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Abstract: In this paper, we study the dissipative structure of first-order linear symmetric hyperbolic
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1. Introduction

In this paper, we consider the first-order linear symmetric hyperbolic system with
relaxation:

n
du+Y Adgu+Lu=0,  t>0, xeR",
=1 1)
M|t:0:f, x e R".

Here, n € Nand u = u(t,x) = (uy(t,x), - ,un(t,x))" is an unknown function
with valued in C", m € N,and f = f(x) = (fi(x), -+, fm(x)) " is a given function with
valued in C". We use the standard notations for derivatives; d; = 9/9dt and ax]. =9/ ij
for x = (xq,---,x,). Each Aj and L is a given m x m constant matrix with complex
coefficients, and, in particular, each Ajis assumed to be an Hermitian matrix, A j = A%,

where M* =M ' denotes the adjoint of a given matrix M. Here, M is the complex conjugate
of M, and M is the transpose of M. We denote by M? and M” the Hermitian part and the

skew-Hermitian part of M, respectively:

1 1
M = 5 (M+M"), M = 5 (M= M").

We also use the standard notations for the kernel and the range of M as

Ker (M) = {v e C" | Mv =0}, Ran (M) = {Mv e C" |v e C"}.

We use similar notations if the matrix M is restricted in the invariant space X other
than C™.

The system of the form (1) arises as the linearization of hyperbolic systems of balance
laws, and its study has a long history. One of the most active themes is the dissipation
mechanism underlying (1), as a result of the effective interaction between the partial
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damping from the Hermitian part L* and the other hyperbolic terms. To explain this in
details, let us consider the system (1) in the Fourier variables with respect to x:

o1+ A(G)n =0, t>0, ¢eR",
R )
=0 = f, ZeR",
where A(¢) is the m x m matrix given by A(¢) = L for ¢ = 0, while, for ¢ # 0,
) I L
A(G) = l|§|A(@) +L,  Alw) =) Ajw;, ®)
=1
and w = (w1, -+ ,wy) € §""L. The function 1 is the Fourier transform of u, i.e.,
a(t, &) = $/ u(t, x)e”*¢ dx
! (2m)n/2 Jgn '
Since each A; is Hermitian, so is A(w) for each w € gn—1.
Alw) = Alw)*. 4)

The one-parameter family {e~*4},>( given by

e—tAf - ]—"*1[@*“4(5)]?(@)} - (27_[1)11/2 /Rn e—tA(C)f(g)eiC.x e

defines a Cy-semigroup acting on L?(R")™ with the generator —.4, whose domain contains
the Sobolev space H!(R")" and Af = Y1 Ajoxf + Lf for f € H'(R™)™. Thus, by the
Plancherel theorem, the estimate of the semigroup e~ in L? is reduced to the analysis of
et for & € R"\ {0}.

In order for the first order ODE system (2) to be dissipative (i.e., lim;—eo e~ tAE) = 0)
for each § € R" \ {0}, the necessary and sufficient condition is

{reCirrz0tc ) p(-A@), ©)
geRM\{0}

where RA is the real part of the complex number A, and p(—.A(¢)) is the resolvent set of
the matrix —A(¢). We note that the condition (5) always implies L! # O; otherwise, —.A(¢)
becomes a skew-Hermitian matrix and thus must possess the eigenvalues on the imaginary
axis. The key and common relaxation condition assumed in this study is the nonnegativity
of L%, e,

Lf >0, (6)
which automatically leads to the inclusion

{AeClRA>0}C () p(—A@Q).
¢eRm\{0}
Thus, under the nonnegativity condition (6), the condition to ensure (5) is

RC (] p(—AQ), )
geRm\{0}

where iR = {A € C|RA = 0}. We note that, since A(w) is Hermitian, the identity
A(&)F = L¥ holds. Therefore, under the condition (6) and (7) the matrix A(¢) is an
m-accretive operator for each { € R". We come back to this important fact below. In
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general, if the matrix M satisfies M* > 0, then it is not difficult to see Ker (iAl + M) =
Ker (AI — iM?) N Ker (M?) for any A € R, where I is the identity matrix. Hence, by
recalling A(&) = irA(w) + L with r = |¢| and w = ¢/|¢| € S"! for & # 0, we find that
the condition (6) and (7) is equivalent with (6) and

U Ker (M + rA(w) —iL’) NKer (L¥) = {0} . ®8)
AER, >0, wesn—1

The class of symmetric hyperbolic systems satisfying (8) is wide, and we call (8) the
general stability condition.

For the systems satisfying (6) and (8), the elegant general theory was established under
the additional condition

Ker (L) = Ker (L) )

by Shizuta and Kawashima [1] and Umeda, Kawashima, and Shizuta [2], which is now
classical in this research field, and we call (8) and (9) the classical condition. In this case,
we have Ker (L*) C Ker (L?) and thus the condition (8) is reduced to a simpler one:

U Ker (Al +rA(w)) NKer (L¥) = {0}. (10)
AER, >0, wesn—1

In [1], it is proved that the validity of (6), (9), and (10) implies the existence of a
suitable energy assumed in the work of Umeda, Kawashima, and Shizuta [2], resulting in
the pointwise decay estimate of e~ *4(¢) such as

e
le A | enon < Ce TR, £>0, (1)

where C and c are positive constants independent of ¢ and t. The semigroup estimate (11)
implies the condition (5), or, more strongly,

, 27 n
RMiZ) <~y Py EERT\{0) (12)

for any eigenvalue A(i¢) of —A(¢). The spectral bound (12) is called the uniformly dis-
sipative of type (1,1) in [3]. As a further study from [1,2], Hanouzet and Natalini [4],
Yong [5], Kawashima and Yong [6,7], Ruggeri and Serre [8], and Bianchini, Hanouzet,
and Natalini [9] analyzed the nonlinear problems for the hyperbolic system with relax-
ation. Furthermore, in the case of (9), Beauchard and Zuazua [10] introduced the stability
condition called Kalman rank condition which is equivalent to (10). We remark that the
entropy condition and (10) guarantee the nonlinear stability of the equilibrium states for
the hyperbolic balance laws, while it should be emphasized that the concrete decay rate
such as (11) for the linearized system is important to achieve the nonlinear stability.
When (6) holds, in general, we only have

Ker (L) C Ker (LF), (13)

rather than (9). There are also several important examples for which (9) is not satisfied.
For example, the dissipative Timoshenko system and the linearized compressible Euler—
Maxwell system do not satisfy (9), and these systems were analyzed for the dissipative
structure by the authors of [11-15]. The analysis for these physical models has revealed that,
the system with the condition (6) will possess fruitful and more complicated dissipative
structures. Several structural conditions have been proposed by to handle the important
examples, while most of them are built upon the assumption on the existence of the matrix
which provide an explicit source of the energy functional to achieve the dissipative estimate
with the desired rate (see [3,16,17]).
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Among others, a remarkable point of Shizuta-Kawashima theory [1] is that the condi-
tion (9) and (10) is purely algebraic; nevertheless, the quantitative estimate (11) is achieved
with a concrete dependence on . This is highly nontrivial. Indeed, since A(¢) is not a
normal operator, even the spectral bound (12) does not necessarily yield (11) from the
abstract semigroup theory, for the constant C in (11) must be uniform in ¢. Notice that the
abstract spectral mapping theorem does not give information on the prefactor constant C.
Inspired by the philosophy of Shizuta [1], Ueda [18,19] tried to extend Shizuta-Kawashima
theory, and partially succeeded for an extension under (13). Precisely, the author obtained
the uniform dissipativity for (1) under the general stability condition (8). However, this
result does not mention the optimality of the type of the uniform dissipativity, and, thus,
the application to the nonlinear problem is still out of reach in this general setting. For the
nonlinear problem of general hyperbolic systems, the entropy condition derived in [6,7]
is not enough to cover all physical models described by the balance laws, and, thus, the
theory still needs to be developed. In this context, Kawashima and Ueda [20] recently
refined the entropy condition which can be applied to the compressible Euler-Maxwell
system, where the key generalization is to allow the nonsymmetric relaxation. The reader
is also referred to the works of Zeng [21] and Lou and Ruggeri [22] for another direction of
generalization, where it is discussed even the case when the general stability condition (8)
is violated but in a specific way so that the formation of shocks is prevented. However, the
general theory to ensure the global existence of small smooth solutions for the nonlinear
problem seems to be still open.

In this paper, we study the linear system (1) for the case of general relaxation, and
our goal is to provide the algebraic characterization in achieving the uniform dissipative
estimate of order 1 (see the definition in front of Theorem 1 below) without assuming
(9). It is stressed here that, although the nonlinear problem is not discussed in this paper,
achieving the concrete decay rate for the linear problem (1), which is nontrivial if the
classical condition (9) does not hold, is a key step also for the global existence of small
smooth solutions to the nonlinear problem.

As described in Theorems 1-3 in the next section, our result is optimal in the sense
that the algebraic condition given in this paper is necessary for any n > 1, and is sufficient
for n =1, as well as for n > 2 under additional but rather mild assumptions. In particular,
some important examples such as the dissipative Timoshenko system and the compressible
Euler-Maxwell system are within the range of our result. We note that the finite dimen-
sional nature of the problem (2) is the key that enables us obtaining the concrete decay rate
of the semigroup only from the algebraic condition; in the infinite dimensional problem,
one needs to introduce a quantitative condition at some point to achieve a concrete decay
rate, as seen in the systematic work by Villani [23] in this direction.

This paper is organized as follows. In Section 2, we collect some notations and state
the main results. In Section 3, we briefly refer to the idea of the proof in connection with
the key general assumptions (4) and (6). In Sections 4 and 5, the dissipative structure is
analyzed in detail for the low frequency part and high frequency part, respectively. The
proofs of the main results are stated in Section 6. In Section 7, we show how our result is
applied to the well-known examples such as the dissipative Timoshenko system and the
compressible Euler-Maxwell system. In Appendix A we recall the Gearhart-Priiss type
theorem for the semigroup generated by the m-accretive operator on the Hilbert space,
and in Appendix B we state the elementary fact about the nonnegative matrices with the
spectral parameters on the imaginary axis. These results are the key in our argument.

2. Nondegenerate Condition and Main Results

Let X, be a nontrivial subspace of C" and P, be the orthogonal projection to X,
which depend on w € S"~!. Then, we also introduce a family of nontrivial subspaces
{Xw,r}r>0 such that X,, C X, and P, denotes the orthogonal projection from C™ to
X, The spaces X, and X, ;, rather than C™, are introduced in order for the application to
the system with the constraint condition such as the compressible Euler-Maxwell system.
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To keep the generality, let us also allow the dependence of L on w € S"~! and write L(w)
instead of L. We assume the following invariance and continuity:

(i) A(w)Xy C Xo, L(w)* Xy C Xo, L(w)’ Xy C Xy forallw € $"71;
(i) (irA(w) + L(w)) Xwy C Xwy forall w e $"1,r >0;
(iil) the map S"! x (0,00) > (w,7) — (A(w), L(w), Puw, Puw,y) € (C™™)* is continuous; and (1)
(iv) the limits Py, 0 = }I_I}é Puw,r and Py = lim P,y existin the topology of cmm,
It should be stressed that the invariant property about X, , is not necessarily imposed

on each matrix A(w), L(w)*, or L(w)’. We recall the general stability condition stated as
follows:

A(w) = A(w)* and L(w)* >0 forany w € $"!, and
U Ker (M +rA(w) - iL(w)") NKer (L(@)) N Xy, = {0}. OO

AER, r>0,wesn—1

In particular, A(w) is Hermitian. To state our result, we collect the notations of some
orthogonal projections.

Definition 1 (Orthogonal projections). Below the notation IF : Y — Z denotes that I is the
orthogonal projection from the subspace Y of C'™ to the subspace Z of Y. We also denote by F+ the
orthogonal projection I|y — IF, where I|y is the identity map on Y. Each s; is a given real number

and w € S"1.,

(0) Dy : Xeo — Ker (L(w)*|x,,)

(1) Psyw = X — Ker ((iso] + L(w))]x,,)

(2) Ps, 50,0 © P wXw — Ker ((s11 + ]P)So,wA(w)”Pso,wa)

. 1
(3) Poysysneo * PoyspoXao = Ker ((isa] + Poy sgLion (50, @)y 0%, )

where )
Lign (50, @) = PogwA(w) (iso] + L(@)) 5] P A(@)]py o,

1
P 0

(4) Qs : X — Ker ((soI + A(w))]x,,)
) Qsl,so,w : Qso,wxw — Ker ((islI + QSO,WL((’J))'QsO,wa)

(6) @sz,sl,s(),w : Qsl,s(),wa — Ker ((521 + QSl,SO,UJA(l)(SOIw)) ‘Qsl,s()/wxw) ’

where

AW (5o, w) := QSO,wL(w)K(So,w)L(w)*|Q50,wxw , K(sp,w) := —(spl + A(w)) |(E@51i0wa@§(_]’w

. 1
(7) QS3,52,51,50,(U : @sz,sl,s(),wa — Ker ((1531 + Qsz,sl,SO,wL;Si;h (51150160)) ‘Q52,51,50,wxw> ’

where (
1 .
Lhi;h (51,50, w) = i81Qs, 50,0 F (50, W) ‘Qsl,so,wxw + Qsy500G (51,50, ) |Q51/50/“’X“’
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with
F(sg, w) := L(ws)K(s0, w)*L(ws)*,
G(s1,80,w) := A (so, w) (is11 + QSO,WL((U)HQ; X QSL],SO’wA(l)(SO,w)
Sl,SO,(U w

— L(w)K(sp, w)L(w)*K(sp, w)L(w)* .

Remark 1. (1) The projections Ps,,... s, are used in the analysis for the low frequency part, while
Qs;,... so.0 are used for the high frequency part. From the definitions, we have

P9j+],5]',"'/SOrW]P)S]',“'/SO/W = ]Ps]-+1,sj,~~-,50,w ’ Q5j+1,5]',"'/50/w(@5jf”rs[)/w = @5j+1/5jr"'/501‘47 .

(2) When L(w)* > 0 holds, the space Ker ((isoI + L(w))|x,, ) is equal to Ker ((soI —iL(w)?)|x,) N
Ker (L(w)*); see Lemma Al.

(3) The symmetric part of —QsZ,Sl,so,a,Lﬁéh(sl,so,w)
Remark 7).

|Q52,51,50,wa is, in fact, nonnegative (see

Next, we define the singular sets, which consist of the parameters such that the
resolvent can be singular at the limit of low /high frequencies.

Definition 2 (Singular sets in the limit).
(1) Let 59,581,520 € Rand w € S"~1. The spaces V' (sq, w) and V%1 (s5,51,50, w) are defined

by
V10w0 (s, w) = Ran (Ps, ) NRan (Pyp),
VIowl(s),51,50,w) = Ran (Ps, s, sw) N Ran (Pyp),

and the singular sets )y, 0 and Sjoy, 1 are defined as

St = {(s0,@) € R x §"7 [ VIO (s, w) # {0},

Siow = {(s2,51,50,w) € R? x S| VL (s,, 51,50, w) # {0}} .

We also set
Vlowl (s, so,w)

= Ran (Py, 5,w) N Ker (L(w)ﬁ(isoz + L))t Pa A(w)|Xw> NRan (Pu),

P 0 X 509
Siow1 = { (51,50, w) € R* x S" 71| VI (51,50, w) # {0} },
(2) Let sg,51 € Rand w € S"1. The spaces V"8"0(s, 50, w) and V8" (s, 50, w) are defined
by
Vhigh'o(sl,so,w) = Ran (Qs, s5,0) NRan (Puye0) ,
Vhigh’1(53,sz, 51,50, w) = Ran (Qs;.s5,51,50,0) N Ran (Peo,e0)

and the singular sets Spiqp,0 and Spigp,1 are defined as

Shigho = {(s1,50,w) € R? x S 1| VM8"0(sy 50, w) # {0}},

Shigh1 = {(s3,52,51,50,w) € R* x §"~1 | Vhishl(sy, 55, 51,50,w) # {0} } .
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We also set
Vhigh’o(so,w) = Ran (Qs,,w) NKer (L(w)ﬁ\xw) NRan (Pyeo),
Vhigh'l'(l)(sl,so,w) = Ker (L(w)ﬁK(so,w)L(w)* ‘Xw) N Vhigh'o(sl,so,w) ,

Vhigh1,(2) (52,51, 50, w)
= Ran (Qs,s,,50,0) N Ran (Py,c0)

N Ker (L(w)ﬁ {(is1] + Qspwl(w))| 1 XWQSLl,So,wA(l) (s0,w) — K(sp, w)L(w)* }) ,

Qﬁl 50,0

and
Shigno = {(s0,w) € R x S" 1| VHh0(s0, w) # {0}},

S}(l};hrl = {(s1,50,w) € R% x §"~1 | vhighL (D (s, 50, w) # {0},

S}Eiz;h,l = {(s2,51,50,w) € R® x §" 1| VMish1 @) (s, 51,50, w) # {0}} .

Remark 2. The singular sets can be empty. The following statements are verified in virtue of
L(w)* > 0 and Lemma Al.
(1) Vlow,1 (51150/ w) C ylow,0 (SOI(U)-
(2) VIowl(sy, s1,50,w) C V1901 (s1, 50, ).
(3) VHighL () (51,50, w) C VIO (51,50, w) € VMO (50, w).
(4) VHigh(s5,55,51,50,w) C VISR (51,50, w) € VH8M0 (51, 50, w).
(5) If L(w)*K (s, w)L(w)’Qsp 0 Xew C QSLO,WXW holds for any sy € R and w € S"1, then
VHSRL2) (59, 51,50, @) € VHshAW) (51,50, ).
The first inclusion in Assertion (4) above is apparently nontrivial, but it follows from the
formula given in Remark 7. The above inclusions imply that
@D nOSlozu,l C Slow,O'
(11) nlSlow,l - Slow,l-

1 i

(111) S,Eig)hrl C Shigho and 7T0Shigho C Shigh-
2

(IV) taShign1 C S}(zig)h,l  Shigh,o-

(V) IfL(w)tK(so,w)L(w)bQSO,wa C QSJ(-)MXM holds for any sp € R and w € S"~! then

2 (1
"lShig)h,l C Shig)h,l‘

Here, nj(sk,o S, 80,w) = (s]-,~ -+ ,s0,w) for 0 < j < k. The introduction of the spaces
ylow yhigh0 yhigh1,(1) = gud vhigh1(2) which appear in connection with L(w)! > 0, are
important for actual applications, as these spaces enable us to reduce the computation of the singular
sets.

The singular sets defined above characterize the dissipation rate for the semigroup.
To give a precise statement, let us introduce some terminology about the semigroup bound.
Set

: ¢ ¢

A(G) = il¢lA(Z) + L

gl 14

Let «, f > 0. We say that {e *4(®)},-( has the uniform dissipative bound of order

« at low frequency if there exist C,c > 0 such that [|e *AU«)||x  y < Ce~™"t holds

forany t > 0, w € $" !, and 0 < r < 1. Similarly, we say that {e *A“)},-( has the

)- (14)
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uniform dissipative bound of order f at high frequency if there exist C,c > 0 such that
et ||y x. < Ce o Plholds forany t > 0,w € S"~ !, and r > 1.

When 1 = 1, we have the complete characterization of these dissipative structures in
terms of the singular sets, as follows.

Theorem 1. Let o, f € {0,1}. Assume that (SC) and (Inv) hold. Let n = 1. Assume in addition
that A(rw) Py, Xew C P, Xeo holds for any r > 0 and w € S"~1. Then, the following statements
hold.

(1) {e tA0@)} o4 has the uniform dissipative bound of order « at low frequency if and only if
Slow,oc =Q.

) {etAU@)} oo has the uniform dissipative bound of order p at high frequency if and only if
Shighp = ©-

For the higher dimensional case n > 2, the following necessary condition holds.

Theorem 2. Let o, f € {0,1}. Assume that (SC) and (Inv) hold. Assume in addition that
A(rw)Pg, X C Pg, X holds for any r > 0 and w € S"~1. Then, the following statements
hold.

(1) If Sipw,0 # D, then {e_tA(”") }>0 does not have the uniform dissipative bound of order « at
low frequency.

(2) If Shigh,p # D, then {e~tAU@)Y - does not have the uniform dissipative bound of order B at
high frequency.

Even when n > 2, the absence of the singular sets is almost sufficient to achieve the
uniform dissipative estimate, but we need a technical assumption to get rid of the difficulty
related to a spectral bifurcation coming from the dependence on w € S"~1. This situation
is very similar to the result in [19]. To this end, we introduce the following condition.

Definition 3 (no-splitting condition on real eigenvalues). Let {Z} g1 be a family of
the subspaces of C™, and let {My}ecsn-1, Mw : Zow — Zw, be a family of linear operators.
We say that {(Mw, Zw) } e gn1 has no-splitting real eigenvalues if the following two conditions
are satisfied. (i) The map w — (MwPgz,, Pz,) € (C™™)2 is continuous, where Py, is the
orthogonal projection from C™ to Z,. (ii) The numbers #0 (M) and #(o(M,) NR), where
0(My,) is the set of the eigenvalues of My, are independent of w € S"~ 1.

Remark 3. (1) Assume that {(Mw, Zw) } yegn-1 has no-splitting real eigenvalues. Then, we have
from the continuity of the eigenvalues about w and, from Condition (ii),

inf dist (U(Mw) NR, (M) \R) > 0.

wesn-1

Moreover, when k := #(c(Mw) NR) > 1, there exist k continuous maps p; : s 5 R
such that {yj(a))};?:l = 0(My) NR and also

min dist (#j(w), 0(Mw) \ {pj(w)}) > 0.

wes"11<j<k

We also have the continuity of the spectral projection

1 -1
Tyitw) = 55 L(Aflzw — M) dA,

where 7y is a small circle centered at yj(w) oriented counter clockwise, in the sense that Tm(w)PZw :
C™ — C™ is continuous about w. These facts, which are valid from (i) and (ii) in the definitions,
are frequently used in this paper.
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(2)Ifn = 1, then S"~1 = {41}, which is a finite set. Thus, the concept of the no-splitting condition
on real eigenvalues is needed only when n > 2.

With these notations, let us give the nondegenerate conditions

(NDC) (NDC) (NDC)pigho,  (NDC)pig 1

low,0 7 low,1

as follows.

Definition 4. The condition (NDC);, o consists of (0) and (i) stated below.
(0) (SC) and (Inv) hold.
(i) Slow,O = .

Definition 5. The condition (NDC);,,, 1 consists of (0) and (i) stated below.

(0) (SC) and (Inv) hold and { (iL(w)|x,,, Xw) } wegn-1 has no-splitting real eigenvalues.

() If Sjow1 # D, then both (i-a) and (i-b) hold for any (s1,s0, w) € Sjpw1:

(i-a) { (Pso(w’),w’ A(w') |1Pso o Xt P w’),w’Xw’) Yot esn-1 has no-splitting real eigenvalues, where
so(+) : S"~1 — R is the continuous map such that so(w) = so and each sy(w) is an eigenvalue of
iL(w)]x,,-

(i-b) V10wl (sy, 51,80, w) = {0} for any sp € R, that is, Sjpy1 = @.

Definition 6. The condition (NDC)y;gp0 consists of (0) and (i) stated below.
(0) (SC) and (Inv) hold.

@) If Shigh,O # @, then both (i-a) and (i-b) hold:

(i-a) {(A(w)|x,, s Xw) }oresn-1 has no-splitting real eigenvalues.

(i-b) Shigho = @.

Definition 7. The condition (NDC)y;gp,1 consists of (0), (i), and (ii) stated below.
(0) (SC) and (Inv) hold.

(i) {(A(w")|x,s Xer) }resn-1 has no-splitting real eigenvalues.

(ii) If Shigno # @, then either (iii") or (iii) holds.

(iii") Both (iii’-a) and (iii’-b) hold for any (s1,s0, w) € Spign o’

(iii’-a) For any o' € S"1,
L(w/)ﬁK(SO(w/)rw,)L(w/)sto(u}’),w’XW’ - Qi)(w’),w’xw' ’

where so(+) : S"~1 — R is the continuous map such that sy(w) = so and that each so(w') is an
eigenvalue of —A(w')|x ;-

(iii"-b) V"1 (s1,50,w) = @ for any s; € C, that is, S,Ei;h 1 =2.

(iii) Both (iii-1) and (iii-2) hold for any (s1,50, w) € Shigho:

(iii-1) {(Qsy(w),wil (@) ‘@so(w/),wlxw/'QSo(W’),w’Xw/Hw/ES"’l has no-splitting real eigenvalues,

where so(-) : S"1 — R is the continuous map such that so(w) = so and each so(w) is an
eigenvalue of —A(w)|x,, -

(iii-2) If S}Sf;h,l # @, then both (iii-2-a) and (iii-2-b) hold for any (s, s1, s, w) € S}Ef;hll:
(iti-2-a)

{ (Qsl (w’),so(w’),w’A(l) (50 (wl)/ (U/) |Qsl(w/)/50(w/)/w/ Xt Qsl(w’),so(w’),w’xw’ ) }w’eS”*1
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has no-splitting real eigenvalues, where s1(-) : S"~1 — R is the continuous map such that
s1(w) = s1 and that each s1(w) is an eigenvalue of Qg (o) W iL(w)|q (o Kl
/ sp(w’) W

(iii-2-b) VMi8h1(s3,55,81,80, w) = {0} for any s3 € R, that is, Shigh1 = ©.

Remark 4. (1) As we see in the main theorem below, the nondegenerate condition (NDC)jpy o
provides the decay e—clePt of the semigroup e~*AC) for the low frequency part || < 1, while the

nondegenerate condition (NDC)y;op, g provides the decay e™* 6172t of e +AC) for the high frequency
part |¢| > 1.

(2) If 81501 = D, then Condition (i) in Definition 5 holds. Similarly, if Shigh,O = @, then Condition
(i) in Definition 6 holds, while if S;(l?g)h 1 = @, then Condition (iii-2) in Definition 7 holds. Condition

(iii") with S,Eil;h,l is important in actual applications, as, if Condition (iii") holds, then one can skip
checking Condition (iii), that would need lengthy computation. For the (linearized) dissipative
Timoshenko system and the compressible Euler—Maxwell equations, which are well known examples
for the nonclassical case, we can indeed show that (iii") holds. We note that the classical stability
condition, in which Ker (L) = Ker (L) holds, implies Sjou1 = Spigno = @ (see, e.g., Remark 6
for S’low,l = @; the condition Shigh,o = Q is trivial in the classical case), resulting in (NDC)j,y1
and (NDC)pjgp 0. Thus, our result covers the classical theory by Shizuta and Kawashima [1] and
Umeda, Kawashima, and Shizuta [2].

(3) Note that S"~' = {£1} when n = 1. Thus, if n = 1, then the condition of the no-splitting
real eigenvalues is automatically satisfied. Even when n > 2, for actual applications, the condition
of the no-splitting real eigenvalues is widely satisfied and is not a “real” obstacle for the range of
applications.

The nondegenerate conditions stated above are sufficient to obtain the uniform dissi-
pative estimate, as follows.

Theorem 3. Let a, € {0,1}. Assume that (NDC)jyq0 and (NDC)yign g hold. Then, it follows
that,for any é ?é O, t> O, and f(C) S XC/‘@H@"

) A 2
e 4O < Cem b ONE@) L ap(@) = H:;Z(H%)

Here, C and c are independent of &, t, and f((:)

Note that, if (NDC)y;gp,p holds with f = 0, then the solution decays exponentially in
the high frequency region. From Theorem 3 combined with the Plancherel theorem and the
Hausdorff-Young inequality for the Fourier transform, we have the following corollary. For
s > 0, we denote by 7{° the closed subspace of the usual Sobolev space H*(R")" defined as

HS = {f € Hs(Rn)m |f((:;’) < Xé/|§|r|§‘ a.e. (;’ c Rn} .

To simplify the notation, we also write L7 instead of the Lebesgue space L1(R")™,1 < g <
0.

Corollary 1. Assume that (NDC);oy,q and (NDC)pigp g hold. Then, it follows that, for any t > 0
and f € HS N LY withk,1 > 0and0 < k+1<s,

l9fe ™ fll2 < C(L+ 1)/ 4 M2 £l C(L+ 1)~ 2P 3k £ 1o

Here, C and c are independent of t and f.
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Remark 5. In the classical case, i.e., L is independent of &/|&| and Ker (L) = Ker (L*), the
nondegenerate conditions (NDC)oy,1 and (NDC)y;en 0 hold, as commented in Remark 4 (2).

The proof of Corollary 1 is omitted in this paper, as the derivation from the pointwise
estimate in Theorem 3 is rather standard. We refer readers to [3,19] for the details.

3. Remark on the General Strategy and the Role of L(w)? > 0

Before going into the details of the proof for our main result, let us give some comments
on the general strategy. Our proof for the semigroup estimate relies on the resolvent
analysis studying the quantity called the pseudospectral bound. In the technical level,
the argument is closely related to the reduction argument, systematically described by
Kato [24] in the case of perturbations with one parameter. In essence, it is applied to
investigate the asymptotic expansion of the eigenvalues or the resolvent for the operator
A(rw) = irA(w) + L(w), in both the low frequency limit r = || — 0 and the high
frequency limit » = |{| — oo. One difficulty here is the additional parameter w in the
higher dimensional case nn > 2, as the general theory is not available for perturbations with
multi-parameters. This is the reason we have to introduce the condition of the no-splitting
real eigenvalues, which enables us to avoid the unpleasant complexity coming from the
possible bifurcation due to the continuous dependence on w for n > 2.

In principle, under the suitable assumption on the no-splitting of the eigenvalues
about w, the reduction argument works for general couple (A(w), L(w)) without even
symmetry of A(w) or the nonnegativity L(w)* > 0. The problem here is that, however,
if such structures of A(w) and L(w) are absent, the reduction argument becomes rather
complicated in general, even under the assumption of the no-splitting eigenvalues about
w. This is indeed a serious problem for actual applications with concrete operators.

One important observation of this paper is that the symmetry of A(w) and the non-
negativity of L(w)? drastically simplify the reduction process, which would not be possible
without these structures. To clarify this point, let us give a list of benefits brought by the
conditions A(w) = A(w)* and L(w)? > 0.

1. Theoperator A(rw) = irA(w) + L(w) becomes m-accretive, which enables us to obtain
the semigroup bound directly from the pseudospectral bound, the resolvent estimate
with resolvent parameters only along the imaginary axis, in virtue of the Gearhart—
Piiss type theorem by Wei [25] (see also [26]) (see Theorem A1). The pseudospectral
bound was discussed by Gallagher, Gallay, and Nier [27], who studied the harmonic
oscillator with some class of large skew-symmetric perturbations, which was also
discussed, for example, by Li, Wei, and Zhang [28] and and Ibrahim, Maekawa, and
Masmoudi [29] in order to study the semigroup estimate for the linearization around
the stationary flows for the Navier—Stokes equations such as the Burgers vortex and
the Kolmogorov flow.

2. In each reduction process for the uniform dissipativity, the leading operator M is
either the skew-Hermitian (i.e., iM is Hermitian) or M*? > 0. As a result, when
is € iR, which is compatible with Statement 1 above, the orthogonal projection to
Ker (isI + M) coincides with the spectral projection to —M. That is, any eigenvalue
of —M located on the imaginary axis must be semisimple, and furthermore, the
associated eigenprojection is the orthogonal projection; see Lemma A1l. This makes
the reduction process much simpler, as the eigennilpotent (which would yield a
serious complexity of the reduction formula) does not appear in the reduction process,
and the orthogonal projection is easier to compute. This is also the reason we can
describe the nondegenerate condition only through the orthogonal projections listed in
Definition 1. It should be stressed that this remarkable feature is available only from
the conditions A(w) = A(w)* and L(w)? > 0.

3. We can derive the sufficient condition by making use of Ker (L(w)?), which gives a
chance to stop the reduction process before making the full reduction. To be precise,
as in the classical case of Sizuta and Kawashima [1], there are fruitful examples such
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that the investigation of Slow,l and Shighlg is enough to achieve a uniform dissipation
estimate, and the study of the full singular sets such as Sjy;,1 and Spigp ¢ is not always

required. This is a great advantage in actual applications, which is why we introduce
(2)

5 & 1
Slow,17 Shigh,0- S}(zig)h,l’ and Syigy -
4. Analysis of Low Frequency
In this section, we study the case for 0 < |§| < 1.

4.1. Resolvent Analysis
In this subsection, our interest is the quantitative estimate of the resolvent (iAI +
irA(w) + L(w)) |§3}  withA € Rand 0 < r < 1; in particular, we aim to obtain the estimate

with the concrete dependence on the parameter r uniformly in A and w. Let ¥ (r, w) be the
pseudospectral bound of the matrix irA(w) + L(w) in X, defined by ¥ (r,w) = 1/®(r, w),
where

O(r,w) = sup || (iIA] + irA(w) + L(w)) &ir | Xeo,r— Xeor - (15)
A€R ’

The main result of this section is as follows.

Theorem 4. Let o € {0,1}. Assume that (NDC);oy, o holds. Then, there exists C > 0 such that

sup ®(r,w) < <

7
wesn—1 ra

0<r<l. (16)

Before going into the details of the proof, let us state a useful consequence of Theorem 4.

Corollary 2. Assume that X, = X, for all r > 0 and that (SC) and (Inv) hold, as well as that
{(iL(w)|x,, Xw) }wegn satisfies the no-splitting real eigenvalues. If there exists s) € R such
that Ker (L(w)*|x,) C Ran (Psy) for all w € S*71, then Sjpy1 = @. As a consequence, we
have (16) with &« = 1.

In particular, if rank (D ,,) < 1 for any w € $"~1, which is always valid when m = 2, then
(16) with « = 1 holds true.

Remark 6. Let us consider the case of the classical stability condition, where Xy = X, = C", L
is independent of w, and Ker (L) = Ker (L*). In this case, we have Ker (L*) = Ran (Ps, ) with
so = 0, and, hence, Corollary 2 is applied.

Proof of Corollary 2. Suppose that Ker (L(w)*|x,) C Ran(Ps,w). Let u € X, be any
vector in

Ka(uwW@d+L@m@; PhwA)|x, ) NRan (Poys0.0)

::Ka(uwWQ%I+L@0m¥ P A)]x, ) NKer (5114 PoywA(@))y %, ) -
Then, since Ran ((isol + L(w)) |[;L1 IP’S% «w) C Ran (P;; ), we have from the assump-

tion Ker (L(w)@( ) C Ran (PSOw)andfromu € Ker (L(w)* (iso+L(w))|PLX Py A(w)lx,)
that (isg 4+ L(w))|; 1 ]P’lA( Ju = 0, ie, P&  A(w)u = 0. Hence, it follows from

IP:LX Sp,w
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u € Ker ((s1] + PsywA(w))|p, . x,) that (s1I + A(w))u = 0. On the other hand, since
u € Ran (Ps, ), we have (isp] + L(w))u = 0. Hence, we have

u € Ker (i(s1 +s9)I +iA(w) + L(w)) N Xy
= Ker ((s1 +50) + A(w) — iL(w)’) NKer (L(w)?) N X -

Here, we use Lemma Al in the last line. Then, (SC) together with the assumption
Xy = X implies u = 0. Thus, we have Slow,l = @, which gives (16) with « = 1 by
Theorem 4. We note that, if rank (D4 ,) = 1 and Ran (P, .,) # {0}, then Ran (P ) =
Ker (L(w)*|x,) by Lemma A1, while, if either rank (D4 ) = 0 or Ran (Ps; ) = {0}, then
Ran (Ps, ) = Ker (L(w)*|x, ) = {0}. Hence, the last statement of Corollary 2 holds. The
proof is complete. [J

Proof of Theorem 4. Set M = 2sup,,ccn1(1+ [|A(w)| + ||L(w)]]). It is easy to see from
the Neumann series argument that

sup [GAT + irA(w) + L(w)) [} lIx,, %0, <C-
0<r<1,wes"1,|A|>M ’

Thus, it suffices to consider the case |A| < M. The proof is based on the contradiction
argument. Suppose that (16) does not hold. Then, there exist a sequence {ryn, Ay, wn, Un}
withry € (0,1], wy € S"1, Ay € R with [Ay| < M, and uy € Xwy, ry such that [uy| =1
and

lim ry 2 (iAnI + irNA(wyn) + L(wn))un = 0. (17)

N—oo

By taking a suitable subsequence if necessary, we may also assume

lim (rn, AN, WN, UN) = (P, Ak, Wa, Us)
N—oo
for some 7, € [0,1], Ax € [-M, M|, ws € S" 1, u, € X, r, with |u,| = 1. Then, the limit
Uy € Xo, \ {0} satisfies (id I + ir A(wy) + L(ws))uy, = 0. If . > 0, then u, belongs to
X, r, and this gives u, = 0 due to (S5C), which is a contradiction. Thus, it is enough to
treat the case for 7. = 0. If . = 0, then u, € Ker ((iA«I + L(ws))lx,, ) = Ran (P, ), that
is, A« must be an eigenvalue of iL(w.)|x,, and u. € Xy, 0 := Pew,,0Xw,. In the rest of this
proof, we consider the two cases as follows.

Case & = 0: Assume that (NDC);y, 0 holds. Then, u, must be zero, which is a
contradiction. The proof is complete in this case.

Case & = 1: Assume that (NDC);,,, 1 holds. Set fx = (IANI + iryA(wN) + L(wn))un.
Then, we have (L(wy)*uy,un) = R{(fy,un). Furthermore, since L(wy)* > 0 and
L(wn)fuy = L(wN)ﬁ]D)ﬁ,-wNuN, we also have

)1/2DJ_ uN|2- (18)

(Lwn ), un) = (L)l baon

NX“’N
Then, these lead to

[L(wn)funl = [L(n)lps, x, Dhoyinl’

1/2DJ_ uN|2

< |‘L(WN)ﬁ|DuinXwN|||(L(WN)ﬁ|DuinXwN) fwn

< Clfn||un].

Therefore, employing |uy| = 1 and |fy| = o(r%;), which comes from (17), we obtain

lim 3L fun| = 0. 19
NN |IL(wn)*un] (19)
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Since { (iL(w)|x,, Xw) }wegn-1 has the no-splitting real eigenvalues and since A, € R
is the eigenvalue of iL(wx), there is a continuous curve {so(w)},cs-1 C R such that
each so(w) is an eigenvalue of iL(w)|x, and sp(w.) = A.. Moreover, by the no-splitting
property, we have

inf inf —sp(w)| >0
wesn-1 VGU(Z'L(W)\XM)\{SO(W)}W o()l

(see also Remark 3). Let us decompose uy as uy = wy + wﬁ with
=P =Py Pon =P
wN = O,NuN/ wN = O,NuN, ON =

so(wn),wN

Then, it is easy to check that wy, wf\} € Xuy by the invariance (Inv). Moreover, (ii) in
Lemma Al implies

PoN(iANT + L(wn))un = i(An — so(wn))wn

Pyn GANT + L(wn))un = (IANT + L(wn)) |y @i,
where Yy := IP’({,NXQ,N. Thus, fy is also decomposed by
fn =PonfN+Ponfn
= (/\N — so(wN))wN + TNPO,NA(CUN)MN + (i)\NI + L(wN))|yNwﬁ + l.TNIP)OLINA((UN)MN.

Then, since fy = o(r%;), this decomposition leads to

(AN —so(wn))wn + rnPoNA(wn)un = o(ry), (20)
(ANT + L(wn)) [y + irnPo n Alwn)uy = o(ry) - (1)

Here, we note that

(iIANT + L(wy) + irnPE

so(wn)on AWN)) vy YN = Y

is invertible for large N by the Neumann series and the condition of the no-splitting real
eigenvalues, and

sup || (iANT + L(wn) + irN]P’&,NA(wN)) |17A1,||YN—>YN <C.
N

Therefore, employing (21), we have
wy = —irn (IANT + L(wn) + irnPoyA(wn)) [y PonAlwn) oy +o(r), (22)

Hence, since (20) and (22) with limy o Wy = ux # 0 and limy_,0 ANy = Ay, We
find that Ay — so(wn)| < Cry and |wy| < Cry are satisfied for large N, where C is
independent of N. Then, we set

x AN — so(wn) .l
AN = ——MM—2, Wy = — € Xwy -
N N

which are bounded uniformly in N. Thus, by taking a subsequence if necessary, we may
assume that imy_,e Ay = A and limy_,c @y; = @5 . Since @y € Ran (Py,) we have
Wy € Ran (]P’/t «, ), and we obtain

Mt + Py o, Al =0, (i L(w))|pr g, @ +iPy , Alws)ue =0,
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that is,

u, € Ker ((;\*I + P/\*,w*A(w*))hF’A*,w*Xw*) ,

W = —i(iA + L(w*))@l Xw*}P’i/w*A(w*)u*.

Moreover, by using L(w ) |§(w Py, w. = O which follows from Lemma A1, we see

L
L(w,)!@ = lim L(wy) N = lim L(wy)? N = 0.
N—ro0 N N—roo N
Here, we use (19) in the last equality. Thus, we get u, € Ker (L(w.)!(iA.I + L(w.))
\@1 IF’** w. Alwi)|x,, )- As a summary, we arrive at
Ax Wk ot *

Uy 0, u, € VOULR,, Ay, w,) .

In particular, ylow,1 (;\*, Ax, ws) must be nontrivial, and thus we can use Conditions
(i-a) and (i-b) in (NDC);py, 1. From (20) and (22) with ryAy = Ax — so(wy ), we have

Anwn + PonA(wn)wy

— irnPonA(wn) (IANT + L(wn) + irnPon AWON)) [y Pas (on) oy A@WN)ON = 0(r) -

Thus, from the Neumann series with Ay = so(wn) + rNAN,
Anwn +PonA(wn)wy — irnPonA(wn) (iso(wn) ] + L(wn)) [y PonA(wn)wy = o(ry) - (23)

In virtue of Condition (i-a), there exists a continuous curve s(-) : $"~! — R such that
s1(ws) = A, and each s (w) is the eigenvalue of the Hermitian Py (@) wA(w) |p50<w) Xy We
recall that Py, 1« is the orthogonal projection from Py , X, to Ker ((711 4 Pr 0
A(w)) |[p>T0,w X, )- Thus, each P () 5 () 18 the eigenprojection to the eigenvalue s (w) of

_PSO(w),wA(w) |p§0(w)/wxw. Then, by setting P1 o y = ]Psl(wN)  we have Py g yPo ny =

S0 (wn),w
IP1 0,5, and we have from (23),

(A = s1(wn))P1onwN — irnPLoNA(wN) (iso(wn) ] + L(wn)) [y 1PonA(wn)wy = o(ry).- (24)

Note that both s1 (w) and Py, () s, (w) 0 ar€ continuous in w, in virtue of the no-splitting
property. Since P (4,,) so(w. ), ¥x = s 7 0 and limy o wn = ux we have

lim P = Uy.
N FLONWN = U
Thus, |P1 g ywn | must be positive uniformly in N > 1, which implies from (24) that
Ay =(AN— 51 /(wN))/ rn is uniformly bounded in N, and, then, we may assume t%lat }\/N
converges to A, by taking a subsequence if necessary. Then, (24) with s1(ws) = A« and
so(ws) = Ay imply
iRtts + P53 o Alw) (AT + L) ] PR Alws)ue =0,

/\* 0%

Thus, we have u, € Ran(]P’M ,Z\*,A*,w*)' and, then, u, = 0 by Condition (i-b) of
(NDC)jpw,1, which is a contradiction. The proof is complete. []

4.2. Semigroup Estimate

The estimate of the semigroup is a consequence of the pseudospectral bound obtained
in the previous subsection and the Gearhard-Priiss type theorem by Wei [25], stated in
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Theorem A1l. Let us recall that the semigroup considered here is {e *4(%)},~¢ in Xe/e el
where A({) is defined by (14). The main result of this subsection is stated as follows.

Theorem 5. There exist positive constants C and ¢ such that the following statements hold. Let
a € {0,1} and assume that (NDC)y, o holds. Then, for any § € R" with 0 < || <1,

B _ 2
e Oy| < Cem I y|,  y € Xe/jg g - 29

Proof. Theorem 4 implies the pseudospectral bound ¥ (r, w) > 72 /C, where the positive
constant C is independent of » € (0,1] and w € S"~L. Then, the estimate (25) follows from
Theorem Al. The proof is complete. [

4.3. Optimality

In this subsection, we show the optimality stated in Theorem 2 for the low frequency.

Theorem 6. Assume that (SC) and (Inv) hold. Assume in addition that .A(rw)Pj;,,Xw C
P, X holds for any r > 0 and w € S"~L. Then, the following statement holds. Let a € {0,1}.
If Sjow,0 # D, then {e~tAU@) Y does not have the uniform dissipative bound of order w at low
frequency.

Proof. We give the proof only for the case « = 1; the case « = 0 is proved in a similar
manner and is much simpler. Assume that S;,;, 1 # @. Suppose that {etA©) }>0 has the
uniform dissipative bound of order 1 at low frequency. Then, there exist positive constants
C and ¢ such that [[e tA0@) ||y v < Ce "t fort >0,w € S" 1, and 0 < r < 1. Then,
the Laplace transform for the resolvent,

AL+ A(ro)) 5! = /0 oM EAGr0) X, g

w,r

implies
sup P(r,w) = sup  [(IAI+A(rw))|x Xy, —Xa,
wesn-1 AeR,wesn—1 ’
’ 26
*© —cr?t C ( )
<[ cetat= 5, 0<r<t
0 cr

Hence, it suffices to reach the contradiction to the uniform resolvent estimate (26). Let
(2,51,50,w) € Sjpw,1- Then, there exists yg € Vlowfl(sz,sl,so,w) with |yo| = 1. We set

y1 = —i(i(so +rs1 + r*s2) [ + L(w) +irPy, , A(w)) |} Xisﬁ,wA(w)yO ,

1
Pso/w

1= —((s1+ 1)+ PoowAW)) 5l o Py wPeowAlw@)yr,

51,50.W

v = —i(i(so +rs1 + ?sp) [+ L(w) + Py JA(w)) [ P yA(w)i -

Pgﬁ,wxw 50,
We note that the operator (i(so + sy +r?s2)I + L(w) + irPy, , A(w)) |E_»L1 and ((s1 +
N
r52)] + Py wA(w))|;}  are well defined for small enough r > 0, and we have the

PL
51,50.wW
uniform estimate for small enough r > 0 such that

il + 5]+ [y2] < Cspspw 27)
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where Cs, 5,0 is a certain positive constant depends on s1, sg, and w. Now, let us set
x(r) = yo + r(y1 + 41) + r*yo, which satisfies 1/2 < |x(r)| < 2 for any sufficiently small
r > 01in virtue of (27) and |yo| = 1. However, we have from #; € Ran (Ps ),

(i(so + rs1 +r?s2) [ +irA(w) + L(w))x(r)
=ir((s1 +rs52)] + A(w))yo — irPq; , A(w)yo + ir*A(w)y
— irZIP’SLl,SO,wIPSO,wA(w)yl + irZIP’SLO,wA(w)gl — irzlP’le,wA(w)yl — irZIPSlO,wA(w)gl +0(r%)
= ir(s1] + Psy wA(w) ) yo + ir* (5290 + P, s wA(w)yr) + O(r)
= ir? (5290 + Py, g wA(@)yn) +O(1°).

Since y; = —i(isol + L(w))|;! . P& A(w)yo + O(r), we conclude from yy €

PSLOwa So,w
Ran (P, s, ,50,w) that
(i(s0 + 151 + 1?s2) +irA(w) + L(w))x(r) = O(r%).

By acting the projection P, on both sides above and by using the invariant con-
dition A(rw)PusXw C PuwrXw and A(rw)Pj;erw C P(f;/er, if the resolvent estimate
(26) holds, then we must have | P, x(r)| < O(r) for 0 < r < 1, which contradicts with
lim, 0 Pw,x(r) = yo and |yo| = 1. The proof is complete. [

5. Analysis of High Frequency

In this section, we study the case for || > 1.

5.1. Resolvent Analysis

The key result of this section is as follows, which is the resolvent bound for the high
frequency. Let us recall ®(r, w) defined by (15). Then, the following theorem is obtained.

Theorem 7. Let B € {0,1}. Assume that (NDQ)pign,g holds. Then, there exists C > 0 such that

sup PD(r,w) < Cr?B, r>1.
AER,wesn 1

Proof. The assertion is equivalent to

. . _ C
sup ||(iul +iA(w) +TL(“’MXEJ,W||Xw,1/r—>Xw,1/r < T e (0,1]. (28)
HER,wes 1

We prove (28) by contradiction argument. It suffices to consider the case that [u| < M,
where M := 2sup,,gn-1(1+ ||A(w)|| +||[L(w)]||), otherwise the uniform resolvent estimate
is obtained by the Neumann series argument. Namely, we can apply the same argument
proposed in Section 4.1. If the assertion (28) (but with || < M) does not hold, then there
exist a sequence { Ty, un, wn, un} with uy € R, [un| < M, =5 € (0,1], wy € S$"1 and
un € Xey,1/7y such that [uy| = 1 and

lim T§172ﬁ|(iy1\] +iA(wn) + tnL(wn))un| =0.

N—oo

By taking a suitable subsequence if necessary, we may assume that there exist y. € R
with [ps] <2M, 7 € [0,1], w. € S"71, and u, € X, 1/, such that

m (g, T, N, UN) = (s Ty s )

We have |u,| = 1and (ipy +iA(w«) + T L(ws))usx = 0, and the problem is reduced
to the case T, = 0; if T, > 0, then it is easy to reach the contradiction to (5C). Hence, we
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obtain u, € Ker ((u«I + A(ws))[x,, ) N Xw,c0- Set gy = (ipn + iA(wn) + TNL(wN))un,
and we have Ty (L(wy)*un, un) = R(gn, un). Here, we recall (18) and this gives

IL(wn)fuy|? = |L(wN)ﬁ|DuLw Dy tin|* < Cytlgn ] Junl.

N
. _ _ 1428 .
Thus, employing |uy| = 1and gy = o(7y ™), we obtain

lim 7" |L(wy)fuy| = 0. (29)

N—oo

This gives u, € Ker (L(w)*x,, ). Since {(A(w') |x,/» Xew) }oresn1 satisfies the condi-
tion of the no-splitting real eigenvalues, we can take a continuous map w — sp(w) € R
such that sg(ws) = p« and that each so(w) is the eigenvalue of A(w)|x, -

Next, we decompose uy as uy = wy + wlf[, where wy = QyNUn, wI{, = QOL’NMN,

and Qg N := QSO(CUN)rWN' Then, we have wy, wl%] € Xwy by the invariance (Inv). Further-
more, gy is also decomposed by

gn = Qongn + Qongn
= i(un — so(wn))wn + ™NQoNL(wn)uyn

+i(pn + A(“’N)N%wawﬁ + Qo nL(wn)un -

Then, since gy = 0(‘(;&/S ), this decomposition yields

i(un — so(wn))wn + Qo nL(wn)un = O(le\frzﬁ), (30)
i(un + A(wn)) \QOLNXwNwﬁ + Qg L(wn)uy = oty F). (31)

We notice that, for large N, the operator
(innI +iA(wn) + NQonL(@N)) gt x,,, F QonXay = QonXay

is invertible on QOL,NXWN with the uniform bound in N for its inverse. Thus, using (31), we
get

, , _ 142
wy = — 1 (iun] + iA(wn) + Qg nL(wn)) |Q§_NX QenL(wn)wn +o(Ty ).
. WN

(32)

Furthermore, since (30) and (32) with limy_,c wn = Uy and limy_,o YN = px =
so(w+), we obtain |y — so(wy)| < Cty and |wy| < Cty, where C is independent of N.
Then, we set

1
- — Splw N
gy = I TS(@N) g N (33)
N N

which are bounded uniformly in N. Thus, by taking a subsequence if necessary, we may
assume that limy_,« fiy = fix and limy_,o zbl%] = zb*L Then, we have u, € Ker(ifi.I +
Qu,w, L(wy)) and
@y = i(ps + Aws))l g1 Qo Lws s -
Q[/I*,UJ* XW*
As a summary, we have u, # 0and u, € Vhighfo(ﬁ*, lx, ws). In particular, th‘gh,o(‘ﬁ*,
Ji+, Wy ) must be nontrivial.
Case B = 0: Assume that (NDC)j;gp0 holds. Then, we reach the contradiction to
Shigho = D in (NDC)yigp0, and the proof is complete in this case.
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Case p = 1: Assume that (NDC)y;e;1 holds. Firstly we rewrite (30). By setting
Ky = —(so(wn)I + A(wn)) |@1 X Qg - which is self-adjoint in Qf y Xw,,, the Neumann
N !

series imply that

(ipnI +iA(wn) + QN L(wn)) 5t

Qg Xy

= —i(so(wn)I + Awn) + v (fin — Qo L(wn))) |5} (34)
QO/NX“)N
= iKy + v (ifinK% + KnL(wn)KN) + O(TR) -
Then, substituting (33) with (32) and (34) into (30), we obtain
ifinwy —itvQoNL(wn) (Ky + tnfINKR ) L(wn)wn (35)
+ QonL(wn)wy — Q0N L(wn)KNL(wn)KnL(wn)wy = o(T) -
Furthermore, thanks to the relation L(wy)wy = —L(wy)*wy + 2L(wn)fwy and
L(wn)fwy = L(wy)tuy — TNL(wN)ﬁzTJf\-] = O(ty) derived by (29), Equation (35) is rewrit-
ten as
ifiNwn + iTNAg\})wN + LS)wN = O(TI%]) , (36)

where Ag\l,) = AS)(TN,(UN) and Lﬁ) = L%l,)(TN, wy ) are defined by

AW (ty, wy) 1= Qo L(wn) (Ky + tniinKZ) L(wn),

LE\})(TNrwN) = QonL(wy) — 2itnQonL(wn)KnL(wy)F
+ Qo N L(wn)KnL(wn)KnL(wn)*

Note that Ag\l,) is a Hermitian and L%l,) is a nonnegative definite. Indeed, we compute

§R<L§\})(TNrWN)wN/ wy) = (L(wn) wy, wy) 4+ 2R (L(wn)fwy, itnKn L (wn ) wy)
+ 5 (L(wn)*KnL(wn)*wn, KnL(wn) *wn) (37)
= |ZUN + iTNKNL(wN)*ZUN‘in >0.

Here, | - |3, is the weighted seminorm defined by |f |§/UJN = (L(wn)f, f). Thus,
1)

the operator ijinI|q,, Xy TN Ag\}) + L§\] has a similar structure as the one discussed in
Theorem 4 for the analysis of the low frequency. The only difference is that the operators

Ag\}) and Lg\}) depend on not only wy but also Ty. The argument in the proof of Theorem 4
for the case @ = 1 but with (36) and (37) imply that

I\lilin T§1|ZUN + iTNKNL(wN)*wN]ﬁ,wN =0. (38)

Furthermore, (38) also leads to

L(wn)fwy = —itvL(wn) Ky L(wn) oy +o(tv), (39)
and these facts together with L(wy)*wy = —L(wy)’wy + O(1y) give
L : b _
I\%l_l‘)l‘(l)Q N |ZUN — lTNKNL(wN) wN|ﬁ,wN =0. (40)

In the rest of the proof, we consider two cases and derive the contradiction in each
case.
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Case 1: Suppose that
L(wn)*KnL(wn)’QonXwy C QpnXay (41)
for any N. Then, using (40) and
|ZUN — iTNKNL(wN)wa‘ﬁwN = |wN|§,wN + T]%]lKNL(wN)wa|§,wN
given by the orthogonality, we obtain limy ;e |KNL(WN)wa|ﬁ,wN = 0. Hence, we have
L(ws) KeoL(ws) 1, =0, (42)

where Koo 1= — (] + A(w,))]|

we reach the contradiction.
Case 2: Next, we consider the case (iii) of (NDC)pign,1 holds. If (41) is not neces-
sary satisfied, then one cannot derive (42). Thus, we should analyze (36) in more detail.

& X Q. .- Hence, if (iii’) of (NDC)pjgp,1 holds, then

Substituting (39) into Lg\}) (v, wN)wy, we have

1
L§\])(TN/ wn)wy = QonL(wn)wy — QonL(wn)KNL(wn)*KyL(wn)*wy +o(1x),
and (36) is written as

ifinwy +ityAY wy + Qo L(wn)wy — TEQonL(wn)KyL(wn ) KnL(wn) wy = o(T3). (43)
Then, we just follow the argument in the proof of Theorem 4 for the case « = 1; below,
only a sketch of the proof is given. Firstly, we decompose wy as wy = yn + y3;, where
YN = Ql,Nwa yl%] = Q]L,Nri and QLN = Qsl(wN),So(wN),wN' Here, S](') 5"l 5 Ris
a continuous map associated with the no-splitting real eigenvalues and thus satisfying
s1(ws) = fis. Similar to above, yy and v satisfy

(1)

i(fin —s1(wn))yn + iTN@l,NAI\} wn — T4 Qv L(wn)KNL(wn)*KNL(wn) oy = o(TF),

vy = —itn (ifin] + QonL(wn)) |<ED§NXWN QfNAS)yN +0(1R),

which comes from (43). Then, we set

- 1
fin —s1(wn) Y
ON = ’ yN = ZN S XCUN 7
™ ™

and this gives from Ag\}) = Qo,NL(wn)(Kn + TNﬁNK%\])L(wN)*,

i(on] + QunL(wn)KnL(wn)*)yn + itniinQun L(wn) K3 L(wn) YN )
+ Qi L(wn)KnL(wn)* A yn = o(t)

and

gn = —i(ifin] + QonL(wn)) @1 % @f,NAg\})I/N +0(v),
1L,NWN

where Ag\?) := (iinI + QoNL(wn)) |1 ¥ Qll,NAZ(\}) — KyL(wn)*. Thus, letting N — oo
WN

L
Qin

and setting limy o 0N = 0%, limy_,0 gﬁ = g,}, and

AR = Qu o, L(w)Keo L(@2) |y 0. X+
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we obtain u, € Ker(o.I + Qﬂ*,y*,w*Ag)) (i.e. ux € Ran (Qq, 4, . w.)) and
- e 1
y*L = _Z(ZZ’I*I+QV*rw*L(w*))| ! QV*IV*rW*AgO)u* . (45)

L@ (51,50, w)"

= (AW (51,50, )" = QoL (@)K (s0,@) ) L(w)? (AD (51,50, @) — K(s0, @) L(@)* | )

Qs gon X
Since (38) and Ran (Qy o) C Ker(L(wy)*), we get
L(ws)!5F +iL(ws) Koo L(wy ) 1, = 0.
Thus, this fact and (45) give
APu, e Ker(L(w*)ﬁ) ,
where

2 . _
AS)O) = (Z‘M*I + QV*rW*L(w*)) |Q};,lt*,w*x Q}‘*IV*rW*A( ) KOQL(CU*) |Ql‘* ws Xws *

Finally, we also decompose yy as yn = zny + zﬁ, where zy := Q2 NYN, zﬁ = in,NyN,
and Qo N = Qs ()51 (wn) s0(wn )+ ETE, 52(+) $"~1 — R is a continuous map associ-
ated with the no-splitting real eigenvalues and thus satisfying s,(w«) = o%. Then, (44)
leads to

i(on — s2(wn))zn + iTtnfinQon L (wn) K L(wn) YN

+ INQon L(wn)KnL(wy) APy = o(),

1

and we arrive at, by recalling Ko = — (pt4] + A(w+)) Q; o Ko Qi o,r

2)

ot + 1 Qo 00 L(02) KEL(02) s + Qo iy on L) Koo L(w)* A 1w, = 0, (46)

where oy := (0§ —s2(wn)) /TN and limy_, On = 0%. Consequently, we achieve u, €
VHShA(F,, 0., fix, fs, wx) and it must be zero by the condition (NDC)pigh,1, which is a
contradiction. The proof is complete. [

Remark 7. The matrix in (46) has a similar structure to the original one “ir A(w) + L(w)”. Indeed,
it is straightforward to see that L(w)K (so, w)?L(w)* with K(so, w) = — (sol + A(w)) ‘QJ- X, Qs; 0

is Hermitian. On the other hand, we set an operator

AW (sy,50,w) := (is1] + Qspwl(w)) @31> @i,sO,w AW (s0,w) : QspeoXew = Qg0 Xew

with AN (59, w) = Qs wL(w)K(sg, w)L(w)* |Qug X, A1 define
L (s1,50,w)
= =AW (s9,w) AW (51,50, w) + Qs wL(w)K(s0, w)L(w)*K(s0, ) L(w) | @y 0 X -

Py Wy) = Qy*,w*L(w*)KooL(w*)*Ag), which appears in (46).

Then, we find —L(2 )(ﬁ*
2)(sy, 50, w). The Hermitian part of L) (sy,sq, w) is given by

We study the property of L

(47)
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which implies that L) (s, s, w)* is nonnegative definite on Qs Xw, while the skew-Hermitian
part of L) (sq, 80, w) is given by
L& (s1,50,w)" = =AM (s1,50,w)" (is1] + L(w)") AW (51, 50, )
+ AW (51,80, w)* (AN (sp,w) — L(w) K (sp, w) L(w)* | Qe Xe)
— (AW (sp, ) + QspwL(w)K (50, w)L(w)") AN (51,50, w)
— Qs (@)K (50, @) L(w) K(s0, @) L(@) | gy o, -
To check these identities, we start from (47) and then observe that

L (s1, 50, w)"
= AW (50, w) AW (51,50, w) + ANV (51, 50, ) * (is1] + L(w)*) AN (1, 0, w)
— AW (s0,w) AW (51,50, 0) — QgL (@)K (50, @) L(w)" AN (51,50, )
— AW (sq,50,w)* AW (5o, w) + AW (51,50, w)* L(w) K (sg, w)L(w)* ‘QSoerw
+ Qsy,wL(w)K(so, w)L(w)*K(sg, w)L(w)* |Qso,wa
+ Qs L (@)K (50, @) L(@) K (50, 0) L(@) 0 o X
= — AW (50, ) AD (51,50, @) + Qg0 L (@)K (50, @) L(@) K (50, @) L(@)* | g X = Loy
where we use that L(w)? = L(w)* 4 L(w)” = L(w) — L(w)". It is not difficult to check that

L2 (sl,so,w)jj is Hermitian and 1.(2) (sl,so,w)b is skew-Hermitian on Qs Xe. Moreover, if
u € Ran (Qs, 5,5,.w), then u € Ker (L3 (s1, 50, w)?), i.e.,

L(w)* (AW (s1,50,w) = K(50,@)L(@) gy x,, ) # = 0 (48)
is satisfied.

5.2. Semigroup Estimate

As in Theorem 5, by applying the result of Wei [25], we obtain from Theorem 7 the
following semigroup estimate for the high frequency.

Theorem 8. There exist positive constants C and c such that the following statements hold. Let
B € {0, 1} and assume that (NDC)y;gp, g holds. Then, for any & € R" with |{| > 1,

e Oyl < Ce Y],y e Xy )

Proof. Theorem 7 implies the pseudospectral bound ¥ (r, w) > r—2P /C, where the positive
constant C is independent of r > 1 and w € S"~!. Then, the estimate (49) follows from
Theorem Al. The proof is complete. [J

5.3. Optimality
The optimality for the high frequency is stated as follows.

Theorem 9. Assume that (SC) and (Inv) hold. Assume in addition that .A(rw)Pier C
P, X holds for any r > 0 and w € S"~1. Then, the following statement holds. Let B € {0,1}.
If Spignp # ©, then {e~tA(w) >0 does not have the uniform dissipative bound of order B at high
frequency.

Proof. The proof is similar to the one in Section 4.3. Assume that Sp;g;0 7# ©. Suppose that
{e=+4()} - has the uniform dissipative bound of order 0 at high frequency. Then, there
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exist positive constants C and c such that [[e *40%)||x .,y < Ce™“fort >0,w € S"71,
and r > 1. Then, the Laplace transform for the resolvent implies

) b C
sup ®(r,w)= sup |(iAl+ A("“)))|)_(i,||Xw,r—>Xw,r < / Cetdt = —, r>1,
wesn1 AERweSH 1 ’ 0 €

which is equivalent with

) . _ C
Sup ||(lSI+1A(w)+TL((U))|Xi1/_r||Xw,1/T*>Xw,1/r S EI 0 <T S 1/ (50)
seR,wesn-1 ’

Hence, it suffices to reach the contradiction to the uniform resolvent estimate (50). Let
(51,50, w) € Spigno- Then, there exists yo € VHighO(s1, 50, w) with |yo| = 1. We set

1= _(i(SO +Tsl)l+iA( )+TQsow ))|Qs Xo so,wL( )y

Note that the operator (i(so + 7s1)I + A(w) + Qg , L(w))| ] is well defined for

Qs Xew
small enough 7 > 0, and we have the uniform estimate for small enough T > 0 such that

ly1l < Cspw- (51)

Now, let us set x(T) = yo + Ty, which satisfies 1/2 < |x(7)| < 2 for any sufficiently
small T > 0 in virtue of (51) and |yo| = 1. However, we have

(i(so + Ts1) +iA(w) + TL(w))x(T) = iTs1yp + TQspwL(w)yo + O(T?) = O(7?).

Here, we use yy € Ran(Q,s)w) in the last line. By acting the projection P, 1+
on both sides above and by using the invariant condition A(rw)Pu Xw C PurXew
and A(rw)Pg,Xw C Py Xw, if the resolvent estimate (50) holds, then we must have
|Pw1/2%(T)| < O(7) for 0 < T < 1, which contradicts with lim;_,o Py, 1/:%(T) = yo and
lyol = 1.

Next, we assume that Sy;g;,1 # ©. In this case, it suffices to reach the contradiction to
the estimate

sup ||(is] +iA(w) + TL(w))|x

1
Rwesn—1 |Xw/l/-r HXWJ/T*)XM,I/T
selR,wed"™

% 0<t<1, (52

<
cT

Let us take yo € V/&"1(s3, 55, 51,50, w) with |yo| = 1. Set

y1 = —(i(so + 751 + T80 + T083) [ +iA(w) + TQSJ(‘) wL(w)) |@%w(@sl0,wL(w)yo,
1 = —(i(s1 + 752 + T283) ] + Qs L (w)) |qu q Qsl,SOIQ,QSOIwL(w)yl ,
yo = —(i(s0 + T51 + 7282 + T83)[ +iA(w) + TQL  L(w ))|QL Qs L(w)i1,
72 = —(i(s1 + Ts2 + T283) + QspwL(w)) |Q51 y Qg{,so,wQso,wL( W)Yz,

—(i(so + Ts1 + T2 + T83) [ + iA(w)) le Q3 WL(w)F2,

and x(7) = yo + T(y1 + 1) + T2(y2 + #2) + T2y3. Then, we find that

(i(so + Ts1 + T80 + T083) [ + iA(w) + L(w))x(T)
= 7 (is20 + Qs 0.0 L(@)y1) + T (is3yo + Qsy sy wL(@)y2) +O(T%),
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while
y1 = —iK(sp, w)L(w)yo — itK(sp, w)(s1I — iQSLO,wL(w))K(so,w)L(w)yo +0(1?)
and

y2 = —iK(so,w)L(w)#1 + O(7)
= iK(sp, w)L(w) (is1] + QsywL(w)) |} wQsll,SO,wQsole(w)yl +O(7)

Q% .

= K(so, w)L(w) (is1] + QsywL(w)) |-t wQSLl,SO,wQSO,wL(w)K(SO,w)L(w)yO +0(T).

Qiiso-

We recall here that L(w)f = —L(w)*f + 2L(w)*f in general. Since yy € Ker (L(w)?),
we see

y1 = iK(sp, w)L(w)*yo + iTK(so, w) (511 — iQSLO,wL(a)))K(sO,w)L(w)*yO + O(TZ)
= iK(so, w)L(w)*yo + iTs1K(s0, w)*L(w)*yo
— 7K (s, w)L(w))*K(so, w) L(w) *yo + 27K (50, w) L(w) ) *K(so, ) L(w) *yo + O(7?)

and

2 = —K(s0,@)L(w) (is1] + QipeoL(@)) |5} 500QsguoL()K(50,0)L(@) yo +O(7)

Qd s,

= —K(50,@)L(@) (is1] + QuyuL(@)) 5] @ik g (oA (50,0} +O(7)

Q@ o,

= K(s0, @) L(w)* (is1] + QepeoL (@) |71 Q& o0 AM (50, )0

Qs sp

— ZK(SO,w)L(aJ)ﬁ (isﬂ + QSO,WL(w)) |*1 WQSLI/SO,WA(U (s0,w)yo + O(7)

Qd 4,

= K(s0,w)L(w)* (is1] + QspoL(w)) |51 Q- 1 0AM (50, 0)y0

lel /50w

— 2K(s0, w)L(w)*K (59, w)L(w)*yo + O(T)..

Here, we use (48) on the last line. Then, 2 (isayo + Qs, 5w L(w)y1) + T2 (is3yo +
Qs 500L(w)y2) = O(t*), and, therefore,

(i(so + 51 + %82 + T°83) [ +iA(w) + L(w))x(7) = O(1%),

which leads to a contradiction with (52), by discussing as in the case § = 0. The proof is
complete. [

6. Proof of Main Theorems

The results of the previous sections imply the theorems stated in Section 2. Indeed,
Theorem 1 follows from Theorems 4, 6, 7, and 9; Theorem 2 follows from Theorems 6 and 9;
and Theorem 3 follows from Theorems 4 and 7. The proof is complete.

7. Application

In this section, we apply our main theorems to some models.

7.1. Classical Case

We recall the known results obtained by Shizuta and Kawashima [1] and Umeda,
Kawashima, and Shizuta [2].
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Proposition 1 (Classical case). Let Xg/(g sy = C™. Assume that L(w) = L, Ker (L) =

Ker (L*), and (SC). Then, for any f € C™ and & € R"\{0}, the solution operator to the system
(2) satisfies

. e leR
e tA@) f| < ce TR f|, > 0. (53)

IN

Since (NDC);g,1 and (NDC)pjg,0 hold in this classical case, the assertion follows by
Theorem 3. Furthermore, Theorems 1 and 2 lead to the optimality for the estimate (53).

7.2. Dissipative Timoshenko System

We consider the linear dissipative Timoshenko system described as

{¥¢%®ww)=a

54
Y — a3 — (0x¢p — ¥) + 70y = 0. &9

Here, a and vy are positive constants and ¢ = ¢(t,x) and ¢ = (t, x) are unknown
scalar functions of t > 0 and x € R. The Timoshenko system is a model system describing
the vibration of the beam called the Timoshenko beam, and ¢ and ¢ denote the transversal
displacement and the rotation angle of the beam, respectively.

We introduce the vector function u = (0x¢ — 1, 9rp, a0y, atlp)T. Then, the Tim-
oshenko system (54) is written in the form of the first equation in (1) with coefficient
matrices

0100 0000 0 0 0 1

_ |t o000 ;s oo o0 o0 , |0 o000

M="looo0al” Y=looool" F=|lo 00 o0 (55)
00 a0 000 7 -1 00 0

Here, we have A(w) = Aw for w € S'~! = {41} in (3). Then, Ide, Haramoto, and
Kawashima [12] considered the system (2) with (55) and derived the pointwise estimate
of solutions in Fourier space by the energy method. In this section, we employ our main
theorems and derive the same pointwise estimate derived by [12]. We remark that the
optimality of the obtained pointwise estimate is guaranteed by Theorem 1.

Proposition 2 (Linear dissipative Timoshenko system). For any f € C* and ¢ € R\{0}, the
solution operator to the system (2) with (55) satisfies

R,
@ <) COTEI @A,

clg)?

Ce HRE'|f|  (a=1).

Proof. (Low frequency part) The eigenvalues of iL’ are 0, &1 and the dimensions of each
eigenspace are 2 (for the eigenvalue 0) and 1 (for the eigenvalue +1), respectively. Moreover,
we have Ran (PP}, ,) = {0} for any u # 0, and

0

W

Y3
0

7 ]P)O,w]/ =

A
]D)ﬁ,wy = ii
0

where y = (y1,y2,y3,y4) ' € C* Here, let us recall that [Py« is the orthogonal projection to
Ker (iul 4+ L) = Ker (uI — iL") NKer (L!) with w € "1 = {41} (see Lemma A1). Hence,
we have Sjy,0 = {(0,w) |w = £1} # @. This means that (NDC);,,, ¢ is not satisfied.
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It is not difficult to find that Py A(w)|p, cs+ = Olp, ¢+ for all w € {£1}. Hence,
the associated eigenprojection of the eigenvalue 0 to Py, A(w)|p, ¢+ is the identity map
I|p,  cs- The direct computation shows that, for

V10wl (1,0,w) = Ker (LuL|];l1 C4P&wA(w)) N Ker (1] +PowA(w))lp, ct) /
0,w 2
we have

0
0

Vlow'l(‘u,o,(U) _ { |y3 S C} for U= 0/
0

{0} for u#0.

Hence, we obtain S}y, 1 = {(0,0,£1)} # @, and, thus, it suffices to consider the set
viewl(s,,0,0,£1) in checking (i-b) of (NDC)jyq,1- For y = (0,0,3,0)" and s € R, we
have

0
—ays

iSzyg
0

is2y + PoA (@)L 0Py Alw)y =

Thus, this gives
. -1 1 7low,1 _
Ker ( (is2] +PoA(@)LI ! o, i A(w) |P0,O,WC4) N Vow1(0,0,w) = {0}

forall s € Rand w € {£1}. This implies Sjy,1 = @ and therefore Condition (i-b) of
(NDC)jyy1 is satisfied. Hence, the proof is complete for the low frequency part.

(High frequency part) Let us recall that 2 > 0. The eigenvalues of —A(w) are +1 and
=+a, where the dimensions of each eigenspace are 1 (if a # 1) and 2 (if a = 1).
Case a # 1: Set

1 1 0 0
e—i 1 e _L -1 e_io e _L 0 (56)
1 \/E 0 7 —1 \/Q 0 7 a \/i 1 7 —a \/i 1

0 0 1 -1

Then, we have Q= (-, ey)ey for u € {£1, £a} and Q;,, = O otherwise. Therefore,
we also obtain

PHIO(£1,w) = {cest|c €R},  VHEM(s,w) = {0} for so 1.

Namely, we arrive at Shigh,O = {(+1,w) | w = £1}. Next, we observe that

0
Quyoless = Qs O | =0
il,w +1 +1,w \/5 0 7

-1
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which gives Q11,0L|g,, c+ = Olg,,  c#- Therefore,
VHEhO(0, £1,w) = VMEMO(£1,w),  Qot1w = Ilg,, ot/
VISEY (1, £1,0) = {0} (s1 #0),

which implies Sy;g10 = {(0, £1,w) | w = £1}. Let us check Condition (ii) in (NDC)p;g11
for Q11 and K(£1,w) = —((£I + A(w)) ‘Qi w<C4)_1Qi1,w' The direct calculation shows
that, for any y € Qillw(C‘l, the vector K(:ti,w)Lby is of the form (0,0,x3,%4)", and,
thus, LYK (41, w) L’y is of the form (0,0,0,vx4) ", Hence, the definition of Q41 implies
Qil’wLﬁK (£1, w)Lby = 0, as desired. Finally, we show S}E};h,l = @. It suffices to consider
the set

VIR (0, 21, w) = Ker (L (1 + A(@))|gl iQ@b10l”) NVIE(0,21,w).
+1,w

To this end, suppose that ce; satisfies

L*(£1 + A(w))@1 1 Qiy L cesy = 0.

The direct computation shows that

cc

-1 1 _
(£ + A(w»‘@h,w@(@il’wﬁceil =1-2

Hs oo

for some nonzero real number ¢. Hence, the condition

0
¢ cC 0
1—a?

=0
a
+1
yields ¢ = 0, which implies V""1.(1)(0, +1,w) = {0}. Thus, we prove S}(l};h 1= ©, and
the condition (NDC)pjep,,1 is proved for the case a # 1.

Case a = 1: In this case, we have Q11, = (-, e11)es1 + (-, e+q)e+qs, where e, is
defined as (56). As in the case a # 1, we have

Vhigh’o(:tl, w) = {cey1|c € R}, Vhigh,O(SO, w) = {0} (so # £1),

and, thus, Shigh,O = {(£1,w) | w = £1}. Suppose that ce; satisfies (is; + Q11 ,L)ces1 =
0 for some s; € R. Since

0
1 0 1
Qirwletr = Qil,w\ﬁ 0 | = Faexa

-1

we must have icsjeqq F ce+, /2 = 0, which is possible only when ¢ = 0. Thus, we conclude
that Spigno = @ when a = 1, and the condition (NDC)yjep,,0 is proved for the case a = 1.
The proof is complete. [
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7.3. Compressible Euler-Maxwell System

As an application of our theorems, we deal with the compressible Euler-Maxwell
system
pt +div(pv) =0,
(pv)t 4 div(pv ® v) + Vp(p) = —p(E+ v x B) — pv,

(57)
E; —rotB = pv,
Bi +rotE =0,
divE = peo — p, divB = 0. (58)

Here, the density p > 0, the velocity v € R?, the electric field E € R3, and the magnetic
induction B € R? are unknown functions of t > 0 and x € R3. Assume that the pressure
p(p) is a given smooth function of p satisfying p’(p) > 0 for p > 0, and p is a positive
constant.

From the analysis in [14,15], we know that the system (57) can be written in the form
of a symmetric hyperbolic system. The reader is also referred to the works of Ruggeri and
Strumia [30] and Boillat [31] for the general result about the symmetrization and the convex
entropy of balance laws. Let us introduce that w = (p, v, E, B)T, we = (s, 0,0, Bo)',
which are regarded as column vectors in R1?, where B, € R? is an arbitrarily fixed constant.
Then, the Euler-Maxwell system (57) is rewritten as

3
Ag(w)drw + ) Aj(w)dyg;w + L(w)w = 0, (59)
=1

where the coefficient matrices are given explicitly as

P(e)/o 0 0 0 0 0 0 0
iy~ | 0 Pk Os Os o7 pi—qp) pl O
Aolw) = of 03 B O3 Ew) =1 o7 —olz; O3 O3]

0T 03 03 13 0T O3 O3 O3
X (P’(p}/p)(g-é) P 0 0
K ()7 — P’ ()¢ p(v-8)Iz O3 O
]; A](DU)‘;] = ol 05 05 _Qg
o' O3 QO O3

Here, 0 = (0,0,0), & = (&1,82,&3), B = (B1, By, Bs) € R3, I3 denotes the 3 x 3 identity
matrix, O3 denotes the 3 x 3 zero matrix, and ()¢ is the skew-symmetric matrix defined by

0 ¢ &
Q=3¢ 0 —&
-6 & 0

for ¢ = (1,82, 83) € R,

To consider the linearization of (59) around the equilibrium state we, we regard
W — Weo by w again. Then, the linearization of the system (59) can be written as

3
Agdrw + ) A]-axjw +Lw=0, (60)
=1
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where Ay = Ag(we), Aj = Aj(we) and L = L(we). More precisely, the coefficient
matrices are written as

i 0 0 0 0 bl 0O 0
i _ | 07 pxls O3 O3 3 | bt 03 05 05
Ao = 0" O3 I O3 |’ ]; Afg] - or 03 O _ng ’
o' O3 O3 I3 o' 03 Qg 03
0 0 0 0 0 0 0 0
- 0" pwlz O3 O3 I — 01 —peQp, pols O3
- T ’ - T ,
00 O3 O3 O 0 —olz O3 O3
07 03 03 O 0" 0, O3 O

where do = p’(pos) /P and b = p’(poo) are positive constants. Furthermore, because Ay
is a positive definite, we introduce the new function u = Aa 1724 and (60) is rewritten as

the first equation in (1) with

0 Vbl 0 0
> | VBT 03 03 O3
Y Aigj= T /
AL 0 03 03 -0
o’ O3 O O3
(61)
0 0 0 0 0 0 0 0
Lﬁ _ OT I3 O3 O3 Lb _ 0T _QBoo 1/p0013 O3
OT O3 O3 Og ! 0—r *\/(EIS OB OB
o' O3 O3 O3 o' O3 O3 O3

Next, we consider the constraint condition which comes from (58). Since (58), the
solution to the linearized system (60) is considered under

Qj0xw + Rw =0,

3
=1

]

where X
(00 &0 s (1000
];Qfgf_(o 00 g)’ R‘(o 0 0 0>'
Thus, this gives
3
Qjox;u + Ru =0, (62)
j=1
with

R_(1/\/@ 00 0)_

0 0 0 0

Inspired by the condition (62), we introduce the closed subspace of C!?, for w € S?,
that

Xo={y=(1v2y59s) €C°lys-w=0,y1 €C y2,y55: € C},
Xwr =1y € X0 |y1/ Vo — irys - w = 0}.
The limit spaces are given as

Xwo = {y € Xuly1 =0}, Xuweo ={y € Xulys -w =0}.
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In this situation, we consider the system (2) under the constraint

a(t,8) € Xe/gle . £20.

It is easy to see that the invariant condition (Inv) and the general stability condition
(SC) hold true. Therefore, we can apply our theorems to the linearized Euler-Maxwell
system and derive the pointwise estimate of solutions and optimality of its estimate as
follows.

Proposition 3 (Linearized compressible Euler-Maxwell system). For any f € Xe /el e and
& € R3\{0}, the solution operator to the system (2) with (61) satisfies

_ clef?

e HA@ f| < ce | f].

Proof. (Low frequency part) The eigenvalues of iL” are 0, =, with some . > 0. Moreover,
we have Ran(P,,) = {0} for any u # 0, and

A1 Y1
o' o’

Dﬁ,wy = y;’r 7 Po,w]/ = OT (63)
yi vy

Therefore, we obtain V"®0(0,w) # {0} and V*®?(y,w) = {0} for u # 0. Fur-
thermore, (63) gives Py A (w)lp,,x, = O. Thus, the associated eigenprojection of the
eigenvalue 0 is the identity map, i.e.,

{0} (s1 #0),

Ran (P, 0,,) = { PowXeo (s1=0)
Vw w o '

Hence, V'°“!(1,0,w) = {0} for u # 0, and the direct computation shows

V1owl(0,0,w) = Ran (Py ) NKer <L(w)ﬁ (L(w)) |I;§waP¢wA(w) | Xw) N X0
) /
={ 81 eCw’ xy/ =0} ={0}.
i

Here, we use w € S? and y, - w = 0 for y € X,,0. Hence, Slow,l = @, and Condition
(i) of (NDC);95,1 holds. The proof is complete for the low frequency part.
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(High frequency part) The eigenvalues of —A(w)|x,, are 0,£1, +1/b. By taking
hi,hy = w' x h; € R3 (column vectors) as the orthonormal basis of the plane {xT €
R3|x-w = 0}, we have for vbe # 1,

0 0 0
h h o'
Qowy = (y2- 1) 0% + (y2 - h2) 0% +ysw@)| 1|
OT OT OT
1 1
yi— (- w) | —w’ i+ w) | w’
Q\/@,wy = ) ol |-’ Q—\/E,wy - 2 ol |’
o' o'

Quowy = (¥,811)811 + (¥, 812)81,2, Qo10y=(y,8-11)8- 11+ (V,8-12)8-12-

Here,
0 0
_ 1| of _ 1| o
gl,] - \/E wT % h] ’ g*l,] - \/E _wT % h]
h h

When /b = 1, the orthogonal eigenprojection to the eigenvalue +1 is Q.1 =
Q41,0 +Qy Ve w by keeping the same notation as above. Then, we can check that for
S1 € R,

Ker ((is11 + QowL)|q,,x,) N Ker (L*|x,,) = Ker ((s1 — QolwiLb)|Q0’wa) NKer (L¥|x,)

0
)
el et w0,
OT
{0} (s1#0).

Hence, Ker ((is1] + Qo L) |Qo,wa) NKer (Lf|x,,) N Xweo = {0} for any s; € R. Ttis
also easy to see that Ker ((is1] + Q:ta;,0L)|Q.,, . x.) N Ker (Lf|x,) N Xu,e0 = {0} for any
s; € R. Next, we observe that Q11 L
fors; € Rand vbo # 1,

QX = Oand Q1w Xw C Xeu,00, and, therefore,

VHghO (51, 41, w) = Ker ((is1] + Qx1wL) g, ,x.) N Ker (Lfx,) N X0
= Ker ((51 — Qu1,0iL")|qy, ,x,) N Ker (L¥x,)
_ { Qi1wXw (51=0),
{0} (s1#0).
A similar result is valid when 1/bs = 1: in this case, we have
VhighO(s), £1,w) = Ker ((isy] + Qu1,0L) |04y, %) N Ker (L¥|x,,) N Xeoo

_{ Qi1,0Xw (s1=0),
{0} (s1#0).
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Notice that, even in the case /b = 1, the projection in the right-hand side is Q41 ,,
defined as above, rather than Q1 ,,, due to the presence of Ker (L*|x,_) in the left-hand
side. This implies Syigno = {(0, £1,w)|w € "~ '} for any v/bes > 0. Next, we find

Qil,w’L(w/)ﬁK(il' w/)L(w/>b |@i1,w/Xw’ =0,

where K(+1,0') = —((£I + A(w'))|gr x )71@il - Indeed, this follows from the
+1,0 @’ /
stronger cancellation property
Qi L)' Qi = O, (64)

which is straightforward to check from the definition of the projections (including the
case a; = 1, where Qs in (64) is replaced by Q11 = Q41 + Q44, o). Suppose that

y € VIsh0(0,+1,w) = Quy X, satisfies L(w)?(£1 + A(w))@i Q4 Llw)y = 0.
Flwtw ’
Set

X = (:l:l + A(w))hé; Xinl,wL(w)*y € Qil,wxw .
Then, (64) implies @illeﬁx = 0, and one can check that for v/bs # 1,

0
-

0
Ker (Qil,thlQil’wa) = {C wl |C € C} 2] QiFl,wa .
OT

When a; = 1, the equality is valid as well by replacing only the left-hand side by
Ker (Qil,wL1i |Qil/wxw) :

On the other hand, when y = c1g111 + c29+1 2, the vector x is of the form

0 0

LUT X h] ’ wT X hz
ccq o7 +ccp o7
o' o'

with some nonzero constants c, ¢/, and, thus, in order for x to belong to Ker (Qil, wLﬁ | Qo X )
we must have ¢; = ¢ = 0 since hp = w ! x hy. Thus, we have Vigh1(1) (0,£1,w) = {0},

that is, S;E}g)h 1 = ©. Hence, the condition (NDC)y;ep,,1 holds. The proof is complete for the

high frequency part. [
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Appendix A. Gearhart-Priiss Type Theorem

Let X be a Hilbert space and let A : D(A) — X be a densely defined closed operator
in X with the domain D(A) C X. The operator A is called m-accretive if the left open
half-plane is contained in the resolvent set p(A) with || (Al + A)~!||x_x < 1/RAfor A € C
with RA > 0. We denote by ¥ (A) the pseudospectral bound of A:

¥(4) = (sup | (iA1+A4) 7 xx)
AeR

Theorem A1 (Wei [25]). Let A be an m-accretive operator in a Hilbert space X. Then

e xx < A2, s,

Appendix B. Basic Lemma for Matrix with Nonnegative Definite

Lemma Al. Let X be a subspace of C" and let Px : C" — X be the orthogonal projection.
Assume that the m x m matrix M satisfies M* > 0. on C™. Let u € R.
(i) It follows that

Ker ((iyl + PXM)|X) = Ker ((;41 - iPXMb)|X) N Ker (MF).

(ii) Let P, : X — Ker ((iyl + PxM) |X> be the orthogonal projection from X to Ker ((iyl +

PxM) \X) Then, P, (inl + PxM)|x = O. As a consequence, the restriction (iul + Px M) |P#X :
IP)#X — ]P’PJ; X, where ]P’f; = I|x — Py, is well-defined and invertible.
Proof. (i) Let u € Ker ((iul + PxM)|x). Then, ((iu + PxM)u,u) = 0. Taking the real
part and using Pxu = u, we have (Mfu,u) = 0, and, thus, <Mﬁ|DéMD¢Mu,D¢Mu> =0,
where Dy 51 : C" — Ker (M*) is the orthogonal projection and ]D)jiM = I — Dy . Since
M! > 0 and Mﬁ‘DjL,MC'" : ]DiM(Cm — ]D)ttM(Cm is invertible, we have MMDWCW > 0in
]D)i—MCm. Thus, DiMu = 0, which yields My = Mj(DéjMu + Dﬁ,Mu) = 0. Then, we have
(p — iPxM’)u = —i(ip + PxM’)u = —i(ip + PxM’ + PxM*)u = 0. Hence, Ker ((iul +
PxM)|x) C Ker ((ul — iPxM’)|x) NKer (M?). The converse inclusion is trivial.
(ii) For any u,v € X we have
(Py(inI + M)u,v) = ((inl + M)u,P,0)
= i{(ul — iM)u, P,o) + (MPu, P,0)
= i{u, (ul — iM*)P,0) + (u, M*P,0) = 0.
Here, we use (i). The proof is complete. [J

Remark A1. From Lemma Al we have the following important result: if M* > 0 then each eigen-

value of M located in iR (i.e., purely imaginary eigenvalue) must be semisimple, and furthermore,
the associated eigenprojection is orthogonal.
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