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Abstract


In this paper, a symmetric eight-step predictor method (explicit) of 10th order is presented for the numerical integration of IVPs of second-order ordinary differential equations. This scheme has variable coefficients and can be used as a predictor stage for other implicit schemes. First, we showed the singular P-stability property of the new method, both algebraically and by plotting the stability region. Then, having applied it to well-known problems like Mathieu equation, we showed the advantage of the proposed method in terms of efficiency and consistency over other methods with the same order.






Keywords:


singularly P-stable; multiderivative methods; linear multistep methods; symmetric methods




MSC:


65L05; 65L06; 65L20












1. Introduction


The most natural mathematical form of many general laws of nature (in physics, chemistry, biology, and astronomy) is found in the language of differential equations. Differential equations are generally categorized into two groups: ODEs and PDEs. Traces of ordinary differential equations can be found in various fields of mathematics, natural, or social sciences. Geometry, various engineering fields including analytical mechanics and electrical engineering, geology, physics, chemistry (in the analysis of nuclear chain reactions), biology (in the modeling of infectious diseases and genetic changes), ecology (in population modeling), and economy (in the modeling of dividend and stock price changes) are some of the scientific branches in which the ordinary differential equations play an essential role [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15]. Since most of the differential equations that provide a relatively accurate model of the target phenomena have a complex and nonlinear form, finding an analytical solution for these problems is usually very difficult or even impossible. The lack of analytical solutions for these complex and nonlinear equations has led to the introduction and development of numerical solutions [16,17,18,19,20,21]. Speed, accuracy, and precision are the most common evaluation metrics used to evaluate these numerical solutions. Due to significant advances in the processing capabilities and speed of the processors and computers in the late 20th century, numerical solutions became more prevalent and continue to expand [22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39]. The main topic presented in this paper is about the approximate solution of the following equation:


   y  "   = f  ( x , y )  ,  y  (  x 0  )  =  y 0  ,   y ′   (  x 0  )  =  y 0 ′  ,  



(1)




where f is a sufficiently continuous and derivative function of any order. Approximate methods for solving Equation (1) are divided into two main categories:




	
Methods with unknown constant coefficients,



	
Methods with variable coefficients (coefficients are a function of the frequency of the problem).








Computational schemes involving a parameter proposed by Neta [24,37], Steifel and Bettis [38], and Alolyan et al. [4] belong in the first class. Mehdizadeh Khalsaraei and Shokri [22], Lambert and Watson [14], Neta [25], Van Daele et al. [40], Vigo-Aguiar et al. [41,42], Franco [16], Martin-Vaquero and Vigo-Aguiar [15], Wang et al. [43] have designed schemes to solve problems of the second class. Because the methods with fixed coefficients are mainly not able to control the quality of the answers the methods with variable coefficients produce higher quality answers (i.e., the solutions produced from the approximate methods of oscillating and periodic quality memory are the main answers). Therefore, in this paper, we produce a new method from the category of methods with variable coefficients. Given that in most cases the answers to Equation (1) are oscillating and periodic, approximate methods that are generated using trigonometric coefficients (functions of sine and cosine) in addition to production high-order algebraic methods also therefore maintain the qualitative properties of the answer. Therefore, with less operation volume, they produce better answers than other methods. Of course, this is shown in one of the most important examples called the Matheiu equation. This equation, which is one of the important ones in physical sciences, has an oscillating answer and is one of the stiff problems in numerical analysis that every method is not able to solve with the desired accuracy. We have solved this equation with the generated method and obtained better solutions than would be obtained by employing other methods. This method will be discussed in the section on numerical results.




2. Preliminaries


To check the characteristics of the   2 k  -step symmetric scheme below


   ∑  i = 1  k   c i    y  n + i   +  y  n − i    +  c 0   y n  =  h 2    ∑  i = 1  k   b i    f  n + i   +  f  n − i    +  b 0   f n   ,  



(2)




the test equation of Lambert and Watson


   y  "    ( x )  = −  ω 2  y  ( x )   



(3)




is then used in all articles to examine the properties of linear multi-step methods. In addition, the   2 k  -step multiderivative symmetric multistep methods are defined as follows:


   ∑  j = 1  k   α j    y  n + j   +  y  n − j    +  α 0   y n  =  ∑  i = 1  l   h  2 i     ∑  j = 1  k   β  i j     y  n + j   ( 2 i )   +  y  n − j   ( 2 i )    +  β  i 0    y n  ( 2 i )    .  



(4)







After applying Method (2) in Equation (3), we have


   ∑  j = 1  k   A j   ( ν )    y  n + j   +  y  n − j    +  A 0   ( ν )   y n  = 0 .  



(5)







A polynomial is now generated using (5) as follows:


   ∑  j = 1  k   A j   ( ν )    s j  +  s  − j    +  A 0   ( ν )  = 0 .  



(6)




wherein the position of roots of the polynomial (6) will indicate the main characteristics of method (1).



Definition 1.

The interval   ( 0 ,  ν 0 2  )   is called the periodic interval of method (4) whenever, for each   ν 2   in this interval, the first and second roots of (6) are


    τ  1,2   = exp  ± i θ ( ν )  ,   








and the rest of the roots are satisfied in the condition   ∣  τ j  ∣ ≤ 1  ,   j = 3 , 4 , ⋯ , 2 k  . A multistep scheme is also called P-stable when this interval is   ( 0 , ∞ )  .





Definition 2.

If the periodicity interval is   ( 0 , ∞ ) − S  , the P-stable scheme (4) is called singularly P-stable, in which S is a finite set of points.





Definition 3.

For any multistep scheme with difference Equation (5), the phase-lag is given by


  PL = ν − θ ( ν ) .  



(7)









Therefore, the order of the phase-lag will be  δ  if   PL = O   ν  δ + 1      as   ν → ∞  .



Theorem 1.

The symmetric   2 k  -step scheme with difference Equation (5) has phase-lag order δ and phase-lag constant ζ given by


     − ζ  v  δ + 2   + O  (  v  δ + 4   )  =     ∑  j = 1  k  2  A j   ( v )  cos  ( j v )  +  A 0   ( v )     ∑  j = 1  k  2  j 2   A j   ( v )     .     



(8)









Proof. 

Please see [36]. □






3. Development of the New Scheme


3.1. Development


To approximate the solution of Equation (1), we propose a new method in the following form:


      ∑  i = 1  k   α i    y  n + i   +  y  n − i    +  α 0   y n  =      h 2    ∑  i = 1  k   β i    f  n + i   +  f  n − i    +  β 0   f n        +     h 4    ∑  i = 1  k   γ i    g  n + i   +  g  n − i    +  γ 0   g n        +     h 6    ∑  i = 1  k   η i    w  n + i   +  w  n − i    +  η 0   w n   ,     



(9)




where   k = 4  ,    f  n ± i   =  y  n ± i   ″    ,    g  n ± i   =  y  n ± i   ( 4 )    , and    w  n ± i   =  y  n ± i   ( 6 )    . In addition,


     α 4     = 1 ,   β 4  =  γ 4  =  η 4  = 0 ,   γ 1  =  1 100  ,       γ 2     = −  1 500  ,   γ 3  = −  γ 2  ,   η 0  = −  1 250  ,       η 1     =  1 100  ,    η 2  = −  η 1  ,   η 3  =  1 5   η 1  ,     








and   α i  ,   β i  ,   γ i   and   η i  ,   i = 0 , 1 , 2 , 3 , 4   are real constant unknown coefficients. It is natural that all the properties and characteristics of any numerical method are deduced from its coefficients. However, the coefficients must be carefully generated in order to achieve superior properties. In this paper, several goals are pursued simultaneously so that we can produce a better and more accurate method. Not only do we want to control the interval of periodicity so that   ( 0 , + ∞ )   is produced, but we also intend to increase LTE. Applying the new scheme (9), the characteristic equation for the scheme (9) will be as


   A 4   ( v )   (  y  n + 4   +  y  n − 4   )  +  A 3   ( v )   (  y  n + 3   +  y  n − 3   )  +  A 2   ( v )   (  y  n + 2   +  y  n − 2   )  +  A 1   ( v )   (  y  n + 1   +  y  n − 1   )  +  A 0   ( v )   y n  = 0 ,  



(10)




in which


      A 0  =     −  1 250   v 6  −  v 4   γ 0  +  v 2   β 0  +  α 0  ,        A 1  =      1 100   v 6  −  1 100   v 4  +  v 2   β 1  +  α 1  ,        A 2  =     −  1 100   v 6  +  1 500   v 4  +  v 2   β 2  +  α 2  ,        A 3  =      1 500   v 6  −  1 500   v 4  +  v 2   β 3  +  α 3  ,        A 4  =     1 ,     








where   v = ω h  . Now, to control the interval of periodicity, we will generate the coefficients so that the characteristic equation of the method is as follows:


   λ 8  − 2 cos  ( 4 v )   λ 4  + 1 = 0 .  



(11)







To this end, the polynomials    A 1   ( v )   ,    A 2   ( v )    and    A 3   ( v )    of the characteristic function must be equal to zero, which produce three equations. Hence, we have to have


       1 100   v 6  −  1 100   v 4  +  v 2   β 1  +  α 1  = 0 ,       −  1 100   v 6  +  1 500   v 4  +  v 2   β 2  +  α 2  = 0 ,        1 500   v 6  −  1 500   v 4  +  v 2   β 3  +  α 3  = 0 .      



(12)







Now, by applying the direct formula for the computation of the phase-lag (8) for   k = 4   and for   A j  ,   j = 0 , 1 , 2 , 3 , 4  . This leads to the following equation:


     P L =     −  1 2  ( 4000 cos   ( v )  4  + 4 cos   ( v )  3   v 6  − 4 cos   ( v )  3   v 4  + 2000 cos   ( v )  3   v 2   β 3           + 2000 cos   ( v )  3   α 3  − 10 cos   ( v )  2   v 6  + 2 cos   ( v )  2   v 4  + 1000 cos   ( v )  2   v 2   β 2           + 1000 cos   ( v )  2   α 2  − 4000 cos   ( v )  2  + 2 cos  ( v )   v 6  − 2 cos  ( v )   v 4  + 500 cos  ( v )   v 2   β 1           − 1500 cos  ( v )   v 2   β 3  + 500 cos  ( v )   α 1  − 1500 cos  ( v )   α 3  + 4  v 6  − 250  v 4   γ 0  −  v 4           + 250  v 2   β 0  − 500  v 2   β 2  + 250  α 0  − 500  α 2  + 500 ) / ( 3  v 6  + 5  v 4  − 250  v 2   β 1           − 1000  v 2   β 2  − 2250  v 2   β 3  − 250  α 1  − 1000  α 2  − 2250  α 3  − 4000 )     











Since the new method has nine free parameters, we need six more independent linear equations to obtain unique coefficients. Suppose that the phase-lag and its first five derivatives are zero. Then, we have


      P L = 0 ,       P  L  ( i )   = 0 ,  i = 1,2,3,4,5 .      



(13)







The relations (12) and (13) are nine equations with nine unknowns. Using Maple 17, we have solved this system and the obtained coefficients. The coefficients of the new scheme are given in Appendix A. Whenever, for some   | v |  , the denominator of the coefficients tend to zero, the following expansions can be considered:


     α 0     = − 2 +   12,602,228   127,575    v 2  −   3,908,725,738   63,149,625    v 4  +   283,545,971,923   14,777,012,250    v 6  −   41,912,163,889,877   11,703,393,702,000    v 8  + ⋯     










     α 1     = −   392,783  7560   v 2  +   598,264,169   18,711,000    v 4  −   2,680,226,366   273,648,375    v 6  +   391,710,605,731   216,729,513,000    v 8  − ⋯     










     α 2     =   106,138   23,625    v 2  −   2,320,091   1,670,625    v 4  +   102,276,617   497,542,500    v 6  −   81,060,625,733   4,334,590,260,000    v 8  + ⋯     










      α 3  : =     −   9,841,843   5,103,000    v 2  +   916,829,537   2,525,985,000    v 4  −   195,944,306   36,942,530,625    v 6  +   56,432,312,359   29,258,484,255,000    v 8  + ⋯     










     β 0     = −   10,561,028   127,575   +   1,330,378,961   126,299,250    v 2  +   77,588,331,532   7,388,506,125    v 4  −   12,730,253,550,719   2,340,678,740,400    v 6  +   47,203,411,606,666,163   35,812,384,728,120,000    v 8  − ⋯     










     β 1     =   392,783  7560  −   598,077,059   18,711,000    v 2  +   10,709,959,529   1,094,593,500    v 4  −   391,710,605,731   216,729,513,000    v 6  +   507,737,112,765,733   2,321,173,084,230,000    v 8  − ⋯     










     β 2     = −   106,138   23,625   +   9,266,999   6,682,500    v 2  −   24,325,298   124,385,625    v 4  +   81,060,625,733   4,334,590,260,000    v 6  −   245,631,342,264,403   92,846,923,369,200,000    v 8  − ⋯     










     β 3     =   9,841,843   5,103,000   −   911,777,567   2,525,985,000      v  2  +   488,236,979   147,770,122,500      v  4  −   56,432,312,359   29,258,484,255,000      v  6  −   53,435,851,776,683   313,358,366,371,050,000      v  8  − ⋯     










     γ 0     = −   121,619  4050  +   18,351,239   1,002,375      v  2  −   676,588,441   117,277,875      v  4  +   21,772,162,219   18,576,815,400      v  6  −   340,014,517,526,869   1,989,576,929,340,000      v  8  + ⋯ ,     








and its LTE will be as:


  L T E =   192,671   28,066,500     y n  ( 12 )   + 6  ω 2   y n  ( 10 )   + 15  ω 4   y n  ( 8 )   + 20  ω 6   y n  ( 6 )   + 15  ω 8   y n  ( 4 )   + 6  ω 10   y n  ( 2 )   +  ω 12  y  ( x )    h 12  + O   h 14    











The behavior of the coefficients is shown in Figure 1, Figure 2, Figure 3, Figure 4 and Figure 5.



Theorem 2

([10]). A necessary condition for convergence of a linear multistep method is that it should be zero-stable.





Theorem 3

([10]). The order of a convergent linear multistep method is at least 1.





This condition is called the condition of consistency. In the other words, a linear multistep method is called consistent if it is of order   p ≥ 1  . Note that the new method proposed in this paper is of algebraic orders ten and, as a result, is consistent. Note that, since the algebraic order of the new method is ten, the coefficient of   h 0   in its local truncation error is zero. Therefore,   + 1   is a root of the first characteristic polynomial (that is, its principal root). Similarly, it is easy to see that the new method satisfies zero-stability.



Theorem 4

([10]). A linear multistep method is convergent if and only if it satisfies the zero-stability and consistency.





According to Theorem 1, the new method is convergent.




3.2. Periodicity Analysis


In this section, we discuss and analyze the stability and periodicity properties of the new method (9). To study the stability of a symmetric multistep method, we apply our new method to the test equation


   y  "    ( x )  = −  ϕ 2  y  ( x )  .  



(14)







Application of the new method (9) to the scalar test (14) leads to the following difference equation


   A 4   ( s , v )   (  y  n + 4   +  y  n − 4   )  +  A 3   ( s , v )   (  y  n + 3   +  y  n − 3   )  +  A 2   ( s , v )   (  y  n + 2   +  y  n − 2   )  +  A 1   ( s , v )   (  y  n + 1   +  y  n − 1   )  +  A 0   ( s , v )  = 0 ,  








where   v = ω h  ,   s = ϕ h  ,    A 4   ( s , v )  = 1   and    A 3   ( s , v )   ,    A 2   ( s , v )   ,    A 1   ( s , v )    and    A 0   ( s , v )    are given in Appendix B. Given this, to produce the stability polynomial of the method (to draw the stability region), two frequencies  ω  and  ϕ  have been used, which in the general case   ω ≠ ϕ  . Therefore, the generated method can be easily used for two-frequency problems. The method is called P-stable when all parts of the first quarter of the coordinate system are colored. More precisely, the colored parts in the figure related to the stability zone (Figure 6) show the stability region of the method, while the white parts show the instability region of the method. Now, since the main purpose of this paper is to investigate problems with a frequency, it is sufficient to consider the bisector of the first quarter of the Cartesian coordinate system by equating the frequencies  ω  and  ϕ  as   ω = ϕ  . Therefore, the term singular P-stability is used instead of P-stability. It is a singularly P-stable method in which the bisector of the first quarter of the coordinate system is completely inside the colored area. According to Figure 6, the new method presented in this paper is singularly P-stable. Of course, this is proved algebraically in the next theorem.



Theorem 5.

The new tenth algebraic order explicit eight-step scheme (9) is singularly P-stable.





Proof. 

If we assume   s = v  , the characteristic equation of (9) is given by:


  C h E =  λ 8  − 2  λ 4   8 cos   ( v )  4  − 8 cos   ( v )  2  + 1  + 1 .  











Since   cos  ( 4 v )  = 8 cos   ( v )  4  − 8 cos   ( v )  2  + 1  , the characteristic equation of the new method may be rewritten as


  C h E =  λ 8  − 2  λ 4  cos  ( 4 v )  + 1 .  











Then, by using simple calculation, the characteristic roots are obtained as


   λ  1,2   = exp  ( ± i v )  ,   λ  3,4   = −   ( − 1 )   1 4   exp  ( ± i v )  ,   λ  5,6   = −   ( − 1 )   2 4   exp  ( ± i v )  ,   λ  7,8   = −   ( − 1 )   3 4   exp  ( ± i v )  .  











Thus, when   s = v  , the periodicity interval of the new scheme is   ( 0 , ∞ )  . Therefore, the new scheme is P-stable. Thus, the method is singularly P-stable. □







4. Numerical Results


Example 1.

Consider the following periodic problem


       y  "    ( x )  = −  ω 2  y  ( x )  ,  y  ( 0 )  = 1 ,   y ′   ( 0 )  = 0 .      



(15)




which has an analytical answer   y ( t ) = cos ( ω t )   and in which we assumed that   ω = 10  . The absolute errors for this problem are shown in Figure 7, Figure 8 and Figure 9.





Example 2.

Consider the following pseudo-test problem, which is a highly volatile:


       y  "    ( x )  +  ω 2  y  ( x )  = 8  cos  ( x )  +  2 3  cos  ( 3 x )   ,      



(16)




where   y ( 0 ) = 1  ,    y ′   ( 0 )  = 0   and   ω = 5  . The exact answer to this problem is   y  ( x )  =  1 3   cos ( x ) + cos ( 3 x ) + cos ( 5 x )   . The oscillating behavior of the answer to this equation is shown in Figure 10 (left). We have approximated this equation in three ways. These methods are: the new method, Simos [34] and method (2.11) in Ananthakrishnaiah [6]. The absolute errors for this problem are shown in Figure 10, Figure 11 and Figure 12.





Example 3.

We consider the following almost periodic problem studied by Stiefel and Bettis [38]:


       z  "     ( x )  + z (  ( x )  = 0.001 exp  ( i x )  ,       



(17)




where    i 2  = − 1  ,   z ( 0 ) = 1  ,    z ′   ( 0 )  = 0.995 i   and   z ∈ C  . Here, a theoretical solution represents a motion of the perturbed circular orbit in the complex plane and can be written as   z  ( x )  =  1 − 0.0005 i  exp  ( i x )   . This problem has been solved numerically by using the step size of   h = π , π / 2 , π / 3 , ⋯ , π / 6   in the range of   0 < x < 40 π   (which corresponds to 20 orbits of the point   z ( x )  ). For comparison purposes, Table 1 presents the errors in the computed values of   z ( 40 π )   obtained by Ananthakrishnaiah [6], Simos [34], Wang [43], and the new method.





Example 4.

The nonlinear undamped Duffing equation is considered:


    y  "   = − y −  y 3  + B cos  ( ω x )  ,  y  ( 0 )  = 0.200426728067 ,   y ′   ( 0 )  = 0 ,   



(18)




where   B = 0.002  ,   ω = 1.01   and   x ∈  0,10 π   . We use the following exact solution for (18) from [24],


   g  ( x )  =  ∑  i = 0  5   K  2 i + 1   cos  (  ( 2 i + 1 )  ω x )  ,   








where


      {  K 1  ,  K 3  ,  K 5  ,  K 7  ,  K 9  ,  K 11  } =     { 0.20017947753661852 , 0.246946143255583824 ×  10  − 3   , 0.304014985249 ×  10  − 6   ,          0.374349084378 ×  10  − 9   , 0.460964452 ×  10  − 12   , 0.5676 ×  10  − 15    } .       



(19)







To integrate this equation by a multiderivative method, one needs the values of   y ′  , which occur in calculating   y  ( 4 )   . These higher order derivatives can all be expressed in terms of   y ( x )   and    y ′   ( x )    through (18), i.e.,


       y  ( 3 )    ( x )     =    −  ( 1 + 3  y 2   ( x )  )   y ′   ( x )  − B ω sin  ( ω x )  ,        y  ( 4 )    ( x )     =    −  ( 1 + 3  y 2   ( x )  )   y  ″    ( x )  − 6 y  ( x )   y ′    ( x )  2  − B  ω 2  cos  ( ω x )  .      











The absolute errors at   x = π  ,   2 π  ,   4 π  ,   6 π  ,   8 π  , and   10 π   for the new method, in comparison with methods of Hairer [19], (2.12) in Ananthakrishnaiah [6], Simos [34] and Neta and Fukushima [26] are also listed in Table 2 for comparison with   h =  π 5   .





Example 5.

In our last example, we consider the Mathieu differential equation


       y  "    ( x )  + 100  1 − α cos ( 2 x )  y  ( x )  = 0 ,      



(20)




where   y ( 0 ) = 1  ,    y ′   ( 0 )  = 0   and   α = 0.1  . The frequency is   π / 5   (see Gautschi [18]). Mathieu equation appears in physical problems involving elliptical shapes or periodic potentials. We will solve the equation for   0 ≤ x ≤ 50   and tabulate at several points. The results are compared to the values obtained from Maple using the function MathieuC(100,5,x). See the plot of the function MathieuC(100,5,x) on the range   0 ≤ x ≤ 50   in Figure 13 (left). In order to integrate this equation by an Obrechkoff method, one needs the values of   y ′  , which occur in calculating   y  ( 4 )    and   y  ( 6 )   . For this purpose, we have used the differentiation formula given by:


       y  n + 1  ′  =      1  66 h    305  y  n + 1   − 544  y n  + 239  y  n − 1    +  h 1980   − 5728  y n  ″   − 571  y  n − 1   ″   + 119  y  n + 1   ″             +   h 2  2970   128  y n  ‴   − 173  y  n − 1   ‴    +   h 3  2970   − 346  y n  ( 4 )   − 13  y  n − 1   ( 4 )             +   h 5   62,370    − 71  y n  ( 6 )   +  y  n − 1   ( 6 )    .      











The absolute error is computed with   h = 0.01   at the end point of integration using the methods: Ananthakrishnaiah [6], Simos [34], Wang [43], and the new method, and these are shown in Figure 13, Figure 14 and Figure 15.






5. Conclusions


In this paper, by vanishing of the phase-lag and its derivatives up to five, we have developed a new eight-step singularly P-stable multiderivative method of algebraic order ten. It presents improved characteristics over other multistep multiderivative methods in the literature: reduced local truncation error, reduced phase-lag error, increased interval of periodicity, increased periodicity region, and reduced CPU time can be seen in the numerical results. The conclusion of the research presented in this paper is that the new obtained method produces more efficient results than do known ones for the numerical solution of second-order initial value problems.
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Appendix A




     α 0     =  1 2250   ( (  − 354,400    v  5  + 534,000    v  3  − 405,000  v    cos  v   10         + (  − 67,200    v  6  + 548,400    v  4  − 558,000    v  2  + 108,000  sin  v         + 36    v  9  − 2160    v  7  − 2052    v  5  )   cos  v   9  + (  648    v  10  + 6780    v  8  + 4212    v  6   sin  v         + 1890    v  9  + 10,110    v  7  + 1,364,524    v  5  − 1,101,000    v  3  + 756,000  v )   cos  v   8         + (  540    v  10  + 2364    v  8  + 374,952    v  6  − 1,253,400    v  4  + 882,000    v  2  − 108,000  sin  v         + 8298    v  9  + 11,946    v  7  + 1800    v  5  )   cos  v   7  + (  − 2808    v  10  − 13,812    v  8  − 540    v  6   sin  v         − 5850    v  9  − 23,703    v  7  − 2,378,618    v  5  + 1,459,500    v  3  − 398,250  v )   cos  v   6         + (  − 3186    v  10  − 11,712    v  8  − 609,228    v  6  + 1,990,800    v  4  − 679,500    v  2  − 54,000  sin  v         − 22,770    v  9  − 19,743    v  7  + 747    v  5  )   cos  v   5  + (  4050    v  10  + 30,765    v  8  − 13,725    v  6   sin  v         + 23,310    v  9  + 19,254    v  7  + 2,406,830    v  5  − 1,477,500    v  3  + 33,750  v )   cos  v   4         + (  6912    v  10  − 7923    v  8  + 495,060    v  6  − 1,783,500    v  4  + 360,000    v  2  + 67,500  sin  v         + 16,587    v  9  + 17,508    v  7  − 1251    v  5  )   cos  v   3  + (  − 4698    v  10  − 15,399    v  8  + 4887    v  6   sin  v         − 21,780    v  9  − 10,719    v  7  − 966,012    v  5  + 524,250    v  3  + 27,000  v )   cos  v   2         + (  − 4266    v  10  + 3771    v  8  − 189,804    v  6  + 317,700    v  4  − 4500    v  2  − 13,500  sin  v         − 4986    v  9  − 4986    v  7  + 756    v  5  ) cos  v  +  2808    v  10  + 1116    v  8  + 36    v  6   sin  v         + 6480    v  9  + 3168    v  7  + 107,676    v  5  + 27,000    v  3  − 13,500  v )  (   v  3  ( 6    cos  v   5  sin  v  v + 11    cos  v   6         + 3    cos  v   3  v sin  v  − 18    cos  v   4  − 9  cos  v  v sin  v  + 3    cos  v   2  + 4 )  )  − 1   ) ,     










      α 1  =      1 6000    153,600  v 5  − 400,000  v 3  + 198,000 v  cos   ( v )  9  +   − 384,000  v 4  + 292,000  v 2                − 60,000 ) sin  ( v )  − 1296   v 9  − 1080  v 7  + 1272  v 5   cos   ( v )  8  +   − 3528  v 8  − 3144  v 6   sin  ( v )             − 1440  v 9  − 3384  v 7  − 346,824  v 5  + 900,000  v 3  − 445,500 v  cos   ( v )  7  +   1920  v 8  + 3472  v 6               + 672,000  v 4  − 511,000  v 2  + 105,000  sin  ( v )  + 2632  v 9  + 3280  v 7  − 2214  v 5   cos   ( v )  6           +   120  v 10  + 6462  v 8  + 5146  v 6   sin  ( v )  + 2520  v 9  + 6642  v 7  + 309,222  v 5  − 840,000  v 3              + 354,750 v ) cos  ( v )   5  +   − 2112  v 8  − 4940  v 6  − 512,000  v 4  + 365,000  v 2  − 52,500  sin  ( v )             − 2340  v 9  − 4125  v 7  + 1455  v 5   cos   ( v )  4  +   60  v 10  − 10,365  v 8  + 265  v 6   sin  ( v )  − 4320  v 9             − 2802  v 7  − 265,002  v 5  + 497,500  v 3  − 131,250 v  cos   ( v )  3  +   7824  v 8  + 4  v 6  + 336,000  v 4               − 162,500  v 2  + 7500  sin  ( v )  + 3273  v 9  + 990  v 7  − 501  v 5   cos   ( v )  2  +   − 180  v 10  + 4281  v 8               − 557  v 6   sin  ( v )  + 1890  v 9  + 174  v 7  + 89,004  v 5  − 146,250  v 3  + 24,000 v  cos  ( v )  +  − 3132  v 8              + 204  v 6  − 52,000  v 4  + 16,500  v 2   sin  ( v )  − 1324  v 9  + 80  v 7  − 12  v 5   /  ( (  cos  ( v )            + 1 )   cos   ( v )  3  v sin  ( v )  +  11 6  cos   ( v )  4  +  3 2  cos  ( v )  v sin  ( v )  −  7 6  cos   ( v )  2  −  2 3    v 3   ( cos  ( v )  − 1 )      










     α 2     =  1 500    − 19,200  v 5  + 90,000  v 3  − 37,500 v  cos   ( v )  8  +   65,600  v 4  − 68,000  v 2  + 12,000  sin  ( v )              + 324  v 9  + 702  v 7  − 294  v 5   cos   ( v )  7  +   342  v 8  + 822  v 6   sin  ( v )  + 70  v 9  + 89  v 7  + 29,058  v 5             − 167,000  v 3  + 77,250 v  cos   ( v )  6  +   − 60  v 10  − 594  v 8  − 932  v 6  − 76,800  v 4  + 99,500  v 2               − 21,000 ) sin  ( v )  − 288   v 9  − 2259  v 7  + 501  v 5   cos   ( v )  5  +   321  v 8  − 1415  v 6   sin  ( v )  + 432  v 7             − 10,026  v 5  + 93,000  v 3  − 50,250 v  cos   ( v )  4  +   − 30  v 10  + 195  v 8  + 1396  v 6  + 19,400  v 4               − 40,000  v 2  + 10,500  sin  ( v )  − 279  v 9  + 2418  v 7  − 291  v 5   cos   ( v )  3  +   − 165  v 8  + 247  v 6   sin  ( v )             + 240  v 9  − 1071  v 7  + 12,204  v 5  − 26,250  v 3  + 12,000 v  cos   ( v )  2  +   90  v 10  − 501  v 8  − 212  v 6               − 20,200  v 4  + 8500  v 2  − 1500  sin  ( v )  + 54  v 2  − 690  v 7  + 84  v 5   cos  ( v )  +  132  v 8  + 4  v 6   sin  ( v )            − 40  v 9  + 424  v 7  − 36  v 5  + 8000  v 3  − 1500 v  /   v 3   6 cos   ( v )  5  sin  ( v )  v + 11 cos   ( v )  6               + 3 cos   ( v )  3  v sin  ( v )  − 18 cos   ( v )  4  − 9 cos  ( v )  v sin  ( v )  + 3 cos   ( v )  2  + 4   ,     










     α 3     =  1 9000    166,400  v 5  − 348,000  v 3  + 94,500 v  cos   ( v )  7  +   − 441,600  v 4  + 207,000  v 2                − 27,000 ) sin  ( v )  − 1008   v 9  − 2592  v 7  + 810  v 5   cos   ( v )  6  +   216  v 10  − 42  v 8  − 2430  v 6   sin  ( v )             + 360  v 9  + 1326  v 7  − 71,030  v 5  + 546,000  v 3  − 168,750 v  cos   ( v )  5  +   960  v 8  + 2700  v 6               + 422,400  v 4  − 243,000  v 2  + 40,500  sin  ( v )  − 360  v 9  + 6897  v 7  − 1143  v 5   cos   ( v )  4  +   108  v 10               − 3255  v 8  + 3303  v 6   sin  ( v )  + 360  v 9  − 3966  v 7  − 256,718  v 5  − 124,500  v 3  + 74,250 v  cos   ( v )  3           +   1824  v 8  − 3204  v 6  + 115,200  v 4  + 22,500  v 2  − 13,500  sin  ( v )  + 2259  v 9  − 5010  v 7             + 369  v 5   cos   ( v )  2  +   − 324  v 10  + 1407  v 8  + 153  v 6   sin  ( v )  − 1530  v 9  + 3018  v 7  + 125,348  v 5             − 66,750  v 3   cos  ( v )  +  − 84  v 8  − 252  v 6  − 60,000  v 4  + 13,500  v 2   sin  ( v )  − 324  v 9  + 192  v 7            − 36  v 5   /   v 3   6 cos   ( v )  5  sin  ( v )  v + 11 cos   ( v )  6  + 3 cos   ( v )  3  v sin  ( v )  − 18 cos   ( v )  4               − 9 cos  ( v )  v sin  ( v )  + 3 cos   ( v )  2  + 4   ,     










     β 0     =  1 2250   (  462,400    v  5  − 984,000    v  3  + 405,000  v    cos  v   10           + (  134,400    v  6  − 890,400    v  4  + 612,000    v  2  − 108,000  sin  v           + 2736    v  9  + 1332    v  7  + 2052    v  5  )   cos  v   9  + (  − 1296    v  10  − 3972    v  8  − 4212    v  6   sin  v           − 1260    v  9  − 9048    v  7  − 1,904,524    v  5  + 2,442,000    v  3  − 756,000  v )   cos  v   8           + (  − 1080    v  10  − 4488    v  8  − 754,152    v  6  + 1,856,400    v  4  − 1,071,000    v  2  + 108,000  sin  v           − 22,032    v  9  − 8904    v  7  − 1800    v  5  )   cos  v   7  + (  5616    v  10  + 2076    v  8  + 540    v  6   sin  v           + 4941    v  9  + 20,040    v  7  + 3,458,618    v  5  − 2,859,000    v  3  + 398,250  v )   cos  v   6           + (  6318    v  10  + 21,864    v  8  + 1,217,628    v  6  − 2,368,800    v  4  + 922,500    v  2  + 54,000  sin  v           + 53,010    v  9  + 14,775    v  7  − 747    v  5  )   cos  v   5  + (  − 8100    v  10  − 16,455    v  8  + 13,725    v  6   sin  v           − 29,898    v  9  − 14,502    v  7  − 3,486,830    v  5  + 2,062,500    v  3  − 33,750  v )   cos  v   4           + (  − 13,851    v  10  − 5874    v  8  − 978,060    v  6  + 2,031,000    v  4  − 495,000    v  2  − 67,500  sin  v           − 46,953    v  9  − 13,386    v  7  + 1251    v  5  )   cos  v   3  + (  9396    v  10  + 9945    v  8  − 4887    v  6   sin  v           + 35,163    v  9  + 7956    v  7  + 1,506,012    v  5  − 609,750    v  3  − 27,000  v )   cos  v   2           + (  8613    v  10  + 1998    v  8  + 376,404    v  6  − 448,200    v  4  + 31,500    v  2  + 13,500  sin  v           + 16,074    v  9  + 3618    v  7  − 756    v  5  ) cos  v  +  − 5616    v  10  − 1044    v  8  − 36    v  6   sin  v           − 12,996    v  9  − 2556    v  7  − 215,676    v  5  − 18,000    v  3  + 13,500  v ) (   v  5  ( 6    cos  v   5  sin  v  v          + 11    cos  v   6  + 3    cos  v   3  v sin  v  − 18    cos  v   4  − 9  cos  v  v sin  v  + 3    cos  v   2  + 4 )  )  − 1   ,     










     β 1     =  1 6000    − 153,600  v 5  + 400,000  v 3  − 198,000 v  cos   ( v )  9  +   384,000  v 4  − 292,000  v 2                + 60,000 ) sin  ( v )  + 1296   v 9  + 1080  v 7  − 1272  v 5   cos   ( v )  8  +   3528  v 8  + 3144  v 6   sin  ( v )             + 1440  v 9  + 3384  v 7  + 346,824  v 5  − 900,000  v 3  + 445,500 v  cos   ( v )  7  +   − 1920  v 8  − 3472  v 6               − 672,000  v 4  + 511,000  v 2  − 105,000  sin  ( v )  − 2742  v 9  − 3170  v 7  + 2214  v 5   cos   ( v )  6   + (  ( v )             − 180  v 10  − 6402  v 8  − 5146  v 6   sin  ( v )  − 2520  v 9  − 6642  v 7  − 309,222  v 5  + 840,000  v 3             − 354,750 v ) cos  ( v )   5  +   2112  v 8  + 4940  v 6  + 512,000  v 4  − 365,000  v 2  + 52,500  sin  ( v )             + 2520  v 9  + 3945  v 7  − 1455  v 5   cos   ( v )  4  +   − 90  v 10  + 10,395  v 8  − 265  v 6   sin  ( v )  + 4320  v 9             + 2802  v 7  + 265,002  v 5  − 497,500  v 3  + 131,250 v  cos   ( v )  3  +   − 7824  v 8  − 4  v 6  − 336,000  v 4               + 162,500  v 2  − 7500  sin  ( v )  − 3303  v 9  − 960  v 7  + 501  v 5   cos   ( v )  2  +   270  v 10  − 4371  v 8               + 557  v 6   sin  ( v )  − 1890  v 9  − 174  v 7  − 89,004  v 5  + 146,250  v 3  − 24,000 v  cos  ( v )  +  3132  v 8              − 204  v 6  + 52,000  v 4  − 16,500  v 2   sin  ( v )  + 1284  v 9  − 40  v 7  + 12  v 5   /  ( (  cos  ( v )             + 1 )   cos   ( v )  3  v sin  ( v )  +  11 6  cos   ( v )  4  +  3 2  cos  ( v )  v sin  ( v )  −  7 6  cos   ( v )  2  −  2 3    v 5   ( cos  ( v )  − 1 )   ,     










      β 2  =      1 500    − 19,200  v 5  + 90,000  v 3  − 37,500 v  cos   ( v )  8  +   65,600  v 4  − 68,000  v 2  + 12,000  sin  ( v )              + 324  v 9  + 702  v 7  − 294  v 5   cos   ( v )  7  +   342  v 8  + 822  v 6   sin  ( v )  + 15  v 9  + 100  v 7  + 29,058  v 5             − 167,000  v 3  + 77,250 v  cos   ( v )  6  +   − 90  v 10  − 588  v 8  − 932  v 6  − 76,800  v 4  + 99,500  v 2               − 21,000 ) sin  ( v )  − 288   v 9  − 2259  v 7  + 501  v 5   cos   ( v )  5  +   321  v 8  − 1415  v 6   sin  ( v )  + 90  v 9             + 414  v 7  − 10,026  v 5  + 93,000  v 3  − 50,250 v  cos   ( v )  4  +   − 45  v 10  + 198  v 8  + 1396  v 6  + 19,400  v 4               − 40,000  v 2  + 10,500  sin  ( v )  − 279  v 9  + 2418  v 7  − 291  v 5   cos   ( v )  3  +   − 165  v 8  + 247  v 6   sin  ( v )             + 225  v 9  − 1068  v 7  + 12,204  v 5  − 26,250  v 3  + 12,000 v  cos   ( v )  2  +   135  v 10  − 510  v 8  − 212  v 6               − 20,200  v 4  + 8500  v 2  − 1500  sin  ( v )  + 54  v 9  − 690  v 7  + 84  v 5   cos  ( v )  +  132  v 8  + 4  v 6   sin  ( v )            − 60  v 9  + 428  v 7  − 36  v 5  + 8000  v 3  − 1500 v  /   v 5  sin   ( v )  3   6 cos   ( v )  3  v − 11 cos   ( v )  2  sin  ( v )             + 9 cos ( v ) v − 4 sin ( v ) ) ) ,     










     β 3     =  1 9000    166,400  v 5  − 348,000  v 3  + 94,500 v  cos   ( v )  7  +   − 441,600  v 4  + 207,000  v 2                − 27,000 ) sin  ( v )  − 810   v 9  − 2790  v 7  + 810  v 5   cos   ( v )  6  +   324  v 10  − 150  v 8  − 2430  v 6   sin  ( v )             + 360  v 9  + 1326  v 7  − 71,030  v 5  + 546,000  v 3  − 168,750 v  cos   ( v )  5  +   960  v 8  + 2700  v 6               + 422,400  v 4  − 243,000  v 2  + 40,500  sin  ( v )  − 684  v 9  + 7221  v 7  − 1143  v 5   cos   ( v )  4  +   162  v 10               − 3309  v 8  + 3303  v 6   sin  ( v )  + 360  v 9  − 3966  v 7  − 256,718  v 5  − 124,500  v 3  + 74,250 v  cos   ( v )  3           +   1824  v 8  − 3204  v 6  + 115,200  v 4  + 22,500  v 2  − 13,500  sin  ( v )  + 2313  v 9  − 5064  v 7             + 369  v 5   cos   ( v )  2  +   − 486  v 10  + 1569  v 8  + 153  v 6   sin  ( v )  − 1530  v 9  + 3018  v 7  + 125,348  v 5             − 66,750  v 3   cos  ( v )  +  − 84  v 8  − 252  v 6  − 60,000  v 4  + 13,500  v 2   sin  ( v )  − 252  v 9  + 120  v 7            − 36  v 5   /   v 5  sin   ( v )  3   6 cos   ( v )  3  v − 11 cos   ( v )  2  sin  ( v )  + 9 cos  ( v )  v − 4 sin  ( v )    ,     










     γ 0     =  1 750    22,400  v 4  − 42,000  v 2  + 18,000  cos   ( v )  7  +   − 36,000  v 3  + 18,000 v  sin  ( v )  − 216  v 8              + 936  v 6   cos   ( v )  6  +   − 924  v 7  + 276  v 5   sin  ( v )  − 180  v 8  − 708  v 6  − 104,000  v 4  + 123,000  v 2              − 45,000 ) cos  ( v )   5  + 720   −  7 24   v 6  −  59 120   v 4  + 150  v 2  −  175 2   sin  ( v )  +  v 7             −  62 15   v 5   v cos   ( v )  4  +   2730  v 7  − 462  v 5   sin  ( v )  + 846  v 8  + 2676  v 6  + 98,800  v 4  − 138,000  v 2              + 36,000 ) cos  ( v )   3  +   − 84  v 7  + 513  v 5  − 108,000  v 3  + 54,000 v  sin  ( v )  − 630  v 8             + 1794  v 6   cos   ( v )  2  +   − 3696  v 7  + 456  v 5   sin  ( v )  − 1476  v 8  − 1923  v 6  − 62,200  v 4  + 57,000  v 2              − 9000 ) cos  ( v )  +   2184  v 7  − 204  v 5  + 36,000  v 3  − 9000 v  sin  ( v )  + 936  v 8  − 24  v 6   /            v 5   6 cos   ( v )  3  v − 11 cos   ( v )  2  sin  ( v )  + 9 cos  ( v )  v − 4 sin  ( v )    ,     








and


      γ 1  =      1 100  ,   γ 2  = −  1 500  ,   γ 3  =  1 500  ,   η 0  = −  1 250  ,   η 1  =  1 100  ,   η 2  = −  1 100  ,   η 3  =  1 500  .     












Appendix B



       A 0   ( s , v )  =      1 2250  ( −  ( 108,000 (   ( 443 / 135 )   v 6  +  ( −  ( 578 / 135 )   s 2  − 89 / 18 )   v 4           +  (  s 4  +  ( 82 / 9 )   s 2  + 15 / 4 )   v 2  −  ( 15 / 4 )   s 2  −  ( 1 / 2 )   s 4   ) )  v cos   ( v )  10           +  ( (  − 67,200  v 8  +  ( 134,400  s 2  + 548,400 )   v 6  +  ( − 67,200  s 4  − 890,400  s 2  − 558,000 )   v 4           +  ( 126,000  s 4  + 612,000  s 2  + 108,000 )   v 2  − 54,000  s 4  − 108,000  s 2   ) sin   ( v )           −  ( 2772  ( s + v )  )   v 5   ( s − v )   (  ( 1 / 77 )   v 4  +  ( − 60 / 77 +  s 2  )   v 2  − 57 / 77 −  ( 23 / 77 )   s 2  )   ) cos    ( v )  9           +  ( 648 (   ( −  v 4  +  ( − 565 / 54 +  s 2  )   v 2  − 13 / 2 −  ( 13 / 3 )   s 2  )   ( s + v )   v 5   ( s − v )  sin  ( v )           +  ( 35 / 12 )   v 10  +  ( 1685 / 108 −  ( 35 / 18 )   s 2  )   v 8   + ( −  ( 35 / 36 )    s 4  + 341,131 / 162          −  ( 377 / 27 )   s 2   )   v 6  +  ( −  ( 476,131 / 162 )   s 2  − 45,875 / 27 −  ( 59 / 36 )   s 4  )   v 4           +  ( 3500 / 3 +  ( 2500 / 3 )   s 4  +  ( 101,750 / 27 )   s 2  )   v 2  −  ( 1375 / 3 )   s 4  −  ( 3500 / 3 )   s 2   ) )  v cos   ( v )  8           +  ( ( 540   v 12  +  ( − 1080  s 2  + 2364 )   v 10  +  ( 540  s 4  − 4488  s 2  + 374,952 )   v 8           +  ( 2124  s 4  − 754,152  s 2  − 1,253,400 )   v 6  +  ( 379,200  s 4  + 1,856,400  s 2  + 882,000 )   v 4           +  ( − 495,000  s 4  − 1,071,000  s 2  − 108,000 )   v 2  + 189,000  s 4  + 108,000  s 2   ) sin   ( v )           +  ( 13,734 (  −  ( 461 / 763 )   v 4  +  ( − 1991 / 2289 +  s 2  )   v 2  − 100 / 763          −  ( 169 / 763 )   s 2   ) )  ( s + v )    v 5     ( s − v )  ) cos  ( v )   7  −  ( 99 (  ( 312 / 11  ( s + v )  )  (  −  v 4           +  ( − 1151 / 234 +  s 2  )   v 2  − 5 / 26 −  ( 163 / 39 )   s 2   )   v 5   ( s − v )  sin  ( v )  +  ( 650 / 11 )   v 10           +  ( 7901 / 33 −  ( 549 / 11 )   s 2  )   v 8  +  ( −  ( 112 / 11 )   s 4  + 216,238 / 9 −  ( 6680 / 33 )   s 2  )   v 6           +  (  s 6  −  ( 3,458,618 / 99 )   s 2  − 486,500 / 33 − 37  s 4  )   v 4   + (  ( 120,000 / 11 )    s 4  + 44,250 / 11          +  ( 953,000 / 33 )   s 2   )   v 2  −  ( 44,250 / 11 )   s 2  − 6000  s 4    ) ) v cos  ( v )   6  +  ( (  − 3186  v 12           +  ( 6318  s 2  − 11,712 )   v 10  +  ( − 3078  s 4  + 21,864  s 2  − 609,228 )   v 8   + ( − 54   s 6           − 10,152  s 4  + 1,217,628  s 2  + 1,990,800  )  v 6  + (  − 608,400  s 4  − 2,368,800  s 2            − 679,500 )   v 4  +  ( 783,000  s 4  + 922,500  s 2  − 54,000 )   v 2  − 243,000  s 4  + 54,000  s 2   ) sin   ( v )           −  ( 30,240  ( s + v )  )   v 5    ( s − v )  ( −  ( 253 / 336 )    v 4  +  ( − 6581 / 10,080 +  s 2  )   v 2  + 83 / 3360          −  ( 23 / 140 )   s 2    ) ) cos  ( v )   5  +  ( 162 ( ( 25 (  −  v 4  +  ( − 2051 / 270 +  s 2  )   v 2  + 61 / 18          −  ( 53 / 15 )   s 2   ) )  ( s + v )    v 5   ( s − v )  sin  ( v )  +  ( 1295 / 9 )   v 10   + ( 3209 / 27           −  ( 1661 / 9 )   s 2   )   v 8  +  (  ( 119 / 3 )   s 4  + 1,203,415 / 81 −  ( 2417 / 27 )   s 2  )   v 6           +  (  s 6  −  ( 1,743,415 / 81 )   s 2  − 246,250 / 27 −  ( 88 / 3 )   s 4  )   v 4   + (  ( 20,000 / 3 )    s 4           + 625 / 3 +  ( 343,750 / 27 )   s 2   )   v 2  −  ( 625 / 3 )   s 2  −  ( 10,000 / 3 )   s 4   ) )  v cos   ( v )  4           +  ( ( 6912   v 12  +  ( − 13,851  s 2  − 7923 )   v 10  +  ( 6966  s 4  − 5874  s 2  + 495,060 )   v 8           +  ( − 27  s 6  + 13,797  s 4  − 978,060  s 2  − 1,783,500 )   v 6   + ( 483,000   s 4  + 2,031,000  s 2            + 360,000 )   v 4  +  ( − 585,000  s 4  − 495,000  s 2  + 67,500 )   v 2  + 135,000  s 4  − 67,500  s 2   ) sin   ( v )           +  ( 30,366 (  −  ( 1843 / 3374 )   v 4  +  ( − 2918 / 5061 +  s 2  )   v 2  + 139 / 3374          −  ( 229 / 1687 )   s 2   ) )  ( s + v )    v 5     ( s − v )  ) cos  ( v )   3  −  ( 27 (  ( 174  ( s + v )  )  (  −  v 4   + ( − 59 / 18           +  s 2   )   v 2  + 181 / 174 −  ( 101 / 87 )   s 2   )  v 5   ( s − v )  sin  ( v )  +  ( 2420 / 3 )   v 10  + (  397          −  ( 3907 / 3 )   s 2   )  v 8  +  (  ( 1484 / 3 )   s 4  + 322,004 / 9 −  ( 884 / 3 )   s 2  )   v 6  + (   s 6           −  ( 502,004 / 9 )   s 2  − 58,250 / 3 −  ( 307 / 3 )   s 4   )   v 4  +  ( 20,000  s 4  − 1000 +  ( 67,750 / 3 )   s 2  )   v 2           − 8000  s 4  + 1000  s 2    ) ) v cos  ( v )   2  +  ( (  − 4266  v 12  +  ( 8613  s 2  + 3771 )   v 10           +  ( − 4428  s 4  + 1998  s 2  − 189,804 )   v 8   + ( 81   s 6  − 5769  s 4  + 376,404  s 2            + 317,700 )   v 6  +  ( − 186,600  s 4  − 448,200  s 2  − 4500 )   v 4   + ( 171,000   s 4  + 31,500  s 2            − 13,500 )   v 2  − 27,000  s 4  + 13,500  s 2   ) sin  ( v )  − ( 11,088 ( −  ( 277 / 616 )    v 4           +  ( − 277 / 616 +  s 2  )   v 2  + 3 / 44 −  ( 19 / 154 )   s 2   ) )   ( s + v )   v 5   ( s − v )   ) cos   ( v )           −  ( 36 (  −  ( 78  ( s + v )  )   v 5   ( −  v 4  +  ( − 31 / 78 +  s 2  )   v 2  − 1 / 78 −  ( 1 / 39 )   s 2  )   ( s − v )  sin  ( v )           − 180  v 10  +  ( 361  s 2  − 88 )   v 8  +  ( − 182  s 4  + 71  s 2  − 2991 )   v 6   + (   s 6  + 17  s 4           + 5991  s 2   − 750 )   v 4  +  ( − 3000  s 4  + 500  s 2  + 375 )   v 2  + 750  s 4           − 375  s 2    ) ) v ) / ( ( 6 cos  ( v )   5  sin  ( v )  v + 11 cos   ( v )  6           + 3 cos   ( v )  3  v sin  ( v )  − 18 cos   ( v )  4  − 9 cos  ( v )  v sin  ( v )  + 3 cos   ( v )  2   + 4 )   v 5  ) ,      










       A 1   ( s , v )  =     −  3 50   ( (   (  ( 20,000 / 3 )   v 3  − 3300 v − 2560  v 5  )  cos   ( v )  9           + (  ( −  ( 14,600 / 3 )   v 2  + 6400  v 4  + 1000 )  sin  ( v )  + 18  v 7  +  ( 108 / 5 )   v 9           −  ( 106 / 5 )   v 5   ) cos   ( v )  8  + (   (  ( 262 / 5 )   v 6  +  ( 294 / 5 )   v 8  )  sin  ( v )           +  ( 282 / 5 )   v 7  + 24  v 9  − 15,000  v 3  + 7425 v +  ( 28,902 / 5 )   v 5    ) cos  ( v )   7           + (  ( − 32  v 8  − 11,200  v 4  −  ( 868 / 15 )   v 6  +  ( 25,550 / 3 )   v 2  − 1750 )  sin  ( v )           +  ( 11 / 6  ( −  ( 1316 / 55 )   v 4  +  ( − 328 / 11 +  s 2  )   v 2  +  s 4  + 1107 / 55 −  s 2  )  )   v 5   ) cos    ( v )  6           + v (  ( − 2  v 4  +  ( − 1077 / 10 +  s 2  )   v 2  +  s 4  − 2573 / 30 −  s 2  )   v 5  sin  ( v )           − 42  v 8  + 14,000  v 2  −  ( 1107 / 10 )   v 6  −  ( 51,537 / 10 )   v 4    − 11,825 / 2 ) cos  ( v )   5           + (  (  ( 176 / 5 )   v 8  +  ( 247 / 3 )   v 6  +  ( 25,600 / 3 )   v 4  + 875 −  ( 18,250 / 3 )   v 2  )  sin  ( v )           −  ( 3  ( − 13  v 4  +  ( − 275 / 12 +  s 2  )   v 2  +  s 4  + 97 / 12 −  s 2  )  )   v 5   ) cos    ( v )  4           +  ( 1 / 2 )  v (  ( − 2  v 4  +  ( 691 / 2 +  s 2  )   v 2  +  s 4  − 53 / 6 −  s 2  )   v 5  sin  ( v )           + 144  v 8  −  ( 49,750 / 3 )   v 2  +  ( 467 / 5 )   v 6  +  ( 44,167 / 5 )   v 4    + 4375 ) cos  ( v )   3           + (  ( − 125 +  ( 8125 / 3 )   v 2  −  ( 652 / 5 )   v 8  − 5600  v 4  −  ( 1 / 15 )   v 6  )  sin  ( v )           +  ( 1 / 2  ( −  ( 1091 / 10 )   v 4  +  (  s 2  − 33 )   v 2  +  s 4  + 167 / 10 −  s 2  )  )   v 5   ) cos    ( v )  2            − ( 3 / 2 (   ( − 2  v 4  +  ( 1427 / 30 +  s 2  )   v 2  +  s 4  − 557 / 90 −  s 2  )   v 5  sin  ( v )           + 21  v 8  − 1625  v 2  +  ( 29 / 15 )   v 6  +  ( 14,834 / 15 )   v 4  + 800 / 3  ) )  v cos  ( v )           +  ( 2 / 3 )   v 2   (   ( −  ( 51 / 10 )   v 4  +  ( 783 / 10 )   v 6  + 1300  v 2  − 825 / 2 )  sin  ( v )           + (  ( 331 / 10 )   v 4  +  (  s 2  − 2 )   v 2  +  s 4  + 3 / 10          −  s 2   )   v 3   ) )  ( s + v )   ( s − v )  )  / ( sin   ( v )  3   v 5    ( 6 cos  ( v )   3  v          − 11 cos   ( v )  2   sin  ( v )  + 9 cos  ( v )  v − 4 sin  ( v )  ) ) ,       










       A 2   ( s , v )  =      3 50   (  ( s + v )  (   ( − 640  v 5  + 3000  v 3  − 1250 v )  cos   ( v )  8           + (  (  ( 6560 / 3 )   v 4  + 400 −  ( 6800 / 3 )   v 2  )  sin  ( v )  −  ( 49 / 5 )   v 5  +  ( 54 / 5 )   v 9           +  ( 117 / 5 )   v 7   ) cos   ( v )  7  + (   (  ( 57 / 5 )   v 8  +  ( 137 / 5 )   v 6  )  sin  ( v )           +  ( 7 / 3 )   v 9  +  (  ( 11 / 6 )   s 2  + 89 / 30 )   v 7  +  ( 4843 / 5 −  ( 11 / 30 )   s 2  +  ( 11 / 6 )   s 4  )   v 5           −  ( 16,700 / 3 )   v 3    + 2575 v ) cos  ( v )   6  +  ( (  − 700 − 2  v 10  +  (  s 2  − 99 / 5 )   v 8           +  ( − 466 / 15 +  s 4  −  ( 1 / 5 )   s 2  )   v 6  − 2560  v 4  +  ( 9950 / 3 )   v 2   ) sin  ( v )            −  ( 753 / 10 )   v 7  −  ( 48 / 5 )   v 9  +  ( 167 / 10 )   v 5    ) cos  ( v )   5           + (  (  ( 107 / 10 )   v 8  −  ( 283 / 6 )   v 6  )  sin  ( v )  +  ( − 3  s 2  + 72 / 5 )   v 7           +  ( − 1671 / 5 − 3  s 4  +  ( 3 / 5 )   s 2  )   v 5  + 3100  v 3    − 1675 v ) cos  ( v )   4           +  ( ( 350  −  v 10  +  (  ( 1 / 2 )   s 2  + 13 / 2 )   v 8  +  (  ( 1 / 2 )   s 4  + 698 / 15 −  ( 1 / 10 )   s 2  )   v 6           +  ( 1940 / 3 )   v 4  −  ( 4000 / 3 )   v 2   ) sin  ( v )  −  ( 97 / 10 )   v 5  −  ( 93 / 10 )   v 9  +  ( 403 / 5 )   v 7  )  cos   ( v )  3           +  ( 1 / 2 )  v (  (  ( 247 / 15 )   v 5  − 11  v 7  )  sin  ( v )  + 800 + 16  v 8  +  ( − 357 / 5 +  s 2  )   v 6           +  (  s 4  + 4068 / 5 −  ( 1 / 5 )   s 2  )   v 4  − 1750  v 2    ) cos  ( v )   2  +  ( (  − 50 + 3  v 10           +  ( −  ( 3 / 2 )   s 2  − 167 / 10 )   v 8  +  ( −  ( 3 / 2 )   s 4  +  ( 3 / 10 )   s 2  − 106 / 15 )   v 6  −  ( 2020 / 3 )   v 4           +  ( 850 / 3 )   v 2   ) sin  ( v )  +  ( 9 / 5 )    v 9  − 23  v 7  +  ( 14 / 5 )   v 5   ) cos  ( v )  + ( 2 / 3 ( (  ( 1 / 5 )    v 5           +  ( 33 / 5 )   v 7   ) sin  ( v )  − 75 − 2  v 8  +  ( 106 / 5 +  s 2  )   v 6  + (   s 4  − 9 / 5          −  ( 1 / 5 )   s 2   )   v 4  + 400  v 2   ) ) v )  ( s − v )  )  / ( sin   ( v )  3   v 5    ( 6 cos  ( v )   3  v          − 11 cos   ( v )  2   sin  ( v )  + 9 cos  ( v )  v − 4 sin  ( v )  ) ) ,       










       A 3   ( s , v )  =     −  3 250   (  ( s + v )   ( s − v )  (   ( − 875 v +  ( 29,000 / 9 )   v 3  −  ( 41,600 / 27 )   v 5  )  cos   ( v )  7            + (   ( 250 +  ( 36,800 / 9 )   v 4  −  ( 5750 / 3 )   v 2  )  sin  ( v )  +  ( 11 / 6 (   ( 56 / 11 )   v 4           +  ( 144 / 11 +  s 2  )   v 2  +  s 4  − 45 / 11 −  s 2   ) )   v 5   ) cos    ( v )  6  +  (  v 5  (  − 2  v 4           +  ( 7 / 18 +  s 2  )   v 2  +  s 4  + 45 / 2 −  s 2   ) sin   ( v )  −  ( 10 / 3 )   v 8  −  ( 45,500 / 9 )   v 2  −  ( 221 / 18 )   v 6           +  ( 35,515 / 54 )   v 4    + 3125 / 2 ) v cos  ( v )   5  +  ( (  −  ( 80 / 9 )   v 8  − 375 + 2250  v 2           −  ( 35,200 / 9 )   v 4  − 25  v 6   ) sin  ( v )  − 3  v 5  (  −  ( 10 / 9 )   v 4           +  ( 2299 / 108 +  s 2  )   v 2  +  s 4  − 127 / 36 −  s 2   ) )  cos   ( v )  4           +  ( 1 / 2 )  v (  v 5   ( − 2  v 4  +  ( 1085 / 18 +  s 2  )   v 2  +  s 4  − 367 / 6 −  s 2  )  sin  ( v )           −  ( 20 / 3 )   v 8  +  ( 20,750 / 9 )   v 2  +  ( 661 / 9 )   v 6  +  ( 128,359 / 27 )   v 4    − 1375 ) cos  ( v )   3           + (  ( −  ( 152 / 9 )   v 8  −  ( 3200 / 3 )   v 4  −  ( 625 / 3 )   v 2  +  ( 89 / 3 )   v 6  + 125 )  sin  ( v )           +  ( 1 / 2  ( −  ( 251 / 6 )   v 4  +  ( 835 / 9 +  s 2  )   v 2  +  s 4  − 41 / 6 −  s 2  )  )   v 5   ) cos    ( v )  2           −  ( 3 / 2 )   v 3   (   ( − 2  v 4  +  ( 469 / 54 +  s 2  )   v 2  +  s 4  + 17 / 18 −  s 2  )   v 3  sin  ( v )           −  ( 85 / 9 )   v 6  − 11,125 / 27 +  ( 503 / 27 )   v 4  +  ( 62,674 / 81 )   v 2   ) cos  ( v )            +  ( 2 / 3 )   v 2   (   (  ( 7 / 2 )   v 4  +  ( 7 / 6 )   v 6  +  ( 2500 / 3 )   v 2  − 375 / 2 )  sin  ( v )           +  v 3   (  ( 9 / 2 )   v 4  +  ( − 8 / 3 +  s 2  )   v 2  +  s 4  + 1 / 2 −  s 2  )   ) ) )  / ( sin   ( v )  3   v 5   ( 6 cos    ( v )  3  v          − 11 cos   ( v )  2   sin  ( v )  + 9 cos  ( v )  v − 4 sin  ( v )  ) )       
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Figure 1.   α 0   and   α 1  . 
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Figure 2.   α 2   and   α 3  . 
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Figure 3.   β 0   and   β 1  . 
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Figure 4.   β 2   and   β 3  . 
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Figure 5.   γ 0  . 
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Figure 6. The periodicity region of the new scheme. 
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Figure 7. Exact solution (15) over five period (left figure) and the absolute errors for the test problem (15) with   h =  π 12    using the new method (the right figure) for Example 1. 
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Figure 8. The absolute errors for the test problem (15) with   h =  π 12    using the methods: Ananthakrishnaiah [6] (left) and Simos [34] (right) for Example 1. 
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Figure 9. The absolute errors for the test problem (15) with   h =  π 12    using the method: Wang [43] for Example 1. 
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Figure 10. Exact solution (16) over five period (the red line) and the numerical solution of (16) using the new method (the blue line) (the left figure) and the absolute errors for the test-like problem (16) with   h =  π 40    using the new method (the right figure) for Example 2. 
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Figure 11. The absolute errors for the test-like problem (16) with   h =  π 40    using the methods: Ananthakrishnaiah [6] (left) and Simos [34] (right) for Example 2. 
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Figure 12. The absolute errors for the test-like problem (16) with   h =  π 40    using the method: Wang [43] for Example 2. 
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Figure 13. The function MathieuC(100,5,x) on the range   0 ≤ x ≤ 50   (left) and the absolute errors obtained by the new method (right) with   h = 0.01  . 
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Figure 14. The absolute errors obtained by the methods: Ananthakrishnaiah (left) and Simos (right) with   h = 0.01  . 






Figure 14. The absolute errors obtained by the methods: Ananthakrishnaiah (left) and Simos (right) with   h = 0.01  .
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Figure 15. The absolute errors obtained by Wang’s method with   h = 0.01  . 






Figure 15. The absolute errors obtained by Wang’s method with   h = 0.01  .
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Table 1. Comparison of the end-point absolute error in the approximations obtained by using Methods: Ananthakrishnaiah [6], Simos [34], Wang [43], and the new method for Example 3.






Table 1. Comparison of the end-point absolute error in the approximations obtained by using Methods: Ananthakrishnaiah [6], Simos [34], Wang [43], and the new method for Example 3.





	h
	Ananthakrishnaiah
	Simos
	Wang
	New





	  π  
	   3.36 ×  10  − 1     
	   6.29 ×  10  − 1     
	   6.61 ×  10  − 4     
	   4.93 ×  10  − 6     



	   π / 2   
	   5.32 ×  10  − 4     
	   9.92 ×  10  − 5     
	   1.96 ×  10  − 10     
	   2.06 ×  10  − 12     



	   π / 3   
	   4.90 ×  10  − 5     
	   2.63 ×  10  − 8     
	   1.25 ×  10  − 12     
	   1.69 ×  10  − 14     



	   π / 4   
	   8.89 ×  10  − 6     
	   2.21 ×  10  − 10     
	   3.82 ×  10  − 14     
	   3.24 ×  10  − 16     



	   π / 5   
	   2.35 ×  10  − 6     
	   2.67 ×  10  − 10     
	   5.11 ×  10  − 15     
	   7.05 ×  10  − 17     



	   π / 6   
	   7.91 ×  10  − 7     
	   4.30 ×  10  − 11     
	   2.89 ×  10  − 15     
	   9.34 ×  10  − 18     










 





Table 2. Comparison of the end-point absolute error in the approximations obtained by using Methods: Hairer [19], Ananthakrishnaiah [6], Neta [26], Simos [34], Wang, and the new method for Example 4.






Table 2. Comparison of the end-point absolute error in the approximations obtained by using Methods: Hairer [19], Ananthakrishnaiah [6], Neta [26], Simos [34], Wang, and the new method for Example 4.















	h
	x
	Hairer
	Ananthakrishnaiah
	Neta
	Simos
	Wang
	New





	
	  π  
	   5.03 ×  10  − 2     
	   4.53 ×  10  − 5     
	−
	   1.85 ×  10  − 7     
	   9.33 ×  10  − 12     
	   8.26 ×  10  − 14     



	
	   2 π   
	   4.79 ×  10  − 2     
	   1.88 ×  10  − 4     
	   2.04 ×  10  − 5     
	   3.25 ×  10  − 6     
	   3.07 ×  10  − 11     
	   4.27 ×  10  − 13     



	   π / 5   
	   4 π   
	   4.25 ×  10  − 2     
	   7.46 ×  10  − 4     
	   8.09 ×  10  − 5     
	   7.57 ×  10  − 6     
	   7.38 ×  10  − 11     
	   6.08 ×  10  − 13     



	
	   6 π   
	   3.64 ×  10  − 2     
	   1.63 ×  10  − 3     
	   1.80 ×  10  − 4     
	−
	   1.16 ×  10  − 10     
	   2.06 ×  10  − 12     



	
	   8 π   
	   2.97 ×  10  − 2     
	   2.78 ×  10  − 3     
	   3.15 ×  10  − 4     
	   4.57 ×  10  − 5     
	   1.54 ×  10  − 10     
	   1.89 ×  10  − 12     



	
	   10 π   
	   2.26 ×  10  − 2     
	   4.11 ×  10  − 3     
	   4.82 ×  10  − 4     
	   2.38 ×  10  − 4     
	   1.87 ×  10  − 10     
	   1.37 ×  10  − 12     
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