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Abstract: This paper addresses an approximation-based quantized state feedback tracking problem
of multiple-input multiple-output (MIMO) nonlinear systems with quantized input saturation. A
uniform quantizer is adopted to quantize state variables and control inputs of MIMO nonlinear
systems. The primary features in the current development are that (i) an adaptive neural network
tracker using quantized states is developed for MIMO nonlinear systems and (ii) a compensation
mechanism of quantized input saturation is designed by constructing an auxiliary system. An
adaptive neural tracker design with the compensation of quantized input saturation is developed by
deriving an augmented error surface using quantized states. It is shown that closed-loop stability
analysis and tracking error convergence are conducted based on Lyapunov theory. Finally, we
give simulation and experimental results of the 2-degrees-of-freedom (2-DOF) helicopter system for
verifying to the validity of the proposed methodology where the tracking performance of pitch and
yaw angles is measured with the mean squared errors of 0.1044 and 0.0435 for simulation results,
and those of 0.0656 and 0.0523 for experimental results.

Keywords: quantized feedback control; state and input quantization; input saturation; MIMO
nonlinear systems; 2-DOF helicopter

1. Introduction

In industrial systems, the operating ranges of actuators are restricted because of the
physical limitation and specification [1]. The control input saturation closely influences
the performance of the control system and the stability of closed-loop systems [2]. There-
fore, considerable attention has been devoted to control uncertain nonlinear system in
the presence of input saturation. In [3], an adaptive control design approach using the
hyperbolic tangent function and the Nussbaum function was presented to compensate for
saturation nonlinearities of uncertain nonlinear systems. First-order-filter-based auxiliary
systems were introduced to analyze the effect of input saturation in uncertain nonlinear
systems such as nonlinear strict-feedback systems [4] and nonlinear stochastic systems [5].
Auxiliary systems using high-order filters were constructed to design adaptive controllers
for input-saturated nonlinear systems with model uncertainties such as nonlinear stochastic
systems [6] and nonlinear strict-feedback systems [7]. By combining these approaches us-
ing auxiliary systems with the function approximation technique, some study results were
recently developed for various uncertain nonlinear systems in strict-feedback and pure-
feedback forms. In [8], an observer-based adaptive fuzzy tracking controller was designed
for nonlinear systems with time delay and input saturation. In [9], a disturbance-observer-
based adaptive fuzzy control problem was investigated for nonlinear state constrained
systems with input saturation. A robust adaptive control approach was proposed for state-
constrained nonlinear systems with input saturation and unknown control direction [10].
Neural-network-based adaptive control problems of pure-feedback nonlinear systems
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were addressed using a prescribed performance control technique [11] and a function
transformation technique [12]. Furthermore, these adaptive control results were applied to
multiple-input multiple-output (MIMO) nonlinear systems with various applications to
deal with more practical systems. In [13], an adaptive tracking control was proposed for a
class of uncertain MIMO nonlinear systems with non-symmetric input constraints. In [14],
the problem of finite-time adaptive fuzzy tracking control was investigated for MIMO
nonlinear systems with input saturation. An adaptive neural tracking control problem
was studied for MIMO stochastic nonlinear systems with input saturation [15]. In [16],
an adaptive backstepping output feedback tracking problem was considered for MIMO
stochastic pure-feedback nonlinear systems with input saturation. An adaptive neural
tracking control approach was proposed for MIMO pure-feedback time-delay nonlinear
systems with input saturation [17]. In [18], an upper limb robotic exoskeleton with input
saturation was considered for an adaptive control design. However, the aforementioned
study efforts cannot be applied to an adaptive control problem of MIMO nonlinear sys-
tems under capacity-limited network environment with state quantization. The primary
challenge of this problem is how to deal with the multi-input saturation problem using
quantized states in the adaptive control structure and the effects of quantization errors on
the system performance.

Network-based control allows reducing reconfiguration and maintenance cost of the
controller and improving the control efficiency [19]. Since the digital network resources
are limited in the practical communication environment, signal quantization that aims
to map a continuous signal into a discrete set has been widely studied for the control
problems of nonlinear systems. For a variety of nonlinear systems with input quantization,
many interesting study results have been presented. In [20], an adaptive backstepping
stabilization problem was considered for nonlinear uncertain systems with input quantiza-
tion. Adaptive asymptotic tracking control problems were studied for nonlinear uncertain
systems with input quantization [21] and actuator faults [22]. In [23], an output feedback
control approach was presented for uncertain nonlinear systems with input quantization.
In [24], an adaptive backstepping quantized control problem was addressed for a class of
nonlinear systems. Furthermore, the input quantization problem has been studied with
the input saturation problem to consider both the physical limitation of actuators and
lower communication rates. In [25], the problem of adaptive output feedback quantised
tracking control was considered for stochastic nonstrict-feedback nonlinear systems with
asymmetric input saturation. An adaptive tracking method was presented for a class
of uncertain nonlinear systems with input quantization and unknown parameters [26].
However, all the developed control schemes [20–26] only focused on the input quantization
problem, namely the state feedback information should be continuously measured for
the controller design. To consider state quantization, quantized-states-based adaptive
control methods have been recently studied for uncertain nonlinear systems. In [27], an
adaptive control problem of matched nonlinear systems was addressed via the backstep-
ping technique. In [28], a command-filtered-based recursive design was introduced for
uncertain unmatched nonlinear systems to overcome the discontinuity problem of the
derivatives of virtual control laws using quantized states. However, nonlinear functions of
systems concerned in [27,28] were assumed to be known and linearly parameterized, i.e.,
adaptive techniques were only used to deal with parametric uncertainties. To relax this
restriction on uncertainties, an approximation-based adaptive tracker in the presence of
state quantization and time delays was designed in [29]. In [30], an event-triggered adap-
tive neural network control approach was studied for nonlinear systems with unknown
nonlinearities. However, the resultant nonlinear adaptive control approaches [25–30]
involve the following restrictions for more improvement.

(I) The quantized-states-based adaptive control approaches [25–30] focused on the
control problems of single-input single-output systems. Since a large number of practical
systems possess multivariable characteristics and the stability analysis of MIMO systems is
much complicated owing to the interconnected nonlinear dynamics between states and
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inputs, the quantized-states-based tracker design methodology for the networked-based
control of MIMO nonlinear systems with state quantization needs to be further investigated.

(II) The quantized input saturation problems of uncertain nonlinear systems were
considered without state quantization in [25,26] and the input saturation effects were not
considered in [27–30]. To the authors’ knowledge, there is still no reported work on the
input saturation compensation problem in the presence of state quantization. An input
saturation compensation strategy using quantized states should be derived for uncertain
nonlinear systems with state quantization.

In this work, we propose a quantized-states-based adaptive neural control design
for uncertain MIMO nonlinear systems subject to input saturation that overcomes the
above restrictions (I) and (II). It is assumed that all system nonlinearities are completely
unknown, and the full state variables and control inputs quantized by an uniform quantizer
are transmitted to the controller and the MIMO nonlinear systems, respectively. An
augmented error surface using auxiliary variables is defined to design a neural-network-
based adaptive tracking controller using quantized full state information. The unknown
nonlinear functions and quantization errors are compensated by constructing the adaptive
tuning laws using quantized states. The compensation signal is introduced with the
auxiliary system to attenuate the quantized multi-input saturation influence. Based on
the Lyapunov stability theory and some bounding lemmas, the stability of the proposed
quantized feedback system is successfully analyzed with the convergence of the tracking
error. For a practical application of the proposed theoretical result, we simulate and
experiment a 2-degrees-of-freedom (2-DOF) helicopter system.

The rest of the paper is structured as follows. The approximation-based quantized state
feedback tracking problem of MIMO nonlinear systems with quantized input saturation is
formulated in Section 2. The proposed adaptive quantized control design and its stability
analysis are discussed in Section 3. Section 4 introduces a mathematical model of the 2-DOF
helicopter system and its simulation and experimental results are presented. Finally, the
conclusion is given in Section 5.

2. Problem Statement

Consider a class of uncertain MIMO nonlinear systems with quantized input satura-
tion represented by

ẋi = xi+1, i = 1, . . . , n− 1

ẋn = f (x̄n) + g(x̄n)u(q(v))

y = x1

(1)

where xi = [xi,1, . . . , xi,m]
> ∈ Rm is the ith state vector, x̄n = [x>1 , . . . , x>n ]> ∈ Rnm, y =

[y1, . . . , ym]> ∈ Rm denotes the system output vector, f (·) ∈ Rm and g(·) ∈ Rm×m are the
unknown smooth function vector and matrix, respectively, v = [v1, . . . , vm]> ∈ Rm is the
actual control input vector, q(v) = [q(v1), . . . , q(vm)]> ∈ Rm is the quantized signal of v,
and u(q(v)) = [u(q(v1)), . . . , u(q(vm))]> ∈ Rm is the quantized input saturation.

Assumption 1 ([31]). The matrix g(·) satisfies 0 < g ≤ |λ(g(·))| ≤ ḡ, ∀x̄n ∈ Ωx̄n where g > 0
and ḡ > 0 are unknown constants, λ is the eigenvalue operator, and Ωx̄n is a compact set.

The Assumption 1 implies that g(·) is strictly either positive or negative definite.
Without losing generality, it is assumed that g(·) > 0.

Assumption 2. The desired signal xd(t) = [x1,d, . . . xm,d] ∈ Rm is continuously differentiable
up to the nth order, bounded, and available for the controller design.
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In this paper, the network-based control environment with state and input quanti-
zation is considered for the system (1). As the input and state quantizer, the uniform
quantizer is selected by the following function

hq , q(h) =


Lι, Lι − l

2 ≤ h < Lι +
l
2

0, − l
2 ≤ h < l

2

−Lι, −Lι − l
2 ≤ h < −Lι +

l
2

(2)

where h = xi,j, vj with i = 1, . . . , n and j = 1, . . . , m, ι ∈ Z+, l means the length of the
quantization interval, L1 = l, and Lι+1 = Lι + l. Hence, the state and input quantization
errors δxi,j , xi,j − xq

i,j and δvj , vj − vq
j satisfy |δxi,j | ≤ l and |δvj | ≤ l, respectively [32].

Assumption 3 ([27]). The quantized state vector xq
i = [xq

i,1, . . . , xq
i,m]
>, i = 1, . . . , n, is available

for feedback instead of the state vector xi.

Remark 1. According to quantization levels, there exist various quantizers such as uniform
quantizer, hysteresis-uniform quantizer, logarithmic-uniform quantizer, etc. In this paper, we use
the uniform quantizer (2) for the simple analysis and implementation, as states and input quantizers.
However, the uniform quantizers can be easily replaced with other quantizers in our control design.

The saturation of the jth quantized input u(vq
j ) is described by

u(vq
j ) = sat(vq

j ) =

{
sign(vq

j )uj,M, |vq
j | ≥ uj,M

vq
j , |vq

j | < uj,M
(3)

where j = 1, . . . , m, uj,M is the saturation bound of vq
j , and sign(·) denotes the sign function.

Lemma 1 ([33]). For any ε > 0 and s ∈ R, it is ensured that 0 ≤ |s| − s tanh(s/ε) ≤ 0.2785ε.

Problem 1. The aim of this study is to design a quantized-states-based adaptive control vector v
for uncertain MIMO nonlinear systems (1) ensuring that the output y follows the desired signal xd
in the presence of quantized input saturation.

3. Adaptive Neural Tracking Control in the Presence of State Quantization and
Quantized Input Saturation
3.1. Quantized-States-Based Adaptive Tracker Design Using Neural Networks

To achieve the presented adaptive tracking control objective, we define an augmented
error vector s given by

s =

(
d
dt

+ Λ

)n−1

z1 =
n−1

∑
k=0

(
n− 1

k

)
Λkzn−k (4)

where s = [s1, . . . , sm]> ∈ Rm, zi = xi − x(i−1)
d , i = 1, . . . , n − 1, zn = xn − x(n−1)

d −
ΨTanhφ, Λ = diag[λ1, . . . , λm] with constants λj > 0, j = 1, . . . , m, and (n−1

k ) denote
binomial coefficients. Here, Ψ = diag[ψ1, . . . , ψm]; ψj > 0, j = 1, . . . , m, are constants,
Tanhφ = [tanh φ1, . . . , tanh φm], and φj, j = 1, . . . , m, are the compensation variables to
deal with the influence of input saturation to be designed later.

Remark 2. Compared with the existing works related to the input saturation [8–18], the compen-
sation variable vector φ employed in the error surface zn = xn − x(n−1)

d −ΨTanhφ is provided
by an auxiliary system using the quantized state feedback information in order to overcome the
quantized input saturation problem. Furthermore, the tanh function form is used to ensure the
boundedness of the compensation signal φ.
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From (4), the time derivative of s is

ṡ =
n−1

∑
k=1

(
n− 1

k

)
Λkzn−k+1 + f (x̄) + g(x̄)u(vq)−ΨCoshI(φ)φ̇− x(n)d (5)

where CoshI(φ) = diag[1/cosh2(φ1), . . . , 1/cosh2(φm)] and u(vq) = [u(vq
1), . . . , u(vq

m)]
>.

A Lyapunov function is defined as V = (1/2)s>s. Then, the time derivative of V
along (2) and (5) becomes

V̇ = s>
( n−1

∑
k=1

(
n− 1

k

)
Λkzn−k+1 + f (x̄) + g(x̄)u(vq)−ΨCoshI(φ)φ̇− x(n)d

)
. (6)

Here, unknown nonlinear function vector f (x̄) can be approximated via the universal
approximation property of radial basis function neural networks (RBFNNs) [34] in the
compact set f ⊂ Rnm as follows:

f (x̄) = W>Q(x̄) + ε(x̄), x̄ ∈ f (7)

where W = diag[W1, . . . , Wm] ∈ RmM×m is the ideal bounded weighting matrix, W j =

[Wj,1, . . . , Wj,M]>, j = 1, . . . , m, satisfying ‖W j‖ ≤ W̄j with constants W̄j > 0, M is the
number of neural nodes, ε ∈ Rm represents an approximation reconstruction error such
that ‖ε‖ ≤ ε̄ with an unknown constant ε̄ > 0, Q = [Q>1 , . . . , Q>m ]

> ∈ RmM denotes
the Gaussian function vector with Qj ∈ RM, j = 1, . . . , m. The vector Qj is bounded
as ‖Qj‖ ≤ Q̄j with a constant Q̄j > 0 from the inherent property of Gaussian basis
functions [35,36].

By employing (7) to estimate f (x̄) and defining an un-quantized signal v̆, (6) becomes

V̇ = s>
( n−1

∑
k=1

(
n− 1

k

)
Λkzn−k+1 + W>Q(x̄) + ε(x̄) + g(x̄)u(vq) + v̆− v

+ (v− v̆)−ΨCoshI(φ)φ̇− x(n)d

)
. (8)

Then, v̆ is chosen as

v̆ = −ζs−
n−1

∑
k=1

(
n− 1

k

)
Λkzn−k+1 + x(n)d − Ŵ>Q(x̄)− B̂Tanh(s/ε) (9)

where Tanh(s/ε) = [tanh(s1/ε1), . . . , tanh(sm/εm)]> ∈ Rm, ζ = diag[ζ1, . . . , ζm]; ζ j > 0,
εj > 0, j = 1, . . . , m, are design constants, Ŵ = diag[Ŵ1, . . . , Ŵm]; Ŵ j = [Ŵj,1, . . . , Ŵj,M]>,
j = 1, . . . , m, and B̂ are estimates of W j and B, respectively. Here, the positive unknown
constant B is derived later.

Applying (9) into (8) gives

V̇ = −s>ζs− s>W̃>Q(x̄) + s>ε(x̄) + s>(g(x̄)u(vq)− v−ΨCoshI(φ)φ̇)

+ s>(v− v̆)− B̃s>Tanh(s/ε)− Bs>Tanh(s/ε) (10)

where W̃ = Ŵ −W and B̃ = B̂− B are the estimation errors.
To construct a quantized-states-based actual control law v, a quantized-states-based

augmented error s∗ is defined as

s∗ =
n−1

∑
k=0

(
n− 1

k

)
Λkz∗n−k (11)
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where the error surfaces z∗i , i = 1, . . . , n, with quantized state variables are given by

z∗i = xq
i − x(i−1)

d , i = 1, . . . , n− 1,

z∗n = xq
n − x(n−1)

d −ΨTanhφ
(12)

where xq
j = [xq

j,1, . . . , xq
j,m]
>, j = 1, . . . , m, and the saturation compensation vector

φ = [φ1, . . . , φm]> is provided by the following auxiliary system using quantized states

φ̇j = (cosh2 φj)(−κj tanh φj + u(vq
j )− vq

j )/ψj, φj(0) = 0, j = 1, . . . , m, (13)

with a design constant κj > 0.
Based on the quantized-states-based augmented error s∗, we propose an actual control

law v with adaptation laws for Ŵ j and B̂ as follows:

v = −ζs∗ −
n−1

∑
k=1

(
n− 1

k

)
Λkz∗n−k+1 + x(n)d − Ŵ>Q(x̄q)− B̂Tanh(s∗/ε) (14)

˙̂W j = ΓW,j(s∗j Qj(x̄q)− σW |s∗j |Ŵ j), j = 1, . . . , m (15)

˙̂B = ΓB(s∗>Tanh(s∗/ε)− σB‖s∗‖B̂) (16)

where x̄q = [(xq
1)
>, . . . , (xq

n)
>]>, ΓW,j = diag[γw,j,1, . . . , γw,j,M]; γw,j,i > 0, i = 1, . . . , M,

and ΓB > 0 are tuning gains, σW > 0 and σB > 0 are small constants for σ-modification,
and s∗j is the jth element of s∗.

Substituting (13) into (10) yields

V̇ = −s>ζs− s>W̃>Q(x̄) + s>ε(x̄) + s>(g(x̄)u(vq)− u(vq) + κTanhφ− δv)

+ s>(v− v̆)− B̃s>Tanh(s/ε)− Bs>Tanh(s/ε) (17)

where κ = diag[κ1, . . . , κm] and δv = v− vq.
Using Assumption 1, (3), and Young’s inequality, we have

s>(g(x̄)u(vq)− u(vq)) ≤ ‖s‖(ḡ + 1)uM

s>κTanhφ ≤ ‖s‖κ̄
−s>δv ≤ ‖s‖

√
ml

where κ̄ =
√

∑m
j=1 κ2

j and uM =
√

∑m
j=1 u2

j,M. Then, (17) becomes

V̇ ≤ −s>ζs− s>W̃>Q(x̄) + s>ε(x̄) + ‖s‖((ḡ + 1)uM + κ̄ +
√

ml)

+ s>(v− v̆)− B̃s>Tanh(s/ε)− Bs>Tanh(s/ε). (18)

Remark 3. In the previous adaptive control design to deal with quantized input saturation prob-
lem [25,26], the state quantization problem was not considered. Different from [25,26], the quantized
state variables x̄q are used in the proposed control law (14) instead of original states variables x̄.
Thus, the stability analysis for quantization signal errors between original states and quantized
states are necessary. In the proposed quantized-states-based adaptive tracking control structure
shown in Figure 1, the compensation term ΨTanhφ provided by the auxiliary system (13) is adopted
in the augmented error (11) and control law (14) to compensate for multi-input saturation effects.
To compensate for system uncertainties and unknown parameters, the quantized-states-based neu-
ral network Ŵ>Q(x̄q) and parameter adaptation laws (15) and (16) are derived for uncertain
MIMO nonlinear systems. The closed-loop stability is analyzed by establishing the boundedenss of
quantization errors in the next subsection.
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Figure 1. Block diagram of the proposed quantized-states-based adaptive tracking system in the
presence of quantized input saturation.

3.2. Quantization Errors and Closed-Loop Stability Analysis

In this section, the stability analysis of the closed-loop system is carried out by Lya-
punov theory.

Lemma 2. For the adaptation law (15), there exists a compact set ΩWj = {W̃ j|‖W̃ j‖ ≤ ΞWj}
with an unknown constant ΞWj such that W̃ j(t) ∈ ΩWj for all t ≥ 0 provided that W̃ j(0) ∈ ΩWj
where j = 1, . . . , m.

Proof. Consider a Lyapunov function candidate VWj = (1/2)W̃>
j Γ−1

W,jW̃ j. Then, differenti-
ating VWj with respect to time gives

V̇Wj = W̃>
j (s
∗
j Qj(x̄q)− σW |s∗j |Ŵ j) = W̃ j

>
(s∗j Qj(x̄q)− σW |s∗j |(W̃ j + W j)). (19)

Since there exist constants W̄j and Q̄ such that ‖W j‖ ≤ W̄j and ‖Qj‖ ≤ Q̄j, respectively,
V̇Wj becomes

V̇Wj ≤ ‖W̃ j‖|s∗j |(Q̄j + σWW̄j − σW‖W̃ j‖). (20)

From (20), V̇Wj < 0 when ‖W̃ j‖ > ΞWj with ΞWj = (Q̄j + σWW̄j)/σW . Thus, W̃ j are
bounded within ΩWj . Thus, if W̃ j(0) ∈ ΩWj , it holds that W̃ j(t) ∈ ΩWj for all t ≥ 0.

Lemma 3. For the adaptation law (16). there exists a compact set ΩB = {B̃||B̃| ≤ ΞB} with an
unknown constant ΞB such that B̃(t) ∈ ΩB for all t ≥ 0 provided that B̃(0) ∈ ΩB.

Proof. Consider VB = (1/2)B̃2/ΓB. From ‖Tanh(s∗/ε)‖ ≤
√

m and B̂ = B + B̃, V̇B is
represented by

V̇B ≤ |B̃|‖s∗‖(
√

m + σBB− σB|B̃|). (21)

Then, by defining ΞB , (
√

m + σBB)/σB and reasoning the proof of Lemma 2, B̃(t) ∈ ΩB,
∀t ≥ 0 is ensured if B̃(0) ∈ ΩB.

Lemma 4. Define the quantization errors of the augmented error surface and the control input
vector as

δs = s− s∗, δv̆ = v̆− v. (22)
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Then, there exist positive constants ∆s and ∆v̆ such that ‖δs‖ ≤ ∆s and ‖δv̆‖ ≤ ∆v̆, respectively.

Proof. Define δQ = Q(x̄)−Q(x̄q) and δt = Tanh(s/ε)− Tanh(s∗/ε). From ‖Qj‖ ≤ Q̄j,
there exists a constant Q̄ such that ‖Q‖ ≤ Q̄. Using ‖Tanh(·)‖ ≤

√
m, we obtain the

inequalities ‖δQ‖ ≤ 2Q̄ and ‖δt‖ ≤ 2
√

m. Using the property |δxi,j | ≤ l, δs becomes

‖δs‖ =
∥∥∥∥ n−1

∑
k=0

(
n− 1

k

)
Λkzn−k −

n−1

∑
k=0

(
n− 1

k

)
Λkz∗n−k

∥∥∥∥
=

∥∥∥∥ n−1

∑
k=0

(
n− 1

k

)
Λk(xn−k − xq

n−k)

∥∥∥∥
≤
∥∥∥∥ n−1

∑
k=0

(
n− 1

k

)
Λkl
√

m
∥∥∥∥ , ∆s. (23)

Thus, using (9) and (14), δv̆ is obtained as

δv̆ = −ζδs −
n−1

∑
k=1

(
n− 1

k

)
Λk(zn−k+1 − z∗n−k+1)− Ŵ>

δQ − B̂δt. (24)

Using Lemmas 2 and 3, δv̆ is bounded as

‖δv̆‖ ≤ ‖ζ‖∆s +
n−1

∑
k=1

(
n− 1

k

)
‖Λ‖kl

√
m + 2Q̄

m

∑
j=1

(ΞWj + W̄j) + 2
√

m(ΞB + B) , ∆v̆. (25)

Thus, it is ensured that ‖δs‖ ≤ ∆s and ‖δv̆‖ ≤ ∆v̆.

Based on Lemmas 2–4, the main result of our study is presented as follows.

Theorem 1. Consider the uncertain MIMO nonlinear system (1) with state quantization and
quantized input saturation controlled by the proposed adaptive quantized state feedback tracker
consisting of (13)–(16). Then, all closed-loop signals are uniformly ultimately bounded and the
tracking error z1 converges to an adjustable neighborhood of the origin.

Proof. From (18) and ‖δv̆‖ ≤ ∆v̆, the time derivative of V is

V̇ ≤ −s>ζs− s>W̃>Q(x̄) + s>ε(x̄) + ‖s‖((ḡ + 1)uM + κ̄ +
√

ml + ∆v̆)

− B̃s>Tanh(s/ε)− Bs>Tanh(s/ε). (26)

Owing to ‖ε‖ < ε̄ with a constant ε̄ and the boundedness of W̃ from Lemma 2, (26) becomes

V̇ ≤ −s>ζs + ‖s‖
(
(ḡ + 1)uM + κ̄ +

√
ml + ∆v̆ + Q̄

m

∑
j=1

ΞWj + ε̄

)
− B̃s>Tanh(s/ε)− Bs>Tanh(s/ε). (27)

By defining B = (ḡ + 1)uM + κ̄ +
√

ml + ∆v̆ + Q̄ ∑m
j=1 ΞWj + ε̄ and using Lemma 1, we

obtain the following inequality

−Bs>Tanh(s/ε) + B‖s‖ ≤
m

∑
j=1

B(|sj| − sj tanh(sj/εj)) ≤
m

∑
j=1

0.2785Bεj. (28)
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Additionally, using the inequality |B̃s>Tanh(s/ε)| ≤ ‖s‖2/2 + (ΞB)
2/2 and selecting the

design parameter as ζ = (1/2)I + ζ̄ I with an identity matrix I ∈ Rm×m and a positive
constant ζ̄, (27) can be represented by

V̇ ≤ −ζ̄V + C (29)

where C = (ΞB)
2/2 + ∑m

j=1 0.2785Bεj. Integrating both sides of (29), the following inequal-
ity holds

V(t) ≤ V(0)e−ζ̄t +
C
ζ̄
(1− e−ζ̄t), ∀t ≥ 0. (30)

This inequality demonstrates that V(t) is eventually bounded within the value C/ζ̄ which
can be reduced arbitrarily small. Thus, all the closed-loop signals are uniformly ultimately
bounded. Since s is bounded, the tracking error vector z1 is also bounded. Furthermore,
the control law v is bounded and thus ‖u(vq)− vq‖ ≤ ς is ensured with a constant ς. From
this fact, we can check the boundedness of the auxiliary system variable φ by defining the
Lyapunov function candidate Vφ = (1/2)φ>Ψφ. Then, the time derivative of Vφ along
(13) is represented by

V̇φ = cosh> φ cosh φ(−φ>κTanhφ + φ>(u(vq)− vq))

≤ cosh> φ cosh φ[κ(‖φ‖ −φ> tanh φ)− κ‖φ‖+ ς‖φ‖] (31)

where cosh φ = [cosh φ1, . . . , cosh φm]> and κ = min{κ1, . . . , κm}.
By choosing κ = ς + κ∗ with a constant κ∗ > 0, (31) becomes

V̇φ ≤ cosh> φ cosh φ(0.2785mκ − κ∗‖φ‖) (32)

From (32), V̇φ < 0 when ‖φ‖ > 0.2785mκ/κ∗. Thus, owing to φ(0) = 0, φ is bounded
in a compact set Ξφ = {φ(t)|‖φ(t)‖ ≤ 0.2785mκ/κ∗}, ∀t ≥ 0.

4. Application to 2-DOF Helicopter

A 2-DOF helicopter system shown in Figure 2 is a twin rotor experiment equipment
for advanced aerospace applications. The helicopter system driven by two DC motor
consists of a main rotor that controls the pitch and a tail rotor that controls the yaw where
each angle is measured by its encoder. The 2-DOF helicopter system is simulated and
experimented to illustrate the effectiveness of the proposed control approach.

Figure 2. Quanser Aero 2-DOF Helicopter [37].
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4.1. Mathematical Model

The dynamics of the 2-DOF helicopter system is represented by the following nonlinear
equations [38]:

(Jp + mbl2
b)ϑ̈ = −mbglb cos ϑ− Dpϑ̇−mbl2

b ϕ̇2 sin ϑ cos ϑ + KppVp + KpyVy

(Jy + mbl2
b cos2 ϑ)ϕ̈ = −Dy ϕ̇ + 2mbl2

b ϑ̇ϕ̇ sin ϑ cos ϑ + KypVp + KyyVy
(33)

where ϑ and ϕ denote pitch and yaw angles denoting the outputs of the system, respectively,
ϑ̇ and ϕ̇ denote angular velocities of pitch and yaw angles, respectively, Jp and Jy are the
moments of inertia about the pitch and yaw, respectively, mb is the total mass of the body,
lb is the distance between the center of mass and the origin of the body-fixed frame, g is
the gravity acceleration, Dp and Dy are the viscous friction coefficients, Kpp, Kpy, Kyp, and
Kyy are the thrust torque constants, and Vp and Vy are the input voltages injected to the DC
motors for controlling two propellers. The system parameters are given in Table 1.

Table 1. Parameters of the 2-DOF Helicopter system [38].

Symbol Value SI Unit
mb 1.0750 kg·m2

g 9.8065 m/s2

lb 0.002 m
Jp 0.0215 kg·m2

Jy 0.0237 kg·m2

Dp 0.0071 N/V
Dy 0.0220 N/V
Kpp 0.0220 N·m/V
Kpy 0.0221 N·m/V
Kyp −0.0227 N·m/V
Kyy 0.0022 N·m/V

By considering the quantized input saturation and defining the variables x1,1 = ϑ,
x1,2 = ϕ, x2,1 = ϑ̇, x2,2 = ϕ̇, v1 = Vp, and v2 = Vy. Then, the system (33) can be rewritten
in the MIMO nonlinear form (1):

ẋ1 = x2

ẋ2 = f (x̄2) + g(x̄2)u(q(v))

y = x1

(34)

where x1 = [x1,1, x1,2]
>, x2 = [x2,1, x2,2]

>, v = [v1, v2]
>, and

f =

−mbglb cos x1,1−Dpx2,1−ml2
b x2

2,2 sin x1,1 cos x1,1

Jp+mb l2
b

−Dyx2,2+2mb l2
b x2,1x2,2 sin x1,1 cos x1,1

Jy+mb l2
b cos2 x1,1

, g =

 Kpp

Jp+mb l2
b

Kpy

Jp+mb l2
b

Kyp

Jy+mb l2
b cos2 x1,1

Kyy

Jy+mb l2
b cos2 x1,1

.

Notice that the unknown function matrix g in system (34) satisfies Assumption 1.

4.2. Design of Quantized-States-Based Adaptive Tracker

Define the augmented error using quantized states as

s∗ = z∗2 + Λz∗1 (35)

where s∗ = [s∗1 , s∗2 ]
>, z∗1 = x∗1 − xd, z∗2 = x∗2 − ẋd − ΨTanhφ, xd = [x1,d, x2,d]

>, φ =

[φ1, φ2]
>, Ψ =

[
ψ1 0
0 ψ2

]
, and Λ =

[
λ1 0
0 λ2

]
. Here, φ is given by

φ̇j = (cosh2 φj)(−κj tanh φj + u(vq
j )− vq

j )/ψj, φj(0) = 0, j = 1, 2. (36)
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Using the similar reasoning in Section 3.1, the adaptive quantized state feedback
tracker for system (34) can be derived as follows:

v = −ζs∗ −Λz∗2 + x(n)d − Ŵ>Q(x̄q)− B̂Tanh(s∗/ε) (37)
˙̂W j = ΓW,j(s∗j Qj(x̄q)− σW |s∗j |Ŵ j), j = 1, 2 (38)

˙̂B = ΓB(s∗>Tanh(s∗/ε)− σB‖s∗‖B̂) (39)

where ζ =

[
ζ1 0
0 ζ2

]
and ΓW,j =

[
γw,1 0

0 γw,2

]
.

Remark 4. In the existing nonlinear control results dealing with the 2-DOF helicopter sys-
tem [38–41], the input saturation problem was not considered even though input saturation
practically occurs in the 2-DOF helicopter system (34). Besides, the previous results [38–41] did
not consider both the state and input quantization problems and thus cannot be applied to the
network-based state-quantized control problem. However, this paper considers the state quantization
and the quantized input saturation effects.

4.3. Simulation Results

Prior to the implementation, a numerical simulation for system (34) is proceeded.
The initial conditions for the simulations are set to x1(0) = [−0.05, 0.05]> (rad/s) and
x2(0) = [0, 0]>. Hence, the input saturation of Vp and Vy are set to u1,M = u2,M = 24
from the DC motor specification. The length of the quantization intervals are chosen as
l = 0.01 for state variables and l = 1 for control inputs. The design parameters are chosen
as ζ1 = ζ2 = 1, λ1 = λ2 = 3, ψ1 = ψ2 = 1, κ1 = κ2 = 200, ε = 0.1, γw,1 = γw,2 = 10, ΓB = 1,
and σW = σB = 0.001. The mean squared errors for the pitch and yaw angles are 0.1044
and 0.0435, respectively. The tracking results for simulation are shown in Figure 3. The DC
motor voltages denoting the control inputs are shown in Figure 4. The output of RBFNNs
and the estimation results of unknown parameter are displayed in Figure 5. From these
figures, we show that the proposed adaptive quantized state feedback tracker achieves the
robust tracking in the presence of state quantization and the quantized input saturation of
the MIMO nonlinear system (34).
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Figure 3. Tracking results for simulation (a) x1,1 and x1,d (b) x1,2 and x2,d.
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Figure 4. Control input voltages Vp and Vy for simulation.
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Figure 5. RBFNNs outputs and adaptive parameters for simulation (a) Ŵ>
1 Q1 and Ŵ>

2 Q2 (b) B̂.

4.4. Experimental Results

The experiment setup is shown in Figure 6. The experiment results are displayed
in Figures 7–9. The initial conditions for experiment are set to x1(0) = [0, 0]>(rad/s)
and x2(0) = [0, 0]>. The input saturation is set as u1,M = u2,M = 24. The length of the
quantization intervals are chosen as l = 0.01 for state variables and l = 1 for control inputs.
The design parameters are chosen as ζ1 = ζ2 = 30, λ1 = λ2 = 3, ψ1 = ψ2 = 1, κ1 =
κ2 = 200, ε = 1, γw,1 = γw,2 = 7, ΓB = 1, and σW = σB = 10−5. The tracking results for
the experiment are shown in Figure 7. The mean squared errors for the pitch and yaw
angles are 0.0656 and 0.0523, respectively. Figure 8 shows the input voltages. The RBFNNs
outputs and estimation results are displayed in Figure 9. From these figures, we can see
that the proposed approach is successfully validated via the 2-DOF helicopter system (34).
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Figure 6. Experiment setup.
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Figure 7. Tracking results for experiment (a) x1,1 and x1,d (b) x1,2 and x2,d.
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Figure 8. Control input voltage Vp and Vy for experiment.
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Figure 9. RBFNNs outputs and adaptive parameters for experiment (a) Ŵ>
1 Q1 and Ŵ>

2 Q2 (b) B̂.

5. Conclusions

A neural-network-based adaptive quantized state feedback control design has been
developed for uncertain MIMO nonlinear systems with state quantization and quantized
input saturation. In the design of the proposed tracker scheme, unknown system nonlin-
earities and quantization errors are compensated by RBFNNs and adaptive techniques,
respectively. The auxiliary system using quantized states and compensation signals has
been introduced to analyze the effects of the quantized multi-input saturation. The stabil-
ity of the closed-loop error signals with quantization errors has been analyzed by some
theoretical lemmas. Finally, we have validated the effectiveness of the proposed quan-
tized state feedback tracker by presenting the simulation and experimental results for the
2-DOF helicopter system. Comparison studies of the adaptive neural tracker design to the
deterministic artificial intelligence approach reported in [42] will be explored in the future.
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