. mathematics

Article

A Study of Spaces of Sequences in Fuzzy Normed Spaces

Ju-Myung Kim  and Keun-Young Lee **

check for

updates
Citation: Kim, ]J.-M.; Lee, K.-Y. A
Study of Spaces of Sequences in
Fuzzy Normed Spaces. Mathematics
2021, 9, 1040. https://doi.org/
10.3390/math9091040

Academic Editor: Gustavo

Santos-Garcia

Received: 20 January 2021
Accepted: 28 April 2021
Published: 4 May 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /
4.0/).

Department of Mathematics and Statistics, Sejong University, Seoul 05006, Korea; kim21@sejong.ac.kr
* Correspondence: polaris21@alumni.kaist.ac.kr ; Tel.: +82-2-6935-2504
1 These authors contributed equally to this work.

Abstract: In this paper, spaces of sequences in fuzzy normed spaces are considered. These spaces are
a new concept in fuzzy normed spaces. We develop fuzzy norms for spaces of sequences in fuzzy
normed spaces. Especially, we study the representation of the dual of a space of sequences in a fuzzy
normed space. The approximation property in our context is investigated.
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1. Introduction

Since Katsaras first introduced the notion of fuzzy norm on a vector space [1], a
study for fuzzy normed spaces has actively progressed. In 1992, Felbin introduced a new
definition of a fuzzy norm (namely, Felbin-fuzzy norm, in this paper, fuzzy norm) related
to a specific fuzzy metric [2,3]. Because of his pioneering researches, topological properties
have been studied according to Felbin type’s fuzzy norms [4,5]. Especially, the authors
recently introduced the approximation properties in fuzzy normed spaces [6,7].

A study of spaces of sequences in vector spaces is a very important concept to research
functional analysis, because these spaces have been investigated for Shauder basis and op-
erator theory [8]. In 1989, Nanda introduced sequences of fuzzy numbers [9]. In 2000, Savas
introduced summable sequences of fuzzy numbers [10-12]. Felbin investigated sequences
and their limits in the sense of fuzzy normed spaces [2]. In Felbin’s sense, Sencimen and
Pehlivan [13] introduced the notions of a statistically convergent sequence and statistically
Cauchy sequence in a fuzzy normed linear space. Hazarika [14,15] provided the concepts
of I -convergence, I -convergence, and I -Cauchy sequence in a fuzzy normed linear space
in terms of general framework. For more researches of sequences in fuzzy normed spaces,
we refer to [16-18].

In previous studies, many researchers concentrated on investigating the convergency
of sequences in fuzzy normed spaces and their topological properties. However, until now,
no research for spaces of sequences in fuzzy normed spaces itself has been done, because it
is difficult to define fuzzy norm for spaces of sequences in fuzzy normed space. Because
the space of sequences in fuzzy normed spaces itself is very important in fuzzy functional
analysis, we need to investigate that space in terms of fuzzy norms.

In this paper, we study spaces of sequences in fuzzy normed spaces. We establish a
well-defined fuzzy norm for spaces of sequences in fuzzy normed spaces and its complete-
ness. This is an important contribution of our paper. Moreover, we investigate the fuzzy
dual of spaces of sequences in fuzzy normed spaces. We characterize the approximation
property for spaces of sequences in fuzzy normed spaces. The contribution of our paper is
to make tools for fuzzy analysis, because we characterize the duality and approximation
property in the sense of sequences in fuzzy normed spaces.

Our paper is organized, as follows. Section 2 gives some preliminary results. In
Section 3, we define fuzzy norms for spaces of sequences in fuzzy normed spaces. Fur-
thermore, we provide their completeness and several examples. In Section 4, we give the
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representation of the dual space of the space of sequences in a fuzzy normed space. In
Section 5, we provide the results of the approximation property for spaces of sequences in
fuzzy normed spaces (for reference, see [19]).

2. Preliminaries

Definition 1 (See [2]). A mapping 1 : R — [0,1] is called a fuzzy real number with a-level set
[7]la = {t : n(t) > a}, if it satisfies the following conditions:

(i) there exists a tg € R such that 17(tg) =1

(i) for each o € (0,1], there exist real numbers ;< 13, such that the a-level set 1], is equal
to the closed interval [17; ,1,]

The set of all fuzzy real numbers is denoted by F(R). If € F(R) and 7(t) = 0
whenever t < 0, then 7 is called a non-negative fuzzy real number and F*(R) denotes
the set of all non-negative fuzzy real numbers. We note that the real number 7, > 0 for
all 7 € F*(R) and all « € (0, 1]. Because each r € R can be considered as the fuzzy real
number 7 € F(R) denoted by

A t=r
Ht) = { 0, t#r,
hence, it follows that R can be embedded in F(R).

Lemma 1 (See [20]). Let 7,7y € F(R) and [y]a = e, 131, [va]l = [va,vd]. Then for all
a e (0,1],
1©7]e = Ine +7va. 1 + 70,

meve=W =7 — vl

1@ Y)a = [ Yo 12 va 1.V, v € FF(R),

- 1 1
1/n)e = [—=,—=1, Y1, >0,
12 Na

[117]]a = [max(0, 7y, =7 ), max(|n |, 1727 ])]-

Definition 2 (See [20]). Let 17,y € F(R) and [n]a = 12,14, [ve) = [va,va ], forall a €
(0,1]. Define a partial ordering by 1 < vy in F(R) if and only if 1y < vo, 18 < vd, for all
a € (0,1]. The strict inequality in F(R) is defined by 5 < vy ifand only if g < vz, 18 < v,
forall« € (0,1].

Definition 3 (See [21]). Let X be a vector space over R. Assume that the mappings L, R :
[0,1] x [0,1] — [0, 1] are symmetric and non-decreasing in both arguments, and that L(0,0) = 0
and R(1,1) = 1. Let || - || : X — F*(R). The quadruple (X, || - ||, L, R) is called a fuzzy normed
space with the fuzzy norm || - ||, if the following conditions are satisfied:

(F1) if x # 0, then info. <1 ||x]|z >0,

(F2) ||x|| = 0 if and only if x = 0,

(F3) ||rx|| = |F|||x|| for x € X and r € R,

(F4) forall x,y € X,

(F4L) [|x+yl|(s +¢) = L(|[x||(s), [[yl|(£)) whenevers < [|x|[, t < |ly[| ™ and s+t < [lx+yll;,
(F4R) [[x + yl|(s + 1) < R([|x[(s), l[yl| () whenever s > ||x[|y, £ > |ly[|~ and s +- = |lx +yl1 -

Remark 1 (See [2]). If L(s,t) = min(s, ) and R(s, t) = max(s,t) forall s,t € [0,1], then the
triangle inequality (F4) shown in Definition 4 is equivalent to

x4yl = llxll @ [yl
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In this paper, we fix L(s,t) = min(s,t) and R(s,t) = max(s,t) for all s,t € [0,1]
because of the triangle inequality, and we write (X, || - ||).

Definition 4 (See [2]). Let (X, || - ||) be a fuzzy normed space. A sequence {x,} of X is said to
converge to x € X (im0 X = x) if

lim (|, — 2| =0

forall « € (0,1). A subset A of X is called compact in (X, || - ||) if each sequence of elements of A
has a convergent subsequence in (X, || - ||).

Remark 2. Let (X, || - ||) be a fuzzy normed space. Subsequently, for all x € (0,1], (X, || - |l2)
and (X, || - ||17) are normed spaces.

Definition 5 (See [21]). Let (X, || -||) and (Y, || - ||~) be fuzzy normed spaces. The linear operator
T : X — Y is said to be a strongly fuzzy bounded if there is a real number M > 0, such that
[ Tx||~ X M ® ||x|| for all x € X. We will denote the set of all strongly fuzzy bounded operators
from (X, || - ||) to (Y, || - |~) by F(X,Y). Afterwards, F(X,Y) is a vector space. For all M > 0,
we denote F(X,Y, M) by

{TeF(X,Y):|Tx[|” 2 M@ |x||,Vx € X},
where M is a positive real number.

A is called a bounded in F(X,Y) if A = F(X,Y, M) for some M > 0. Moreover,
we denote the set of all finite rank strongly fuzzy bounded operators from (X, || - ||) to
(Y, || - I7) by F(X,Y). Subsequenty, F(X,Y) is a subspace of F(X,Y). Similarly, we define
F(X,Y, M) for some M > 0.

3. Spaces of Bounded Sequences and Null Sequences in Fuzzy Normed Spaces

In this section, we provide definitions of fuzzy norms for spaces of bounded sequences
and null sequences in fuzzy normed spaces. Recall that a sequence {x, } of a fuzzy normed
space X is said to be bounded if there exists a fuzzy real number 7, such that

lxn|l < #,Vn € N.
([9D.

Definition 6. Let (X, || - ||) be a fuzzy normed space. We denote, by L (X, || - ||), the set of
all bounded sequences in (X, || - ||). A set boo(X, || - ||) is clearly vector space with respect to
componentwise summation and componentwise multiplication by a scalar. We define || (x,)||¢., by,

N Gen) el = |sup lxalla, inf{ns" : [lxall = 7, Yn}|.

We shall write || (xn)||,_, = sup, |[xu|l5 and ||(xn)|\Zoa =inf{y : |xa| < 7, Vn}.

Lemma 2 (See [3]). Let [aq,ba],0 < a < 1 be a given family of non-empty intervals. Assume

(@) [, ba;] 2 [Aay, bay] forall 0 < ay < ay.

(b) [limk_m Ay, My oo b,xk] = |ay, by] whenever {a} is an increasing sequence in (0,1]
converging to a.

Subsequently, the family [ay, by] represents the a-level sets of a fuzzy number. Conversely, if
[a4,b4],0 < o < 1, are the a-level sets of a fuzzy number the conditions (a) and (b) are satisfied.



Mathematics 2021, 9, 1040

40f16

Theorem 1. Let (X, || - ||) be a fuzzy normed space and (x,,) a bounded sequence in (X, || - ||).
Afterwards, ||(x,) || ¢, is a fuzzy real number.

Proof. Leta € (0,1] be given. There exists a fuzzy real number y such that ||x,|| < 7, Vn.

Subsequently, we have
sup [|xulle <7 <74
n

4

thus we obtain
sup [l < inf{ng : [|lxall <7, Vn}.

Hence, [|| (xa)]l¢.], = [||(xn)|\ e ||(xn)|\Zoa] is a nonempty interval for all « € (0, 1].
We show that the interval [||(x,)]|(.,], satisfies conditions (a) and (b) in Lemma 2.
(a) Let0 < a1 < ap. Afterwards,

SUp [[Xnlla; < sup f[xnla,-

Because 1, < 1., we have
inf{, : llxn] <17, ¥n} < inf{ng, « xall <7, Vn},

hence [H(Xn)Héoo]az - [H(xn)Héoo]al‘

(b) Let (ax) be a increasing sequence in (0,1] converging to . Subsequently, aj < a1 < o
and, thus,

SI;PSUPIIXnIIQk < sup [|xn o

Let € > 0. Afterwards, there exists 19 € N such that ||x,, ||, > sup,, ||xx||, —€. By
Lemma 2 (b), we have ||xy, |, = limy [|xn, ||, - Subsequently, there exists ko, such that

1% [l +€ > [ [l -
Hence, we have

sup sup o 26 > [1xno g, +2€ > sup flxu]

Because € — 0,
Sipsup\lanak supIIxnlla

On the other hand, by the proof of [5] (Theorem 5.4), we can show that

1i]{ninf{17&: tlxall =g, Y0} = inf{yg : [lxall <, Vn},

hence the interval [|| (x,)| . ], satisfies conditions (a) and (b) in Lemma 2.
O

Remark 3. Let (X, || - ||) be a fuzzy normed space and (x,) in leo(X, || - ||). Let

Ay = A{n llxall 2m,m € F(R)}.

Afterwards, the fuzzy real number ||(x,)||¢,, is the element of Ay, such that ||(x,)||¢, = 7 for
every 11 € Ay, i.e., ||(xn)l|¢, is the smallest fuzzy real number of Ay. Indeed, take any n € Ay and
a € (0,1]. Subsequently, we have

[(x) I, = inf{n « [[xall < 9,90} <9,
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||(xn)||z_ooa = Slrllp [xnlle <774
Additionally, since ||x,||F < 1, we have
lxnlld” < inf{ny « [lxall = 4, Vn},
lenlla” < sup flella
hence it follows that ||(x4)l|,, € Ay and ||(x4)s, = 1.

Theorem 2. The vector space Lo (X, || - ||) that is equipped with the norm defined in Definition 9
is a fuzzy normed space.

Proof. We shall show that || - ||, satisfies the conditions (F1)—(F4) of Definition 4.

(F1) Let (x,) # 0in foo(X, || - ||). Afterwards, there exists 1y € N such that x,,, # 0. We
have for all w € (0,1]

0< ,inf ol < gl < sup sy,
so we obtain 0 < infog<1 [|xny[l g < infocust sup,, [|1xnlls = infocact || (xn)ll;,-

(F2) Let (x) € Loo(X, || - ||)- Ttis clear that if (x,) = 0, then ||(x,)||s, = 0. Conversely, let
| (xn)]|¢, = 0. Subsequently, we have for all « € (0,1]

1)l ge = N Ga) 10 =0,

so we obtain sup,, ||x,||; = 0. Afterwards, it is clear that x,, = 0 for all n.
(F3) Letr #0 € Rand (x,) € leo(X, ]| - ||). Forall &« € (0,1], we have

UrGen) el = |sup [rxully, inf{y," : [frxa|l = W,Vn}}
n

. 1 ]
= |lrlsup [lxully, inf{y," : [l = v
n A

. 1
= ||l sup x|, inf{ 7|77 : |12 jwn}} @)
n

= (Il Gen) [l e

= |lrlsup [[xully, [rlinf{yy : [lxnll < v, ¥V}
n m

where ¥ = ﬁﬂ.
(F4) Leta € (0,1] be given. It is clear that

1Gen) + ()l = 5P (X0 +ynlla < sup(lixnlla + llynlla) < [1Cen) o + 1 (a)llr 4
n n
Now, let € > 0 be given. There are fuzzy real numbers 7, 7, such that
Gl +€ > 70

[yl +€>7d

where ||x,|| < 7 and ||y.|| < - for all n. Subsequently, we have

0+ ynll = lxnll © lynll 2 7@
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Therefore,

1Gen) + ) lLoe < 720 +vd <)+ 1)l + 26

Hence,

1Gen) + W) e < G+ 1) 7
O

Recall that a sequence (x,) is called Cauchy if, for a given € > 0, there exists N € N,
such that, forall m,n > N

Hm |Jxp, — x| <e.
n,Mm—00

Additionally, a fuzzy normed space (X, || - ||) is said to be complete if every Cauchy
sequence converges in (X, | - ||)[5]-

Theorem 3. Let (X, || - ||) be a complete fuzzy normed space. Subsequently, le(X, | - ||) is a
complete fuzzy normed space.

Proof. Let X,, = (xi"), xén), ---) be a Cauchy sequence. First, we claim that, for each j,

")

there exists z; € X, such that x]( —zjasn — ooin (X, - [|). Indeed, take any € > 0 and

a € (0,1]. Subsequently, there exists ny € N, such that n, £ > ny,
1Xn = Xl <€

i.e., we have inf{7, : Hx](n) - x]w | < n,Vj} <eforalln, l > ng. Fixn, £ > ny. Afterwards,

there exists a fuzzy real number 7 such that

. n )4 .
Mow < inf{y Hx]( )—x]( N =7, +e < 2,

L .
1" — 29 < 10, .
Therefore,
L
sup Hx](.n) - x]( N <t < 2e.
]

Hence,

sup ||x](n) — x](é)H;r < 2¢,Vn,l > ng.
j

Thus, | = 1, we obtain ||x§n) - xy) & < 2€,Yn, £ > nyg, so it follows that (x§")) is a
Cauchy sequence in (X, || - ||). Because (X, || - ||) is complete, there exists z; € X, such
that x%n) — z1 as n — oo. Continuing this process, it proves our claim. Now, we put
Z=(z1,20, ).

Second, we claim that X, M Zasn — co. Lete > 0and a € (0,1] be given.

By results of the first claim, if 1, £ > ng, then there exists a fuzzy real number 7, such that
we have

175; < 2e,
)4 .
I =571 <0, .
Now, we fix j € N. There exists £y € N with ¢y > ng, such that ¢ > ¢,

l
I~ 5l <e.
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Therefore, if n > ny, we have

4 14 ~
1 =zl < 6" = 2D & 16D — 21| 2 o B

Hence, if n > ng, we obtain for all j,

1%

i =zl 2o +€

soif n > ng,
X0 = ZI17, = inf{d 2™ — 2] <7, )} < g +€ < 3e.

Finally, we show that Z € {(X, || - ||). By the second claim, there exist a fuzzy real
number g and 1y € N, such that n > ny, we obtain for all j,

" =zl < @&

Now, we fix n > ng. Since X, € loo(X, | - ||), there exists a fuzzy real number #;
such that

Hence, for all j, we obtain
Izl = 15" =zl @ [|x”|| 2o @E@ M.
O

Definition 7. Let (X, || - ||) be a fuzzy normed space. A bounded sequence (x) in (X, || - ||) is
null if
x, — 0.

We denote, by co(X, || - ||), the set of all null sequences in (X, || - ||) with the same vector space
operations and fuzzy norm as le (X, || - ||), i.e.,

1Gen)lleg = [1Cxn) e, ¥V (xn) € co(X, |- ])-

Corollary 1. Let (X, || - ||) be a complete fuzzy normed space. Subsequently, co(X, || - ||) is a
complete fuzzy normed space.

Proof. We are enough to show that co(X, || - ||) is a closed subspace of {s (X, || - ||). Let us
take a sequence X, € co(X, | - ||) converging to Z in (X, || - ||) and & € (0,1] and € > 0.

Put X, = (xgn),xén), ---)and Z = (zq,2zp, - - - ). Afterwards, there exists ng € N, such that
ifn = no,
1% = ZII, = inf{n ™ =zl < 7,9} <e.

We fix n > ng. Subsequently, there exists a fuzzy real number #g, such that
Mon < inf{7; : ||x](n) —zj]| X 1,Vj} 4 € <2,

(
Hx]'

Because X, € ¢o(X, || - ||), there exists jo € N, such thatif j > jo,

Wzl <0, Vj.

1" <.
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Hence, if j > jo, we obtain
HZ]sz < ||x](»n) — Zj||j + ||x](»")||j < 17(;( +€ < 3e.
O

Example 1. Consider the linear space R of all real numbers. Let us define

0 ={ 5 b

otherwise.
It is clear that || - || is a fuzzy normed space and
[ l1]q = [l [x]]
forall « € (0,1]. Consider (1,0,1,0,---) € lo(R, ||||). Afterwards, for all « € (0,1], we have

1(1,0,1,0,-- )= sup llanlly =1
na,€{0,1}

1(1,0,1,0, - )II{, = inf{ny : llan]| < 77,20 € {0,1},Vn} =1.

Hence, we have N
1(1,0,1,0,- -+ )[[¢, =1

Example 2. Consider the linear space R of all real numbers. Let us define

_ 1, t= |X|
xl[(£) = { 0,  otherwise.

It is clear that || - || is a fuzzy normed space and

il = (=], |x]

forall a € (0,1]. Consider {1 :n € N} € co(R, ||||). Subsequently, for all a € (0,1], we have

1,,_ 1, _
(e =supll ol =1

1 . 1
1)l = i 1) <, ¥} =1
Hence, we have

1) ey =1

4. The Dual Space of co((X, || - ||))
We note that, if Y = R, we define a function [|7|~ : R — [0,1] by

i~ ={ Y s
0, t#]|r|
Afterwards, || - |~ is a fuzzy norm on R and a-level sets of ||r||™ are given by
™l = LIl 71,0 < & < 1.

Definition 8 (See [4]). Let (X, || - ||) be a fuzzy normed space. A strongly fuzzy bounded operator
from (X, || - ) fo (R, || - ||™) is called a strongly fuzzy bounded functional. Denote by (X, || - ||)*
the set of all strongly fuzzy bounded functionals over (X, || - ||)*. Let f € (X, || - ||)*. Subsequently,



Mathematics 2021, 9, 1040

9o0f 16

{ [supx#o “/l;(ﬁc)l up, g 'lf‘:ful‘] a € (0, 1]} is a nested bounded and closed intervals of real
numbers and, thus, it generates a fuzzy interval say || f||*, By [4] (Definition 6.3, || - ||* is a fuzzy
norm of (X, || - ||)*. We call (X, || - ||)* the strong fuzzy dual space of (X, || - ||)-

Remark 4. The definition of a strong fuzzy bounded operator on (X, || - ||) introduced by T. Bag
and S. K. Samanta [4] is slightly different from Definition 8. However, they have the same strong
fuzzy dual space.

Subsequently, it is natural to consider the following question.

Q.Let (X, | - ||) be a fuzzy normed space. What is the representation of f € ¢o(X, || -

)2
The answer is positive. First, we consider the following lemma.

Lemma 3. If ay, is monotonically increasing in ¢ and the sequence ¢y, = ag,, — ay_1, is monoton-
ically increasing in n, then we have

lim lim ay, = lim lim ay,
{—s00 N—00 n—0 {— o0

Proof. This lemma is a well-known result in real analysis. For completeness, we give a
proof. By the assumption, we obtain that each ¢y, > 0 and that the ¢/, are monotonically
increasing in n. Afterwards, by the Monotone Convergence theorem with respect to the
counting measure, we have

Jim, f cen = | Jim co
By the property of the counting measure, we have,
[ee] [ee]
}Eﬁo; Con = ; lim cgy,

SO we obtain

lim lim Zcen = lim lim Zc@

n—oo L~)oo L—oo n~>oo

Hence, we have

lim lim a;, = hm lim ag,.
n—00 {—y00 {—s00 N—¥00

O

Now, we provide the representation of strong fuzzy dual space of space of null
sequence in fuzzy normed spaces.

Theorem 4. Let (X, || - ||) be a fuzzy normed space. If f € (co(X, || - ||))*, then there is only one

Ehe Sf;q”ence (fu) in (X, || - 1), such that Sy || fulla® = £ o L fulla™ = I FlI3~ Y €
0,1) and

Proof. Let f bein (co(X, || - ||))*. Subsequently, there exists M > 0, such that

f(Cen)) | < M| Cen) llgar ¥ (xn) € co(X, |- ), & € (0,1).
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For each n € N, we define

fu(x) = f((0,---,0,x,0,---)),

where x is the n-th component. Clearly, f;, is linear functional on (X, || - ||). Additionally,
we have f, € (X, || -||)* forall n € N since

()| =10, ,0,%,0,-- ) < M[(O,---,0,%,0,- - )|y = Msup [|x[[ = Ml|x[[
n

forall x € X,a € (0,1). First, we claim that

agk

f((xn)) = 2 fu(xn), ¥ (xn) € (X - 1))

n=1

Fix (x,) € co(X, || - ||). We can easily observe that

4
Z f”(x") = f((xlr' REIAVEEE )),Vf €N.
n=1
Additionally, we have

f((xlr' o ,X[,O,' : )) _>f((x”))

as ¢ — oo, since, for each & € (0,1)

[f(Cen)) = f(CGey o2, 0,0 )) [ = [F((0, -+, 0, X0, X+ )| < Msup 120l

and sup,_,, |xu||; — 0as ¢ — oo, hence it proves the first claim.
Second, we claim that 107 [|fulli™ = IIfI27 ol I falla™ = [If1l27 Y& € (0,1).
Indeed, take any « € (0,1). Afterwards, we obtain that for each (x,) € co((X, ]| - [|)),

()] = | il Fuw) < 3 Ufulan)|

=1

< Y Aalli lxulls

= @)
< (Y I1fulli*) sup |2l

n=1 n

- @1 Ll Gon) e

hence, we have || f[|zT < Y0, || fulliT. Now, let us show the converse. By definition of
|| - [T, for each n € N, there exists a sequence (xf{“),‘f:l in By ||, such that

Tim 1fu ()] = 1fulli*
—00

Because, for each n, k, there is a scalar 'yﬁ’“, such that |')/],({“ =1and fn('ylf{“xﬁ’“) =
| fu(x5%)], we may assume that f, (x*) > 0 for each n, k and, so, that

: k
lim £ (x) = [ fall2*
—> 00
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and f, (x5%) is monotonically increasing in k. Put ag, = Y., fu(x5%). Because ayy, is mono-
tonically increasing in £ and the sequence cgx = ag — ay_1x is monotonically increasing in
k, by Lemma 3, we have

lim lim an 1) = lim lim an x5,

{—ook—o0 ] —00 f—00
Because
FIGES, - xf%,0,--)) < NIfIlEH vk £ €N,
we have
Yo falla® Z lim f (x (xk*) = Jim lim an x)
=1 —00 ©
= lim i x)
= Jim Jim E fulx ©)
k, k,
= kl;m lim f((x1 Yoyt xyt,0,000))
<|IfIIa*
it proves our claim. Additionally, we shall show that Y ;" ; || fullx~ = ||flls~,Va € (0,1)

Indeed, for any « € (0,1] and (x,) € co((X, || - ||)), we have

(G =1 X el € 35 el < X Wl el < (3 1ol ) sup Ll

so we have

A< (3 IfolleyinfOnd s Jall <, %0},

so,

@) LF(G) .
[Colte ~ mE0T Tl < vy = o Ml

hence, it follows || f||z~ < Zn 1 I fnlli~. For the converse part, we can use the method for
showing ” Y0 1 || fulli™ < ||f]|£*”. Indeed, by the definition of || - ||Z~, for each n € N,

there exists a sequence (xﬁ )i, inB (x|, Such that

1Al =

. k _
lim (£ (<)) = [Ifalli
— 0
Subsequently, the remain part is similar to the proof of ” Yo" 1 || fullat < || fll&*".

Finally, to show the uniqueness, suppose that there exist such two (f,) and (g,) in
(X, ]| - |)*. Because

»=inmz z&m () € ao((X, - 1)),

we obtain that, foreachn € Nand (0,---,0,x,0,---),

fu(x) = gn(x),

hence we have (f,) = (gn)-
O
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5. Approximation Properties of co((X, || - ||))

In this section, we show that, given a fuzzy normed space (X, || - ||), co((X, ] - ||))
has the approximation property, even the bounded approximation property. The authors
gave the definitions of approximation properties in fuzzy normed spaces [7]. Recently, the
author also provided the definitions of approximation properties in Felbin-fuzzy normed
spaces (see [6]). The definitions are as follows.

Definition 9. A fuzzy normed space (X, || - ||) is said to have the approximation property, briefly
AP, if, for every compact set K in (X, || - ||) and for each « € (0,1] and € > 0, there exists an
operator T € F (X, X), such that

IT(x) —xlls <e

for every x € K.
Definition 10. Let A be a positive real number. A fuzzy normed space (X, || - ||) is said to have

the A-approximation property, briefly A-BAP, if for every compact set K in (X, || - ||) and for each
a € (0,1] and € > 0, there exists an operator T € F (X, X, A), such that

IT(x) —xlls <e

for every x € K. Additionally, we say that (X, ||||) has the BAP if (X, ||||) has the A-BAP for some
A > 0.

Lemma 4. Let (X, || - ||) be a complete fuzzy normed space. If a subset K in co((X, || - ||)) is
compact, then for every « € (0,1] and € > 0, there exists N € N, such that

H(0,0, e ,kN+1/kN+2/' o )H:(r)/a <€

forall (k,) € K.
Proof. Let « € (0,1] and € > 0 be given. Because K is compact in co((X, || - ||)), by [22]
(Theorem 4.2), there exists a finite subset F = {x1,x2, -+, x,} of K such that Vx € K,

€

I =l < 5

for some x; € F. Put
X1 = (klrk%/k:li/ Tt )/

Xy = (K, k3,k5 ),

Xy = ( ;i/kgl g/”')/
for all K, € X.
First, we claim that there exists N € N, such that

10,0, Knya Ko )G, < 5

foralli=1,2,---,r. Consider xj. Subsequently, we can generate the following sequence

(v3) im ol (X, |- ) o
vy = (ki ka ks, -0,

V2= 0k K5 -+),
y3=0,0k3),
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We shall show that (y}.) is Cauchy sequence in co((X, | - ||)). Indeed, let B € (0,1]
and 6 > 0. Because x; = (k},k},k}, - ) inco((X, ] - ||)), there exists N; € N, such that, if
n > Ny, then ||k} H;’ < 6. Now, take any m > n > Nj. Subsequently, we have

P = (0,0, O KL Ry k)
yh = (0,0, ,0,kb, kb - ).
Afterwards, we have
vl -yl =1(0,0,--- ,Qlk}lﬂk}lﬂl. k0,0,
By [23] (Theorem 2), we can put
w = max{|[ky [, lkyall, -~ kg 13-

and w is a fuzzy real number and wg = max{Hk}lHZ{, Hk}IHHgf o, ||k111171||g}
Subsequently, we have
lyn = yallsy p < wp <4,

so it follows that (y}) is a Cauchy sequence in co((X, | - ||)). Because co((X, | -|)) is
complete, we have
(yn) — 0.

Afterwards, there exists n; € N such that if n > nq, then

Iyl < 5
ie.,
10,0, kKo=) < 5
Continuing this process, for eachi = 1,2,---,r, there exists n; € N, such that, if
n > n;, then
10,0, KKy, e < 5

Now, we put N = max{ny,ny,- -+ ,n,}. Afterwards, we prove our claim.
Now, we shall show our lemma. By the above claim, there exists a fuzzy real number
v with ;7 < § such that
[l = v
foralli =1,2,---,randj = N+1,N+2,---. Now, take any (k]-) € K. Subsequently,
there exists (k;);"’zl € F, such that

€
+
o < 7

1kj — Kb,
Afterwards, there exists a fuzzy real number 57 with 7,7 < § such that
Ik = kIl =< 1, V.
Subsequenty; it follows that forall j > N +1,
kil =< ik = Kill @ Ik <&,

m+7)d =ni +74 <e.

Hence, we have
10,0, kN1, kN2, ) I, < e
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O

Theorem 5. Let (X, || - ||) be a complete fuzzy normed space. If (X, || - ||) has the AP, then
co((X, || - II)) also has the AP.

Proof. First, we put Y = {(x1,x2,0,---) : x1,x, € X}. Afterwards, Y is a subspace of
co((X, || - II))- We simply denote

Y = {(xl,xz) 1 X1,X2 € X}

We shall show that Y has the AP. Let K C Y be compact and « € (0,1] and € > 0. We
consider iy (resp. ip) is the operator from (X, || - ||) into Y defined by 71 (x) = (x,0,0,---)
(resp. io(x) = (0,x,0,- - -)). Afterwards, i1, i, are strong fuzzy bounded operator, since, for
eacha € (0,1],n=1,2

llin ()l cga = llxllas
lin () ldgae = inf < [lx[l < 77} = ||l
Now, for each n = 1,2, let us consider the projection P, : Y — (X, || - ||) by
Py((x1,x2)) = xn.

It follows that P, is a strong fuzzy bounded operator, because, for each & € (0,1],

1P ((x1, 22)) [l = llxnlla < sup [lxelle = [1(x1, 22) g0
1<k2
1Pa((xr, x2)ll8” = [lxnlld < inf{o < [lxell <,k = 1,2} = [[(x1,%2) I

We note that P, (K) is compact in (X, | - ||) for n = 1,2 because P, is strong fuzzy
bounded operator for n = 1,2. Subsequently, n = 1,2 thereis a T, € F(X, X) such that

| TuPu (k1 ko) — Palky, ko) || <

N ™

for every (kl,kz) eK.PutTy=i1T1P + i P, € .F(Y, Y)
we have
| To(k1, k2) — (Xllxz)HfO,“ = |liiTh P1(k1, ko) + 2 T Pa (kq, ko) — i1 Py (K1, k2) — izpz(k1rk2)||%,,x
< i TPy (ke ko) — iy Py (ke ko) I o 4 112 ToPa ke, ko) — iaPa (K, k2) || o
= [|TaPr(k1, k2) — Pr(ka, ko) [1§ + [ ToPa(ka, ko) — Pa(k ko) |
<E€

>

fterwards, for all (k1,k;) € K,

)

hence, Y has the AP. Similarly, we can show that for all N € N,
Yn = {(x1,x2,- -+, xN,0,- -+ )t xp € X}

has the AP.
Finally, we shall show that co((X, || - ||)) has the AP. Let K C ¢o((X, || - ||)) be compact
and « € (0,1] and € > 0. By Lemma 5.3, there exists N € N, such that

€
H(O/O/' kNt kN2, )Hj(_)a < 2

forall (k,) € K. Let Py be the projection from ¢o((X, || - ||)) into Yy defined by Py((x,)) =
(x1,--+,xN,0,---). Clearly, Py is a strong fuzzy bounded operator, because, for each
a € (0,1],

IPN((xn))llcge = sup [xnlla < sup ([xnlly = [1(xn)lco,ar
1<n<N n

1PN () Iy, = inf{mg" = flnll <1,1 < < N} <inf{ng [l < 7, Y} = [ () [
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Since Py (K) is compact in Yy and Yy has the AP, there is a Ty € F(Yy, Yy ), such that

€
IToP ((kn)) = Pr (ki) llcy e < 5
for all (k,) € K. Now, ToPy € F(co((X, || - ||),co((X,]| - ||)) and for all (k,) € K

I ToPn((kn)) = (kn)lldye = IToPN((kn)) = Pn((kn)) = (0,0, - kny1, knya, - <)l

Co,x

IToP ((kn)) = Pn((kn))llepa + 10,0, - kN1, k2, ey, (5)

Hence, ¢o((X, || - ||)) has the AP.
O

Corollary 2. Let (X, | - ||) be a complete fuzzy normed space. If (X, || - ||) has the BAP, then
co((X, || - II)) also has the BAP.

Proof. It comes from the proof of Theorem 5. [

6. Conclusions and Further Works

In this paper, we have introduced spaces of sequences in fuzzy normed spaces and
investigated their several examples. We have established a well-defined fuzzy norm for
a space of sequences in fuzzy normed spaces. The completeness of the fuzzy nom in our
context has been proved. We provided the representation of of the dual of a space of
sequences in a fuzzy normed space. Moreover, the results of the approximation property
for spaces of sequences in fuzzy normed spaces are given. We hope that our approach may
provide a key role in fuzzy analysis by applying to fuzzy function spaces, for example,
spaces of fuzzy continuous functions.
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