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Abstract: In this paper, we studied the existence results for solutions of a new class of the fractional
boundary value problem in the Caputo-Hadamard settings. Moreover, boundary conditions of this
fractional problem were formulated as the mixed multi-order Hadamard integro-derivative condi-
tions. To prove the main existence results, we applied two well-known techniques in the topological
degree and fixed point theories. Finally, we provide two examples to show the compatibility of our
theoretical findings.
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1. Introduction

An arbitrary order calculus is regarded as one of the most widely used subbranches of
applied mathematics, which includes a vast range of applications in other sciences. Such a
usefulness is because of the high compatibility of the formulas and fractional operators in-
troduced in aforesaid theory. Different researchers have utilized several newly-introduced
fractional operators in recent times to describe some dynamical aspects of different kinds
of real processes in the world based on their fractional modelings. Examples on the applica-
bility of arbitrary order operators in the modeling of natural processes can be observed in
different published literature works, including [1-11]. On the contrary, since making new
modelings with the aid of fractional operators obtains more accurate numerical findings
than modeling by means of the standard integer order operators, numerous mathemati-
cians have tried to provide different novel extensions of some existing standard fractional
operators every day. Two fractional operators that we intend to apply in this manuscript
are the Hadamard integration, along with the Caputo-Hadamard differentiation operators.
We can even refer the readers to articles in which the existing modelings are studied with
the help of both aforementioned operators. See, for example, [12-16].
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In 2017, Ntouyas and Tariboon [17] turned to a new framework of the boundary value
problem via multiple orders on fractional operators, as follows:

{CRQQu(t) + (1 =)RD%u(t) = h(t,u(t)),

u(0) =0, RITu(R) + (1 - 0*)RT%u(R) = 53,

M

in which boundary conditions are regarded as Riemann-Liouville bi-order integral condi-
tions and t € [0, R] and ¢ € (1,2). The authors proved the existence results via Sadovski’s
fixed point theorem. After this, Lei, Qixang, and Gang [18] established some theorems
based on the existence and Hyers—-Ulam stability of solutions for the proposed fractional
two-term multi-order boundary value problem:

{P%"*V(t) + RO u(t) = h(t, u(t)),

n(0)=0, o ROMu(R)+RI%pu(v) =05, (k€ (1,2)).

@

The boundary conditions considered by them are in a two-term framework of mixed
three-point Riemann-Liouville boundary conditions. The authors proved the existence
results with the help of an integral inequality and established the stability results for null
boundary conditions [18].

At this moment, according to the available ideas in these articles, we intend to ad-
dress a general extension of these works by formulating the following Caputo-Hadamard
fractional boundary value problem via mixed multi-order integro-derivative conditions:

ACHDE u(t) + CHDC u(t) = A(t,u(t)),

. . 3)
uiCDLu(M) + HD 2 u(y) = &,

T u(M) + I u(n) = 6,

sothat A, uf, u5 € (0,1], 75,75 € (0,6 —0*) with2 < 0* < ¢ < 3,q7,95 € RT, 51,60 € R
and t € [1, M]. The symbol CH@i‘i points out the Caputo-Hadamard derivative of order

a* € {g,7],73,0%}, with the notation Hl'lqi stands for the Hadamard integral of order
7* € {q},95}. Amap A formulated by A : [1, M] x R — R is assumed to be continuous on
[1, M] x R with respect to its both components. It is convenient that the researchers of this
field notice this subject so that, motivated by the flexibility of boundary value problems
(1) and (2), the multi-order Caputo-Hadamard-FBVP (3) is modeled with respect to the
generalized operators with kernels, including logarithmic functions. In other words, the
presented formulation for the given multi-order Caputo-Hadamard-FBVP (3) involves
four different derivatives in the format of the Caputo-Hadamard, as well as two different
integrals in the sense of Hadamard. This combined FBVP covers the previous standard
cases of nonlinear fractional differential equations by assigning arbitrary values for all
existing parameters and orders or defining the standard kernel in the mentioned FBVP (3).
The supposed abstract fractional boundary value problem (3) with given mixed boundary
conditions can describe some mathematical models of real and physical processes in which
some parameters are often adjusted to suitable situations. The value of these parameters
can change the effects of fractional derivatives and integrals. Moreover, we express that
such a Caputo-Hadamard multi-order fractional problem has a new and general structure
and is defined for the first time with the aid of the Caputo-Hadamard notion. In this way,
we tried to find analytical existence criteria for the proposed problem (3) with the help of
a composition of existing techniques in the topological degree and fixed point theories.
For more details, see [19-22].
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The scheme of the contents is as follows: First, several required contexts on fractional
calculus and some notions about condensing operators are assembled. Section 3 is assigned
to finding the criteria in which the existence properties can be derived by terms of the
mixed techniques available in the topological degree and fixed point theories. In Section 4,
our analytical findings are supported by demonstrating two simulation examples in the
numerical setting to indicate the applicability of our proofs.

2. Preliminaries

First of all, some fundamental and auxiliary preliminaries on the arbitrary order
calculus are assembled in this part of the manuscript. The ¢/-Hadamard integral of a given
function u € Cgr([c, b]) is formulated by:

TS, u(t) = r(l) /Ct (mE)(“”u(r) dr

G r r

when the right hand integral exists [13,23] and HI&u(t) = u(t). Additionally, for each
61,62 € R, the semigroup property *Z¢! (HZ%2u(t)) = HICgfrgzu(t) settles and:

£\ 62 I'(gp+1) £\ 6162
H761 - —_ Z
IC+<1nc) T(g14+¢2+1) (lnc)

Taking ¢» = 0, it is clear that:

, t>c.

1 £\ 61
H7617 s
Ic+1_r(g1+1)(1“c) ‘

In this position, we suppose that n = [g] + 1. Then, the ¢"*-Hadamard derivative for
an arbitrary mapping u : (¢,b) — Ris illustrated by:

H0tu) = roro (15) [ () e &

if RHS exists [13,23]. In the following, the ¢*"-Caputo-Hadamard derivative for u € AC% ([c, b])

is introduced by
1 t t\(r=6=1) , d\n dr
CHS — Z — —
Derult) = I'(n—g) /c (lnr) (t dt) u(r) r

if the existing integral has finite value [13,23,24]. Again, by assuming u € ACj([c, b]) and
n—1 < ¢ < n and in light of [23], it is confirmed that the series solution of the given
homogeneous Caputo-Hadamard-FDE CHZDE Lu(t) = 0 possesses a series structure as:

u(t) = 2,”:_01 by(In £)! and thus the following equality is valid for each t > c:

KT (FDZu(t)) = u(t) +bo + by (111%) + bz(lné)2 +- 4 bn,1<ln£)nil.

We now regard B* as the category of all bounded sets belonging to the Banach space
W. The measure of noncompactness attributed to Kuratowski (KMNC) p : B* — R is
constructed by:

w(6*) :=inf{e >0: " =U;_;6] and D(&;) <¢, [N/},

so that D(&}) = sup{|u —u'| : u,u’ € &} and &* stands for a bounded set contained in
B* and u(6*) < D(&*) € (0,00). The symbol D points to the diameter here [25-27].

Lemma 1 ([25,28]). Let &*, 0% € B* be contained in W, which is bounded. Then the following
seven statements hold:
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(1) wu(&*) = 0ifand only if &* is relatively compact;

(2) u(8*) = u(6*) = u(cnvx(6*)), in which cnvx(&*) and &* display the convex hull and
the closure of &*;

(3) &* C O gives u(&*) < u(O*);

4) u(oc+9*) <u(O*) foranyo € R;

©) p(e®) = |o|u(&”) forany o € R;

6) u(&* +9O%) < u(8*) + u(O*) subject to &* + O* = {u+u';u € &*,u’ € O*};
7) (& UD*) < max{p(6*), u(O%)}.

Let us take * € B* as a bounded subset contained in WW. A continuous bounded
mapping ¥* : * — W is termed to be p-Lipschitz whenever R* > 0 exists so that:

p(¥7 (&%) < R7pu(&7).
In addition, we call ¥* a strict y-contraction when R* < 1 [25]. A u-condensing map-
ping ¥* is formulated by inequality u(¥*(&*)) < u(&*) for any &* € B* via u(6*) > 0.
From u(¥*(6*)) > u(&*) it follows that u(6*) = 0 [25,29,30].

Proposition 1 ([31]). Suppose that ¥* : &* C W — W is Lipschitz with constant R*. Then,
Y* is p-Lipschitz with constant R*.

Proposition 2 ([31]). Let ¥* : & C W — W be compact for any &* C W. Then, ¥* is
p-Lipschitz via R* = 0.

Proposition 3 ([31]). For any &* C W, both operators ¥;,¥Y5 : &* — W are supposed to
be p-Lipschitz with constants R} and R3. In this case, ¥; + ¥ : &* — W is u-Lipschitz via
R; + R;.

The next theorem from Isaia is used to establish our desired results on the proposed
mixed multi-order Caputo-Hadamard boundary problem (3).

Theorem 1 ([31]). Let ¥* : W — W be u—condensing and
6" ={ueW: 3cel01], sothatu=oc(¥*u)}.

By assuming ®* as a bounded subset belonging to W, that is, i1 > 0 exists so that
&* C Vi (0), withViz(0) = {u e W |lu|w < m}, then:

Deg(I —0¥*,V(0),0) = 1.
In addition, ¥* admits at least one fixed point and V3, (0) involves all fixed points of '¥*.

The following theorem, due to Leray-Schauder, yields another criterion to establish
the existence property for the suggested mixed multi-order Caputo-Hadamard-FBVP (3).

Theorem 2 ([32]). Let N be a convex, closed set in W, O be open set belonging to N, and 0 € O.
In addition, a function ¥* : O — N is supposed to be continuous and compact.
In this case, either:

(L1) Y* admits a fixed point in O; or
(L2) Ju €00, FJw* €(0,1) s.t. u=w"¥" (u).
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3. Main Results

After determining some of the preliminaries, we intended to reach our main goal for
deriving analytical criteria that guarantee that the proposed mixed multi-order Caputo—
Hadamard-FBVP (3) admits solution on [1, M]. First, we constructed the space: W =
{u(t) - u(t) € Cr([1, M])}, along with ||ullyy = sup,cpy py [4(t)]. In this case, an ordered
pair (W, || - |lyv) has all of the properties of a Banach space. Now, the first structural result
is indicated in the following lemma to illustrate the framework of the equivalent integral
solution for the mixed multi-order Caputo-Hadamard-FBVP (3).

Lemma 2. Let @ € W, A, ui,u3 € (0,1}, 95,75 € (0,6 —0") with2 < 6* < ¢ < 3,
qi,q5 € RY, 81,60 € Rand © # 0. Then, ily is a solution for the mixed multi-order
Caputo-Hadamard-FBVP

ACHDE u(t) + 1D u(t) = Q(t),

* . @)
piCMD L u(M) + 1D 2u(y) = 6,

BT u(M) + M Tl u() = &,

iff iy satisfies:

= F(lg) /j (ln;)g_lg(r) ? - 1"((;(9*) /j (ln ;)g_e*_lﬁo(r) ?

In£)s=1 [ A% 5, oot AT et N
+( @)* [#1}\4%112%9(1\4)_ V1/\4H11€+ ’Y1MO(M)+74H1-1€+72Q(77)

A* gt * A K a £ A% g
_ 747—:5119+ 721,10(77) B ‘”2A 27—[1-1‘5+ qu(M) + Vz/\ ZHIlgiFQ1 uo(M)

*
_ Moy

+ *
T Q)

*
AvEY

4

Fgr—* . . . Int c—271_ *AK o
Iﬁ’h ”0(77)_51/\4_"52/\2} +( ®)* { V/{ 3H11€+71Q(M)

A ok AX g V*A* e
~ ST Q) + PRI Mg () + PEEHIE T o (M)

HIAS 30"
+ — Il+ 1u0(M) 2 1

A
2] 4 cta; 6", Al 3y c+a3 Al gy ctags—07
- BEELH S o (M) + SURTEIR Q) — SIS g () + 8107 — 207 5)

so that:

K ok r(g) c—ri—1 r(g) c—7i—1
Al _yll"(g—”yi‘)(lnM) ! +F(g—’y§)(ln;7) 2,

ok F(g) c—7i—2 F(g) c—7s—2
Az = Hlm(lnM) 1 + W(ln;ﬁ 277,

') (+i—1 ') -
Af =i —— _(InM)ET-D 4 "5 (|pp)letn-1)
P gy TR

I'(c) . I'(c) -
AF = 3 In M)SH91—2 Inn)st92-2,
L= By gy M) e ()
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O = AJAL — ATAL

Proof. Suppose that i satisfies the given Caputo-Hadamard multi-order differential
Equation (4). Then, we reach the following Hadamard integral equation:

(1) = ~HTE, Q(t) -

A LHIE ty(8) + pr(In )5 + po(In 2+ pa(In b2, (6)

A

We have to derive three unknowns, namely, p1, p2, and p3 € R that appear in above
integral equation. Since 2 < ¢ < 3, from the first boundary condition given in (4), we can
obtain p3 = 0. On the contrary, by utilizing the ot -Caputo-Hadamard derivative and

q*"-Hadamard integral so that a* € {v},75}, g € {q%,q5} and 0 < 0* < ¢ — B*, we have:

. 1o e 1o o —ar .
CHQ%UOU) = XHI{"}“ Q(t> - XHI%Jr ‘ uO(t)

F(g) (¢c—a*—1) r(g) (¢c—a*—2)

and:

*A 1 1 79* *A
TP () = T HTE Q(t) - ST ()

+ pll&%(lnt)(g+ﬁ 4 p, (ri)ﬁ )(lnt)(ﬁﬁ**z).

Inserting a* = 77, a* = 73, B* = gq], and p* = g; into the above relations and
invoking the second condition of (4), we reach:

1 *AK o *AK VIS
P1 = AFAF — AFAF ‘ul/\ 4HI§+ " Q(M) - yl)\ 47—[11§+ m uO(M)
243 140
A A 0*— N */\>|< +qg* *A* St —p*
n A4H1g ’YZQ( ) — 47—11g 721«!0(17)—VZAZHI;%Q(M)-FHZ/\ZHI;% fig(M)

Nyt NS g a3 =07, . .
2 I Q( ) 2 11+ uo(ﬂ) — 51/\4 + 52/\2

and:

1 P39 67 P1A3 3 607
—_ _ I 1 M 123 7-[1 1h0(M
pz A;A; _ ATAZ /\ 1+ Q( ) + )\ 1+ Mo( )

A o . * A e EAE ar—o*
_7 IQ “rzg(ﬂ) 37—[19 72“0(77)+M2A 1H11€+41Q(M)_|_]’[2/\2HI§+@1 uo(M)

A A* _
+ /\1 'HI€+‘12Q( ) Al HIGJFWZ o (;7) +(51A3 _§2A1

Eventually, we can insert the above-obtained values for unknown constants p; and p»
into (6), and this means that 7 satisfies the Hadamard integral Equation (5). The converse
is immediately followed by some simple calculations. This ends the proof. [

To reach the main purpose for deriving the existence criteria for the solutions of the
mixed multi-order Caputo-Hadamard boundary problem (3), in the light of Lemma 2, we
formulated an operator ¥* : W — W as follows:



Mathematics 2021, 9, 719 7 of 17

t -1, ’ t —pr— ’
Y u(t) = I’(lg)/l <ln;)g 1A(r,u(r)) d7 - I’(gle*)/1 (ln;)g lu(r) dT

*AK g A* R
M1 49L¢Ilg+ 71M(M)+74’H11§+72A(17lu(17))

Int)s—! (i A PN
+( ) [ 1 4’HIlg+’hA(M,M(M)>* 5 5

o* A
A* ot ‘M*A* ot a V*A* Fp AX at A
_ 747{112 ’qu(ﬂ) _ %HI; qlA(M’u(M)) + %HI; 1 u(M) — 727—[2;5+ qu(ﬂ,M(ﬂ))

A* . _ gk Int)s—2 [ —u*Ax ok
+ SN ) = g+ oang |+ U | TSI A (v, ()

AX e *AK .
_|_737-l1'1€+9 721/1(17)4—#2 1HI1€j‘71A(M’u(M>)

PIAS 3 o607 — A3pg6-7i 4
+T Il+ 1M(M>_ 2 Il+ IA(T],M(ﬂ)) A A
SA ettt Afpers 1 Ay eraior e
— BRI () + SIUTTE Ay ) = SIS () + 0088 — 6o @

for each u € W. Before attempting to prove the first result, we first regarded some initial
hypotheses that are utilized in the rest of the article.

There is a constant, £; > 0, so that for any uy,uy € W, the following inequality
holds:

(81)
|A(tur) — A(t,up)| < £4]u1 — ua.

(82) There exist two constants, € ; and M1 4, so that for any u € W:

|A(t,u)| < Q:A|1/l| +9ﬁA.
(83) Let£;0* <1,so that:

){IVTI(IHM)““* (In M)s 7 ]

. (InM)* (In M)S7HAGl | (In M)S2|Aj|
AT(c+1) A0 10 Tg—7i+1) T(g—7+1)
+ (UnM)g‘lIAél i (lnM)G*Z\Aﬂ) [Iﬂﬁl(lnM)‘v'*‘ﬁ (In M)<+92 } 8)
AO@* AO* T(g+q;+1)  T(c+gs+1)1

In addition, we split the operator ¥* : W — WV into two operators, i.e, Y7 : W — W
and Y3 : W — W, by the following formulations:

(Fu)(t) = r(lg) /lt <ln;)g_1A(r,u(r)) &

Int)s— 1 [ur A oA A DN
+ B0 (LB A, () + SEMEE A )

]/l*A* . AX T
2 HTE T A(M, u(M)) — SRR Ay, u(y))

Int)s—2 A% kA AN DN
+ B0 [ - M Adna, () - S3HTE Al )
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* A . A¥ S
n %Iﬁ% A(M,u(M)) + T”*Iff qu(n,u(n))} ©

and:

(#0)(0) = gy [ (01) ) ¥

r

(InO)S [ WA e Adw o=
L e
*AX x_px AN 5 —0*
+ B2 Wy (M) + 2T ) - o +f5zA§]

Int ¢—2 *AX —* — AF _QF —nk
T ( @)* {ﬂl}\ 37—[1-1€+ 7111(]\/1)4_73[15+ 7214(17)

- %Hzﬁ N7 u(M) — 7”*112 270 u(y) + 0105 — 52A1]. (10)

In fact, (Y*u)(t) = (Yiu)(t) + (¥3u)(t). In this position, it is evident that if there
exists a fixed point for an operator ¥* defined by (7), then this is equivalent to the fact that
there exists a solution for the mixed multi-order Caputo-Hadamard-FBVP (3).

Lemma 3. By taking into account hypothesis (S1), the single-valued operator ¥5 : W — W
formulated above is u-Lipschitz with constant Ri‘ = £,;Q%, where Q" is illustrated by (8), and we
also have the growth condition ||¥7 (u)|[yy < €4Q%|lully + M ;Q* for any u € W.

Proof. Clearly, from hypothesis (S1), we know that A is Lipschitz with constant € ;. Thus,
one may write:

|(Fiu)(t) = (F7u) (1))

L 0 Tl 1A
|O*| A

Adlneas 5 :
+ ST Ay, u(n)) — Al ()|

* A* PR N A* A n
o ElAS oot A aa, uany) — A, )] + 2T Ay, i) - Al ()]

(In£)s=2 [ |51 A3] 5
|©*| A

5T A(M, u(M)) — A(M, ' (M))]

A* Ak R R * A* * R R
ST Ay, ) — Ayl ) + PRI A, u(a)) — Aol ()

A} w A
+ LTS Ay ) — Ay, )|

(In M)< ( (In M)s A

o (MO0 M)
AT(g+1)

< R _ !/
< L4llu ulw[ 10" AO* L(c—97+1)
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(In M)s—73 }+((lnM)€*l|A§| +(1nM)€—2|A1‘\>{Iyz\(lnM)WT (In M)<+43 }
[(g—7+1) AO* A@* Tc+q;+1)  T(c+q;+1)

= £;Q"[Ju— |l = Ri[lu — ||

This illustrates that Y] is Lipschitz with constant Ri‘ = £,;9Q. Then, in view of
Proposition 1, we can find that ¥7 is y-Lipschitz via R} = £ ; Q*, where p stands for the
Kuratowski’s measure of non-compactness (KMNC). On the contrary, with due attention
to hypothesis (S1), we have:

%7 () [l < €49 |lully + M 49
and finally, the proof process is finished. O

Lemma 4. Assume that the condition (S2) holds. Then, ¥5 : W — W is continuous and the
growth condition |5 (u)||yw < Z*||ullw + AF is valid for any u € W, so that:

* (lnM)gil * *
a7 = g (10A5]+ le2A3]) +

(In M)s—2

o (le1as] + 1811 (1)

and:

. (In M)s—¢" ((lnM)€_1|AZ| N (lnM)9*2|A§|) [ || (In M= ="
AT (g —0*+1) AO* AO* [(g—v9f—0*+1)

(M) (MY (M)A
F(g—v5—0*+1) AO* AO*

(12)

Bl M e
T(g+q;—0+1) T(g+gq;—0+1))

Proof. Let {u,} be a continuous sequence of functions defined on [1,M], so that
lim, 00 uy(t) = u(t). By taking into account the dominated convergence theorem at-
tributed to Lebesgue, we arrive at:

. . 1 t A dr
M ¥ (1) —W/l (ny)" Jimw ()

Int)s [ WAL -0 -t . A} 3 =0 =5 .
i Um0 i (0t) ~ T i )

T+ IBAIHTEHIE i (M) + DI lim () — 814G + 620
A 1+ n—oo A 1+ n=eo 1 17 22

7')/* .
1 A, Al i ua(n)

g_z */\ﬂ< _ A% __ A% A* _ ¥
+7(1n(;)* [” LESHTE M Jim (M) + =315

£ AK . AF
2 17‘[1‘191"71 o lim Mn(M) _TMH

A
; Ji )~ ST iy ) 00

= Wiu(t)
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forall t € [1, M]. Therefore we realize that Yju,(t) — Y;u(t) forall t € [1, M] whenever
n — oo, and thus, Y3 is continuous on V3 (0). In the sequel, to check the growth condition
for an operator ¥}, the assumption (S2) considered, and we have:

¥ < gy [ (03) I S

lnM G*l *A* —OF — o* *
+ g [ BB )+ S )

Ha A5 4 +a;—0° AY Y ;0"
+%H11+1 [u(M)| + ZHIg B u()| + 161A]] + 16205

lnM g—2 *A* —F —F A o* *
+ B BB o)+ B2 )

Ha A 3y cta;—6° Ay cra;—6*
+ B2RLREII () |+ SIHIETE )| + |6 A3 + 621

A
«  (InM)* (InM)¢
< " + P (15 A1 4+ 162z T) + L2 (151051 4 62 )
= Z*|lullw + 45,

and we reach the desired conclusion. [

Lemma 5. Y5 : W — W is compact, y-Lipschitz via R5 = 0 by assuming y as the KMNC.

Proof. We regard a bounded set &* C V4 (0) = {u € W : |lul]yy < m} € W and an
arbitrary sequence {u,} in &*. In light of Lemma 4, we have inequality: |[¥;(u,)|)y <
Z*1 + A} for every u, € &*. This ensures the boundedness of ¥3(&*). Moreover, we

claim that {¥(u,)} is equi-continuous for every u,, € &* C V;(0). To confirm this claim,
we select 1, tp € [1, M] arbitrarily, such that t; < ;. Now, one can write:

|(¥3un)(t2) — (Yaun)(t1)]
. 1 t2 th\s—0"—1 dr 1 t1 t1\s—0" -1 dr
mr(g—B*)/1 () T_r(g—e*)/l () T

<

|(Intp)™ |@*|(1ntl)g 1|[ ‘Vl 47—[116:9**%(1)’ p A—ZHIEIG*_WE(D’
+ i @Hz’fﬁ*"* 1]+ ‘AZHIWZ‘G* )‘+‘51Az]+‘52/\§”
i (1Ht1)g_2(;*(1nt2) ‘“#1/(\37129 o —71(1)‘ i /ﬁyzlg;@*f'ré(l)‘
s @Hzﬁqi‘—e ‘ ‘Amzﬁqé " )‘ n ‘(51A§‘+‘(52A’{ ]

In view of above inequality, we can find that the RHS of the above relations ap-
proaches zero (free of u, € &*) when we take t; — to. Thus, |¥5 (1) (t2) — ¥5 (un) (t1)]
tends to 0 as t; — t». As a consequence, {¥7(u,)} is equi-continuous, and with due atten-
tion to the Arzela—Ascoli theorem, the compactness of ¥} (&) is concluded. Eventually,
by considering Proposition 2, ¥} is p-Lipschitz via Ry = 0. O
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Based on the above Lemmas, we intended to indicate the next theorem in which the
existence criterion of the solution for the mixed multi-order Caputo-Hadamard boundary
problem (3) is established.

Theorem 3. Suppose that the three hypotheses (S1), (S2), and (S3) are valid. Then, the proposed
mixed multi-order Caputo—Hadamard boundary problem (3) has at least one solution u € W if
C,4Q" + Z* < 1. Moreover, the collection of all solutions of the multi-order problem (3) is a
bounded set in V.

Proof. With due attention to condition (§3) and by Lemma 3, it is found that ¥; : W — W
formulated in (9) has a p-Lipschitzian property with constant R} = £;9* € (0,1), where
Q* is illustrated by (8). On the contrary, by Lemma 5, it is deduced that the opera-
tor ¥4 : W — W formulated in (10) is u-Lipschitz with R5 = 0. As a consequence,
from Proposition 3, we confirm that the operator ¥* : W — ¥V decomposed by ¥* = ¥ + Y3
is a strict y-contraction via R* = R} 4+ R; = R}. However, we know that R* = R} < 1, so
Y* is p-condensing. Subsequently, we constructed the following subset of W by:

6" :={u € W: thereexists o € [0,1], sothatu = c¥"(u)}.

Here, we checked the boundedness of the subset &* in W. To reach the desired
purpose, we chose u € &* arbitrarily. In this case, by considering the growth conditions
achieved in both Lemmas 3 and 5, we obtained the following estimate:

[ullyy =l Gl = e[ ¥ ()l < (¥l + [[¥200]l)
< o(C4Q ullw +M4Q" + Z*|lullw + A1)
<o (€1Q% + Z%)|Jullyw + (M 49 + A}).

The above estimates demonstrate that &* is bounded in W. Hence, a positive number
m > 0 exists, so that * C Vy;;(0), and thus, Deg(I — 0c¥*,V(0),0) = 1 according to
Theorem 1. Eventually, since all items of Isaia’s theorem 1 are valid, one can realize that at
least one fixed point exists for the operator ¥* = Y] + Y3, and that the collection of all fixed
points of ¥* is a bounded subset in WW. From this, we understand that at least one solution
to [1, M] exists for the mixed multi-order Caputo-Hadamard boundary problem (3), and

that the collection of all solutions is a bounded set—and so the proof is ended. O

In the subsequent step, the uniqueness property of solution for the mixed multi-order
Caputo-Hadamard-FBVP (3) is obtained in the next theorem.

Theorem 4. Suppose that all three assumptions (S1), (S2), and (S3) are valid, and that we also
have the inequality £ 4 Q* + Z* < 1, where Q* and Z* are illustrated by (8) and (12), respectively.
Then, a unique solution exists for [1, M| for the mixed multi-order Caputo—Hadamard boundary
problem (3).

Proof. To implement the deduction, we invoked the contraction principle due to Banach.
By choosing 1 € W arbitrarily and in view of Lemma 3 and condition (S1), we have:

[Fiu(t) = ¥iu' ()] < £,Q%[u— ol (13)

so that an operator ¥7 : W — W is formulated by (9). In addition, we estimate:

[¥u(t) = ¥3u'(t)]

1

< -
~I'(g—

(08 -
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1nM 571 ‘u*A* 0 —* A* _F —

+ B [T () — ot ()| = STt o )
*AK Fp AX i "

+ BN ) — () -+ 2T fuly) ()

79*7 * A* _9*_ *
2y T (M) — o (M) + S20T T ) — o' ()]

AT

L (M) AL,
o* A

£ A Lot A +q5—0*
+ BRI ) < ()| + SIHZETE ) o)

< 2% [|u — 'l (14)

so that an operator ¥ : W — W is formulated by (10). As a consequence, by (13) and (14),
we find that:
" () =¥ (W)l < (€227 + Z7) Ju — /[l

From the obtained result, we realize that ¥* = Y] + Y5 : WW — W is a contraction.
Then, a unique solution exists for [1, M] for the mixed multi-order Caputo-Hadamard
boundary problem (3) according to the Banach principle, and this ends the proof. [

In the final step, another existence criterion of the solution for the mixed multi-order
Caputo-Hadamard boundary problem (3) is derived by invoking a result due to Leray—Schauder.

Theorem 5. Assume that Z* < 1. Let A : [1, M] x W — W be continuous and a nondecreas-
ing continuous mapping ®1 : [0,00) — (0,00) and ®, € Cg+([1,M]), so that |A(t,u)| <
D, (1) D1 (||u]|yy) for any (t,u) € [1, M] x W. Furthermore, suppose that a constant N* > 0
exists, provided that:
(1- 2%
D1 ()] D2[|Q* + A]

where Q*, A}, and Z* are illustrated by (8), (11), and (12), respectively. Then, at least one solution
is found for [1, M| for the mixed multi-order Caputo—-Hadamard boundary problem (3).

>1, (15)

Proof. To begin the proof, we first regard the operator ¥* : W — W formulated by (7).
Now, we intend to check this property that every bounded set corresponds to bounded
subsets of W by the operator ¥*. To confirm this subject, we take /i1 > 0 and V(0) =
{u € W |lu|lyy <} in the Banach space W. In this case, for any t € [1, M]:

t 1 v t —o— v
Iﬂ(lg)/l <lr1§)g 1A(r,u(r))cl—r(€19*)/l (lr1§>g 1u(r)d7

ltgfl *A* ok *A* e A* N
+ B M A, (o)) - EEHTE o) + U R A, ()

¥ u(t)| < sup
te[1,M]

A* gk *AX A * AK .
_ 747@; “qu(n) _ Vz/\ 2H11g+q1A(M,u(M)) 4 Vz)\ ZHI; M u(M)

*
_Mow

* e ltgiz_*A* ok
+ ST () g+ ooy + O | SRS HEE A (0 ()

AKX e AX VR AF gt AF T
4 }41/\ 39{11& 71M(M) _ 73H11€+71A(17,u(17)) +73H11g+ vzu(n)Jr VzA 1H21€+‘11A(M,M(M))
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*A* + *79* A* + * . A* + *_9*
= BRI (M) + ST R Ay, () - SERTE un) + 6iAS - 64

< [ D2l Pr (lullw) Q" + lullwZ* + A7
and consequently:
7 )l < ([Pl () Q" + M Z" + A

In the sequel, we continue the proof process to guarantee that every bounded set (balls)
corresponds to equi-continuous subsets of W by the operator ¥*. By taking m, m, € [1, M]
with m; < mp and u € V;;(0), we have:

(¥ (m2) =¥ (m1)|

< || D2 [Py (112)

1 "y myp\6—1 dr 1 "y mp\6—1 dr

In—= — - = In— —

(g)/l (nr) r F(g)/1 (nr) r
1 my Mo\ $—0"—1 dr 1 m myp\s—0 -1 dr
- In -2 = In —L =
F(g—@*)/l (nr) r F(g—G*)/l (nr) r

L [nma)et = (inmy )| {m

+m

*AF Pk . A* gtk
47{219+ 71(1)‘+m 74?{1; 72(1)‘

] A
[ PR Hg S (1) | g | DEHTEE (1) oy |y ()| LS HIE T (1)
120 ()] SEHTETE (1) 4 gl () [ EERZHZEE (1)) 4 )| S2HEN 1)
+ o] + |23 }+](lnml)g2®_*(lnm2>g ]{ [P HZ 00 ()| 4] Do )|

SA] gt —0* | A] +q5—6* TA
‘Vz 1HI€ 7 (1)‘+m‘717111€+q2 (1)‘+Hq’2||wq>1 ‘M 3HI€ 'n( )’

120 ()] S2HZET (1) 1 gl ()| FELHE )|
In view of above inequality, we can find that the RHS of above relations approaches
zero (not depending on u € V5 (0)) as my — my. Thus, [¥*(u)(m2) — ¥* (u)(m)| tends to
0. Accordingly, {¥*(u)} is equi-continuous and with due attention to the Arzela—Ascoli
theorem, ¥*(V(0)) is compact. The final considered goal in this proof is achieved by the
help of the Leray—Schauder result once we conclude the boundedness of the collection of
all solutions of w*¥*u = u by choosing w* € (0,1). To arrive at such an aim, we regard

u as having satisfied the mentioned equation. For each t € [1, M] and by some simple
calculations, we obtain:

A et
([l ()| ST (1) + |13 ] + |2 -

()] = [ [[¥ u()] < [[of|Pr(ullw) Q" + lulwZ" + 41
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and thus it becomes: i
(1=Z9)[[ullw

1 ([lullw) 1P| Q* + A7

Based on the hypothesis, we select 01" € R, so that 9* # ||u||)y. Then we construct
anopenset O = {u € W: |lu|| < M*}. Then, we can easily realize that ¥* : O — W is
continuous and completely continuous. With due attention to such a choice of O, there is no
element u € 90 fulfilling w*¥*u = u for one w* € (0,1). Hence, based on the conditions
of Theorem 2, it is followed that ¥* possesses a fixed point u € O, and accordingly, it is
found a solution for the mixed multi-order Caputo-Hadamard-FBVP (3) on [1, M], and the
proof process is ended. [J

<L

4. Examples

In this part of the current article, our analytical findings are supported by demon-
strating two simulation examples in the numerical setting to indicate the applicability of
our proofs.

Example 1. By taking into account the problem (3), we formulated the mixed multi-order Caputo—
Hadamard fractional boundary problem:

1 lu(t)| 2020
0.99CH2.68,, (¢ CHH201,, (1) =
D) + 70 u(t) 49 +exp (2 —1) (25+\u(t)|) T 2007
u(l) =0, 0.010H©(1)fu(g) + CHD05(1.01) = % (16)
0.99% 70.05 6 H7511,(1.01) = 1
. e ”(§>+ T u(lL )_ﬁ'

Here, t € [12] A =099, ¢ = 268 0° = 201,95 = 06, 7% = 05, g5 = 05,
1
g, = 511,41 = T 0y = 15—2, uy = 0.01, u3 = 099, n = 1.01, and M = g Note that:

71,73 < 0.67 = ¢ — 0*. Based on the above parameters, we can find that:
A} ~0.0119, A ~09774, A;~0.0501, A} ~ 0.2746,

0" ~ 0.0457, Q* ~0.0128, Z* ~0.9927.

In addition, we regarded A : {1, g} x R — R based on the following formulation:

1 ( ()] )+2020

A(t,u(f))=49+exp(t2_1) 25+ [u(t)]/ " 2021°

In this case, we obviously have:

At () — At (0)] < 3 lu() —o(6)

and:
A 1 2020
< o
|A(tu(t))] < 50|u(t)| + 5031
1 1 2020 .
so that £ ; = 5 ¢ = 0 and M 4 = 2001 On the contrary, we obtained the constants:

Rf=£;,0"~00064 <1 and €;Q" +Z*~09930 < 1.
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As a consequence, in view of Theorem 3, we realized that the mixed multi-order Caputo—

Hadamard-FBVP (16) has at least a solution function u belonging to Cr ( [1, g} ) Furthermore,
since
£;,Q"+ 2% ~099%91 < 1,

Theorem 4 guarantees that only one solution exists for the mentioned mixed multi-order Caputo—
Hadamard-FBVP (16).

Example 2. In the second example, by taking into account the problem (3), we formulated the
mixed multi-order Caputo-Hadamard fractional boundary problem:

1 u(t) 2021
0‘996'?-[@2.78 ¢ C'H@Z.OZ £ = ,
reou(t) + TR () t2+2020(|u(t)| 1t 2022)
u(1) =0 0.01CH D08y (1.22) + CHDO8 1 (1.02) = 2oee (17)
’ 1t 1 2023’
2021
H70.05 H702.99 —
0.89770-%°0(1.22) + H192%9u(1.02) = 502"
Here, t € [1,1.22], A = 0.99, ¢ = 2.78, 0* = 2.02, 7} = 0.68, 75 = 0.58, g1 = 0.05,
i} 2022 2021 i}
g5 = 299,61 = 2003’ 0y = 2003 ui = 0.01, u5 = 0.89, 5 = 1.02, and M = 1.22. Note that:

1,75 < 0.76 = ¢ — 0. Based on the above parameters, we can find that:
A} ~0.0227, A; ~1.0243, A; ~0.0444, Aj ~0.2233,
©* ~0.0404, Q" ~0.0130, Z*~0.9315, A] ~2.2112.

In the sequel, regarding A : [1,1.22] x R — R as the formulation:

A 1 u(t) 2021
Atu(t)) = :
(t,u(t) t2+2020(|u(t)\ 1t 2022)
Then:
A 1 u(t) 2021 ! 2021
At u(t))] = < O 2022 )
| At u(t)| t2+2020<u(f)|+1+2022)‘ = t2+2ozo<|”()|+2022>

2021 R
Putting & = Dy (t) = 5————=, |A(t < Dy(t)D ]
u an 1(|u‘) |l/l| + 2022 and 2( ) t2 +2020’ | ( ’u)| — 2( ) 1(HM||W) Is

valid for any (t,u) € [1,1.22] x R. By choosing the constant M* > 0 with N* > 32.2674, we
can reach:

(1— 2%

> 1.
1 (N*)[| D[] QF + A]

As a consequence, in view of Theorem 5, we realized that at least one solution function u
belonging to Cr([1,1.22]) exists for the mixed multi-order Caputo—Hadamard fractional boundary
problem (17).

5. Conclusions

In this study, we considered an abstract fractional configuration of the boundary
value problem based on the generalized Caputo-Hadamard and Hadamard operators.
By defining the Kuratowski measure of noncompactness and recalling its properties, a -
condensing map was defined. Then, for proving the main existence results, we first applied
a fixed point theorem due to Isaia by terms of the topological degree notion, and in the
next step, we established the existence criterion by using the Leray—Schauder fixed point
theorem. In the last part of the article, we investigated the consistency of our theoretical
findings by demonstrating two stimulative examples.
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The work accomplished in this paper is new and enriches the literature on boundary
value problems for nonlinear fractional differential equations. For future works, one can
extend the given fractional boundary value problem to more general structures, such as
finitely point multi-strip integral boundary value conditions given by newly introduced
generalized fractional operators with non-singular kernels.
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