||u — uh”Lz(Q;LZ(Dh)) < C(l + ;)hk-&-l (|q|L2(Q;H"+1(Dh)) + |M|L2(Q;Hk+1(Dh)))-
We complete the proof. O

4. Multilevel Monte Carlo HDG Method
4.1. The MC Method

Let u € L?(Q); L?(Dy,)) be a random field. The expectation E[u] is approximated by
the sample average Ejs[u], which is defined by

1

EM[M] = M

lmi

where u, := u(wj,-),i =1,..., M are independent identically distributed (i.i.d.) realiza-
tions of the random field u. We give statistical error of the Ejs[u] in the following lemma.

Lemma 3. Let u € L?>(Q); L2(Dy,)). Then, we have for any M € N:
IE[u] — Emlullli2ia2(p,) < M2 10l 2020,

Proof. Considering that u, := u(wi,-),i=1,...,M areiid. samples of the random field
2
B[ B[] - Es(u]l}2(p,)]

u, we have:
2 2
L2(Dh)] [ LZ(D;,)]

—Mf[muumaﬂ—;ﬂmwﬁm@ﬂ

M

Z B u“’t

=1

= 3 (B[1200,)] - 1B01E2(0,)) < 372 (Il |

Taking the square root of both sides of the inequality, we complete the proof. O

In practice, it is difficult to take samples from the random field u, since we do not
know it most of time. To overcome this difficulty, we choose samples from the HDG ap-
proximation uy,, with hy, = 1/(22L), where L € N. We define the the classical MC estimator:

E uh

= Z g,y » (21)
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where u,,. , = uy, (w;,-),i=1,..., M areii.d. realizations of the random field u, .
Theorem 3. Suppose assumptions A1-A2 hold, then:

HE[ — Emlup, HLZ LZ(D,)) (hk+1 +M 1/2)

HE[‘] —EM[th] C<hk+1+M 1/2)

L2(O;L2(Dy)) —
where the constant C is independent of hy and M.
Proof. By the triangle inequality, we have:

|[E[u] — Em[up, ] HLZ(Q,-LZ(D,,))

< ||Efu] — Efup,] ||L2(Q;L2(Dh)) + [[Elen, ] = Enalun, ] ||L2(Q;L2(Dh))'

Using the Cauchy-Schwarz inequality, we have:
[ E[u] — E[uy, ||L2 OL2(Dy)) = [|E[x “hL”|L2(Q;L2(Dh)) = EM” - uhLHLZ(Dh)}

< lu- uhLHLZ(Q;LZ(Dh)) < cnit,

where the third inequality follows from Theorem 2. For term ||E[uy, | — Enq[up, ||| ;2 (O12(Dy))’
applying Lemma 3, we obtain:

|[E (e, ] - EM[“hJHLZ(Q;LZ(Dh)) = M_l/ZHMhLHLZ(Q;LZ(Dh))‘

Hence:
|Efu] — Emlup,] HLZ(Q;LZ(D,I)) < C(hlfrl + M_l/z)-

Similarly, we can obtain:

k+1 —-1/2
M+ M),

|Ela) — Enlay, ooy <

The proof is complete. [

Theorem 3 implies that the total error result can be decomposed into two parts:
statistical error with order M~/ and discretization error with order hlfrl. For a fixed
error, the optimal number of samples M should be equilibrated with the mesh size h;,
meaning that:

M7V2 = O = (N, FT72),

where N; = 22! is the degrees of freedom of the HDG method. Hence, the total computa-

tional cost is:
O(M- Np) = O(22k+2)Ly,

4.2. The MLMC Method
For the MLMC method, the random field u;,, can be written as

gl

Up, = (uhl - uhl,l)/

L
l

1

where uy, = 0,1 =0,..., L. The linearity of the expectation operator yields:

”hL ZE Upy — Upy_ 1
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We approximate E[uj,, —uy, .| by the MC estimator with M; i.i.d. samples on sub-level

I. Hence, we estimate E[u] by

uhL Z EMI Up — uhl—l]’
where the samples over all levels are independent of each other.
Theorem 4. Let assumptions A1-A2 hold, then:

L
k+1 —1/2pk+1
< Chitt+C ) MY PHE,

|l — B,
=1

L2(Q;L2(Dy))

L
k+1 —1/23k+1
<ty MV,

|Ela) - E*q,,]
=1

L2((;L2(Dy))
where the constant C is independent of hy and M, 1 =1,...,L.
Proof. By the triangle inequality, we obtain:

|El] - EX [,

— ([l - Bl + Bfur) - -

L2(O;L2(Dn))

L2(O;L2(Dy))

< |Ef) — Elue)lliz (o)) + |Eliee] — E-fin, )

L2(L2(Dy))

< NE[u] = Efuc]ll 2,2 (py))

L
Z uhl Up,_ 1 EMI [uhl - uhl,l])

L2(O;L2(Dy,))
=1+ 1I.
For estimating I, similarly to the proof of Theorem 2, we have:
] — Efur]ll2(yr2(py)) < Chi™
For 11, using the triangle inequality, we obtain:
L
Z (E[uhz - uhza] - EMI [uhl - uhl—l])
I=1 L2(O;L2(Dy))
L
< — _ _
< l;HE[”hl up_ | — Engy[up, — up,_, ] (Q2(D,))
L
= lzle (]E - EMZ) [uhl - uhl*l] LZ(Q;LZ(Dh))
L -1/2
< _
= l; Huhl Uhi-tl| 2 o2y
L 1/2
= ;Ml <||u i HLz(Q;LZ(Dh)) + ”” B LZ(Q;LZ(Dh))>

1/2(h§‘+1 hk+1)

IN
=
=

[l 12 (O;12(Dy,))

A
o
1=

—1/21,k+1
M, / h1+ H”||L2(Q;L2(Dh))'

I
—
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Combing the estimates of I and 11, we obtain the desired result:

L
L k+1 —1/21k+1
HEM ~ Bl 2oz < chit +C,ZiMl '
Analogously, we have:
L k+1 < —1/2pk+1
|Elq] - E*[g),] ooy < +CI;MZ ML

The proof is complete. [

Then, we give the error bounds of MLMC-HDG approximation for any distribution
{M;}_| over the mesh levels. Just like the single level MC-HDG approximation, we are
interested in the optimal ratio of sample size versus grid size in every level. To achieve
the overall convergence rate, how to select the sampling number M,; is given in the follow-
ing theorem.

Theorem 5. Suppose assumptions A1-A2 hold. If the sampling number:
Ml — O(l(2+2€)22(k+1)(L—l)h0) (22)

on sub-level 1,1 =1,2,...,L, then we have the error bounds:

[ B — B, ooy < O
L k+1
|tal = E )| 2 10, < CPET

where the constant C is independent of hy and M, € > 0 is arbitrarily small. If each sample uf
(qi) in the estimator E, [u1) (Eny,[q,]) is approximated with accuracy O(hy ™) at each sub-level I,
the total cost for computing EL[u] (EL[q]) is:

Cost(L) < CeNFHY,
where the constant C. depends on € but is independent of level L.

Proof. We only give the detailed proof of: ||E[u] — EX[uy, ||| 12(0y12(D,)) Since the proof of
is similar.

HEM — Etlay,] L2(O;12(Dy))

To obtain the overall convergence rate O (h'iJrl ), we choose:

M, = O<l(2+2€) (hl/hL)Z(kJrl)) _ O<l(2+2€)22(k+1)(L71))/ 1=1,2,...,L,
for some € > 0. Using Theorem 4, we obtain:
L L
Y M2 < 217(1+e)2(k+1)(17L) (2 o)+
=1 I=1
DL k1 Y - (1
< 2~ (k+1) et Zz—( +e)

1=1
k+1
<h;".
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Similar to the standard finite element, the computational cost of the HDG method is
of linear complexity in the number N on every sub-level [ (see, e.g., [24]). For M; samples,
the costis O(M; - Nj). Hence, we have the following bound of overall cost at level L:

L L
COSt(L) S ZMI . Nl S Z l(2+2€)22(k+1)(L—l)221
=1 =1
L L
_ 22L Z l(2+2€)22(k+1)(L*l)zz(lfL) — 22L Z l(2+2€)22k(Lfl)
1=1 I=1
L-1
I'=0
< CeNFHL

We complete the proof. O

5. Numerical Experiments

To conform the results of the approximation error and computational cost given in
Theorem 5, we present a numerical example. The diffusion coefficient and exact solution
are selected as follows:

a(w,x) = (8 + w)sin(x1x7)

u(w,x) = (8 + w) sin(27rxy ) sin(27xy)

where w obeys a uniform distribution on [0, 1] and x = (x1, x2) € [0, 1]?. The homogeneous
Dirichlet boundary condition and source term are chosen to match the exact solution.
The expectation of the solution is E[u] = ¥ sin(27tx1 ) sin(271x,). We take k = 1 and apply
the MLMC-HDG method to simulate the example. All numerical experiments are carried
out by using MATLAB R2018b software on an Intel Core i5 machine with 8 GB of memory.

We choose the number of samples with M; = O(1(2+2)24L=D) on every sub-level
I. The convergence rate of the MLMC-HDG approximation depends on the sub-level /,
which is displayed in Figure 1. Figure 2 shows the total CPU-time of EX(u) and E%(q) for

different levels L. The CPU-time of sub-level ! is plotted in Figure 3,/ =1, ..., L.
We can see in Figure 1 that E {Hu - ”h”Lz(Dh)} and E {Hq - qhHLZ(Dh)} converge with

h2. We can observe that the computational cost is Cost(L) < N? in Figure 2. It shows that
the CPU-time is O(122~#) on each level I from Figure 3.

Error

Error

1/h 1/n

Figure 1. (Left): Plot of E[||u — uy||;2(p,)] versus 1/h. The slope of the line is —2. (Right): Plot of
E[llg — qhHLZ(D;,)]' The slope of the line is —2.
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2 1 |
10° 10! 10% 10°
dofs per level

Figure 2. Total CPU time for the MLMC-HDG approximation of EL (1) and E*(q).
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Figure 3. CPU time for different levels for the MLMC-HDG approximation of EL (1) and E(q).

6. Discussion

We first consider numerical solutions of stochastic PDEs based on the MLMC-HDG
method. Under assumptions Al-A2, we obtain some error and complexity results on the
numerical approximation. If assumption A1 is changed to P(w € Q : 0 < essinfycpa(w, x) <
l|a(w, x)||py < o) = 1, the regularity of u will only be L?(Q, H™*(D)), where 0 <
s < 1. Consequently, the space discrete error |[u(w, ) — uy(w, )||2(p) Will be no better
than Ch1*s.

The study of HDG methods is active, since it can capture the discontinuity property
well and keep the conservation property. The MLMC method is a good variance reduction
technique. The combination of HDG and MLMC methods is a good choice for numerical
approximation on PDEs with random coefficients. The MLMC-HDG method can be used
in the numerical simulation of evolution equation with random diffusion coefficients.
Furthermore, the combination of HDG and multilevel quasi-Monte Carlo methods is also a
good topic for stochastic PDEs.
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