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Abstract: In this work, we present new oscillation conditions for the oscillation of the higher-order
differential equations with the middle term. We obtain some oscillation criteria by a comparison
method with first-order equations. The obtained results extend and simplify known conditions in
the literature. Furthermore, examining the validity of the proposed criteria is demonstrated via
particular examples.
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1. Introduction

Neutral equations contribute to many applications in physics, engineering, biology,
non-Newtonian fluid theory, and the turbulent flow of a polytrophic gas in a porous
medium. Also, oscillation of neutral equations contribute to many applications of problems
dealing with vibrating masses attached to an elastic bar, see [1].

In this paper, we investigate the oscillatory properties of solutions of the higher-order
neutral differential equation

COICES <x>)(p_1))/ Faa(@) (@) " 4 @IV (Ba) =0, x 210, (1)

where
@(x) :=6(x) + c(x)5(B1(x)). 2)

The main results are obtained under the following conditions:

ay € C1([xp,0)),a1(x) > 0,7 (x) >0, 1 < p < o0,
¢, a2, € C([xg,00)),a2(x) >0,0(x) >0,0<c(x) <cy<1,
B1 € C'([x0,0)), B2 € C([x0,0)), B (x) > 0, B1(x) < x, limy—so0 1 (¥) = limyseo B2 (x) = 00,

£ > 4 is an even natural number, ( is not identically zero for large x.

Moreover, we establish the oscillatory behavior of (1) under the conditions

Ba(x) < Br(x), B(x) > 0and (B7%(x)) >0 )

/oo (ml<s> P (‘ / iiﬁii d‘”) ) R 4)

and
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Over the past few years, there has been much research activity concerning the oscil-
lation and asymptotic behavior of various classes of differential equations; see [2-11]. In
particular, the study of the oscillation of neutral delay differential equations is of great
interest in the last three decades; see [12-23].

Bazighifan et al. [2] examined the oscillation of higher-order delay differential equa-
tions with damping of the form

{ (6(@@p@ D)) + a2 F (@ (x))] + Ty 8i(x)®p[3(@(Bi(x)))] = 0,

@p[s] = [s[P2s,j > 1, x > x0 > 0.

This time, the authors used the Riccati technique.
Zhang et al. in [3] considered a higher-order differential equation

Ly +a2(0)|@( D ()] @) () + £(x) 8B ) P 26(Bax)) = 0,
1<p<oo, x>x>0 @(x)=0(x)+c(x)d(B1(x)),

where
p—2

Ly = ‘(D(é_l)(x)’ @V (x).

Bazighifan and Ramos [4] considered the oscillation of the even-order nonlinear
differential equation with middle term of the form

1

(a1<x> (w<“><x>)’”)' +io(0) (e V()" + W) =0,

x>xy>0,

where 1 < p < 0.
Liu et al. [5] investigated the higher-order differential equations

{ (1@ (2 () +m0)@ (0 V() + L (x)@(@(p()) =0,
D= |s|p_25, x > x9 >0, {iseven,

where 7 is even and used integral averaging technique.
The authors in [6,7] discussed oscillation criteria for the equations

(m@fe V| ot ) + L tmst@(si) =

j=21 x>x >0,

where £ is even and p > 1 is a real number, the authors used comparison method with first
and second-order equations.
Li et al. [8] studied the oscillation of fourth-order neutral differential equations

(100" ()P 20" (2)) + £ 13(B2(0) P 26(Ba(x)) = 0,
1<p<oo, x>x9>0,

where @(x) = 6(x) + c(x)d(B1(x)).
In [9,10], the authors considered the equation

@) (x) +£(x)8(B2(x)) =0 ®)
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by using the Riccati method, they proved that this equation is oscillatory if
x _ 1\n(=1)(t-2)
lim inf z(s)ds > (e-1)2 (6)
X—00 | ‘Bz(x)
and
lim inf [ z(s)ds > (=1 espectivel %)
X509 B (x) e TEPEETEY
where z(x) := B3 (x) (1 — a2(B2(x))) (x).
We can easily apply conditions (6) and (7) to the equation
1. /1 \\¥ ¢ ./9
— — _— —_— = >
(5(x)+25(2x>) +x45(10x) 0, x>1, (8)

then we get that (8) is oscillatory if

The condition (6) (7)
The criterion | g > 1839.2 | y > 59.5

Hence, [10] improved the results in [9].

Thus, the main purpose of this article is to extend the results in [9,10,23]. An example

is considered to illustrate the main results.
We mention some important lemmas:

Lemma1 ([11]). Letd € C!([xg, ), (0,00)), 8"~V (x)6(0) (x) < 0and limy 0 6(x) # 0, then

5(x) > ﬁx“l‘&“_l)(x)‘forx > xu, € (0,1).

Lemma 2 ([16]). IJ‘(S(i)(x) >0,i=0,1,.., ¢, and (5(”1)(x) < 0, then

5(x) & (x)
xt/0 = x=1/(0—1)"

Lemma 3 ([13]). Let (30) hold and
6 be an eventually positive solution of (1).

Then, we have these cases:

(I): @(x) >0, @(x) >0,0"(x) >0, @V (x) > 0and @) (x) <0,

(I): @(x) > 0,0 (x) > 0,@*tV(x) < 0 for all odd integer
je{1,2,..,0-3}, (D(é’l)(x) > 0and (D(é)(x) <0,

for x > xq, where x1 > x is sufficiently large.

2. Oscillation Criteria
Theorem 1. If the differential equation

1 (p=1)
#0)+ (1 e(Ba(x))) V() L) ((“)% @) (x))) $(62() =0

]/xo(:BZ(x)) !zxi/(pil)(‘[b

©)

(10)
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is oscillatory for some constant y € (0,1), where

Yy (%) = eXP( " 22(l) dt>,

Xp tl(t)

then (1) is oscillatory.

Proof. Let (9) hold. Then, we see that §(x), §(B1(x)) and J(B2(x)) are positive for all
x > x1 sufficiently large. It is not difficult to see that

yxol(x) & (yxo (x)ap (x) (0“71) (x)) (p—1)>
b <yXO(X) (“1(") ((D(H)(x)) OH))I + Y (V) (x) ((D(Z—D(x)) (P1)>

= (al(x) (‘D(ﬁ_l) (X)><p71>> + iigg;al(x)(@((—1)(3())(7771)
= (1) (0 ) <”’”>/ 4 ae)(00-11() ",

Taking into account (2) and @’(x) > 0, we get that 6(x) > (1 — ¢(x))®@(x).
Thus, from (1) and (11), we have that

(11)

(s ) (@) ") 4 (021 - clpa0) VP Y pam) <0, (12)

for ¢y < 1.
Using Lemma 1, we get that

@(x) > 31D (), (13)

for some u € (0,1). From (1), (12) and (13), we see that

N (-1 (r=1) _
(o (@) ") g (02 1 = cBal)) (”5{ fj”) (@) " <0,

Then, if we set ¢(x) = yx, (x)a; (x) ((ﬂ(é’l)(x)) "V then we have that ¢ > 0 is a solution of the
delay inequality

) (r—1)
x)) <0.
T (x))> ¢(B2(x))

. - Yo (%) upy ! (x
¢/ (x) + (1= c(p2(x)) " Ve (x) ( = 1)%3@71) .

Yxo (;BZ(X)>

It is clear that the equation (10) has a positive solution (see [17], Theorem 1), this is a
contradiction. The proof is complete. [

Theorem 2. Assume that (3) and (30) hold. If the differential equations

_ =
2 (x) +Z(x) Y (%) ( V(ﬁll(ﬁz(x))> ce(Ba(x))

(r=1)
*1 =0 (14
]/x()('[}l*l(’gz(x))) (f—l)!ai/“j—l)(511(52(x))>) z(ﬁl (ﬁz(x))) 0 (14

and

@' (%) + B (Ba(x)) -3 (x)w (B (Ba(1)) ) =0 (15)
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are oscillatory, where

oo 1/(p-1)
) = (5 L O Od Eaenas)
) = [ R k=1,2,0,0-2

and

1 1 m—1
cm(x) == 711 1- (‘Bl m(_ﬁll (x>)) ,m=21/,
(e @)\ (@) e(p (87 @)
then (1) is oscillatory.
Proof. Let (9) hold. Then, we see that §(x), 6(B1(x)) and §(B2(x)) are positive.
Let (Iy) hold, from Lemma 2, we find @ (x) > wi—nxa)’(x) and then (xl’éco(x)y <0.

Hence, since ;' (x) < ;" (ﬁl_l (x)), we obtain

“1(g1(y -1
(! (p'(0)) < (ﬁl(;ﬁf(xi))‘))l @ (fi') )
1

From (2), we obtain

c(Bl()ox) = @(Br'(x) —o(B'(x)

v
D)
N
=
=
—
—
=
~—
N——
|
o
N
=
=
—
N
=
=
iy
—
=
~—
N—
N—
9
N
=
=
Juy
N
=
=
—
—
=
~—
N—
N—
—~
—_
N
~

which with (1), (11) and (17) give
(yxo (x)ag(x) (w(éfl) (x)) (p—1)) !

o) . (B (8 (B2x))) ) s
D (B (B2() (w@l () (i) ) S 19

We have that (18), which (16) gives

(1 00 (@) ) e O B0l (B a()) <0, (19)

From Lemma 1, we get (13). Therefore, from (19), we obtain

(%ﬁ (x)aq (x) (@(5—1) (x)) (p—l))/
< =0 (S (5 ) ) (0 6 )
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Then, if we set z(x) = yx,(x)aq(x) ((D (x)) , then we have that z > O is a

solution of the delay inequality

(r—1)

2(B7 (B2(x))) <.

(-1
. n(Br(B2(x))  ce(Ba(x))
ZI(X) +€(X) y_ll(x) ( 1 1/(p_1)) —
v (B7(B20))) | (0= D1y V (7 (B2(x))
It is clear (see [17] Theorem 1) that the Equation (14) also has a positive solution, this

is a contradiction.
Let (Iy) hold, from Lemma 2, we obtain

@(x) > x@' (x) (20)

and then (x’lw(x))/ < 0. Hence, since B (x) < ;" ([Sfl(x)), we get

B (B ()
o(prt (b)) < 113(5())

which with (18) yields

@ (B! (x)), 1)

(1 @) (@) ) L (0 B0l D (B o) <0, @22)

Integrating (22) from x to co, we obtain

1/(p-1)

_otD(x) < —(m /:Jg(s)yxl(s)cgp‘”(ﬁz(s))w(”*”(ﬁfl(ﬁz(S)))dS)

< (B (B(x)).

N

Integrating this inequality £ — 3 times from x to oo, we find

@"(x) + Jes(x)@ (B (B2(x))) <0, 23)

which with (20) gives

@" (x) + By (B2(x))e-5(x)e' (BT (B2(x)) ) <.

Thus, if we put w(x) := @'(x), then we conclude that w > 0 is a solution of

@' (x) 4+ B7 (B2 5(x)w (B (B2(x)) ) < 0. 4)

It is clear (see [17] Theorem 1) that the equation (15) also has a positive solution, this
is a contradiction. The proof is complete. [

Next, we establish new oscillation conditions for Equation (1) according to the results
obtained some related contributions to the subject.

Corollary 1. Assume that co < 1 and (30) hold. If

/— (r-1) 1
iminf [ (1 (r-1) Yxo(s) ups(s) ((e—1nr-n
lim inf ﬂz(x)(l c(B2(s))) é(s)yxo(ﬁz(s)) (wi/(”_”(ﬁz(s)) ds > . (25)

is oscillatory, then (1) is oscillatory.
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Corollary 2. Let (3) and (30) hold. If

lim inf

: )
¥00 Jpy (Ba(v)) yx()(/ﬂfl(ﬁz(s)))

o (#(EE) wmo T gy
* 7 Yxo (s 1 P2 \P2 d £—1)! %6
‘ ( w7V (B (Bals))) B 20

and

* 1
lim inf o1 $))Yp_3(s)ds > — (27)
mint [ BT BT (0 >
are oscillatory, then (1) is oscillatory.

3. Applications

This section presents some interesting application which are addressed based on
above hypothesis to show some interesting results in this paper.

Example 1. Let the equation

(s69+35(3)) e+ 300+ Ba(3) = @

where o > Oisaconstant. Letp =2, £ =4, a1(x) = 1, ax(x) = 1/x, {(x) = {o/x*, Ba(x) =
x/2and B1(x) = x/3. So, we get

Yxo () =%, Yo (B2(x)) = x/2.
Thus, we find

timin [© (1 c(Ba(s))) Vg (s) Lol ( kBy ' (5) )w 1)ols
x—00 /B (x) 2 Yxo (B2(5)) 1/(p— 1)(,82(5))

= liminf §2< )d _Colnz
x—=00  Jy/2 X 8

Hence, the condition becomes
lo > 48
0~ eln2’

Therefore, by Corollary 1, every solution of (28) is oscillatory if {o > 25.5.

(29)

Remark 1. Consider the equation (8), by Corollary 1, all solution of (8) is oscillatory if o > 57.5.
Whereas, the criterion obtained from the results of [9,10] are (o > 1839.2 and (g > 59.5. So, our
results extend the results in [9].

4. Conclusions

In this paper, we obtain sufficient criteria for oscillation of solutions of higher-order
differential equation with middle term. We discussed the oscillation behavior of solutions
for Equation (1). We obtain some oscillation criteria by comparison method with first
order equations. Our results unify and improve some known results for differential
equations with middle term. In future work, we will discuss the oscillatory behavior of
these equations using integral averaging method and under condition

[ (igee(- L)) oo 2
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For researchers interested in this field, and as part of our future research, there is a nice
open problem which is finding new results in the following cases:

(F1) @(x) >0, @(x) >0,&"(x) >0, @ V(x) >0, @ (x) <0,
(F2) @(x) > 0,09 (x) >0, @t (x) < 0 for all odd integers
je{1,3,.,0-3}, o V(x) >0 00(x) <0.
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M.Y;; Software, O.B.; Writing—original draft, S.A., O.B. and M.Y.; Writing—review and editing, S.A.
and M.Y. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Hale, J.K. Theory of Functional Differential Equations; Springer: New York, NY, USA, 1977.

2. Bazighifan, O.; Abdeljawad, T.; Al-Mdallal, Q.M. Differential equations of even-order with p-Laplacian like operators: Qualitative
properties of the solutions. Adv. Differ. Equ. 2021, 2021, 96. [CrossRef]

3. Zhang, C; Agarwal, R.; Li, T. Oscillation and asymptotic behavior of higher-order delay differential equations with p-Laplacian
like operators. J. Math. Anal. Appl. 2014, 409, 1093-1106. [CrossRef]

4. Bazighifan, O.; Ramos, H. On the asymptotic and oscillatory behavior of the solutions of a class of higher-order differential
equations with middle term. Appl. Math. Lett. 2020, 107, 106431. [CrossRef]

5. Liu, S; Zhang, Q.; Yu, Y. Oscillation of even-order half-linear functional differential equations with damping. Comput. Math. Appl.
2011, 61, 2191-2196. [CrossRef]

6. Bazighifan, O.; Kumam, P. Oscillation Theorems for Advanced Differential Equations with p-Laplacian Like Operators. Mathematics
2020, 8, 821. [CrossRef]

7. Bazighifan, O.; Abdeljawad, T. Improved Approach for Studying Oscillatory Properties of Fourth-Order Advanced Differential
Equations with p-Laplacian Like Operator. Mathematics 2020, 8, 656. [CrossRef]

8. Li, T.; Baculikova, B.; Dzurina, J.; Zhang, C. Oscillation of fourth order neutral differential equations with p-Laplacian like
operators. Bound. Value Probl. 2014, 56, 41-58. [CrossRef]

9. Zafer, A. Oscillation criteria for even order neutral differential equations. Appl. Math. Lett. 1998, 11, 21-25. [CrossRef]

10. Zhang, Q.; Yan, J. Oscillation behavior of even order neutral differential equations with variable coefficients. Appl. Math. Lett.
2006, 19, 1202-1206. [CrossRef]

11. Agarwal, R.; Grace, S.; O'Regan, D. Oscillation Theory for Difference and Functional Differential Equations; Kluwer Academic Publisher:
Dordrecht, The Netherlands, 2000.

12. Agarwal, R.P; Bazighifan, O.; Ragusa, M.A. Nonlinear Neutral Delay Differential Equations of Fourth-Order: Oscillation of
Solutions. Entropy 2021, 23, 129. [CrossRef] [PubMed]

13. Nofal, T.A.; Bazighifan, O.; Khedher, K.M.; Postolache, M. More Effective Conditions for Oscillatory Properties of Differential
Equations. Symmetry 2021, 13, 278. [CrossRef]

14. Agarwal, R,; Shieh, S.L.; Yeh, C.C. Oscillation criteria for second order retarde ddifferential equations. Math. Comput. Model. 1997,
26, 1-11. [CrossRef]

15. Nehari, Z. Oscillation criteria for second order linear differential equations. Trans. Am. Math. Soc. 1957, 85, 428—445. [CrossRef]

16. Kiguradze, I.T.; Chanturiya, T.A. Asymptotic Properties of Solutions of Nonautonomous Ordinary Differential Equations; Kluwer
Academic Publisher: Dordrecht, The Netherlands, 1993.

17. Philos, C. On the existence of nonoscillatory solutions tending to zero at oo for differential equations with positive delay. Arch.
Math. 1981, 36, 168-178. [CrossRef]

18. Bazighifan, O. Oscillatory applications of some fourth-order differential equations. Math. Methods Appl. Sci. 2020. [CrossRef]

19. Baculikova, B.; Dzurina, J.; Graef, ].R. On the oscillation of higher-order delay differential equations. Math. Slovaca 2012, 187,
387-400. [CrossRef]

20. Bazighifan, O.; Ahmad, H.; Yao, S.W. New Oscillation Criteria for Advanced Differential Equations of Fourth Order. Mathematics
2020, 8, 728. [CrossRef]

21. Bazighifan, O.; Postolache, M. Multiple Techniques for Studying Asymptotic Properties of a Class of Differential Equations with

Variable Coefficients. Symmetry 2020, 12, 1112. [CrossRef]


http://doi.org/10.1186/s13662-021-03254-7
http://dx.doi.org/10.1016/j.jmaa.2013.07.066
http://dx.doi.org/10.1016/j.aml.2020.106431
http://dx.doi.org/10.1016/j.camwa.2010.09.011
http://dx.doi.org/10.3390/math8050821
http://dx.doi.org/10.3390/math8050656
http://dx.doi.org/10.1186/1687-2770-2014-56
http://dx.doi.org/10.1016/S0893-9659(98)00028-7
http://dx.doi.org/10.1016/j.aml.2006.01.003
http://dx.doi.org/10.3390/e23020129
http://www.ncbi.nlm.nih.gov/pubmed/33498158
http://dx.doi.org/10.3390/sym13020278
http://dx.doi.org/10.1016/S0895-7177(97)00141-6
http://dx.doi.org/10.1090/S0002-9947-1957-0087816-8
http://dx.doi.org/10.1007/BF01223686
http://dx.doi.org/10.1002/mma.6694
http://dx.doi.org/10.1007/s10958-012-1071-1
http://dx.doi.org/10.3390/math8050728
http://dx.doi.org/10.3390/sym12071112

Mathematics 2021, 9, 346 90f9

22. Bazighifan, O.; Ahmad, H. Asymptotic Behavior of Solutions of Even-Order Advanced Differential Equations. Math. Eng. 2020,
2020, 8041857. [CrossRef]

23. Moaaz, O.; Awrejcewicz, J.; Bazighifan, O. A New Approach in the Study of Oscillation Criteria of Even-Order Neutral Differential
Equations. Mathematics 2020, 8, 197. [CrossRef]


http://dx.doi.org/10.1155/2020/8041857
http://dx.doi.org/10.3390/math8020197

	Introduction
	Oscillation Criteria
	Applications
	Conclusions
	References

