. mathematics

Article

A Novel Numerical Method for Computing Subdivision Depth
of Quaternary Schemes

Aamir Shahzad 1, Faheem Khan 1©©, Abdul Ghaffar 2(2, Shao-Wen Yao ¥*{), Mustafa Inc 56*

check for
updates

Citation: Shahzad, A.; Khan, F,;

Ghaffar, A.; Yao, S.-W.; Inc, M,; Ali, A.

A Novel Numerical Method for
Computing Subdivision Depth of
Quaternary Schemes. Mathematics
2021, 9, 809. https://doi.org/
10.3390/math9080809

Received: 19 February 2021
Accepted: 1 April 2021
Published: 8 April 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /
4.0/).

and Shafqat Ali’

Department of Mathematics, University of Sargodha, Sargodha 40100, Pakistan; uos.amir@gmail.com (A.S.);
fahimscholar@gmail.com (EK.)

2 Department of Mathematics, Ghazi University D G Khan, D G Khan 32200, Pakistan;
abdulghaffarjaffar@gmail.com

School of Mathematics and Information Science, Henan Polytechnic University, Jiaozuo 454000, China
Department of Computer Engineering, Biruni University, Istanbul 34096, Turkey

Department of Mathematics, Science Faculty, Firat University, Elazig 23119, Turkey

Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan

Department of Mathematics, The Islamia University of Bahawalpur, Bahawalpur 63100, Pakistan;
shafqat.ali@iub.edu.pk

*  Correspondence: yaoshaowen@hpu.edu.cn (S.-W.Y.); minc@firat.edu.tr (M.1.)

o G oW

Abstract: In this paper, an advanced computational technique has been presented to compute
the error bounds and subdivision depth of quaternary subdivision schemes. First, the estimation
is computed of the error bound between quaternary subdivision limit curves/surfaces and their
polygons after kth-level subdivision by using Iy order of convolution. Secondly, by using the error
bounds, the subdivision depth of the quaternary schemes has been computed. Moreover, this
technique needs fewer iterations (subdivision depth) to get the optimal error bounds of quaternary
subdivision schemes as compared to the existing techniques.

Keywords: quaternary subdivision scheme; subdivision models; inequalities; convolution; error
bound; subdivision depth; curves and surfaces

MSC: 65D17; 65D05; 65U07

1. Introduction

Subdivision schemes are major tools in Geometric Modeling. These tools are mainly
used to produce curve and surface models. The schemes are categorized into binary, ternary,
quaternary,. . ., n-ary schemes. Presently, thousands of schemes have been introduced in
each category. All these schemes help the technologist to produce the refine models to
meet the requirements of the investors in the area of engineering. The initial sketch and
subdivision rules are the main ingredients of these schemes. The estimation of the error
bounds of the limit models from its initial sketch is one of the important tasks. Another task
is to find the number of subdivision steps (depth) required to get the user-defined tolerable
error. These two tasks are also called the distance/error between the limit model & its kth
level model and subdivision depth, respectively. In this paper, we address these tasks for
quaternary schemes. First, we give an overview of quaternary subdivision schemes (QSS)
before addressing these tasks.

In general, QSS has four rules to refine each edge of the initial polygon (sketch). These
rules are the affine combination of the points of the polygon, and they produce succes-
sively refined sketches. In the limiting case, we get the limiting model. Initially, Mustafa
and Faheem [1] introduced 4-point approximating QSS which produces C®> models. The
generalized idea of m-point approximating QSS is given by Siddiqi and Younis [2]. They
also introduced interpolating QSS in the same year [3]. A 4-point QSS is presented by
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Pervaiz [4] in 2018. Moreover, the QSS also belongs to the classes of the schemes introduced
by [5-13] in different years. So, the importance of the QSS cannot be denied. Furthermore,
the tasks of finding the error bounds and subdivision depth of models produced by QSS
are meaningful.

The first technique was introduced by Mustafa et al. [14] in 2006, then its generalized
version for QSS was presented by Mustafa et al. [15] in 2010. The further generalization
has also been done for other categories of the schemes [16]. This technique is not suitable
to use for some subdivision schemes. We also mention the drawback of this technique in
this paper. The second technique is introduced by Deng et al. [17]. It is not mature enough.
It only works for binary interpolating schemes. Its generalization to the cases of n-ary
subdivision schemes needs to be investigated.

The third technique is introduced by Moncayo and Amat [18] and Shahzad et al. [19].
It works for binary class of schemes. Its generalization for the ternary class of schemes
was introduced by Faheem et al. [20]. In this work, we are interested in generalizing the
technique for QSS.

The remaining part of the work is configured as follows: In Sections 2 and 3, we present
general inequalities to compute the error bound and subdivision depth of curve and surface
models produced by QSS, respectively. In Sections 4 and 5, we offer the applications of
these inequalities for curve and surface models, respectively. The conclusion will be drawn
in Section 6.

2. The Error Bounds and Subdivision Depth for Curve Models

If the sequence of points {pi‘ ;i € 7} show a succession in RY, where X > 2 and the
index k > 0 represents the subdivision level (number of iterations) then the configura-
tion of the (k + 1)th level points computed by QSS is shown in Figure 1. A generalized
mathematical form of the QSS is presented as the affine combination of the points [15],

N-1
Pl = X aempli 2=0123. 1)
m=0

Since the combination is affine it holds
N-1
Y tam=1 a=0,123. ()
m=0

The adjustment of the coefficients for the computation of error bound and subdivision
depth is

m
Cpm = zgo(alg'l —agy), p=012,
- 2 ®)
e3,m = aO,m - Z e‘B/m/
p=0

along with the strict condition (See [15])

N-1
Z |e/3,m| <1, B=0,1,23. @)
m=0
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Figure 1. The configuration of new points for the interpolating and approximating QSS for curves; the solid lines are the control
polygon, and the dotted lines are the refined polygon.

Here, we introduce some new notations, form = 0,1,..., N — 1, as follows

by = €0,ms

ba1 = €1,ms )
ba2 = eam,

bam+3 = e3m-

Furthermore, to be more specific, update the track defined in [20] for the computation
of error bounds and subdivision depth. Let, at the kth level of resolution, the vector v; = pi-‘
represents the approximation coefficients. Then the approximation coefficients of two
consecutive stages k and k + 1 in the reconstruction process of QSS is defined as

P = X bl = (P75 D) (6)
neN
where 0! = pf;o shows the k" resolution level and '+’ shows the convolution product.

If 0 = {p";n > 0} and b = {b,;n > 0} are finite vectors with length 7; and 7,
respectively then

o min{jy1—1} o .
(P77 xb); = Y P bj—an, j=0,1,...,m+7 -2 )
n=max{j—(72—1),0}

Now we move forward and present some results of successive convolutions for one-
dimensional array of vectors based on QSS.

Lemma 1. Let p = {pn}uso and b = {b,}2N ;1 with b, = 0 for n > 4N be finite one-
dimensional arrays of vectors. Then for QSS, the one-dimensional ly convolution of these vectors
satisfies the following inequality

Lj/4'0]
(o (PO 0) ) 5O s w0 < Iplomax | X 141} @
: ,

m=0
where
1 _
Ay = bj-am,
Li/4ho=1) 9)
Ip _ 1 lp—1
Apj= L Awpdpi, =2

p=4m
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and

jex(o,N) = {Q(,N)—40+1,Q(,N) -4 +2,...,0(,N)}, (10)
Q(lp,N) = (40 —3)(4N —1). (11)

Proof. See Appendix A.1. [

I , o . .
Lemma 2. For QSS, the term Arz,]- defined by (9) satisfies the following equality

lo _ alo _ Al
Am—l,j—4’o - Am,f - Am+1,j+4lo' (12)

Proof. See Appendix A.2. [
j/ao]
Corollary 1. The term max { Zo |A7$l]|} involved in the inequality (8) satisfies the follow-

] m=

ing equalit
s Lj/4b] | Li/4bo] ;
B, = max{ ) Ang,].} = max { ) |A7§’l]|} (13)

] m=0 jGZ(lo,N) m=0
Proof. See Appendix A.3. [

Now, we present the inequalities to compute the error bound and subdivision depth
for the curve models produced by QSS.

Theorem 1. If P° = {p?,i € Z} is the initial polygon and P* = {pX,i € Z} is the polygon
obtained by QSS at k'"* subdivision level. Then the error bound between two successive levels is

[P — PRl < px(By,)F, (14)

where By, lo > 1 defined in (13),

N-2
0 0 ~
X= maX\ Pit1— Pi||, ¥ = max (’ Y. G|, a = 0,1,2,3>,
1 4 m=0
and
N-1
aaO - a(x,l 47
=1
N-1
Gom = ), 4y, m=>1, «=0,1,23.
I=m+1

We omit the proof since it is similar to the one given in [15].

Theorem 2. If we assume the same conditions as in the Theorem 1 with the limiting curve model
P then the error bounds V* between the limiting curve model and its k'"* level polygon satisfies
the inequality

vk =[PP < w;c(l(]il”;z), (15)

where ly > 1, such that B, <1

By looking at the proof of Theorem 2.1 of [15] one may lead to prove of Theorem 2.
Given a user tolerable error € > 0, the subdivision depth of limiting model P* generated
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by QSS concerning for € is a positive integer k such that the error bound V¥ < e. In the
following theorem, we compute the subdivision depth.

Theorem 3. If we assume the same conditions as in the Theorem 2 with the user tolerable error
€ > 0and

3. The Error Bounds and Subdivision Depth for Surface Models

In this work, we first generalize the results presented in Lemma 1 to Lemma 2 and
Corollary 1 for two-dimensional arrays then we generalize the inequalities of Theorems 1-
3 to compute the error bound and subdivision depth of the limiting tensor product surface
models generated by QSS.

For this, let P¥ = {pf i i,j € Z} be the polygon made by the sequence of points in RY,

k1. : s :
1}* ;i,j € Z} be obtained by the tensor product

of the scheme (1). The graphical representation of the points at kth and (k + 1)th levels is
shown in Figure 2 whereas the mathematical form of tensor product QSS is described as

€(1—By)

16
e (16)

k > logpg, <
0

then V¥ < e.

where X > 2 and the polygon P**1 = {p

N—-1N-1

k _
Z Z aa,ra'y,spi+r,m+s/ “/r)/ - O/ 1/ 2/ 3/
r=0 s=0

k+1

Paitasjty = (17)

where a,,, and a, s satisfies (2).

k+1 1iJ_’,“:4],+4 ' :PE:'+i4J—+
Pai4j+a i i S R s e i
s »-— e i » +*
Pij+1 i ; i pEin ; i ; P
i 1 ; k41 | | ey f
k41 H ; ikl {Paiajes L f i Paie34j43
Paiaj+a } ] Pai+3.4j+3 . ool T "
e B - * . . *
k+1 : Pkl | i }'i:;nz : ;}33‘:12‘4”2 :
Piiaj+z { T Y A ¥ G — L RSCCITTTRIRI SHRRISSEESER *-- &
i H +1 | K+l
e+ Lokl Dii4j+1 | Paivaj+1 H
Psiaj+1 Pait1.4j+1 i ! R - © bl L o *-
-----------  Eeemes 1 : ;
|kl {1 k41 § kel § okl
I : i Paiaj : Pai+1,4f : Paiv2.4f : Paie34 iPaivaa)
F’:;,.al, V:Atrll.éi | I’ttflz,é, | U-':J::}i.-lf 0 - = J.\ 24
k
Pﬁf Pis1,j
(a) Interpolating (b) Approximating

Figure 2. The configuration of new points for the interpolating and approximating QSS for the surface. The solid lines show one face
of coarse polygon while the dotted lines show the faces of the refined polygon.

Here we introduce new notations ¢ = {¢, }nen, d = {dy}yen forr,s =0,1,...,N -1,

such that

C4r = A0,N—r—1,

Car+1 = M ,N—r—1,
Car+2 = A2, N—r—1,
C4r4+3 = A3 N—r—1
dgs = boN—s—1

dyst1=b1,N—s1
dyst2 =boyN-s1

dasy3 = b3 N_s_1

r=0,.,N—1

(18)

s=0,.,N—-1
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Since the extension of some of the results from one dimension array of vectors to two-
dimensional array is straight forward (See [15]), therefore we skip the trivial explanations
and directly come to the following result.

Lemma 3. Let p; ; be a finite two-dimensional array of vectors and d = {d, aN 0 Le={ca}iN 51
with d, = ¢, = 0 for n > 4N are one-dimensional arrays of vectors. Then, for QSS, the
two-dimensional ly convolution satisfies the following inequality

b <c D 0 19
n}gX\Pl,,I_CzO lo MX [Py - (19)
Here
Li/4lOJ Iy,c
G, _miax{ Z |A721|} (20)
m=0
and 1
1 4lo
D, = WZJ |AloA| (21)
J, = max il ([
] n=0
where
le _
A5 = Cimam)
li/401|
Ipc 1,c Aslo—1,c
Ar?z,i = L Am,PA;,i ’
. p=4m
1d _
Ay =dj—an,
Li/4o=1)
lo,d 1,d slp—1,d
Ar?’]. = XA:; An,qu‘fj , Ip > 2,
q=4n

Proof. See Appendix A.4. O

Now, we present the inequalities to compute the error bound and subdivision depth
for the surface models produced by QSS. By using a similar approach of [15], one can easily
prove the Theorems 4 and 5.

Theorem 4. If P’ = {pg]-,i € 7} is the initial polygon and P* = {p;‘/]-,i € Z} is the polygon
obtained by (17). Then the error bound between two successive levels is

[P — PY||o < v(Cyy Dy ). (22)

Here Cy,, Dy, for ly > 1 is defined in (20) and (21) and v = rrala[\%x { Z?:l(xt)(‘/’;,ﬁ)/“rﬁ =

0,1,2, 3}, where x; and 1,0;,/5 forwa, p=0,1,2,3 are defined in [15].

Theorem 5. If we assume the same conditions as in the Theorem 4 with the limiting surface model
P> then the error bound V* between the limiting surface model and its kth level polygon is defined
by the inequality

C,;.D; )k
VK = ||P® — Pr||o, < 1/( (G, Dyy) (23)

- \1-G,Dy )’
where ly > 1, such that C;,D;, < 1.

In the following theorem, we present the subdivision depth for the surface model.
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Theorem 6. If we assume the same conditions as in the Theorem 5 with the user tolerable error

€ > 0and if

e(1-C,D
(1-CyDy) ) , (24)

k2 10g(CzoDlo) < v

then V¥ < e.

4. Numerical Applications for Curve Models

In this section, we demonstrate the performance of our inequalities to compute error
bound and subdivision depth of the curve models. First, we compute B;, defined in (13) at
different values of .

Example 1. If the curve model is produced by a 3-point approximating QSS [2] with coefficients
ang = 2 = 39 = L = 4 = = 2 = 4
00 = 128, 401 = §z- 402 = 1287 41,0 = 128’ 1,1 = g1 M2 = 1087 920 = 138 921 = g4~

2 1
apo = %, a30 = 158, 431 = %, agp = 128 Then for N = 3, we have

lizgo)
Bj, = max { Z |A72,]- }

j€x(3) U =0

For ly =1, we get

Lj/4] Lj/4]
B = max { Z |A m]|} max { 2 |b] 4m|}

jeL(1,3) je{89,10,11}

Using (5) and Lemma 1, we have b = {b, }1  with b, = 0 for n > 12. Hence

24 16 8 1 8 16 24 30 1
{bO/bl/bZIb3lb4/b5/b6/b7/b8/b9/b101b11} = {@/ﬁ/@/@/m/ @/m,@ﬁ/o 0, @} (25)
Now consider
18/4] 19/4] 110/4] 111/4]
By = max{ Y Ibs—aml, Y, |bo—aml Y |bro—aml, Y |bll—4m|}
m=0 m=0 m=0 m=0
This implies
B = max{\bs\+|b4|+\bo\,|b9|+|b5|+|b1|,|bm\+|b6|+\bz\,|bm+|by|+|b3|}
- max{0+’128 128 ‘128 128 ‘128 ’128 ' '128 ’128}
1
- 5

For ly = 2, we get

Li/4] Li/16]
B, = max { mZ:: |Afn,]- } =  max 143}{ Z |A$n,j}

j€x(2,3) je{128,129,... =0

Li/16] ) [j/4]
= max A .
j€{128,129,...143} { mg‘o ng’m }
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This implies
|128/16] | |128/4] [129/16] | |129/4] [130/16] | |130/4]
1 1 1 1 1 1
B, = max{ 2 2 ApnAn28|s 2 2 ApnAni29|s Z E ApnAniz0 s
m=0 n=4m m=0 n=4m m=0 n=4m
[131/16] | |131/4] [132/16] | [132/4] |133/16] | |133/4]
2 A}n,nA}t,li‘al ’ Z Z A}n,nA}l,BZ ’ Z Z A}n,nA711,133 ’
m=0 n=4m m=0 n=4m m=0 n=4m
[134/16] | |134/4) [135/16] | [135/4] [136/16] | |136/4]
Z A}n,nA}z,L’A ’ Z Z A}n,nA}t,BS ’ Z Z A%,nAi,m ,
m=0 n=4m m=0 n=4m m=0 n=4m
[137/16] | |137/4] [138/16] | |138/4] [139/16] | |139/4]
Y, AunAniz| Y AuaAiis| X Y AunAniz
m=0 n=4m m=0 n=4m m=0 n=4m
[140/16] | |140/4] - [141/16] | [141/4] . [142/16] | |142/4) .
1 1
Y. Awndiial| Y. AwaAiial Y. AwnAiin|
m=0 n=4m m=0 n=4m m=0 n=4m
|143/16] | |143/4]
1 1
2 Am,nAn,143 }
m=0 n=4m
This further implies
B, = max {)Llf A2, Az, Ay, As, e, A7, As, A9, Ato, M1, A1z, M, Mg, Ass, /\16}~

Since b; = 0, for all i > 11, therefore we have

A1 = |bgbyy + bgbig| + |bobg + baby + bgbg| + |boby + babg + bsbs| + |bg 2,
Ay = |bsbiy + bobyg| + |b1bg + bsby + bbg| + |byby + babg + bsbs| + |boby |,
A3 = |bgbiy +b2| + |babs + beby + bgbio| + |baby + babig + babs| + |bo + ba|,
Ay = |bsbyy + byobyy| + |b3bg 4 beb1y + b3| + |babyy + bsby + bsby | + |bobs|,
As = |byibg| + |bobg 4 bybg + bybg| + |bobs + babg + b | + |boby + boby|,
A6 = |b1ibg| + |bybg 4 bsbg + bybg| + |bybs + bsbg + bybs| 4 |bobs + b3/,
A7 = |bioby1| + |babg + bgbg + bybyg| + |babs + b3byg + bybe| + |bobs + b1ba|,
Ag = |b2|+ |bsbg + bybg + bybyy | + |babs + bsbyy + byby| + |boby + bibs),
A9 = |bobig + bybg 4 b3| 4 |bobg -+ bybs + bybg| + |boba + bobs + byby|,
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By

Mo = |bibyg + bsbg + bgbg | + |bybg + bybg + b3 | + |bobg + byby + bybs|,
M1 = |babyg + bgbg + bgbig| + |babe + babig + bsbg | + |bobig + bibg + b3 ],
Mz = |bsbig + bybg + bgbyy | 4 |b3bg + bybyy + bsby| + |[bobiy + byby + babs|,
Az = |bobyy + bybyg + bgbg| 4 |boby + bybg + bsbg| + |bobs + bybg + byby|,

Mg = |bibyy + bsbyg + b3| + |byby + bsbg + bsbg | + |bybs + bybg + bybs|,
Ms = |babyy + bgbig + bobig| 4 |baby + bsbig + b2| + |bibig + babs + bybg|,
Mg = |babyy + bybyg + bobiy | + |bsby + bsbyy + bgby| + |bybi1 + byby + b3 }

Now using (25), we acquire

= max {|b4b11 + bgbio| + |bobs + baby + bebs| + |bobs + babs + bsba| + |bo|?, [bsb11 + bobyo]

“+|bybg + bsby + bebo| + |byby + babo + bsbs| + |boby |, [beb11 + b3g| + |babs + beby + bebio]
+|baby + bybig + babs| + [bo + b, [b7bry + baobr | + [bsbs + bebi1 + B3| + |babiy + bbs
+bsby| + |bobz|, 0+ 0+ |bobs + bsbg + bi| + |boby + bobs|, 0+ 0 + |b1bs + b3bg + bybs)|
+|bobs + b3],0 + 0 + |babs + babig + babg| + |bobs + b1ba|, b3, | + |babg + bybg + bybyy|
+|bsbs + b3by1 + baby| + |boby + b1b3|, 0 + |bobg + babs + bybg| + |boba + bobg + bybyl,

0+ |b1bg + babo + b3| + |bobg + biby + bybs|, 0+ |babs + babg + bsbe| + [bobio + b1be + b3
,0+ |b3bg + bab11 + bsby| + |boby1 + b1by + babs|, |bob1r + babig + bgbe| + |boby + bybe
+bsbs| + [bobs + bibs + babal, |byb1y + bsbig + b3| + |biby + bsbe + bsbo| + |bybs + bibo
+babs|, [babi1 + bebio + bobio| + [baby + bsbig + bg| + |b1big + babs + babe|, [b3biy + brbrg

+b9511‘ + |b3b7 + bsbyq + b(,b7| + |b1b11 ~+ byby + b%‘ }

This implies that

{1111111111111111}_1
16°

Similarly, we can compute the values of By, for Iy > 3. For convenience, we have computed the

values up to ly = 4, which are shown in Table 1. The subdivision depth k by Theorem 3 at different
values of By, are given in Table 2.

In this work, B for ly = 1 is equal to 81 defined in [15]. If 61 > 1, then the error bound of

QSS cannot be computed. However, in the proposed approach, if we increase the value of Iy, the
values of By, decreases until By, becomes less than one. The main advantage of this approach also to
compute error bounds of those QSS, whose 1 is greater or equal to one. As in Table 2, twenty-eight
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iterations are needed to achieve a given error tolerance 8.7 x 10~ by technique given in [15],
but by our technique, it needs only seven iterations corresponding to By. The graphical comparison
between the results at first and fourth convolutions are demonstrated in Figure 3a.

Table 1. Values of By, for [j = 1,2,3,4.

Scheme/BlO Bl = (51 [15] Bz B3 B4
3-point approximating curve [2] 0.250000 0.062500 0.015625 0.003906
4-point approximating curve [1] 0.250000 0.062500 0.015625 0.003906
4-point interpolating curve [4] 0.328125 0.105957 0.034286 0.011092

Table 2. Depth of a 3-point approximating QSS curve model.

By /e 245 x 1072 957 x 1077 374 x 107° 146 x 10711 57 x 1071 223 x 1071 87 x 1071
B1 =61 [15] 4 8 12 16 20 24 28
By 2 4 6 8 10 12 14
B3 1 3 4 5 7 8 9
By 1 2 3 4 5 6 7
Example 2. The subdivision depth of the curve model produced by a 4-point approximating QSS [1]
are given in Table 3. The graphical view of these depths is shown in Figure 3b.
Table 3. Depth of a 4-point approximating QSS curve model.
By /e 441 x 107% 172 x 107 673 x 1077 263 x 1071 1.03 x 1071 4.01 x 1071® 1.57 x 10~18
By =61 [15] 4 8 12 16 20 24 28
By 2 4 6 8 10 12 14
Bs 1 3 4 5 7 8 9
By 1 2 3 4 5 6 7
Example 3. The subdivision depths of the curve model produced by a 4-point interpolating QSS [4]
for By, lo > 1 (see Table 1) are shown in Table 4. From Table 4, we can observe that the number
of iterations k (subdivision depth) decreases with the increase of ly (order of convolution) to obtain
a user given error tolerance. This is the main reason for the reduction of computational cost as
compared to the technique given by [15]. The graphical analysis can be seen in Figure 3c.
Table 4. Depth of a 4-point interpolating QSS curve model.
By le 112 x 1073 1.24 x 1075 1.38 x 1077 1.53 x 10~° 1.7 x 10711 1.88 x 1013 2.09 x 10715
By = & [15] 4 8 12 16 21 25 29
B, 2 4 6 8 10 12 14
Bs 1 3 4 5 7 8 9
By 1 2 3 4 5 6 7




Mathematics 2021, 9, 809 11 of 20

— - First convolution —-— Second convolution

""" Third convolution Fourth convolution
2 |
20i
k 151
10
L
57__ “““““5
0 0.00005 0.00010 0.00015 0.00020
Error bound
(a) 3-point approximating QSS [2]
— - First convolution — — Second convolution
""" Third convolution Fourth convolution
2 |
20i
k 151
10
L
54 ‘§§§“‘~——__
0 0.0001 0.0002 0.0003 0.0004
Error bound
(b) 4-point approximating QSS [1]
— - First convolution — — Second convolution
""" Third convolution Fourth convolution
251
20j
k 15i

10’\.

0 0.0002 0.0004 0.0006 0.0008 0.0010
Error bound

(c) 4-point interpolating QSS [4]

Figure 3. The comparison between various convolutions for curve case.
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5. Numerical Applications for Surface Models

Now we demonstrate the performance of our results to compute error bound and
subdivision depth of the surface models. First, we compute the term C; D;, for [y > 1 by
using (20) and (21). These are shown in Table 5. We see that the values of C; D, decrease
with the increase of ly. This is the advantage of our approach.

Table 5. The values of C; Dy, for [p = 1,2,3,4.

Scheme/C,O Dlo C1 D1 = (52 [] 5] CzDz C3D3 C4D4
3-point QSS for surface [2] 0.250000 0.062500 0.015625 0.003906
4-point QSS for surface [1] 0.264140 0.065694 0.016672 0.004209
4-point QSS for surface [4] 0.389648 0.140310 0.049504 0.017476

Example 4. The subdivision depths of the surface model produced by the tensor product of a 3-point

approximating QSS [2] are given in Table 6. The values are computed by using the Theorem 6. The
graphical representation is shown in Figure 4a.

Table 6. Depth of the 3-point approximating QSS surface model.

Ci,Dyyle 7.8 X 10~* 3.05 x 10~ 119 x 1078 4.65 x 10~ 11 1.82 x 1013 7.1 x 10716 2.77 x 10718
C1D; = 62 [15] 4 8 12 16 20 24 28
C2Ds 2 4 6 8 10 12 14
C3D3 1 3 4 5 7 8 9
C4Dy 1 2 3 4 5 6 7
Example 5. The subdivision depths of the surface model produced by the tensor product of a 4-point
approximating QSS [1] are shown in Table 7. Also, these depths are graphically shown in Figure 4b.
Table 7. Depth of the 4-point approximating QSS surface model.
Ci,Dyyle 151 x 1073 6.36 x 10~ 2.68 x 1078 113 x 10~10 474 x 1013 1.99 x 101 84 x 10718
C1D; = &, [15] 4 8 13 17 21 25 29
CoDs 2 4 6 8 10 12 14
C3Ds 1 3 4 5 7 8 9
C4Dy 1 2 3 4 5 6 7
Example 6. The subdivision depth of a 4-point interpolating QSS surface model [4] corresponding
to CjyDy,, lo > 1 (see Table 5) is shown in Table 8. The graphical view of the first and fourth
convolutions is given in Figure 4c.
Table 8. Depth of a 4-point interpolating QSS surface model.
Ci,Dyyle 6.22 x 103 1.09 x 104 1.9 x 10~° 332 x 1078 5.81 x 10~ 10 1.01 x 10~1 1.77 x 1013
C1D; = &, [15] 5 9 13 18 22 26 31
C2Ds 2 4 6 8 10 12 14
C3D3 1 3 4 5 7 8 9
C4Dy 1 2 3 4 5 6 7
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— - First convolution —-— Second convolution

""" Third convolution Fourth convolution
25%
20i
k 151
10
L ———
57_ §§§§§‘§§§_
0 0.0001  0.0002  0.0003  0.0004  0.0005  0.0006  0.0007
Error bound
(a) 3-point tensor product QSS [2]
— - First convolution —'— Second convolution
""" Third convolution Fourth convolution
251
20
k15
10
57—._ ““““_

Error bound

(b) 4-point tensor product QSS [1]

— - First convolution —'— Second convolution
""" Third convolution Fourth convolution

T T T T
0 0.001 0.002 0.003 0.004 0.005 0.006
Error bound

(c) 4-point tensor product QSS [4]

Figure 4. The comparison between different convolutions for the surface case.
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6. Conclusions

An advance computational technique has been developed to compute the error bounds
of the quaternary subdivision model from its control polygon at k" level. This technique
also predict the number of iterations (subdivision depth) which are required to reach user-
defined error tolerance. This technique is the modified version of the technique presented
in [15]. When the technique of [15] fails to work then the proposed technique can work by
increasing the convolution steps. Moreover, we need fewer iterations to get the optimal
subdivision depth as compared to the existing techniques.

Appendix A
Here, we present the proofs of results given in Section 2 and 3.

Appendix A.1. Proof of Lemma 1

Proof. To prove this result, we start with the case of (Ip = 1) and (Iy = 2) convolutions
then a general case will be derived.

e Caselp=1
From (7), we obtain a relation given as follows
0 Lj/4]
(PO 5b)j =} pubj-an, (A1)
n=0

where |.] indicates the integer part of '/, this implies

Lj/4]
Z Pn bjf4n
n=0

Lj/4]

< plleo Y [bj-anl-
n=0

[(p0 % b);| =

Then

) © Lj/4] Lj/4] )
[(p'Y xb);| = max|(p'® xb);| < max||[[ple Y, [bj-an| | = [Ip[le max Al |
n=0

n=0

where b; 4, = A;,j. Thus

Lj/4]
1(p™® %)l < IIPIoomaX< Y IAi,j|>~ (A2)
n=0

e Caselp=2
From (A1), we acquire

o o Lj/4] 0 Liz4l [ [m/4]
((p( )*b)( )*b)] = Z (p( )*b)mbj—4m = 2 2 p}’lbm74n bj—4m-
m=0 m=0 n=0

This implies
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((P(O) * b)(O) * b)] = PO(bOb] + b1b]',4 + bzbj,g + bgb]‘,lz + b4b]‘,16 +...+ buﬂbo)
+  p1(bobj—16 +b1bj 20 + ...+ boblﬂ_ﬁ + p2(bobj_32 + b1bj_36 + ...
+ bob&J*S) +...+PL4L2J170170
Lj/4] Lj/4] Lj/4]
= po Z bubj_an | +p1| Y bu—abjan | +p2| Y bu-sbj_an | +
— n=4 n=8
Lj/4]
+ LZ ( Z bn 4 ] ] 4'rl>
n=4| |
Li/4] Lj/4] Li/4] Lj/4] Li/4?]
= ) Pm< Y bn4mbj—4n> =) Pm< ) Alm,nA}l,j> = Y pudy
m=0 n=4m m=0 n=4m m=0
where
Lj/4]
A=Y A, (A3)
n=4m
So
. Li/4?)
|((P() )()*b Z PmAm]
This implies
0 0 U/42J 2
1((p® %) %) o0 < ||P|oom]€ix{ Y. 1AL, } (A4)

m=0

*  The general case

Applying the same argument, we acquire the reformulations for I

follows
Lj/40]

(- (PO %5) D) b) O s 5 5) O 5 p); = m[:;O A,

lp . .
where A jis defined recursively by

1

Am] b] 4ms

Io Lir4o~1) lp—1 Iy >
A= % Abp AT, Iy >2.

Lj/40]
||<<...<<<p<°>*b><°>>*b><0>*...*b><°>*b>||oos||p||oom,ax{ )y |Ai%j|}.
; ,

m=0

Appendix A.2. Proof of Lemma 2
Proof. Here, we start from an induction process over .

e Caselp=1

1 g, _ _ a1
Apj = bjimam = bja—ami1) = Api1jiar

convolution as

(A5)

(A6)

(A7)
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similarly
1 1
Angrj = bj—amyr) = Apjs (A8)
From (A3), we have
Lj/4]
=Y A,
n=4m
Using (A7), we have
Lj/4]
Z A n+l Jt+4r
n=4m
then after replacing n by n — 4, we acquire
) |j/4+4] )
Am,j = Z Am n—4An73,]‘+4‘
n=4(m+1)
Using (AS8)
2 e 1 2
Am,]- - Z Am+l nA jrar — Am+1,]+42-
n=4(m+1)
We suppose that it is true for an integer [y = M that is
M —
A Am—l—l j+4aM: (A9)

Now, we will prove the statement for
e Caselp=M+1

Consider
Lj/4M]

At =3 A,

n=4m

By using (A9), we acquire

M+1
Z A n+l]+4M
n=4m

Now, replace n by n — 4

lj/4M+44]

Using (A8) and (A9), we have

M+1 M+1
A Am+1 JjHAMAL:

Similarly we can prove
M+1 _ A M+1
Am' Am 1] —4M+1"
Hence
Iy _ gl — gl
m—1,j—4 mn,j m-+1,j+4%0°

This completes the proof. [
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Appendix A.3. Proof of Corollary 1

Proof. Assume thatb = {bg,by,...,byn_1}, with N € Nand Q(lp, N) = (40 —3)(4N —1).
Then for j > Q(lp, N) and by using Lemma 1, we acquire

AIOJ =0. (A10)

Similarly for j > Q(ly, N) 4+ m4l and using Lemma 2, we have

Ab . — . (A11)

m,j

Finally, using (A10) and (A11), we get (13). O

Appendix A.4. Proof of Lemma 3

Proof. To prove the proposed result, we start with the case of ([p = 1)th and (Ip = 2)th
convolutions then we discuss the general case.

e Caselp=1
Consider an arbitrary sequence of vectors p; ;. Then we have
) 00 Li/4] [j/4] 0
Pij = (p~ *Cd)i,j = Z 2 PimnCi—amdj—an,
m=0 n=0

where we are taking Ale mi = Ci—dm and d;_4, = A}q’? for c and d. Thus

1 li74) Liz4) 1 1,d
c Al
pii= (p* x cd);, mZ:o HZ: po A il
This implies
1 Li4] /4] 1 1,d
H}?"‘Pi,ﬂ = max Z Z P nAréfiAnl,j ’
, 0 1=0
LA LA 1, 0
< g .
< max ; ; | Ayl A ] max [ p,| (A12)
Consider

Li/4]
C= max{ ) \Arlﬂcl }

! m=0

Lj/4]
max{ Z |A },

and

then from (A12), we obtain

1< oI
max |pi,j| < CiDymax [Py

e Caselp=2
Now, after applying two time convolution, we obtain

p}n,n = (pO;O*Cd)m,n = ((pl;o*cd) *Cd)i’]'.
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This implies
Liza) /4l
P},j = (P % cd); jci—gmddj—an
m=0 n=0
li/4] [j/4] / [m/4] [n/4]
- ( Z Z Pg,scm4pdn4s>ci4mdj4n-
m=0 n=0 p=0 s=0
This again implies that
. Li/ 4] li/4] li/4] Lj/4]
Pij = Z Z pmn Z Cr—4mCi—4r Z dq and j—4q
r=4m q=4n
Saelcs L] Le 41, 1d 414
— C C
- Z Z pmn 2 Ap Ay Z Anqu]
m=0 n= r=4m q_4n
Which implies
li/42) /4]
2,c 22,4
Pl,] 2 2 Pm nAmfiAn,]‘-
Now
li/42] Li/4] e o4
n}e]}x = max ZO Z P, nAnfiAn',j ,
" m n=
li/4] [1/42J ) 0 0
. ’
< max m;o ;0 A | A | max P (A13)
Consider
li/4]
G —ml,ax{ ) Ai,cl. }
m=0
and
i/4%)
D, —max{ Z Ai"’.l },
] n=0 /
then we get

¢ The general case

2| < 0.
max [pi,| < C2Dz max [Pl

By the same strategy, we acquire reformulations for (Ip)th convolutions given in the

following

lo _ /. lo—Ip;0
Pi,]'*(PO 0

This implies

*¢d)mn

li/alo | |j /40 ] Li/4ho] [j/4b)

P Z Z POO Algc lod
l,]

where

li/40—1]

A=Y A Al

m p i
p=4m P

= (. (P WO sed) xed) % ... cd) * cd);j

Z Z pmn locAlod
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References

and
lod /g0 1) lp—14d
04 __ 1,d alo
A=), AugAg
q=4n
Thus
| Li/40] |j/40] Aok 4]
€ alos
max |p;| = max ): P A AT,
2 L] m=0 n=0
Li/40] Lj/40) oe| 4
< max Z Z o °’. max |pY, ,|. (A14)
mmn ’

Now consider

li/4] ;
Clozmiax{ ) |A°’ }

m=0

and

i) lo.d
Dy, = mjax ) |A7?] },
n=0

then, from (A14), we obtain
Io 0
21 <C.D
H}?X|Pz,]| < CiyDiy max [pul,

where

li/4lo | |j/4b0] li/40 ] /4]
I! l I l
max{ Z Z |A0’ 0, } l { Z Z ‘Aof 0, } (A15)
i,jeX(lo,N
0
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