. mathematics

Article

An Analytical Technique Implemented in the Fractional
Clannish Random Walker’s Parabolic Equation
with Nonlinear Physical Phenomena

Md. Nur Alam 1, Imran Talib 2, Omar Bazighifan 3, Dimplekumar N. Chalishajar +* and Barakah Almarri 5

Citation: Alam, M.N.; Talib, L;
Bazighifan, O.; Chalishajar, D.N.;
Almarri, B. An Analytical Technique
Implemented to the Fractional
Clannish Random Walker’s
Parabolic Equation with Nonlinear
Physical Phenomena. Int. J. Environ.
Res. Public Health 2021, 9, 801.
https://doi.org/10.3390/math9080801

Academic Editor: Anténio Mendes

Lopes

Received: 1 March 2021
Accepted: 31 March 2021
Published: 7 April 2021

Publisher’s Note: MDPI stays neu-
tral with regard to jurisdictional
claims in published maps and institu-

tional affiliations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC  BY)
(http://creativecommons.org/licenses

/by/4.0/).

license

1 Department of Mathematics, Pabna University of Science & Technology, Pabna 6600, Bangladesh;
nuralam.pstu23@gmail.com or nuralam23@pust.ac.bd

2 Department of Mathematics and Statistics, Faculty of Science and Technology,
Virtual University of Pakistan, Lahore 54000, Pakistan; imrantaalib@gmail.com or imrantalib@vu.edu.pk

3 Department of Mathematics, Faculty of Science, Hadhramout University, Hadhramout 50512, Yemen;
o.bazighifan@gmail.com

¢ Department of Applied Mathematics, Virginia Military Institute, 435 Mallory Hall, Letcher Av,
Lexington, VA 24450, USA

5 Mathematical Science Department, Faculty of Science, Princess Nourah bint Abdulrahman University,
Riyadh 11564, Saudi Arabia; BJAlmarri@pnu.edu.sa

* Correspondence: chalishajardn@vmi.edu

Abstract: In this paper, the adapted (G’/G)-expansion scheme is executed to obtain exact solutions
to the fractional Clannish Random Walker’s Parabolic (FCRWP) equation. Some innovative results
of the FCRWP equation are gained via the scheme. A diverse variety of exact outcomes are obtained.
The proposed procedure could also be used to acquire exact solutions for other nonlinear fractional
mathematical models (NLFMMs).

Keywords: FCRWP; adapted (G’/G)-expansion scheme; exact solutions; fractional calculus; nonlin-
ear dynamics

1. Introduction

Nonlinear fractional mathematical models (NLFMMs) are widely employed to de-
scribe many substantial phenomena and fractional nonlinear dynamic applications in
plasma physics, mathematics, nonlinear control theory, physics, stochastic dynamical sys-
tems, engineering, signal processing, image processing, electromagnetics, transport sys-
tems, communications, acoustics, genetic algorithms, and viscoelasticity, amongst others.
To define the exact answers to NLFMMs, many dominant and well-organized systems
have been constructed and popularized, such as the variation of the (G'/G)-expansion
scheme [1], adapted (G'/G)-expansion technique [2-5], exponential ansatz method [6],
fractional iteration algorithm [7,8], the unified method [9], the first integral technique [10],
the subequation scheme [11], improved fractional subequation scheme [12], the Jacobi el-
liptic ansatz method [13], generalized Kudryashov technique [14,15], novel extended di-
rect algebraic method [16], natural transform method [17], fractional sub-equation scheme
[18], exp-task scheme [19], generalized exponential rational task scheme [20], Kudryashov
technique [21], sine-Gordon expansion technique [22], and the Jacobi elliptic task scheme
[23]. Ma et al. [24] recently discovered a profoundly significant enlargement of the (G'/G)-
extension process, called the adapted (G'/G)-expansion process, to secure exact solutions
to NLFMMs. We used the adapted (G'/G)-expansion scheme for providing exact answers
to the fractional Clannish Random Walker’s Parabolic (FCRWP) equation in an ongoing
effort to express it using a suitable and simple process. Therefore, we effortlessly exchange
the FCRWP equation into a nonlinear partial differential equation (NPDE) or nonlinear
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ordinary differential equation (NODE) via the appropriate conversion to facilitate the pro-
cess for those acquainted with fractional calculus. The main advantage of the process im-
plemented in this study compared with the basic (G’/G)-extension scheme is that it con-
tributes additional novel exact answers, including added independent parameters. The
implemented process takes all the responses received by the basic (G'/G)-extension
scheme as a particular event, and we generate a few novel results. The exact answers are
significant for uncovering the fundamental devices of physical events. Apart from the dy-
namic relevance, the exact answers to NLFMMSs support numerical solvers when compar-
ing their results” accuracies and help them in the stability analysis.

The remainder of this paper is organized as follows: In Section 2, we present a few
analyses of the adapted (G'/G)-expansion scheme. In Section 3, we obtain answers to the
FCRWP equation via the suggested method. In Section 4, we present some numerical sim-
ulations of the obtained solutions. In the last section, we present our conclusions.

2. Glimpse of the Technique

First, we provide a few ideas from fractional calculus theory and then present our
proposed technique. For an outline of fractional calculus, we refer the reader to Ref. [25-
27]. Numerous distinct varieties of fractional derivative operators have been recognized,
such as: Atangana-Baleanu derivative [28], the Mittag-Leffler matrix function [29], Ca-
puto-Fabrizio [30], the fractional boundary value problem with Sturm-Liouville bound-
ary conditions [31], the Caputo derivative [27], the fractional derivative [32], and the con-
formable derivative [33]. Now, we concisely analyze the modified Riemann-Liouville de-
rivative (MRLD) from the current fractional calculus recommended by Jumarie [34,35].
This leads to our study technique. Let S :[0, 1] >R be a continuous function and

P €(0,1). The Jumarie-improved fractional derivative of order £ and S might be
well-defined by [36]

1 )
F(—,B)Jo(x 2)7TIS(x) - S(0)]dy, 0> 4,

DS =1—1 4 -+

P S(x) = FajEﬂEkQFl)[SUO—S@WWA 0<p<l, (1)
(S™(x)r™, n<f<n+ln>l.

In addition to this representation, we preliminarily describe some properties of the
fractional MRLD, which are later implemented in this paper. A few of the convenient pro-
cedures are assumed as:

Df A=0(A isaconstant) )
0, (B -0,
poB _
D’x I'B+1) ¥ (B> ). 3)

[(B-A+1)

Df (CR(x)+C,S5(x)) = ClDfR(x) + CZDXﬂS(x), (C, and C, are constants) 4)
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DZ(R(x)S(x)) = S(x)D/R(x) + R(x)D/S(x),
w 5
S(x) = Z(ZJR‘A’(X)Df”‘S(x), ®
DI[T(S(x)]=Ty(S) = D/S(x) = DIT(SX(S,)”, d’x(t) =T+ B)dx(t). (6)
We consider
PR, R KK, K, K e.)=0, ?)
where P is a polynomial in A and its partial derivatives.

Firstly, use the travelling variable:

L=R(x,t) =K (x), x = ps(x=11), ®)

where 3 and V' are constants to be determined later. Substituting Equation (8) into
Equation (7), we obtain:

Rk, ], p2K = p VK, p2V K = p2V°R",....) = 0. ©)

Firstly, considering the ansatz form:

M .
()= LSH (10)

where /i = (% + %], S7M| + |SM| #0,and G = G(;() satisfy the equation.

G"+AG"+ uG =0, (11)

where S, (i L£2....... M ), and 4 and # are coefficient constants defined later. Im-

plementing the homogeneous balance principle in Equation (9), the positive integer M can
be determined. From Equation (11), we find that

W =r—h, 12)

A —4u

where 7 = ,and 7 iscalculated by 2 and u.So, 7 satisfies Equation (12),

which produces:

\/;tanh(ﬁ;() r>0;

ﬁcoth(ﬁ;{), r>0;

1
h=<—, r=0; (13)

V4
—\/;tan(\/—_r)() r<0;
- rcot(\/:)() r<0.

Finally, by implementing Equations (9) and (10) and collecting all terms with the

same order of 71 together, the left-hand side of Equation (10) is converted into a polyno-

mial in 7. Equating each coefficient of the polynomial to zero, we can obtain a set of
algebraic equations that can be solved to find the values of the studied method.
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3. Mathematical Analysis
In this paper, we consider the FCRWP equation [37]:
o’k Ok ok O’k
a1 C 0 =0,0>0,0<4, (14)
ot 6x ox  ox’
with A(x,0) = S(x). Taking the variable transformation
Vt#
Ao, t)=R(y), y=x— in Equation (14), we have:
(xx.0)=A2) ¥ rarp " (14)
—VR'-R'+£2AR'-R"'= 0. (15)

The pole of Equation (15) is given as N = 1. Then, we find from Equation (10) that:
1

R(p)=>.5n' (16)
i=1

Collecting the coefficient of Equation (14) and finding the resulting system, we then
find:

Group .V =25, -1, §,=0,5, :—5/12+/1. (17)

Substituting the above values into Equation (15), we obtain:

x,(x)=S5, oy L+ iyx {V tnh(V “H )
xlz(z)=so+<—iﬂf+u)x{”22‘4” Ak “‘ Y. )

1 1._
Ry(r)=S,+(== 2 +mx(=)". (20)
4 X
1 4u-1 du-12
Roilz)= Sy + (2 +mx{—J “2 m(J ”2 Oy
1 Au—7  Jau-2
7&15()()=S0+(—Zﬂ,2+1u)><{—\/ qu COt(\/ /12 DY (22)
GroupIl: V' =25,-1, §,=-1,5,=0. (23)

Similarly, we obtain:

JA2 -4 JA -4

Ka(2)= 8, ~ S anh (= 7)), (24)
Ji W

x,(7)=5, - (——"coth(——= (25)

7L23( ) ( )- (26)
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4u— 2 4y— 1
7('24()()2*90 _{_\/ /12 tan(\/ a X)) (27)

4y — A 4u—N*
x%ud=&f4—J‘; oV ) (28)
GroupIlll: V' =2§,-1, §,=-L 8§, = —%/12 + u. (29)

Similarly, we obtain:
wMZ -4 w//lz -4
1(2)=S, — (L ann (Y

(30)

+(——/12+,u) {“ tanh(N
7l32(7():*90_{ 12_4/100'[}1( /12_4/17()}

0

(31)
+(- 4f+m {ﬁcotm‘/ﬁ O
R(x)=8,-(= )+(——ﬂf+m ( )" (32)
Ra(2)= S~ ‘/4‘7 tan(@ 2}
33
N N tan(@z)}‘- -
), J“*‘? o N

+(- 12+ -3 V4“ /12

4. Numerical Simulations

Ma et al. [24] introduced a process named the revised (G’/G)-extension approach to
look for the FCRWP equation’s exact structures and achieved fifteen results, shown in
Section 3. Gunner et al. [37] reported a process named the (G’/G)-extension approach to
look for the FCRWP equation’s exact structures and achieved three results. In comparing
the two methods, the revised (G’/G)-extension approach provides a more exact answer
than the (G’/G)-extension approach. In terms of additional support, the auxiliary model
employed in the integral method is different, so the exact structures obtained are also dif-
ferent. Likewise, for any NLFMM, it could be determined that the revised (G'/G)-exten-
sion approach is much more straightforward than the other schemes. In this paper, the
integrable method is applied to the FCRWP equation for the first time. We confirm that
no other author has used the technique on the FCRWP equation. This paper expresses
various varieties of exact solutions of the answers for countless values of the constant co-
efficients. The exact solutions are: dark soliton profiles, singular kink profiles, dark
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()
Figure 1. The graphical representation of the solution K 11( Y4 ) : (a) 3D shape, (b) contour plot, and (c) 2D graph.

singular soliton profiles, bright and dark lump shapes, periodic wave profiles, etc. Fur-
thermore, we offer a contour graph of the obtained answers, which was created by com-
mencing binary variable tasks. One variable is demonstrated on the horizontal and verti-
cal axes of the contour graph. The functional value exemplifies the color gradient and
isolines. The contour graph is a technique used to express a 3D surface on a 2D plane. This
kind of graph is broadly implemented in mathematics, physics, as well as engineering,
where the contour lines normally represent elevation. We obtained exact solutions like
trigonometric, hyperbolic, and rational function answers through the proposed proce-

dure. The solutions to % 11(Z)r A 12(75)/ A 21(75)/ A 22()()/ A 31(7()/ and A 32(7()
present as trigonometric function solutions; the solutions of % 4( X ), K, 5( X ), K o ( Y4 )
, R ( ;(), .y 34( Z), and & 35( X ) present as hyperbolic function solutions; and the so-
lutions of A 13( ;(), K 23( ;(), and A 33( }() present as trigonometric function solutions.
We explain the dynamic performance of the trigonometric function answers of A 11( X ),
x 12( ;(), x 22( ;(), and A 31( ;(), which are illustrated in Figures 1-4. In particular, Fig-
ures 1-4 demonstrate the 3D shape, contour plot, and 2D graph for different values of &

for the trigonometric function answers of A 11(;(), A 12(;{), A 22(7(), and A 31(;(). We
explain the dynamic performance of the rational function answers to A ,, ( V4 ) and
K 4 ( 4 ) , as illustrated in Figures 5 and 6. Figures 5 and 6 demonstrate the 3D shape, con-
tour plot, and 2D graph for different values of & for the rational function answers to
i 3 ( y4 ) and & 3 ( V4 ) . Finally, we explain the dynamic performance of the trigonometric
function answers of A 14(;(), A 15()(), A 25(}(), and A 34()() in Figures 7-10, which
depict the 3D shape, contour plot, and 2D graph for different values of & for the trigo-
nometric function answers of A 14(;(), x 15()(), x 25(}(), and A 34()(). The imple-

mented mathematical simulations acknowledge that the answers are of periodic wave
shapes and of rational, hyperbolic, and trigonometric categorizations. Furthermore,
through observing the construction of the acquired answers, it could be understood that
the connecting fractional derivatives of parameter o perform in the formulation of all
the answers.

— o=0.003
— o=0.005
o0=0.007
o=0.009

(b) ()
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o=09
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Figure 2. The graphical representation of the solution i 1 2( V4 ): (a) 3D shape, (b) contour plot, and (c) 2D graph.
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- 120+

(@)

\

(b)
Figure 3. The graphical representation of the solution A 2 ( X ): (a) 3D shape, (b) contour plot, and (c) 2D graph.

— o=0.01 — o=0.10 * o=0.15

o=0.20

(o)

J

(0)

Figure 4. The graphical representation of the solution A 31( Y4 ): (a) 3D shape, (b) contour plot, and (c) 2D graph.
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Figure 6. The graphical representation of the solution x 33 ( Y4 ) : (a) 3D shape, (b) contour plot, and (c) 2D graph.
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Figure 7. The graphical representation of the solution A 14 ( X ): (a) 3D shape, (b) contour plot, and (c) 2D graph
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— 7
M

@) (b) (©)
Figure 8. The graphical representation of the solution K 1 5( 4 ): (a) 3D shape, (b) contour plot, and (c) 2D graph.

B ” ”
—o=02——o=05 ° o=07 o=09

() (b) (0)

Figure 9. The graphical representation of the solution .y 25 ( v 4 ): (a) 3D shape, (b) contour plot, and (c) 2D graph.

(@) (b) (o)

Figure 10. The graphical representation of the solution K 34 ( y4 ): (a) 3D shape, (b) contour plot, and (c) 2D graph.

5. Conclusions

In this investigation, we successfully devised a procedure that demonstrates that this
system is well-organized and effectively acceptable for finding the exact answers to the
FCRWP equation. A wide variety of dynamical behaviors were considered in this study,
which presented in well-defined regions of mathematical physics. The most important
advantage of this method is that it can more easily reach the solutions than the other ana-
lytical schemes for solving NLFMMs. These answers will be valuable for further studies
in mathematical physics.
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