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Abstract: The smoothness of functions f in the space LP (R) with 1 < p < oo is studied through the
local convergence of the continuous wavelet transform of f. Additionally, we study the smoothness
of functions in L? (R) by means of the local convergence of the semi-discrete wavelet transform.
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1. Introduction

In order to study the local regularity of functions in L?(R) by means of the local
convergence of the continuous wavelet transform (CWT), we apply its inversion formula,
which is usually considered in the weak sense [1]. The same concept is applied for the case
of CWT with rotations in L?(R") [2]. Concerning distributions u with compact support,
the regular points of 1 can be found again by using the convergence of the CWT by means
of the L? — machinery, [3].

When we move to the space L¥ (R"), the inversion formula for the CWT is obtained
with norm convergence in L (R"), where 1 < p < oo, [4,5]. For a.e. convergence in
LP(R™),1 < p < oo, see [6]. For the convergence at every Lebesgue point x for functions
in LP(R"),1 < p < oo, see [7], and for the convergence on the entire Lebesgue set of
feLll(R), 1< p < oo, see [8]. Moreover, in [9,10], the continuous wavelet transform
Ly : LP(R) — LP(R,L?((0,00), %)) = WP, 1 < p < co with respect to a wavelet h €
LY(R) N L2(R) is a bounded linear operator and

1Ll = ( A

where A, depends on p and h.

For the discrete wavelet transform, wavelets become an unconditional bases for L? (R),
1 < p < co. Thus, there is a characterization for functions in LP(R) using only absolute
values of the wavelet coefficients of f, [11].

In this paper, we extend the results of local regularity of functions f € L?(R) to the
space L?(R), 1 < p < oo, by means of the local convergence of the CWT. To study the
regularity of functions in L”(R), 1 < p < oo via the CWT, we give the necessary conditions
to define the CWT for f in LP(R) with respect to an admissible function h in L' (R) N L2(R).

Finally, we introduce the semi-discrete wavelet transform (SDWT) to show that there is
a relationship between the local regularity of functions in L”(R) and the local convergence
of the SDWT. That is, if the dilation parameter takes only discrete values, namely a := a",
where 7 is fixed and a4 > 1 with m € Z, and the translation parameter b is any value in R,
we get the SDWT. With respect to the reconstruction formula in the semi-discrete case, we
will consider two functions, i1y and hy, instead of one /, one for the decomposition and the

| 1@ ) Zd”} 2db> < Aplfllp.
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other one for the inversion formula, in such a way that the admissibility condition will
depend on ki and h; [12,13].

This research led us to establish a relationship between the local existence of the limit
of derivatives for the CWT and SDWT, and the derivatives of functions in L? (R).

Some experiments are included to illustrate our results. In particular, we study
the sigmoidal function, widely used in artificial neural networks, since its derivatives
can be expressed in terms of itself and Stirling numbers of second order, that allow us
to implement computer experiments to show graphical representations of the wavelet
transform behaviour.

The reported results become relevant in research areas such as analytical chemistry,
where wavelet functions can be used for derivative calculation through CWT [14,15],
neural networks with wavelets to extract features from data [16], and to propose novel
architectures [17], image processing with wavelets, where all their derivatives are admis-
sible functions, such as the Beta function [18], computer vision via Shearlet Networks
that take advantage of sparse representations of shearlets in biometric applications [19],
and its convergence properties [20,21], as well as differential equations for numerical
solutions [22], among other areas. Indeed, one of the projections of the results shown in
this paper can be applied, for example, to study the regularity of weak solutions under
elliptic partial differential operators.

2. Notations and Definitions

In this section, we give the definition for an admissible function. We also define
the continuous wavelet transform for functions in LV (R), where 1 < p < co with re-
spect to an admissible function, and we give the inversion formula for the continuous
wavelet transform.

Definition 1. For h in L'(R) N L2(R), the dilation operator ], and the translation
operator Ty, are defined respectively, as:

(1) (Jah)(x) = a~'h(a='x), wherea > 0 and x € R,

(2) (Tyh)(x) = h(x — b), where x,b € R.

Notice that J,i and T,k are also in L' (R) N L2(R). In fact, ||J,h|l1 = ||k]|1.
The admissibility condition is now given.

Definition 2. The function h in L'(R) N L?(R) is admissible (wavelet) if

M’ 2
o<ch::4+@dw<m, (1)

where T is the Fourier transform of h, and where R = (0, c0).

Remark 1. Following (1), note that if h € CP(R), then h'") is admissible if and only if
Cy = @ [ 0? i(w) P < oo, @)

Given the admissibility condition, we extend the continuous wavelet transform on
L*(R,dx) to LP(R,dx), where 1 < p < oo, and interpret its images as elements of the space
WP, as above. For this, we give the following definition.

Definition 3. Consider a measurable set X with measure y and a Banach space B with norm || - || .
The space LP ((X,du); (B, || - ||)) consists of those elements, F : X — B, F is strongly measurable
and such that

[ NFG) dntx) < o
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According to Definition 3, if X = R is a measurable space with measure db and
= L?(RT, d“) is a normed space with norm || - ||, then

WP .= LP ((R,db);LZ(R+, ‘2”))
consists of those elements F(-,b) € L>(R*, 92) such that

/ OO B

In this case,

e T </R</R+( I db>l. o

Thus, by using the space W?, we give the definition of the continuous wavelet trans-
form for functions in L? (R) with respect to an admissible function in L!(R) N L2(RR).

Definition 4. Let f be in LP(R) with 1 < p < co. Consider a > 0 and b € R. Let h be an
admissible function in L' (R) N L*(R). The continuous wavelet transform of f with respect to h is

defined as the map
Ly: LP(R,dx) — WP

so that
(L)ab) = [ FETTRE = [ f0)L ( ) i @
Note that the continuous wavelet transform can be written as
(Luf)(a,b) = ()™ * £] (b), 5)

where * means convolution and h™~ means 1™ (x) = h(—x).

Remark 2. According to (5), and since Joh € LY(R) and f € LP(R), it follows from Young’s
Inequality that (J,h)™ * f € LP(R) and ||(Joh)™ * f|p < ||k|l1||f||p- That is,

ILaf)a, )y < [l fllp-

Additionally, note that from (3),

Iflhwr = ([ 120 C 0 b)‘l“z(/R(/w|<th><a,b>|2‘ff)§db>p,

where
ILnfllwr < Ap lIfllps

and where the constant A, depends only on p and h. Thus, the continuous wavelet transform is a
bounded linear operator, [10].

The inversion formula of the continuous wavelet transform for f in L”(R) with
1 < p < o0 is now given.

Lemma 1. Consider f € LP(R) with 1 < p < oo, and h € L}(R) N L?(R) admissible with real

values. Then,
da
=& /W/ Lif)(a, b)h ( >db ©)
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The equality holds in the L sense, and the integrals on the right-hand side have to be
taken in the sense of distributions.

Proof. See [10]. O

3. Convergence of the Continuous Wavelet Transform in L (R)

First, we give a result about the derivative of the continuous wavelet transform with
respect to the translation parameter b € R.

Lemma 2. If f € LP(R) with1 < p < oo and if h € C§°(R) is admissible, then for any integer
n >0, " is admissible. Moreover,

o —1)"

S wfab) = "L ). 7)

Proof. From (5), and since f € LP(R) and h € C§°(R), then (J,h)~ * f € C*(R), and

s [R5 1] 0) = | 5 < | 6) =

This proves Lemma 2. O

Then, we have the following result.

Lemma 3. Suppose that h € C§°(R) is a non-zero function where 1(0) = 0. Consider f in LP(R),

1 < p < oco. If f isof class C* in a neighborhood of x = by in R, then for each non-negative integer

n, we have the existence of ( b)lirr(1 , )(VV,L1 f)(a,b) for each by in a neighborhood of by € R, where
a,b)—(0,b1

n

Wi f)(ab) = 2 (L f) ab) ©)

Proof. Suppose f is C* in a neighborhood of x = by containing [by — €, by + €], where
€ > 0. Take by in (bg — €/2,bg + €/2) and choose b in (by — €/2,by + €/2).
Now since i € C{°(R), there is L > 0 such that supph C [~L,L]. Then, for a €
(0,e/2L), wehave [b —aL,b+aL] C [by —€,by + €]. Hence, f is C* in [b — aL, b+ aL].
Following Lemma 2, and since f € LP(R), it follows from (4) that,

_1\* b+a T x—b\ _
oviptan) = S8 [ o (D) ar =1 [ 04w By (0

an b—al a

Since f is C* at points in the region of integration, then for y in [—L, L],

£ 0 +ay) = F0) +ay @)+ [ bk ay 00

Hence,

Wi(ab) = LF00) [ R dy+ o0 0) [y dy +Riab),

R(a,b) = i/LL(

Now, set M = SUp.cp)—e,by+] |f("+2) (x)|. Then,

where

[ oy 020 ) )

1 L
R(a,0)| < 5aM [ y2Ihy)] dy.
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Thus, R(a,b) — 0as (a,b) — (0,b1) for any by in (by — €/2,by +€/2).
Then, since 1(0) = 0 and since f("*1) is continuous near by, we have
L
Wif)(a,b) = F V() [ yhlyldy as (a,) — (0,b). (1)
~L
O

4. Main Result 1

Now, let us prove the converse of Lemma 3, which is our first main result.

Theorem 1. Suppose h € C§°(R) satisfies condition (1). Consider f in LP (R) with 1 < p < co.
If, for each non-negative integer n, the limit of W f)(a, b) exists as (a,b) — (0, by) for each by
in an open neighborhood of x = by € R, then f is of class C* in an open neighborhood of by € R.

Proof. Suppose that for each non-negative integer 7,

n . : n
Fion= lim - OVf) (@)

exists for each b; in an open neighborhood containing the closed interval
[bo — B, bg + B], where B > 0.
Now, for fixed x in [bg — B,bp + B] and y € R, let

n ~Jr(=y) W) (a,x+ay) if a>0
<Ihf)(a'x'y)_{h(—y)5j(];) s

Note that for x in [bg — B, by + B], the function Z} f is well-defined for all 2 > 0 and all
y in R. Furthermore, for fixed y € R and a # 0, the function 7} f is infinitely differentiable
in the variable x by virtue of the definition of W}/ f.

Then we have the following Lemma (see Appendix A for the proof).

Lemma 4. For x in (bg — B, by + B), let

)= [ [ @y,

and let
(L f)(x / / (Zy f)(a, x, y)dyda.
Then for each non-negative integer n,

A () = () (x). 12)

That is, the function w is of class C* on (bg — B, by + B).

Back to the proof of Theorem 1, for any x in R and A > 0, define

/ / th (a,x + ay)dyda.

Then from Lemma 4, for x € (by — B, by + B),

lim u, (x) = w(x).

That is, uy — w pointwise on (bg — B, by + B) as A — oo.
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On the other hand, by (6), we have u; — Cjf in the L” sense as A — oo. Then,
f = (C;,) " 'w almost everywhere on (by — B, by + B).

Finally, since from (12) the function w is C* on (by — B, by + B), it follows that f is of
class C*® on (bg — B,by + B). O

5. The Semi-Discrete Wavelet Transform

In this section, we define the semi-discrete wavelet transform (SDWT) of functions
f € LP(R), and we will prove the local convergence of the SDWT of f via the local
regularity of f. For this purpose, we will use the reconstruction formula given in [12]. Thus,
we will define the corresponding dilation operator for discrete values.

Definition 5. For a function h € L'(R) N L?(R), and for fixed a > 1, the dilation operator Jom is
now given by

(Jomh)(x) = ih(i), where meZ, and xeR. (13)

am \gm

Thus, we have the following definition for the semi-discrete wavelet transform for
functions in LP(R).

Definition 6. Suppose that h in L'(R) N L2(R) is an admissible function. Then, the semi-discrete
wavelet transform for a function f in LP (R) with respect to h is defined as:

(Laf) @, b) = ()™ 5 £) ) = [ Fx) ( - ) ax, (14)
where a > 11is fixed, m € Z,and b € R.

See [12] for Remark 3 with N any natural number. In this paper, N = 1.

Remark 3. In order to get a reconstruction formula for the semi-discrete wavelet transform in
LP(R), a function h € L*(R) must satisfy the following condition: Given an Unconditional
Martingale Difference (UMD) space X with Fourier type r € (1,2] and | := [1/r] + 1, for all

a € {0,1} with |«| < land a > 1, the distributional derivatives D*H are represented by measurable
functions, and

1/2
Supi<ivl<a ( )3 aZ’”""(D”‘E)(amw)F) < co. (15)

mez

Remark 4 (Reconstruction formula, see [12]). Suppose that hy,h, € LY(R) N L2(R) are
admissible and satisfy the condition (15) with

i ﬁz(amw)z(amw) =1 (16)

m=—oo
for almost all w € R\ {0}. Then for any f € LP(R),1 < p < oo,

f= o L uha) (o) £, 7)

m=—0o0

where the equality holds in the LP sense. In this paper, Formulas (15)—(17) based on [12] have been
adapted to match with our nomenclature on the wavelet transform definition.

Then we have the following result concerning the continuity of the semi-discrete
wavelet transform.
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Note 1. From Definition 6, if f € LP(R) and h in Co(R) is admissible, then (L;,f)(a™,b) is
continuous at (a™,by) for all (m1,by) € Z x R.

6. Main Result 2

Now we give our second main result. That is, we will prove the existence of the limit
of (Wﬁ’lf)(am,b) = %%(thf) (a™,b) as (a™,b) — (0,bq) for any by in a neighborhood
of some point x = by under the hypothesis that f is of class C* in a neighborhood of x = by,
and where /11 is admissible in Ci°(R). Note that a” — 0 if and only if m — —co. Thus, we
have the following result.

Theorem 2. Suppose hy,hy € C§°(R) are admissible functions that satisfy the condition (16).
Consider f € LP(R),1 < p < oo. Then f is C* in a neighborhood of x = by if, and only if for
each non-negative integer n,

lim (W) f)(a™,b) exists for each by in a neighborhood of x = by.
(mb)—(—coby)

Proof. First, suppose f is C* in a neighborhood of x = by. Then by Lemma 3, it follows
that for each non-negative integer n,

Lim (W) f)(a™,b) exists for each by in a neighborhood of x = by.
(m,b)—(—oco,bq) !

This completes the proof of the first part of Theorem 2.
For the second part, we will use similar arguments to the ones given in the proof of
Theorem 1. Suppose then that for each non-negative integer 7,

li " " b):= St (b
(m,b)an(’lloo,bl)(whlf)(a ,b) Shl( 1)

exists for each b; in an open neighborhood containing the closed interval
[bo — B, by + B], B > 0.

Then we have the following Lemma (see Appendix A for the proof).
Lemma 5. Forany x in (by — B, by + B), let

[e0]

o(x) := ; ((Jamhz) * (Janhy) % £)(x),
and let - o
O (x) = ; ((]u’”hZ)*W(]amﬁ)*f)(x)'

Then for any non-negative integer n, we have

%v(x) = vy (x).

That is, the function v is of class C* on (bg — B, by + B).

Now, back to the proof of Theorem 2, for an integer M > 0 and any x in (by — B, by + B),

define
M

Vi(x) = 3 ((amh2) * (Jamhy) * ) (). (18)

m=—M
Then by Lemma 5, for any x € (bp — B, by + B),

lim Vy(x) = o(x).

M—o00
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Thatis , Vi — v pointwise as M — co.
On the other hand, from the reconstruction formula given in (17),
1 & —
fx) =5 3 (Uanha)  (Janhy % f) (x),
m=—oo

hence, we have Vs — (271) f as M — oo for almost every x in (by — B, by + B).

That is, f = (271) v pointwise almost everywhere. Thus, by Lemma 5, the function f
is of class C® on (bp — 5,0y + ).

This completes the proof of Theorem 2. [J

7. Examples

Example 1. First we give an example for Lemma 3. Let Q > 1 be a constant and consider the
logistic function
1
flx) = {1+ x€[-Q.Q]

0, otherwise.

Then f € LP(R), 1 < p < o0 and f is of class C*(IR) in any neighborhood of x = by with
by € (—Q, Q). As an admissible function consider the Haar function h(x). Then supph = [0,1],
and hence h € L'(R).

Then from (10),

Vi) ab) = 1 [ 500+ a) T dy
= %/Ojf(”(bﬂy) dy—;/;f(")(bﬂy) dy

_ :7 [f(n—l)(b + ay)}f — % {f(”—l)(b + a}/)E

20 Db+ §) = fV(B) = £V (b +a)
a2

By using the Taylor series with integral remainder
1
FOD (b at) =f0 D (6) +at £ (b) + 50 FOH) ()
1 rbtat
2 brar -,

and then taking ¢t = % and t = 1, we have

21D+ 5) — () — V(b4 a) — _%f(nﬂ)(bl) as (a,b) = (0,b1).

a2

This result matches with (11) and shows that for any positive integer n and any b; in a
neighborhood of x = by, a limit of (W}'f)(a, b) exists as (a,b) — (0, by). Note that despite
h(x) having no derivatives, the result is consistent with Lemma 3. This example suggests
that the results could apply with other wavelets that are not smooth.

According to [23], we can express f("*1)(x) as a function of f(x). In this case,

1 2 - r
lim W)/ f)(a,b) = —= 1) (k=1)!S(n+2,k)[f(b1)]", (19)
wolm OVEN @) = =4 YL (-1 (k= e+ 2,01 0)]

where S(n + 2, k) are the Stirling numbers of the second kind.
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In fact, logistic function is widely used in the context of artificial neural networks [24-26]
because of its mathematical properties. Figures 1-5 show the (1 4 1) —th derivatives of
f(x) and the n—th derivatives of (—W),f)(a,b) for n = 0,1,2,6, and 7. We are plotting
(=W f)(a,b) to illustrate that graphs in 2D and 3D match. Left sides show 2D plots with
the same behaviour as the 3D plots of the right sides given the regularity of this function,
as is indicated by Lemma 3.

0.25
02
s
0.15 | 0.05
0.04
i
01 0.01
0
0.05
0
-10 -5 0 5 10
(@) M (x), first derivative (b) (—W),f)(a, b) for logistic function

Figure 1. Relationship between f("*1)(x) and fWg')f)(a,b), n=0.

0.1
0.08
0.06 |
0.04 |
0.02
0
-0.02
-0.04
-0.06
-0.08
-0.1

10 -é 6 ‘ 0.1
(a) f?(x), second derivative (b) (—W;ll) f)(a, b) for logistic function

Figure 2. Relationship between f("+1)(x) and —W,Sn)f)(a,b), n=1.

0.06
0.04 |
0.02

0
-0.02 |
-0.04
-0.06
-0.08
-0.1
-0.12
-0.14

10 -5 0 5 10
(a) f®(x), third derivative (b) (fW,(f) f)(a,b) for logistic function

Figure 3. Relationship between f("*1)(x) and —W;(l")f)(a,b), n=2.
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0.8
0.6
04 |
02 0.28 :is
0 -0.25 05
-0.2 | -0.5 B £
-0 1F
04 | 0 B'a:
0.6 1 0.025 e
08 | 005
-1
1.2 L L L
-10 -5 0 5 10
(@) f7)(x) derivative (b) (—W;é) f)(a,b) for logistic function

Figure 4. Relationship between f("+1)(x) and —W;ln)f)(a,b), n==6.

25
2
15
]
0.5
0
0.5
-1
15
-2
25

Soboooo
oORN N

10 -é 6 é 10
(@) f®)(x) derivative (b) (—W,(Z) f)(a, b) for logistic function
Figure 5. Relationship between f("*1)(x) and fWSq)f)(a,b), n=7.

Table 1 shows some values of (W' f)(a, b) for points by = {0,2,4,8} as a — 0 and for
n=20,1,2,...,8. The limit values are consistent (negative values) with those of Figures 1-5.
For example, for n = 0 and by = 0 in Table 1, the value is —0.0625, and the graph of Figure 1
shows a maximum at this point, and moreover, it can be appreciated a consistent behaviour
in Figure 1 asa — 0.

Forn = 1and by = 0, (W) f)(a,b) — 0, and this is consistent with Figure 2. For
n = 2 and by moving from 0 to 8, the value of (W}/f)(a, b) tends to zero, and the graph
of Figure 3 also shows a vanishing behaviour. As n increases, f(")(x) and (Wjif)(a,b)
have more oscillations (see Figures 4 and 5) but they always keep the regularity, as stated
by Lemma 3.

Table 1. lim, 4, (0,5,) (W} f) (a, ) for logistic function.

by

n 0 2 4 8

0 —0.0625 —0.02624 —0.00441 —0.00008
1 0 0.01999 0.00425 0.00008
2 0.03125 -0.00971 —0.00394 —0.00008
3 0 —0.00519 0.00335 0.00008
4 —0.0625 0.02170 —0.00224 —0.00008
5 0 —0.02660 0.00022 0.00008
6 0.265625 —0.01200 0.00321 —0.00008
7 0 0.13528 —0.00847 0.00007
8 —1.93750 —0.28892 0.01458 —0.00006

x2
Example 2. Now we give an example for Theorem 2 in the case by = 0. Let hy = (1 — x?)exp™ 2.
Consider f(x) = |x| if |x| < 1and f(x) = 0 otherwise. Then, supp f = [—1,1] and therefore,
feLlP(R),1<p<oo Tukea>1beRandm € Z.
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Then from (7), (9) and (10),

VA", 0) = s (L 6) = O

a
—1)* b+al X —b
am (am)n b—alL am

We have, forn =1,
Y2
WY (x) = (=3x+23)e 7

and since h; is a wavelet with real values,

1y am oy = =L [T Xl
Wi A0y = = [ ) (S

x—b

With a change of variable, y = 77, then x = b + 4™y, and consequently,

m -1 [k m
W, )", b) = o | b +a"yn (y)dy

1| -4 . L .
= aZml/L (~b—a"y Dy + [, b+ a"yh (y)dy

_ 2 »2

aTz’f [(1 - Lz)e*L7 — 62a2’"].

We analyze (W] f)(a™,b) involving the limit for b — 0 and a™ — 0 (i.e. m — —o0).
Note that, for b = 0,

lim (W f)(a",0) =0

m——oo

while, for b = g™

lim (W] f)(@",a") = —2((1— 12)e~ 5 —1),

m——co

consequently, this limit does not exist, and f is not C*.

Note that in Example 2, we have used a function #; that does not have compact

support (but it has a fast decay) and the result is consistent with Theorem 2, so the example
shows that the results could apply with wavelets with no compact support.

In Figure 6 we show a plot for f(x) in the left side, and a 3D plot in the right side for

W,Ell) f)(a™,b) where it is possible to see how the graph loses smoothness and produces
“two peaks” close to b = 0 while a™ — 0.

1

09
0.8 | 1
:
0.6 -
051 -T%g
04
03 0.01
02| 0.0075
01l a™0.005
0.0025
0 ‘ ‘ 0.05 O ~0.05-0.1-0.15
-1 -0.5 0 05 1 015 01 b
@ f(x) = | (b) (—W;l})f)(a, b) for abs(x) function, L = 8.

1)

Figure 6. f(x) and VVPE1 £)(a™,b).
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Appendix A. Proof of Lemma 4 and Lemma 5

Proof of Lemma 4. (1) First, we prove that the function Z} f is continuous on R* x [by —
B, bo + B} x R.

Let (a1,x1,y1) be any point in R x [bg — B, by + B] x R. Note that if a; > 0, then
from (8) and (9), the function Z}} f is continuous at (aq, x1,y1).

Now, if a tends to 0, then

lim  (Zyf)(a,xy) = lim  h(—y)Wf)(a,x +ay).
(a,2,y)—(0,x1,y1) (a,2y)—(0,x1,y1)

Now, since
[(a,x +ay) — (0,x1)> = a* + (x —x; +ay)? <a® + 2[(x —x1)%+ azyz}
= az(l + Zyz) +2(x — x1)2 —0 as (a,xy)— (0,x1,11),

it follows that
lim ') (a,x,y) = h(— lim W' f)(a,x+a
. <o,x1,y1>( nf) @, x,y) =h(=y1) o (O,xl,yl)( i f)( Y)
=h(-y1) lLm  (Wyf)(a,b) = h(—y1)F;(x1).

(a,b)—(0,x1)

(2) Second, we prove that for fixed x in [by — B, by + BJ, the function Z/' f isin L!(R* x R).
Note that fora > 0,

(i), x,y) = h(—y) W} F) (0, x + ay)
= h(y) s (Lf) (a,x + ay) (A1)
= n) - 0y f) 0 x ),

Now, since i € C°(R), then h € L1(R) for any 1 < g < oo. So, choose g so that

% + % = 1. Thus, since f € L(R), we have from Holder’s inequality,
o_ptl
(T3 f)(a,x,y)| < [r(=y) a7 £l] 1. (A2)
Now, let
(Z;f)(a,x,y) if 0<a<1
(ghf)( ) | *2*7’l<||’l (n) .
[h(=y)|a Al I g it a>1.

Then |[(Z]'f)(a,x,y)| < (G}'f)(a,y) forall (a,y) € RT x R.
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Hence,
. ,y)|dyd
L. L1, )ldyda
1 )
= | [@in@ydvda+ [~ [ G ay)ldyda
= [ L1 @ yldyda+ [ [ n(-)llal" 5 flp 1) dyia
Suppose now that supp h C [—d, d] for some d > 0. Then

[ [1Gnayiavia= [ [ 1@5) @ xpiayia

1 1 ([ In-lay ) ([ a7 da).

Since the function ZI7f(-,x,-) is continuous on [0,1] x [-d,d], and

(A3)

oo
/ 2 "Jr@da < oo for any non-negative integer n and 1 < g < oo, it follows that

grf € LY{R* x R). Hence, (Z]'f)(-, x,-) € L}(R* x R).
(3) Finally, note that for n = 0,a > 0 and x € (byp — B, by + B), we have from (A1),

S (I 0, %) = (T e, x,y).
Hence, since (Zf)(-,x,-) € LY(R' x R), %(I}?f)(a,x,y) exists and

‘(Iﬁf)(a,x,yﬂ < (Q,lf)(a,y) for all (a,y), where (gﬁf)(a,y) is integrable,
it follows that

d .
ﬂ/w/(zgf)(ﬂr x,y)dyda exists, and
dx /R+/ (Zhf)(a,xy dyda_/R+/ ™ Z0f)(a, x,y)dyda.

—w(x) = (1) (x).

By using the same argument we get,

Tl = o [ [ @ e xydyda = (1)),

for any non-negative integer n. This completes the proof of Lemma 4. [

That is,

Proof of Lemma 5. (1) Since f € L?(R), and h; € Cy°(R),

W4, f) @, b) = o (S (Janliy) = £) (D)

then (W"y,, f)(a™, b) in C* for any b in R. Furthermore, the limit

li wh ", b) =Sy (by),
o lm OV )@, b) = S (b)
exists for any b in [by — B, b, + BJ.
The function (W"y, f)(a™,b) converges uniformly to S (b) in [by — B, b, + B] and
(W™, f)(@™,b) is a bounded function for m < 0. Consequently, it is uniformly bounded.
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So, there exist Cjj; > 0 such that

|V, £) (@™, D)| < Ciy,

for bin [bgp — B, b, + B] and any m < 0.
(2) Next we prove that for x in [by — B, by + B, the series
(e an o
2 ((]a’”hZ) * W(Iu’”h’f) *f)(x)

m=—oo

converges uniformly. For this purpose, they are divided into three parts, as follows,

L (Uaha) 5 = (anh) % )] =
v ;/Iool an _ (A4)
< Z + Z + Z > ]amhz e (]aml’lT) *f)|

m=—00 — m=M+1

First consider m a negative integer.
Since supp hy C [—d,d], then supp hy(%5) C [x —a"d, x + a™d]. Let M > 0 be such
that for m < —M, [x — a™d, x + a™d] C [by — B, by + B], then a”d < 5.

«Lwhz>*§§ﬂﬁwﬁf>*fxx>=:/“°hx amb>;n§;<h () * £) (b)db
_/‘ (=2 Whl( " b)db

For m < —M we have the following estimation,

[

This gives the uniform convergence of the series for m < —M.
Now, if m is a positive integer,

a0t < Gy [ (s = Cya” e

(o) = g T = N = [ LoD L ()~ ¢ f] 01

From Remark 2 and Young’s inequality it follows that,

[ e S ey | | < el 17 1 151,

It gives the uniform convergence of the series for m > M.

Consequently, the series (A4) converge uniformly and absolutely.

(3) Finally, since the series (A4) converge uniformly, then it is possible to derivate
term by term. Hence,

% mi@((]g?"hﬁ * (]”mﬁ) *f) (x> = mim((]a’”hZ) * %Uﬂmﬁ) *f) (x)
That is,

o) = T (awha) (ol * )(x) = 01 (x).

m=—o00
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Hence, for any non-negative integer 7,

ar — " 7~
o) = 3 (Uurha) * o (aniF) # £)() = 20l).

m=—oo

This proves Lemma 5. [
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