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Abstract: Our purpose is to study a space IT of centered m-planes in n-projective space. Generalized
fiberings (with semi-gluing) are investigated. Planar and normal affine connections associated with
the space I'T are set in the generalized fiberings. Fields of these affine connection objects define torsion
and curvature tensors. The canonical cases of planar and normal generalized affine connections

are considered.
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1. Introduction

The theory of connections occupies an important place in differential geometry. The
concept of connection was introduced by T. Levi-Civita [1] as a parallel displacement
of tangent vectors of a manifold. Weyl introduced the concept of a space of the affine
connection [2]. This concept was continued in the works of Cartan [3] and Ehresmann [4].
Different ways to determine the connection were inputted by Nomizu [5], Vagner [6], and
Laptev [7]. Veblen and Whitehead [8] introduced a connection in a composite manifold.
In [9], Laptev gave an invariant definition of connections as a certain law defining the
mapping of infinitely close fibres. He also provided a well-known theoretical-group method
on the basis of the Cartan calculation.

Rashevskii [10], Nomizu [11], and Norden [12] studied affine connections. Generalized
affine connections were considered in book [13], where a relation was shown between a
generalized affine connection and a linear connection (see also [14,15]). In [16], all invariant
affine connections on three-dimensional symmetric homogeneous spaces admitting a nor-
mal connection were described; canonical connections and natural torsion-free connections
were also considered.

The theory of affine connections is widely used in physics [17-21] and by studying
geodesics [22] (see, e.g., [23-28]).

This paper is the result of the author’s research [29,30], where the concepts of gen-
eralized bundles are used (see, e.g., [31]). Principal fibering with gluing to the base was
introduced in the paper [32] and generalized principal fibering (a principal fibering with
semi-gluing to the base) was introduced in the paper [33]. Connections in the fiberings
associated with the space of centered planes were studied in [34,35]. In the present paper,
generalized affine connections associated with this space are considered.

The notion of vector, or specifically, principal bundles over a smooth manifold is one
of the central notions in modern mathematics and its applications to mathematical and
theoretical physics. In particular, all known types of physical interactions (gravitational,
electromagnetic, etc.) are described in terms of connections and other geometric structures
on vector/principal bundles on underlying manifolds. The properties of physical fields
can be formulated in terms of geometric invariants of connections such as curvature and
characteristic classes of corresponding vector/principal bundles [36].
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There are affine connections which arise in different contexts. These connections
are used in geometry for illustration of parallel transports, and they can be applied to
mechanics. Therefore, I hope this article will be of interest to geometers and physicists.

The important role of the affine connections and the previous author’s work in the
study of manifolds of planes was the motivation for writing this paper.

This paper will be arranged in the following way. Section 2 will describe the analytical
apparatus and the space of centered planes as the object of research. In Sections 3 and 4, a
review of planar and normal generalized affine connections will be given, respectively. A
brief summary of the paper is given in Section 5.

2. Analytical Apparatus and Object of Research

It is a well-known fact that projective space P, can be represented as a quotient space
Ly41/ ~ of alinear space L, ; with respect to equivalence (collinearity) ~ of non-zero
vectors, thatis, P, = (L,4+1 \ {0})/ ~. Projective frame in the space P, is a system formed
by points Ay, I' =0,...,n, and a unit point E (see [37]). In linear space L, 1, linearly

n
independent vectors ey correspond to the points Ay, and a vector e = ) ey corresponds

I'=0
to the point E. Moreover, these vectors are determined in the space L, with accuracy up

to a common factor. The unit point is specified together with the basic points, although
you do not have to mention it every time.

In the present paper, we will use the method of a moving frame (see, e.g., [38]) {A, A1},
I,...=1,...,n, the derivation formulae of the vertices of which are

dA = 0A+w'A;, dA; = 0A; + W] Aj + wiA,

where the form 6 acts as a proportionality factor, and the structure forms w!, w}, wy of
the projective group GP(n), effectively acting on the space P, and satisfying the Cartan
equations (see [39], cf. [40])
Dw! = w’/\w}, Dw} :w}(/\wII(—i—(S}wK/\wK—O—w]/\wl, Dw;j :w{AwI.

Throughout this paper, d is the symbol of ordinary differentiation in the space P,,
and D is the symbol of exterior differentiation. This apparatus is successfully used by
geometers in Kaliningrad (see, e.g., [41]).

In the projective space P, a space 11 (see [34,42,43]) of all centered m-dimensional

planes is considered (cf. [44-47]). Vertices A and A;, a,... =1,...,m, of the moving frame
are placed on the centered plane, with vertex A fixed as a centre. The forms w*, w®, wj§
(«,... =m+1,..,n) are the basic forms of the space I1.

Remark 1. The space Il is a differentiable manifold whose points are m-dimensional centered planes.

The technique used in the present paper was based on the Laptev-Lumiste method.
This, in turn, requires knowledge of calculating external differential forms.

3. Planar Generalized Affine Connection

Now we introduce the following definition.
Definition 1. A smooth manifold with structure equations
Dw® = wb/\wg+w‘)‘/\a)g, Dw* = wﬁ/\wg—i—wa/\wg‘,
Dwi = wl’? A (8w — 8%wh) — w® A w,, 1

BB
Dwj = wj AN wf — w A (Sfwy 4 6fwe) — Sjw™ N wy + wpy A wy

is called a generalized bundle of planar affine frames [48] and is denoted by A, [, (I7).
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Remark 2. The symbol m is enclosed in square brackets, since m forms w* are included in both
basic and fibre forms. We will call the forms w” basic-fibre.

To define an affine connection in the generalized bundle A, > 1, (IT), we extend to
it the Laptev-Lumiste method of defining group connections in principal bundles. We
transform the basic-fibre forms w” and fibre forms wj of the fibering A, . (I1), using
linear combinations of the basic forms w”, w®, w? [32] as follows:

~a __ . a, b a, .« ab, .« ~a __ . a , .c a .o ac , o
o' =w" - G’ = Cuw" = Clwy, @y =w,—T o =Ty " =T we. )

Finding the exterior differentials of forms (2) with the help of structure equations (1)
and applying the Cartan-Laptev theorem in this generalized case, we obtain

AC] = Cp . w° +Cf w* + Cywh,
ACS — el + Cllbey + wi = 2yl + €8 b + Cohaf,

ACE = Cibw + Cibiwb + Cl et -

a a a _Ta d a « a,d |, w
Al"bc—dbwc—écwb—l"bcldw —I—Fbcﬂa) +ic’aw%,

a a c ac a —Ta c a a,c
AT}, —Thwi + Tjiwe — fjwa =T, w +Fb“,ﬂw5 + Dy g

AT + O = TjS o + TS b + Tieeof,
where Cy , ... are Pfaffian derivatives [32], and A is a tensor differential operator acting
according to the law AC} = dC}} + Cjw; — Ciwj (see, e.g., [49]).
We will use the following terminology (see [50]):
A substructure of a structure S is called simple if it is not a union of two substructures
of the structure S. A simple substructure is called the simplest if it, in turn, does not have
a substructure.

P
Statement 1. The object of a planar generalized affine connection I'= {C{, C, Cgb P N
I'y¢ } associated with the space IT of centered planes contains two simplest tensors Cj, Cabin

a simple quasi-tensor of a connection C = {C?, C%, C2'} and two simplest subquasi-tensors

a ac 3 3 3 3 a a ac
Iy, T4 of a simple quasi-tensor of a planar linear connection {T_, T} , T'f }.

Let us take into account differential Equations (3) in the structure equations of the
connection forms (2)

D" = @" A @8 + TLwb A + T wb A w® + TEwb A w?
—i—TZﬁw“ AwP + T;’Zw“ A wf + Tﬂ‘fngZ‘ A wcﬁ,
Doj = d)g/\cbg—kRZdecAwd—kR“ W A w* 4 R N

bea bea
+RY 50" AP + RI " A wf + RIS A .

(4)

P
The components of a torsion object T= {Tg o T Thes Tﬂfﬁ, Tgé, ngc of a planar affine
connection are expressed by the formulae

Toe = Ul T Clo) = Ciley Toa = Toa T Caley — Colea + Gy — Co
Tpe = The — 05Ca — CiTeg + CTgy, + Cyp — Gy

Tl =Clg — cﬁxrg o T = CgTd, — CTh + cg;f; -,

T = C'lpl — CLTEg)

©)
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and the components of the curvature object 113: {RZ odr Rbcar RZ?M R} wp R7S B RZ%} have
the form
Rgcd = FZ[C,d] o ri[crgd]’ Rica = FZc,a o Fia,c + rgargc o Flbicrgoc’
RZ‘Za = I"Zfa - rgz,c + riirgc - ricrgg - 52711*217“, (6)
Rius = Toiep — Dol Rip = Towp — oo + o005 — TL.T5,
Rich = Tilys) — THereg].

Remark 3. Here and in what follows, the square brackets denote alternation by extreme indices
and by pairs of indices.

Remark 4. In the generalized case, just as in the usual case, the structure equations (4) of the
connection forms (2) include the components of torsion and curvature objects expressed by the

P
Formulae (5) and (6). Curvature R is not expressed in terms of the quasi-tensor components C and
their Pfaffian derivatives.

P P
Theorem 1. In the space I1 of centered planes, the objects of torsion T and curvature R of the planar
P P
generalized affine connection are tensors containing the simplest subtensors Ty= {Tj.}, To= {T{c},

P P P P P
T3= {Tu‘fgc}, Ri= {R},}, Ro= {Ri }, Rs= {Rgi‘fg} and simple subtensors Ty= {Ty , Tf,

ac P ab Tabc Tab b a a ad r ac acd ac
Toat Ts= {Tocﬁ’ szﬁ ’ Tc[% b Ra= {Rj ey Ryoyr Rigy b Rs= {Rbaﬁ’ Rbtxﬁ’ Rbdﬁ}'

P
Proof. Prolongating Equation (3) of the components of the connection object I and using
Formulae (5), (6) for expressions for the components of torsion and curvature objects, we
find differential congruences modulo the basic forms

AT, =0, ATy, —2Thwy + Tpewe =0, ATy =0,

o =

ATgp + Tywp) + Thgws =0, ATiE — 2T we — Tiw =0, AT =0,

[ C

ARE, =0, ARE, —2RE i+ R w; =0, AR =0,

bea —
— d d — d _—

which these components satisfy. The obtained differential congruences prove the validity
of this theorem. [J

Statement 2. Differential congruences for torsion ]13, and curvature lli)i subtensors corre-
spond to each other, i =1, ..., 5.

Now we consider the canonical case of a planar affine connection when the tensor
components Cf, ng’ of the connection quasi-tensor C vanish. In this case, @* = w” — Chw*,
therefore, the left and right sides of the Formulae (3); and (3); are identically zero, and the
Equations (3), take the form

0 0 0 0
ACh+wi= Chyw'+ Chgwb+ Clhwf,

where zero means the equalities Cj = 0, CfP = 0 in the expressions (5) for the components
of the torsion tensor.
Statement 3. In the canonical case, the quasi-tensor C of the planar generalized affine

0
connection is reduced to the quasi-tensor C §, and the connection object is simplified:

PO_ 0 a l"ﬂ rﬂ rﬂC
r* {Or Ca/ 0/ be’ © b’ bl)(}
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If the tensor components C?, C? of the connection quasi-tensor C are equal to zero,

the expressions for the components of the torsion tensor have the form

0 0 0 0
TZC - rl[le]’ Tth - r[llux+ Ccrgb_ CZ(b’ Tﬁc - Fac o 56 C?U
0. 0 0 @)

a __~a _ ~bTta _ cTab bc_
Tos =Clug~ Chltgr Tip —Crl- Cary, Ti 0.

Statement 4. Thus, the torsion tensor of canonical connection is non-zero but contains zero

components Ty 5 -

be

If the torsion tensor vanishes, then from the expressions (7) we obtain

0 0 0
a _ a __~0a cTa ac __ §C a
Uy =0, Ty =Cop— Calepy  Thu =9 Cas

8u _gb e g _C r ubc _
[a,p] — [a” bB] a,p b Tap =

These equalities imply the following theorem.

PO
Theorem 2. The canonical planar generalized torsion-free affine connection T has the properties:

(1)
(2)

3)
4

(5)

The simplest quasi-tensor of aﬂine connection I'y . is symmetric;

A planar linear connection {T'}, Ty , TS} is reduced to an affine subconnection T’ using the

planar subfield of the quasi-tensor of the connection C % of the space I1 of centered planes, that
is, a subobject T} is covered by a subob]ect 'y, complementing it with a linearly connection

object {I'}, T, T'tS} by a quasi-tensor C” and its planar Pfaffian derivatives sz b

The simplest quasi-tensor I'y{ is formed by the components of the quasi-tensor C

Alternating normal Pfaffian derivatives C[ B of the connection quasi-tensor Cﬁ are formed

0
by alternations of the convolutions of the quasi-tensor CY and the subobject FZﬁ of the planar

linear connection {I}, T}, Tpe 1},

boc’

The Pfaffian derivatives C of the connection quasi-tensor C” are formed by convolutions

of the components of the quasi-tensor C & itself and the components of the simplest quasi-
tensor Fgg.

4. Normal Generalized Affine Connection

Definition 2. A smooth manifold with structure equations

Dw* :wb/\wg—b—w“/\wg, Dw* :wﬁAwg—i—w”/\wg‘,
Dw? = wf A ((SZwl”s‘ - (SEwZ) — W A\ wy, 8)
—
Dwp = wg A wh — W A (Sfwp + 5%(07) — Opw" Awy — wy N wy

is called the generalized bundle of normal affine frames [48] and is denoted by Az, (I1), where
h=n—m.

Remark 5. The symbol h is enclosed in square brackets, since n — m forms w® are included in both
basic forms and fibre forms. We will call the forms w*® basic-fibre.

To define an affine connection in the generalized bundle A (IT) we extend to it

the Laptev—Lumiste method. We transform the basic-fibre forms w* and fibre forms wg of

the fibering Aj> (IT) using linear combinations of the basic forms w*, w§, w”

" =w* — Liw® — gwﬁ — L%”wg, d)g = wg — guw” — F”éva — g”;w:{ )
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Finding the exterior differentials of forms (9) by using structure equations (8) and
applying the Cartan-Laptev theorem in this generalized case, we get

ALY = L8y wb + L8 g + L%l

a,B b’

AL§ + Liw, — Lyw§ = L " + L§ w7 + L7 @i,
ALY = L8 4+ L85 @7 + Ly ], 10)

_ b b o

ATy, — 0gw, =T, @’ + T, w7 + L@y

AT, —Th,wh + T we — Ogwy — Swp =T§, " +T§, wh +Tg wi,

Br.p ,
aa __ sn, 0 — TR b wa u aab L H
Al"m (57a;/5 = Fﬁ%bw + l"ﬁ%yw +1"ﬁw[wb.

Statement 5. The object of normal generalized affine connection 11\“]: {L%, Lg, Lg“, F% o ng,
F%} associated with the space of centered planes contains two simplest subtensors L5, Lg’z
of a simple tensor of connection L = {L§, L%, L%“} and two simplest subquasi-tensors I % ”
Fg‘}/ of a simple quasi-tensor of normal linear connection {Fg 0 Fg - T%ZY}

We substitute the differential Equations (10) into the structure equations of the con-
nection forms (9)

D" = @B A (Ijg + T, A w? + Tgawﬁ A w? + T;‘é’w“ A wf
+T8 WP A wT + T8 WP A w] + TEVwh A w],
Da)g — a;g A @Y + Rguhw” Awb + R‘gwwV A w? + Rgzyw“ A w;’

M b,,Y M
—i—ngaﬂ A wh + R”ﬁ“jww"Y ANwy + Rg‘iwwa A wy.

(11)

N
The components of a torsion object T= {Tg‘b, Tgu, Tg‘é’ , Tgv’ Tg;, Tgfyb of normal affine
connection are expressed by the formulae

To = L8, — LTS, T8 =T% +TR] — LITS, — L%+ 18,
Tib = Lok — L8% — DAL LT 4 LTS, + oh58 — dULs, .
Ty = Ligy + Tlpy ~ Lﬁsrﬁw
The = Lys + g — AT + LT — 1%, Toeh = L)+ Tal3LY ),
and the curvature object 11\{]: {Rg b R%v o Rggﬂr, ng, Rg’fyy, R%’%} has components
R'féab = r%[a,b] + Fi‘,[ar'éby ng - T"éw N Fgm N r’fer'r + r%rzu’
R%ZV - rg,ﬂb/y o rgg,ﬂ + ri‘mrzz o F‘;‘l?yl"ya o 521"%7, (13)
Roou = Tl T Fi“erw RESw = Toioa ~ T T F%FZV - F%ng,
REt, =T[4 + T3 4Th)

Remark 6. In the generalized case, as in the usual case, the structure Equations (11) of the connec-
tion forms (9) include the components of torsion and curvature objects expressed by Formulae (12)

N
and (13). The curvature R is not expressed in terms of the quasi-tensor L components and their
Pfaffian derivatives.

N N
Theorem 3. In the space 11 of centered planes, the torsion T and curvature R objects of normal affine

N N
connection are tensors containing the simplest subtensors Ty= {T%, }, Ty= {Tl‘l"éJ }, Ts= {Tgfrh },

N % N ab N xab i N o I N wa
Ri= {Rﬁah}’ Rp= {R/Sa'r}’ R3= {Rﬁw} and simple subtensors Ty= {Tﬁa' Tow Tag b Ts= {Tm,

N
}, Rs= {Rrxu Rxab  paa

T Brw "By’ ﬁhu}‘

wab TIXH} IIQ\[: {RIX R%  Rab
By 7 byl T4 B

ya’ = pab’" Bay



Mathematics 2021, 9, 782 7 of 9

N
Proof. Prolongating Equations (10) of the components of the connection object I and
using the Formulae (12) and (13) for the expressions of the components of the torsion and
curvature objects, we find the differential congruences

ATy, =0, AT, +2Thwp — Topw, =0, ;‘g =0,
o« o a wa — zxub — wab

_ — b —
ARgub =0, ARW +2Rﬁabw Rﬁmwb =0, AR M =0, ARg), =0,

oc aa — txab aa b —

which are satisfied by the components of these objects. The theorem is thereby proved. [

Statement 6. Differential congruences for torsion ]I\"], and curvature Ili]i subtensors corre-
spond to each other, i =1, ..., 5.

We consider a canonical case of normal affine connection when the connection tensor
L vanishes. In this case, @* = w?, that is, transformation of basic-fibre forms w* is not

converted, and the connection object is simplified: F {0,0,0, Fﬁ o /57’ F"‘“} If we take

into account the equalities L} = 0, L"é =0, L%” = 0 in expressions (12) for the components
of the torsion tensor, then

wa :xab 0

0 0 0
X _ & _ e b ™ aa _
Th=0 Th=Th TH=0d Th=Thy TH=T§ 5=
These equalities indicate the validity of the following theorem.

Theorem 4. In the canonical case, the torsion tensor of a normal affine connection contains zero
«  Taab. o XA 7T i i

compon?nts Tf7  Tg; the components Tg , Tm coincide with the corresponding compon?nts of the

connection object; components Tﬁ‘7 are alternations of analogous components of a connection object;

and components Tg‘l? are equal to the product of the Kronecker symbols.

Corollary 1. The canonical normal generalized affine connection associated with the space of
centered planes is always with torsion. Thus, this connection is a canonical connection of the second
kind (see [51], cf. [52]).

5. Conclusions

This paper studied planar and normal generalized affine connections, which are
associated with the space of centered planes in projective space P,. It was shown that,
by using the Cartan-Laptev-Lumiste theory, the torsion tensor of a canonical planar
generalized affine connection is non-zero but contains zero components, and the canonical
normal generalized affine connection is always with torsion. Moreover, some properties
have been obtained for the canonical planar generalized torsion-free connection.

It is important to emphasize that affine connections are very popular in various kinds
of research [53,54], and, therefore, we hope that this paper will be useful for geometers.
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