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Abstract

:

This study extends a deterministic mathematical model for the dynamics of tuberculosis transmission to examine the impact of an imperfect vaccine and other exogenous factors, such as re-infection among treated individuals and exogenous re-infection. The qualitative behaviors of the model are investigated, covering many distinct aspects of the transmission of the disease. The proposed model is observed to show a backward bifurcation, even when   R v < 1  . As such, we assume that diminishing   R v   to less than unity is not effective for the elimination of tuberculosis. Furthermore, the results reveal that an imperfect tuberculosis vaccine is always effective at reducing the spread of infectious diseases within the population, though the general effect increases with the increase in effectiveness and coverage. In particular, it is shown that a limited portion of people being vaccinated at steady-state and vaccine efficacy assume a equivalent role in decreasing disease burden. From the numerical simulation, it is shown that using an imperfect vaccine lead to effective control of tuberculosis in a population, provided that the efficacy of the vaccine and its coverage are reasonably high.
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1. Introduction


Tuberculosis (TB) is a communicable disease that affects the lungs; however, it can also attack different organs, including the brain, kidney, spine, central nervous system, and the lymphatic system [1,2,3]. Some studies have suggested that up to a third of the global human population has contracted the disease [4]. Tuberculosis is caused by a family of bacteria called Mycobacterium tuberculosis (Mtb) [1]. This airborne infectious disease is a public health challenge worldwide: In the USA [5], European nations [6,7], and developingcountries [1,8]. In other words, tuberculosis remains a major epidemic that affects the morbidity and mortality [1,9,10,11] of both human and animal populations [12]. Usually, when the disease is contracted by individuals, it is not immediately obvious; for instance, when a person is infected, he or she may remain infected for years, or may even remain latently infected for life [13]. It has been attested to be highly prevalent in middle-income countries, among other regions [1]. The global prevalence of TB in 2018 was about 1 million cases more than that of HIV/AIDS, with up to 1.5 million more deaths [1].



TB can be transmitted, either through direct or indirect contact with an infected person [7,14]. The symptoms of tuberculosis include a constant cough that produces blood and/or sputum (phlegm from deep inside the lungs), chest pain, fever, and sweating at night, among others [1].



It has been discovered, through clinical observation, that variable rates of progression to active TB after infection exist [15]. Proof from an interferon-gamma release assay has suggested that over about 12.9 percent of infected individuals progress to active TB within the first 23 months after infection [16]. In addition, after the high-risk time frame, the rate at which active TB happens is moderately low within a few years, ranging from 5% to 10% [17,18,19,20]. The long latent period of MTb bacteria prolongs the start of the active phase of the disease, thus making it difficult to understand how the disease develops. Already infected Individuals (even in the latent stage) whose level of immunity is low may become newly infected through contact with an infectious individual [21]. Therefore, anyone in the latent phase of TB can move to the active phase in two ways: Due to exogenous re-infection or endogenous reactivation, known as “slow progression” (see [17,21,22,23]).



Generally, three kind of medical interventions are available for the treatment of TB: Treating latently infected TB individuals to prevent endogenous reactivation; treatment to cure active TB patients; and vaccination to reduce TB epidemics [24]. For some infections (pertussis, mumps, tuberculosis, and so on), the vaccination of susceptible individuals is a viable strategy for controlling the epidemic spread [25,26]. At the point when it is included in mathematical compartmental models, vaccination is frequently represented by a direct exchange between the susceptible individuals and the recovered compartment [27]. Some vaccinations prevent the chance of infection but do not prevent the vaccinated individual from securing and spreading the infection [28].



At present, the main successful TB vaccine in common use is Bacille Calmette–Guerin (BCG) [29], which is efficient in children and has greater than   50 %   insurance against lung infection and over   80 %   of types of TB. Most significantly, children do not spread TB, while adults do [30]. Unfortunately, BCG has shown variable—mostly poor—protection against TB in adults. As such, new vaccines that target both children and adult populations are needed [31].



The role of exogenous factors, such as exogenous re-infection and re-infection between treated individuals, and imperfect vaccines in TB epidemics have been examined by several authors using mathematical models (see, e.g., [2,19,21,22,26,32,33,34,35]). Bhunu et al. [33] studied a more broad TB model including exogenous re-infection.



Over the past few decades, a small number of   S E I R   models incorporating vaccination compartments have been extensively formulated and presented from a mathematical point of view in the litertaure, in order to evaluate the potential effect of an imperfect vaccine on mitigating the transmission of TB [36,37,38,39,40]. A particular result frequently arising from analyses of imperfect vaccinations and other exogenous factors of TB epidemic models is the phenomenon of backward bifurcation: The circumstance where reducing the basic reproduction number below 1 is not enough to eradicate the epidemic [21,22,28,34].



Generally, these classical epidemic models have just a single endemic equilibrium when the basic reproduction number    R 0  > 1  . The stability of the disease-free equilibrium is ensured when    R 0  < 1   and unstable when    R 0  > 1  . Hence, the bifurcation deriving from the disease-free equilibrium to an endemic equilibrium is forward. However, as of recent years, the backward bifurcation phenomenon has emerged in research on infection control (see [28,38,41]). In this situation, the basic reproduction number cannot accurately illustrate the important disease eradication any longer. Accordingly, it is essential to identify backward bifurcations and set up thresholds for the control of infections.



The backward bifurcation phenomenon offers an alternate interpretation, as it demonstrates that, even though    R 0  < 1   and the DFE is steady, another steady endemic equilibrium can still coexist simultaneously [28,41]. Therefore, even though    R 0  < 1  , a population could be at an endemic equilibrium wherein the infection persists indefinitely [41]. When several stable equilibria coexist simultaneously, the final equilibrium that a population will reach relies upon the initial conditions (i.e., regarding the number of people) of its sub-populations [41].



The epidemiological significance of the backward bifurcation phenomena has been extensively examined in the literature [21,22,38]. Regarding epidemiological models, the phenomena was first investigated in an HIV model that separated the sexually active population into n mixing groups of various risk levels [42]. However, this kind of phenomenon may emerge due to epidemiological mechanisms that are related to the use of imperfect intervention techniques [28,38,43,44,45]; relating to incomplete immunity [43,46,47], behavioral responses [42,43,48], epidemic models that account for immunological conditions [49,50], inadequate treatment resources [51,52,53], cohort structured epidemic models for fatal diseases or fatal infections [54,55], vertical transmission and non-linear incidence [56], infection–age structuring [57], and coinfection [58].



Although vaccination is just one of the mitigation strategies against communicable diseases, mass vaccination has been distinguished as an effective disease prevention method. Recently, it was realized that even though many susceptible people have been vaccinated, costing a lot of money, the spread of infectious diseases is yet to be contained. As they are still endemic in virtually all countries of the world. Vaccines are biologically required to inspire an invulnerable reaction, similar to that which would be set off by a characteristic infection without causing the genuine, infectious disease [59]. This kind of vaccine, that partially prevents infection spread by permitting restricted transmission of a pathogen, disease, or virus is called a leaky or imperfect vaccine. According to the investigation of [59], there are three kinds of imperfect vaccines: The first is known as a leaky vaccine, whereby vaccination diminishes infection; however, it does not eradicate the chance of infection after exposure to an infectious disease. The second is the all-or-nothing vaccine, which provides specific individuals with lifetime immunity; however, it provides no protection for others. The third vaccine is waning, which turns out to be effective only for a brief period. An “imperfect vaccine” is a vaccine that is unable to protect all immunized susceptible individuals [60]. We consider it important to understand the influence of imperfect vaccines, given the existing literature, which guaranteed their incorporation in the proposed model; in addition, only a few researchers have studied them [38,39,40] in the mathematical modeling of TB.



This study was inspired by a paper developed by Kar and Mondal [21], in which they proposed a TB model with SEIT components, later reduced to SEI components. The current study permits that susceptible people might receive an imperfect vaccine to reduce their vulnerability to tuberculosis. Thus, the class V of vaccinated people is considered as a susceptible compartment. However, we also incorporate an imperfect vaccine that wanes with time and with efficacy less than 100% [61] between these two compartments, making the model different from that of Kar and Mondal [21].



This paper is arranged as follows: In Section 2, the model is formulated. Its basic properties are derived in Section 3. Section 4 is devoted to the stability of disease-free and effective basic reproduction number. The stability of endemic equilibrium and bifurcation analysis is detailed in Section 5. Numerical simulations are presented in Section 6. Finally, our conclusions and discussions are presented in Section 7 and Section 8.




2. Model and Methods


In this section, we employ a non-linear ODE system of S-V-E-I-R type, which is a modification of the model developed by Kar and Mondal [21]. The whole population N(t) is composed of five (5) compartments, S, V, E, I, and R, which respectively denote susceptible, vaccinated, exposed, infected, and recovered individuals. Kar and Mondal [21] assumed that individuals that had been treated can be re-infected if their immunity is low. This leads to the S-V-E-I-R-E type system for modelling the transmission dynamics of TB. The S-V-E-I-R-E process of TB spreading is shown in Figure 1.



Biological Assumptions of the Model


The biological assumptions of the model are as follows



	
There is a constant recruitment rate to the susceptible population and natural cause death affects individuals in all compartments, with an extra TB-induced death rate in the infected class;



	
Some susceptible individuals who have been successfully vaccinated lose their vaccine-induced immunity (i.e., vaccine failed), and these previously vaccinated individuals join the susceptible compartment again [38].



	
Those in the vaccination class are not at a completely protective level, due to the imperfect vaccine. The vaccinated individuals become infected and move into the exposed class [40]. We assume that this occurs at a lower transmission rate   ω β  , where   ω ∈  [ 0 , 1 ]   is the decrease coefficient [39].



	
The individuals in the susceptible class move to the exposed class with the transmission rate   β .  



	
The individuals in the exposed class become infectious and move to the infected class. After recovery, they move to the recovered compartment. When the recovered individuals loose immunity, they return to the exposed class [21].






In this epidemiological system, the susceptible compartment is increased through the recruitment of individuals, either by immigration or birth into the population at a constant rate  Λ , while each compartment is diminished at the rate  μ . Administration of vaccines to the susceptible population moves individuals to the vaccinated compartment at the rate  ξ ; however, the protection provided by the vaccine wanes over time, at the rate of  θ . The susceptible individuals become infected at a rate   β S I  , known as mass action. The vaccinated compartment individuals acquire infection through contact with exposed individuals. As the vaccine offered to individuals is thought to be imperfect (i.e., it does not offer 100% assurance against the TB disease), the vaccinated individuals may become infected again; but with a lower level than those in the susceptible compartment (i.e., unvaccinated individuals). Therefore, the transmission rate  β  is estimated by a scaling factor (  1 − ω  ), where   0 ≤ ω ≤ 1   is the viability of the vaccine:   ω = 1   implies that a vaccine provides 100 % assurance against the TB disease, while   ω = 0   indicates a vaccine that does not secure individuals in any way [60,62]. The exposed compartment becomes infectious at the rate of  κ  E and progresses to actively infected state. Exogenous re-infection can enable individuals that are already infected to develop active tuberculosis. This happens when they contract new infection from infectious individuals at a constant rate   p β E I  . Infected individuals are recovered with the rate   τ I   and decreased due to TB-induced death at a rate  δ . Finally, the recovered individuals may return to the exposed compartment, due to low immunity, with rate  σ .


       d S   d t   = Λ + θ V − ξ S − β S I − μ S            d V   d t   = ξ S − ω β V I − θ V − μ V            d E   d t   = β S I + ω β V I − p β E I −  k + μ  E + σ β I R            d I   d t   = p β E I + k E −  μ + τ + δ  I             d R   d t   = τ I − σ β I R − μ R  ,     



(1)




with nonnegative initial conditions given by


  S  ( 0 )  =  S 0  > 0 , V  ( 0 )  =  V 0  > 0 , E  ( 0 )  =  E 0  > 0 , I  ( 0 )  =  I 0  > 0 , R  ( 0 )  =  R 0  > 0 .  



(2)







All the parameters of system (1) are assumed to be positive for all time   t > 0 .  





3. Mathematical Model Analysis


3.1. Positivity of Solutions


For the tuberculosis infection model system (1) to be epidemiologically realistic, it is necessary to prove that all the state variables remain positive for all time.



Theorem 1.

Let the initial data be   { ( S , V , E , I , R ) ≥ 0 } ∈ Φ .   Then, the solution set   { S ( t ) , V ( t ) , E ( t ) , I ( t ) , R ( t ) }   of the model system (1) is non-negative for all   t > 0 .  





Proof. 

As mentioned in the study of Obasi and Mbah [63], considering the non-linear system of model (1), we take the first equation


    d S   d t   = Λ − β S I − μ S ;  








that is,


    d S   d t   ≥ −  ( β I + μ )  S .  



(3)







Integrating (3), by separation of variables, gives


  ∫   d S  S  ≥ ∫ −  ( β I + μ  )  d t .  



(4)






  l n S ≥ − ( β I + μ  ) t  



(5)






  l o  g e  S ≥ −  ( β I + μ  )  t  










  S ≥  e  − ( β I + μ  ) t    








⇒


  S  ( t )  ≥ S  ( 0 )   e  − μ t − β ∫ I d t    








or


  S  ( t )  ≥ S  ( 0 )   e  ( − μ t − β I t )    










  S ( t ) ≥ 0 .  











Similarly, it can also been shown that   V ( t ) > 0 , E ( t ) > 0 , I ( t ) > 0 , R ( t ) > 0   for all t > 0 [64,65]. Therefore, the disease is uniformly persistent for every positive solution. The above result can also be proven using the approach presented in [66]. □






3.2. Invariant Region


Theorem 2.

For the initial conditions (2), the solutions of system (1) are contained in the region   Φ ⊂  R + 5   , defined by


   Φ =    ( S  ( t )  , V  ( t )  , E  ( t )  , I  ( t )  , R  ( t )  )  ∈  R + 5  : N  ( t )  ≤  Λ μ    .   



(6)









Proof. 

Summation of all equations of model system (1) gives


    d N ( t )   d t   =   d S ( t )   d t   +   d V ( t )   d t   +   d E ( t )   d t   +   d I ( t )   d t   +   d R ( t )   d t   .  



(7)







The change in the complete population is defined by


    d N   d t   = Λ − μ N − δ I  ( t )  ,  



(8)




which gives


    d N   d t   ≤ Λ − μ N .  



(9)







The solution of Equation (9) is given by


  N  ( t )  ≤  Λ μ  −   Λ μ  −  N 0    e  − μ t   ,  



(10)




where   N 0   =   N ( 0 )  .



Using the Birkhoff–Rota theorem [67], we note that, if   N 0  <  Λ μ  , then N  →  Λ μ    asymptotically as t   → ∞   in Equation (6) and the total population size N  →  Λ μ   , which means that 0   ≤ N    ≤  Λ μ  .   Therefore, all the feasible solutions in the model converge in the region  Φ  [68]. □







4. Analysis of Disease-Free Equilibrium (  D F E  ),   P 0  , and Basic Reproduction Number   R 0  


The disease-free equilibrium (  D F E  ) state,   P 0  , is a steady-state solution where there is no infection in the community. The disease class can be described as the infected human population. Taking the first equation of (1) with   E = I = R = 0   into consideration, we arrive at:


   S 0  =    μ + θ  Λ   μ   ξ + μ + θ      a n d    V 0  =   Λ   ξ    μ   ξ + μ + θ    .  



(11)







Then, the disease-free equilibrium   ( D F E )   state   P 0   is given by


   P 0  =     μ + θ  Λ   μ   ξ + μ + θ    ,   Λ   ξ    μ   ξ + μ + θ    , 0 , 0 , 0  .  



(12)







4.1. Basic Reproduction Number (  R 0  )


Diekmann et al. [69] and Dietz [70] defined the basic reproduction number,   R 0  , as the effective number of secondary infections caused by a primary infected individual during their entire period of infectiousness. To obtain the basic reproduction number, we used the next generation matrix method of [71], where F is the matrix of the new infection terms and V is the matrix of the transition terms. The matrices F and V can be established from the coefficients of E and I in the second and last equations of system (1). The model equations are re-written, starting with newly infective classes:


     d E   d t   = β S I + ω β V I − p β E I −  μ + κ  E + σ β I R  ,  



(13)






    d I   d t   = p β E I + k E −  μ + τ + δ  I  



(14)






  F =     0      ω  β  Λ  ξ   μ   ξ + μ + θ    +   β   μ + θ  Λ   μ   ξ + μ + θ       0     0   0   0     0   0   0      a n d   V =      ( μ + κ )    0   0      − κ     ( μ + τ + δ )    0     0    − τ     μ .       











The basic reproduction number is the spectral radius of   F  V  − 1     [69,71], which must be considered when analyzing any epidemiological model [71]. Thus, the effective reproduction number for this epidemiological system is:


  R v =   Λ  β   ξ  ω + μ + θ  κ   μ   ξ + μ + θ   μ + κ   μ + τ + δ    .  



(15)







The threshold quantity (  R v )   is known as the control reproduction number of an epidemics; see Gumel et al. [60]. It aims to measure the estimated number of new TB cases generated by an index case (a single infected individual in a totally susceptible population) in a community with a vaccination programme set up [60]. Similarly, the basic reproduction number   R 0   is accomplished by setting the parameters   ξ    a n d    θ = 0   in Equation (15), giving


   R 0  =   Λ  β  κ   μ   μ + κ   μ + τ + δ    .  



(16)








4.2. Proving the Local Stability of Disease-Free Equilibrium Point


Theorem 3.

The disease-free equilibrium state,   P 0  , of the model system (1) is LAS when   R v < 1   and unstable if   R v > 1  .





Proof. 

Consider the model system (1)


   f 1  =   d S   d t   ,  f 2  =   d V   d t   ,  f 3  =   d E   d t   ,  f 4  =   d I   d t   ,  f 5  =   d R   d t   .  



(17)







The Jacobian of the system (1) is given by:


  Σ  (  P 0  )  =       ∂  f 1    ∂ S       ∂  f 1    ∂ V       ∂  f 1    ∂ E       ∂  f 1    ∂ I       ∂  f 1    ∂ R         ∂  f 2    ∂ S       ∂  f 2    ∂ V       ∂  f 2    ∂ E       ∂  f 2    ∂ I       ∂  f 2    ∂ R         ∂  f 3    ∂ S       ∂  f 3    ∂ V       ∂  f 3    ∂ E       ∂  f 3    ∂ I       ∂  f 3    ∂ R         ∂  f 4    ∂ S       ∂  f 4    ∂ V       ∂  f 4    ∂ E       ∂  f 4    ∂ I       ∂  f 4    ∂ R         ∂  f 5    ∂ S       ∂  f 5    ∂ V       ∂  f 5    ∂ E       ∂  f 5    ∂ I       ∂  f 5    ∂ R       .  



(18)







At the equilibrium point   (  P 0  ) ,   the Jacobian becomes:


          − ( μ + ξ )    θ   0    − β  θ + μ   C 4     0       ξ     − ( μ + θ )    0    − ω  ξ   C 4     0       0    0    − ( κ + μ )     C 5    0       0    0   κ    − ( μ + τ + δ )    0       0    0   0   τ    − μ         ,  



(19)




where


   C 4  =  Λ  μ ( ξ + μ + θ )    








and


   C 5  =   Λ ( ω ξ + μ + θ )   μ ( ξ + μ + θ )   .  











Three eigenvalues of (13) are    λ 1  = − μ  ,    λ 2  = −  ( θ + μ )   , and    λ 3  = −  ( ξ + μ )   , while the remaining two eigenvalues are obtained from the 2 by 2 matrix


  A =      − ( κ + μ )     C 5      κ    − ( μ + τ + δ )      .  











Then, the eigenvalues of A are real and negative if the Routh–Hurwitz condition is satisfied. Applying the Routh–Hurwitz condition:




	(i)

	
Tr(A)  < 0  




	(ii)

	
Det (A)   > 0  .









Then,


    T r ( A )   = − ( κ + μ ) − ( μ + τ + δ )       = − ( κ + 2 μ + τ + δ ) < 0      D e t  ( A )    =  ( κ + μ )   ( μ + τ + δ )  − κ  C 5        =  ( κ + μ )   ( μ + τ + δ )   1 − 1 −   κ  C 5    ( κ + μ ) ( μ + τ + δ )        










    =     ( κ + μ )   ( μ + τ + δ )     κ β Λ ( ω ξ + μ + θ )   μ ( κ + μ ) ( μ + τ + δ ) ( ξ + μ + θ )         =     ( κ + μ )     ( μ + τ + δ )   1 − R v  > 0   if   R v < 1 .     











Following Theorem 2 of [71], we conclude that the DFE point is locally asymptotically stable. □







5. Endemic Equilibrium and Bifurcation Analysis


The endemic equilibrium of the model system (1) is denoted by    P *  =  (  S *  ,  V *  ,  E *  ,  I *   R *  )    and is determined by setting the right-hand side of model system one to zero:


      Λ + θ V − ξ S − β S I − μ S  = 0           ξ S − ω β V I − θ V − μ V  = 0           β S I + ω β V I − p β E I −  κ + μ  E + σ β I R  = 0           p β E I + κ E −  μ + τ + δ  I  = 0           τ I − σ β I R − μ R  = 0 .     



(20)







The first and second equations in (20) give


   S *  =   Λ ( ω β I + μ + θ )   ω  β 2   I 2  + ω  β 2   I 2  +  G 0  β I +  G 1    ,  



(21)






   V *  =   Λ ξ   ω  β 2   I 2  + ω  β 2   I 2  +  G 0  β I +  G 1    ,  



(22)




where


   G 0  =  ( ξ ω + μ ω + μ + θ )   








and


   G 1  =  ( ξ + μ + θ )  μ  











The fourth and final equations in (20) lead to


   E *  =   ( τ + μ + δ ) I   p β I + κ   ,  



(23)






   R *  =   τ I   σ β I + μ   .  



(24)







Substituting    S *  ,  V *  ,  E *  ,   and   R *   into the third equation of (20), the endemic equilibrium condition becomes a cubic polynomial equation of   I *  , satisfying the equation below:


  f  ( I )  =  m 1   I 3  +  m 2   I 2  +  m 3  I +  m 4  = 0 ,  



(25)




where




	
   m 1  =   β  3  p σ   d + μ    I  3   



	
   m 2   = (  (  ( p + 1 )  σ + p )     β  2    μ  2  +  (  (  ( p + 1 )  d + p ξ + κ + δ )  σ + p  ( δ + τ )  )    β  2  μ  



	
   +  ( κ δ β + β  p  ( − Λ  β  ω + δ ξ )  )  β  σ )    I  2   



	
   m 3   = (  ( σ + p + 1 )  β     μ  3  +  (  ( δ + k + τ + ξ )  σ +  ( p + 1 )  δ + κ +  ( δ + ξ )  p + τ )  β    μ  2  +  



	
  ( − ω  Λ  p   β  2  +  (  (  ( κ + ξ )  δ + ξ   ( κ + τ )  )  σ +  ( p ξ + κ )   ( δ + τ )  )  β ) μ + κ  ( − Λ  β  ω + δ ξ )  β  σ ) I  



	
   m 4  = μ   ( ξ + μ + θ )   ( μ + κ )   ( μ + τ + δ )   ( 1 − R v )  .  








Here,   R v   is the effective basic reproduction number given in (15).



It is clear that I is given by the positive real roots of the polynomial (25). The number of possible positive real roots of the cubic polynomial   ( 25 )   depends on the signs of    m 2  ,  m 1  ,   and   m 0  . This will be investigated by employing Descarte’s rule of sign. A number of possibilities are illustrated in Table 1. Therefore, the outcomes can be established by the following theorem.



Theorem 4.

The TB model system (1) has:




	
A unique endemic equilibrium when   R v > 1   and cases 1–3 are satisfied;



	
One or more than one endemic equilibrium when   R v > 1   and cases 5–7 are satisfied; and



	
No endemic equilibrium when   R v < 1   and case 8 shows that all the coefficients are positive.










5.1. Threshold Analysis and Vaccine Impact


Given that we considered the TB vaccine to be imperfect, however, it is instructive to choose whether or not it wide-spread use in a population is consistently assured or not. To assess the impact of such a vaccine on the transmission of the disease, a qualitative approach can be adopted, by differentiating the expression   R v   with respect to the fraction of the individuals vaccinated at the steady state and introducing


  η =   V *   N *   .  











We can consider   R v   as a function of  η ; that is,


  R v = R v  ( η )  =  R 0     η + ( 1 − ω ) ξ   ξ + μ    =  R 0   ( 1 − η ω )  .  



(26)







Observing that   R v ≤  R 0   , with equivalence only if   ξ = 0   (i.e.,  η  = 0) or   ω = 0  . That is to say, even though the vaccine is imperfect, it is notable that a decrease in reproduction number implies a decrease in the disease epidemic. With   ξ > 0   and   ω > 0  , a reduction in disease burden would be observed.



As   R v ≤ 1   is a essential and proper condition for the elimination of diseases (see Section 4.2 and Theorem 3), accordingly, the following condition on  η  is equally fundamental and sufficient for control:


  η ≥  1 ω   1 −  1  R 0    =  η c  .  



(27)







Section 4.2 and Theorem 3 can be joined to give the following outcome:



Lemma 1.

TB is removable from the population if   η >  η c   .





Our concept for the fraction vaccinated at equilibrium point,   η c  , is the same as that derived in [60,72]. The critical value,   η c  , is graphically illustrated as a function of  ω , for several   R v   values, in Figure 2. Equation (26) indicates that both the vaccinated fraction,  η , and the vaccine efficacy,  ω , assume key roles in the reduction of   R v  , and both must be high in order to diminish the value of   R v   to less than one and, thus, manage the disease. Inequality (27) can also be reconfirmed as


  η ω ≥ 1 −  1  R 0   .  











A contour plot of the effective threshold   R v  , as a function of vaccine efficacy  ω  and the fraction of individuals vaccinated at a steady-state (  η =   V *   N *    ), is illustrated in Figure 2. For the set of the parameters used in these simulations, the contours show a marked decrease in effective basic reproduction number (  R v  ) with increasing vaccine efficacy ( ω ) and fraction of individuals vaccinated ( η ). Significantly, high efficacy and vaccine coverage are needed to effectively control the disease in the population (i.e., to achieve   R v < 1  ).



In terms of the vaccination rate,  ξ , the inequality (27) can be used. This is done by taking note, as a matter of first importance, that the center representation of Equation (26) may be a diminishing function of  ξ ; thus, it is limited by letting  ξ  have no bound. Adopting the limit as  ξ  approaches infinity, we see that this expression is consistently more noteworthy than    ( 1 − ω )   R 0   . Subsequently, if    ( 1 − ω )   R 0  ≥ 1 ,   at that point, no measure of vaccination can force   R v   to less than one. Similarly, if    ( 1 − ω )   R 0  < 1 ,   at that point, the condition


  ξ ≥   μ (  R 0  − 1 )   1 − ( 1 − ω ) R v   =  ξ o   



(28)




gives   R v ≤ 1 .   Obviously, this condition assumes    R 0  > 1 .   Disease control without vaccination follows if    R 0  ≤ 1   (by Section 4.2 and Theorem 3 and the proof that   R v ≤  R 0   ). By (28), it is easy to see that   R v ≤ 1   if   ξ ≥  ξ o  ,   and   R v > 1   if   ξ <  ξ o  .   Therefore, we obtained the following results:



Lemma 2.

If    ( 1 − ω )   R 0  < 1   and   ξ ≥  ξ o  ,   then TB will eradicated from the population. If    ( 1 − ω )   R 0  ≥ 1 ,   at that point, no measure of vaccination will prevent a TB epidemic in the population.






5.2. Global Stability of DFE,   P 0  , for   R v ≤ 1  


Motivated by Ullah et al. [3], we construct a Lyapunov function to prove the global stability of the DFE. We define the following:


  L = κ E + ( κ + μ ) I .  











Differentiating L with respect to time and observing that   S + ω V < 1  , we obtain


    d L   d t   = κ   d E   d t   +  ( κ + μ )    d I   d t    










  = β κ [ S + ω V ] I − ( κ + μ ) ( μ + τ + δ ) I  










  = ( κ + μ ) ( μ + τ + δ ) ( R v − 1 ) I .  











Therefore, if   R v < 1  , then    d L   d t    is non-positive. Hence, the largest compact invariant set in  Ω  is the singleton set   P 0  . Therefore, LaSalle’s invariance principle [73] implies that   P 0   is globally asymptotically stable in   Ω .  



The above explanation shows that TB infection can be eliminated in a population if and only if   R v < 1  .




5.3. Analysis of Backward Bifurcation


In the model system (1), the existence of multiple TB persistence equilibria   P *   for   R v   suggests the possibility of the backward bifurcation phenomenon. Epidemiologically, it suggests that   R v   is not sufficient to decide whether or not TB would persist; instead, it depends on the initial population size of the individuals when   R v < 1  . Our goal is to investigate and set a threshold for the presence of backward bifurcation in system (1). To do this, we utilize the notable results of Castillo–Chavez and Song [12]. In a simpler way, we rewrite our system (1) by choosing   S =  x 1  , V =  x 2  , E =  x 3  , I =  x 4  , R =  x 5   , where we set   X =   (  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  )  T    and F =     (  f 1  ,  f 2  ,  f 3  ,  f 4  ,  f 5  )  T  .  


  F  ( X )  =      Λ + θ  x 2  − ξ  x 1  − β  x 1   x 4  − μ  x 1           ξ  x 1  − ω β  x 2   x 4  − θ  x 2  − μ  x 2           β  x 1   x 4  + ω β  x 2   x 4  − p β  x 5   x 4  −  ( κ + μ + α )   x 3  + σ β  x 4   x 3           p β  x 3   x 4  + κ  x 3  −  ( μ + τ + δ )   x 4           τ  x 4  − σ β  x 5   x 4  − μ  x 5       =      f 1          f 2          f 3          f 4          f 5       











The Jacobian matrix of the system at disease-free equilibrium    P 0  =     μ + θ  Λ   μ   ξ + μ + θ    ,   Λ   ξ    μ   ξ + μ + θ    , 0 , 0 , 0  ,   is


   J  P 0   =         − ( μ + ξ )    θ   0    −   β   μ + θ  Λ   μ   ξ + θ + μ       0       ξ     − ( μ + θ )    0    −   ω  β  ξ  Λ   μ   ξ + θ + μ       0       0    0    − ( κ + μ )       ω  β  ξ  Λ   μ   ξ + θ + μ    +   β   μ + θ  Λ   μ   ξ + θ + μ       0       0    0   κ    − ( μ + τ + δ )    0       0    0   0   τ    − μ         .  











We chose  β  as a bifurcation parameter when    R 0  = 1  , giving   β *  =    μ ( ξ + μ + θ ) ( μ + κ ) ( μ + τ + δ )   Λ ( ξ ω + μ + θ   .   At the threshold value, the changed-over matrix   J  P 0    has one simple zero eigenvalue, whose right and left eigenvectors are given by w =      ω β Λ   μ ( ξ + μ + θ )   −    ( μ + θ )  β Λ (  A 0   ( δ + μ + θ )  )    μ 2    ( ξ + μ + θ )  2   ( δ + μ + θ )      w 4  ,      − β Λ ξ (  A 0   ( δ + μ + θ )  )    μ 2    ( ξ + μ + θ )  2   ( δ + μ + θ )      w 4  ,    β Λ ( ω ξ + μ + θ ) − μ ( ξ + μ + θ ) ( δ + μ + θ )    μ 2   ( ξ + μ + θ )      w 4  ,  w 4  ,   τ μ    w 4     and v =   0 , 0 ,   κ  ( κ + μ )     v 4  ,  v 4  ,     ( κ + μ )   ( δ + μ + τ )  −  B 0  κ   τ ( κ + μ )     , respectively,



Where


   A 0  =  ( μ + δ )   ( ξ + μ + θ )  ω +  ( μ + θ )  ,  










   B 0  =   β Λ ( ω ξ + θ + μ )   μ ( ξ + θ + μ )   .  











In order to obtain the following quantity stated by Castillor-Chavez and Song in their Theorem 4.1, we have


  a =  ∑  k , i , j = 1  5   v k   w i   w j     ∂ 2   f k    ∂  x i  ∂  x j     ( 0 , 0 )   








and


  b =  ∑  k , i = 1  5   v k   w i     ∂ 2   f k    ∂  x i  ∂ β     








which are determined to be


  a = 2  β   w 4   ω   v 2   w 2  + ω   w 3   w 2  − p  v 3   w 3  + p  v 4   w 3  + σ   v 3   w 5  −  v 1   w 1  +  v 3   w 1    



(29)




and


  b =  v 3   w 4     ω  ξ  Λ   μ   ξ + θ + μ    +    μ + θ  Λ   μ   ξ + θ + μ     > 0 .  



(30)







As indicated by the result shown in [12], our system experiences backward bifurcation at   β =  β *   , only when both a and b are positive at (   P 0  ,  β *   ). Obviously, b is consistently positive. Hence, the positivity of a offers the threshold circumstance for the phenomenon of backward bifurcation.





6. Numerical Simulation


Our motivation in this study was to determine how the rate of vaccination, exogenous re-infection, and transmission rate influence the model framework. Some of the numerical simulation findings are presented in this section basically to illustrate the numerical results obtained. The model parameter values chosen for the simulation are given in Table 2.



The parameter values presented are biologically feasible and the vast majority of them were taken from important literature relating to TB transmission models. Numerical simulation and bifurcation analyses were performed using MATLAB. The sensitive quantity value (i.e., the effective basic reproduction number   R v  ) was determined by using the set of parameter values stated in Table 2; with   β = 0.8   and   ξ = 0.3   we obtained   R v ≈ 0.8708 < 1 ,   and found that this system posses both the disease-free equilibrium point   P 0   = (26, 7, 0, 0, 0) and two endemic equilibrium points, respectively at   P 01   (16.5384, 15.2210, 9.7436, 0.1483, 15.3825) and   P 02   (2.8433, 0.2239, 34.0369, 3.3738, 7.9885). The corresponding eigenvalues of the Jacobian matrix   J  P 0    were −0.1500, −0.05125, −0.1510, −0.4500, −3.3887, which are all negative and, thus, show that the disease-free equilibrium point   P 0   is locally asymptotically stable; see Figure 3. Thus, the eigenvalues that lead to two endemic equilibria for   P 1 *   are 2.051214029 + 0.878706126i, −0.5511435244 × 10    − 1    + 0.1715247095i, −0.1522994290 + 0.5977159283i, −0.1993628469 − 0.0.6497115331i, and 0.3730450707i − 0.8057137074i, respectively. The previous set of eigenvalues all had negative real parts, while the other set had positive values. The first endemic equilibrium was locally stable and the other was unstable, as a result. This confirms the presence of a persistent TB stable steady-state, despite   R v < 1  ; thus, the convergence of the trajectory depends on the population’s initial size. To demonstrate this graphically, the solution trajectories determined using two different initial conditions are represented in Figure 4, with two different initial population sizes.




7. Discussion


Figure 5 represents the variation of the system model (1) as a function of time (years) for   β = 1.05   and   ξ = 0.1  , which gives   R v = 1.0355 > 1 .   The figure shows that the global stability of the endemic equilibrium   P *   is locally asymptotically stable. From the diagram, it can be seen that the trajectories of the solution of the system model (1) converge to the endemic equilibrium point   P *  ; this shows that TB transmission persists in the population if   R v > 1 ,   which verifies the justification for the statement that endemic equilibrium is GAS if   R v > 1 .  



Figure 3 illustrates the variation of the system model (1) as a function of time (years) for   β = 0.8   and   ξ = 0.3  , which gives   R v = 0.6052 < 1 .   This figure depicts the local stability of the TB-free equilibrium. The diagram shows that the trajectories of the solution of the system model (1) converge to the disease-free equilibrium    P 0  .   This figure implies that the disease will not invade the population if   R v < 1 ,   verifying that the disease-free equilibrium is GAS if   R v < 1 .  



Figure 4 shows the time-series plot for the infected population (I) for   β = 1.05   and   ξ = 0.1  , with all other parameter values as specified in Table 2. The left curve converges to the endemic equilibrium    P *  ,   whereas the right curve converges to the disease-free equilibrium point   P 0   with different initial population sizes.



To examine the backward bifurcation phenomenon numerically, we first figured out that both a and b must be non-negative (as stated in Section 5.3); otherwise, the system (1) undergoes backward bifurcation. Figure 6 illustrates the backward bifurcation diagram of the system (1) as the effective basic reproduction number   ( R v )   varies against the infected population (I). The first (top-left) diagram of Figure 6 depicts the bifurcation diagram at  β  = 1.05. In general, there are several branches of steady-states: (i) the upper branch corresponds to stable endemic equilibria (EEP); (ii) the middle branch represents unstable EEP; and (iii) the lower branch corresponds to disease-free equilibria, DFE, which can be stable or unstable, depending on the magnitude of   ( R v )  . When   R v > 1  , only EEP is stable and this situation leads to an outbreak of TB. It is also clear that, when   R v < 1 ,   DFE is stable in this case; consequently, this situation leads to elimination of the disease. To better understand the transmission dynamics of system (1), we plot some time-series diagrams in Figure 7 (left) with the rate of transmission  β  varying. One of the possibilities when the magnitudes of  β  are high is that this situation would lead to the persistence of TB (i.e., the trajectories converge to EEP) in this epidemiological system. However, as the transmission rate  β  decreases, we observed that the backward bifurcation loses. This results in small   R v   quantities, as shown by the bottom-left (respectively, bottom-right) of Figure 6 with   β = 0.85   (respectively,   β = 0.8  ) and   R v = 0.9466   (respectively,   R v = 0.8909  ); consequently, the TB disease is eradicated and the DFE is stable in the long-term.



From Figure 8, it can be seen that, when the effective reproduction number   R v   is between 0 and   R v c ,   the DFE is stable; while, for   R v c < R v < 1 ,   there exists bi-stability, where either the DFE is stable or the EEP is stable.   R v c   is a threshold quantity where the two non-trivial endemic equilibria collide and annihilate each other, leaving the DFE as the only stationary solution. However, in order to observe the impact of vaccination coverage  ξ  clearly, the bifurcation diagram was drawn for various  ξ  values. Hence, Figure 8 gives a good description of the bifurcation diagram, revealing that the vaccination coverage  ξ  plays a significant role in the dynamics of TB transmission. It can be seen that, when the vaccination coverage was increased, the bifurcation diagram steadily shifted towards the right, causing the   R v   value to increase. This implies that, if the   R v c   value is sufficiently large, then backward bifurcation will not exist. Hence, in this situation,   R v   being less than unity is sufficient to eradicate the community disease. However, when the likelihood of vaccination increases, this normally brings about a decrease in effective reproduction number, which causes a number of a new infections; the critical detection level corresponds to 1.



Figure 2 demonstrates the simulation of the system model (1), showing a contour plot of   R v   as a function of vaccinated individuals at steady-state   ( η =   V *   N *   )   and vaccine efficacy  ω . The parameter values used are given in Table 1. The contours show a marked decrease in effective basic reproduction number (  R v  ) with increasing vaccine efficacy ( ω ) and fraction of individuals vaccinated   ( η )  . If at least   50 %   of the population vaccinated at steady-state  η  with about   50 %   vaccine efficacy, the effective reproduction number of the disease can be brought below 1, which demonstrates that the infection will ultimately cease to exist in the population. Notably, high efficacy and vaccine coverage are required for the effective control of the disease in the population (i.e., to achieve   R v < 1  ).



The effects of vaccination coverage  ξ , exogenous re-infection (p), and transmission rate ( β ) and re-infection among the treated people ( σ ) are shown in Figure 7, Figure 9 and Figure 10, respectively. In Figure 9, we study the impact of vaccination coverage  ξ  on infected and exposed individuals, with  ξ  ranging from 0.1 to 0.9. From both diagrams in Figure 9, the highest value of  ξ  significantly reduced the spread of infection in a population, but did not completely lead to the elimination of TB infections. Figure 10 shows the effects of exogenous re-infection; that is, acquiring a new infection from another infectious individual. We noticed that the highest value of p = 1 showed that the infection converged to endemic state. We further studied the effects of transmission rate  β  and re-infection among the treated individuals  σ . It can be clearly observed that, with a lower threshold value of the transmission rate  β  and re-infection among the treated individuals  σ , the infection rate is low. For high values of  β  and  σ , the infection rate is higher; see Figure 10, which shows that the viability of  β  and  σ  is helpful for the control of TB infection.



Figure 11 (left) shows the impact of varying reductions in susceptibility to disease by the vaccinated individuals  ω  in the proportion of the infected class, ranging between 0 to 1. Of course, increasing the value of  ω  from 0 to 1 significantly reduced the proportion of infected individuals. In addition, Figure 11 (right) shows a more terrible situation, whereby an increase in the rate of vaccine wane  θ  led to an increase in the proportion of infected individuals.




8. Conclusions


The situation of an imperfect vaccine, accompanied by other exogenous factors (e.g., exogenous re-infection and re-infection among treated individuals), has been studied previously [39,40]. In this paper, we analyzed the impact of an imperfect vaccine and other exogenous factors on TB infection transmission dynamics, by constructing a deterministic numerical model to gain some insight into its dynamic behaviour. The effective reproduction number of the proposed system was determined using the next-generation matrix approach. In light of the employment of center manifold theory, a depth model analysis showed the existence of the backward bifurcation phenomenon, where a stable endemic equilibrium co-exists with a stable disease-free equilibrium under the condition of   R v < 1  . Model dynamics were almost entirely dictated by the effective reproduction number,   R v  . The proposed model, consisting of five mutually exclusive compartments representing TB dynamics, had a locally asymptotically stable disease-free equilibrium whenever a certain epidemiological threshold quantity, known as the effective reproduction number (  R v  ), was less than unity (i.e.,   R v < 1  ). The model system (1) underwent backward bifurcation, where the disease may persist in the population, even if the classical epidemiological criterion of   R v < 1   is fulfilled; although it was still necessary to effectively control the spread of TB in a population. The initial population size entirely defined the condition (see Figure 4). A comparison between high and low vaccination coverage rates  ξ  was likewise explored (see Figure 8). It was seen that the endemic equilibrium was higher in the lower case than in the high case.



For the examined SVEIRE model, an imperfect vaccine will reduce the disease burden and have a positive epidemiological effect on the population, even though its general effect increased with increased efficacy and coverage rate of the vaccines, as it has been realized that the utilization of an imperfect vaccine can—some of the time—bring about hindering results in the population [84,85]. A limited portion of individuals to be vaccinated at steady-state (  η c  ), in order to achieve herd immunity, was established. Simulation of the system model (1) showed that using an imperfect vaccine can effectively control tuberculosis in a population. This is because the efficacy of the vaccine was remarkable high.



In summary, the key findings in this paper demonstrated that the TB model that considered an imperfect vaccine exhibited backward bifurcation. Our analysis results showed that there are two methods to prevent this phenomenon. First, reducing the effective reproductive number below the sub-threshold   R v c   is required, in order to avoid the dangerous range [  R v c , 1  ]. Second, the rate of vaccination should be increased in the range of the threshold value. Therefore, the vaccination rate plays a significant role.



Under the perspective of disease control campaigns, public policy-makers should consider the following two issues: First, attempt to keep away from the dangerous backward scenario, in which disease endemicity could persevere, even when the classic threshold value (i.e., the effective reproductive number) is less than unity. At this point, they may act by maintaining reasonably low vaccination of susceptible individuals. For this situation, the TB model with an imperfect vaccine suggests that disease control can tread the path of the classic strategy of decreasing the effective reproduction number (  R v c  ) below unity. Second, public policy-makers should be extremely careful if the backward scenario cannot be prevented, as merely keeping the effective reproductive number below unity can still contribute to the endemicity of the TB disease. In this scenario, the TB model suggested a need to reduce the effective reproductive number (  R v  ) below the   R v c   sub-threshold. This objective can be achieved if   R v   is reduced by organizing education programs that can influence the individual behavior of members of the public, which can act to appropriately decrease disease contact and, subsequently, future disease transmission.



In future work, the model can be modified to incorporate different dynamics that impact the spread of TB infection. In particular, some assumptions of the model can be relaxed or different measures can be incorporated, such that TB infection can be diminished or eliminated. Vaccination of children, sensitivity, optimal control, and cost-effectiveness analyses can also be carried out in order to glean more knowledge about the dynamics of the TB model.
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Figure 1. The schematic diagram of the   S V E I R E    T B   model (see Equation (1)). 
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Figure 2. Simulation of the system model (1) showing a contour plot of   R v   as a function of vaccinated individuals at steady-state   ( η =   V *   N *   )   and vaccine efficacy  ω . Parameter values used are as given in Table 2. 
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Figure 3. Solution trajectories with   ξ = 0.3   and   β = 0.8   with other parameters fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   β = 1  ,   κ = 0.02  ,   δ = 0.12  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.8 ,   and   θ = 0.2  , which gives   R v = 0.6052 < 1  . 
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Figure 4. Time-series plot for infectious compartment (I) for   β = 1.05   and   ξ = 0.1  , with all parameter values listed in Table 2. The left curve converges to the endemic equilibrium   P *   whereas right curve converges to the disease-free equilibrium point   P 0   with different initial sizes of the population. 
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Figure 5. Solution trajectories with   ξ = 0.1   and   β = 1.05   with other parameters fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   κ = 0.02  ,   δ = 0.12  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.8 ,   and   θ = 0.2  , which gives   R v = 1.0355 > 1  . 






Figure 5. Solution trajectories with   ξ = 0.1   and   β = 1.05   with other parameters fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   κ = 0.02  ,   δ = 0.12  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.8 ,   and   θ = 0.2  , which gives   R v = 1.0355 > 1  .
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Figure 6. Backward Bifurcation diagram of system model (1), showing different types of behaviour. As the bifurcation parameter  β  changes from the top left, different values of  β  are used in clockwise direction, respectively:   β = 1.05  ,   β = 1  ,   β = 0.95  ,   β = 0.9  ,   β = 0.85  , and   β = 0.8  , while the other parameters values are fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   κ = 0.02  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.2  ,   δ = 0.12    ξ = 0.1  , and   θ = 0.2  . The symbols EEP and DFE represent the endemic equilibrium point and disease-free equilibrium point, respectively. 
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Figure 7. Impact of transmission rate  β  and re-infection  σ  among treated individuals on infected population using the same parameters as in Table 2, while  β  and  σ  are varied. 
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Figure 8. Backward Bifurcation diagram showing effective basic reproduction number against infected individuals varying with vaccination coverage, with   ξ = 0.1   and   ξ = 0.3   with other parameters fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   β = 1    κ = 0.02  ,   δ = 0.12  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.8 ,   and   θ = 0.2  . The symbols EEP and DFE represent the endemic equilibrium point and disease-free equilibrium point, respectively. 






Figure 8. Backward Bifurcation diagram showing effective basic reproduction number against infected individuals varying with vaccination coverage, with   ξ = 0.1   and   ξ = 0.3   with other parameters fixed:  μ  = 0.15,   Λ = 5  ,   p = 0.17  ,   β = 1    κ = 0.02  ,   δ = 0.12  ,   σ = 0.7  ,   τ = 3  ,   ω = 0.8 ,   and   θ = 0.2  . The symbols EEP and DFE represent the endemic equilibrium point and disease-free equilibrium point, respectively.



[image: Mathematics 09 00327 g008]







[image: Mathematics 09 00327 g009 550] 





Figure 9. Impact of vaccination coverage on infected individuals using the same parameters as in Table 2 while   ( ξ )   is varied. 
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Figure 10. Effect of endogenous reactivation p on the population of infected individuals when all other parameters are fixed:  μ  = 0.15,   Λ = 5  ,   β = 1    κ = 0.02  ,   δ = 0.12  ,   σ = 0.02  ,   τ = 2.3  ,   ω = 0.2 ,   and   θ = 0.067  . 
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Figure 11. Impact of reduction in risk of infection due to vaccination  ω  (left) and the rate at which the vaccine wanes  θ  (right) on infected population using the same parameters as in Table 2, while  ω  and  θ  are varied. 
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Table 1. Number of possible positive roots of the cubic polynomial Equation (25).
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	Cases
	    m 3    
	    m 2    
	    m 1    
	    m 0    
	    R v    
	Changes in Sign
	Total Possible Positive Roots





	1
	+
	−
	−
	−
	   R v > 1   
	1
	1



	2
	+
	+
	−
	−
	   R v > 1   
	1
	1



	3
	+
	+
	+
	−
	   R v > 1   
	1
	1



	4
	+
	−
	+
	−
	   R v > 1   
	3
	1,3



	5
	+
	−
	−
	+
	   R v < 1   
	2
	0,2



	6
	+
	+
	−
	+
	   R v < 1   
	2
	0,2



	7
	+
	−
	+
	+
	   R v < 1   
	2
	0,2



	8
	+
	+
	+
	+
	   R v < 1   
	0
	0
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Table 2. Parameter and Values used for model (1).
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	Parameters
	Descriptions
	Values
	B
	Unit





	  Λ  
	Recruitment of individual either by immigration or birth
	5
	[22]
	year    − 1   



	  ω  
	Reduction in risk of infection due to vaccination
	0–1, 0.2, 0.90
	[74,75]
	year    − 1   



	  θ  
	The rate at which vaccine wanes
	0.067, 0.1
	[76,77,78,79]
	year    − 1   



	  ξ  
	The rate at which susceptible individuals are vaccinated
	0, 0.1,0.98,0.95
	[39,40,80]
	year    − 1   



	  μ  
	Natural death rate
	0.15
	[21]
	-



	  δ  
	Disease-induced death rate due to TB
	0.12
	[18,81]
	year    − 1   



	  β  
	Transmission rate
	variable
	-
	-



	  σ  
	Reinfection among the treated individuals
	0–1
	[34,82,83]
	-



	  κ  
	Progression rate
	0.02
	[21]
	year    − 1   



	  τ  
	Recovery rate
	1.5–3.5
	[35]
	year    − 1   , day    − 1   



	p
	Exogenous re-infection
	0–1
	[17,23,34,83]
	-
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