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Abstract

:

In order to take into account cost and timeliness and enhance accuracy testing, this study developed the fuzzy number and membership function, using the confidence interval of ratio operating performance index. Subsequently, according to the statistical test rules and the application of the fuzzy number and membership function, a fuzzy evaluation decision model for the operating performance index is proposed, to evaluate if the business performance reaches the needed level. Based on the abovementioned, the evaluation model in this study took into account not only timeliness but also accuracy, so that it could grasp the opportunity of improvement for operating organizations with poor operating performance after being evaluated. This fuzzy evaluation decision model for the operating performance index constructs a fuzzy membership function retrieved from an index’s confidence interval, reducing the chance of miscalculation due to sampling mistakes and improving the efficiency of evaluation. Finally, in order to facilitate the application of readers and the industry, this paper uses cases to explain the proposed fuzzy verification method. On the whole, the model proposed in this paper is a data-based auxiliary tool for the service operating performance improvement strategy.
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1. Introduction


Quite a few people in the service industry are discussing evaluation methods of service performance, hoping to find a good evaluation model for the service operating performance as an auxiliary tool for the service operating improvement strategy to identify key service elements that need to improve, so as to grasp the opportunity of improvement [1,2,3,4,5]. In particular, the related methods of the customer satisfaction performance evaluation matrix mainly use questionnaires to conduct a satisfaction survey for each provided service item and adopt the performance evaluation matrix to find out the service items that need to be improved [6,7,8,9,10]. This study targeted and improved the service items that needed to improve to increase the total customer satisfaction, as well as to further raise the customer arrival rate of a store, to enhance its operating performance. Kurosu [11] and Shreve et al. [12] noted that store customers’ arrivals provide a company with a good solution to the performance measurement, as they instantly affect the company’s profitability and costs of operation. Chen and Yang [13] considered the number of customers’ store visits through a quantifiable Poisson process. This paper uses the random variable X in the next section, to explain, in detail, how customers arrive at the store and follow the Poisson’s distribution. Therefore, based on the Smaller-the-Better type of six-sigma quality index proposed by Chen et al. [14], this study brings up an operating performance index (OPI) containing a one-to-one mathematical relationship with the performance compliance ratio, viewed as a store-operating-performance evaluation tool.



According to numerous scholars, indicators are simple and unitless management tools. Therefore, under reasonable conditions, the simpler they are, the more easily they are managed [15,16,17]. Based on this point of view, this study revises the operating performance index to be a more concise ratio operating performance index (ROPI). Its numerator represents the maximum of the expected store customer arrival times, indicating that the operating performance of the store is quite satisfactory, while its denominator is the average interval time between customers’ arrivals at the store. The shorter the average interval time between customers’ arrivals at the store is, the greater the number of customers entering the store per unit time is.



In fact, the new indicator ROPI proposed by this study has a one-to-one mathematical relationship with the operating performance compliance ratio. In addition, when the ROPI value is greater than or equal to 1, then the operating performance is good. When the value is greater than 1, then its operating performance is better. Conversely, when the ROPI value is less than 1, then the average interval time between customers’ arrivals at the store is long, indicating that the store’s service operating performance has not met the requirements.



Obviously, it is more effective to evaluate a store’s operating performance by means of the time interval between customers’ arrivals than to collect the number of customers’ arrivals per unit time [13,18,19]. In addition, some studies have pointed out that, based on cost considerations and practicality, the sample size, n, is usually not too large in practice, so it will affect the accuracy of statistical inference [20,21,22]. This study first derived index estimates based on sample data, to find out the best estimation formula of the index as the testing statistic. In order to take into account timeliness and enhance testing accuracy, the confidence interval of ROPI was employed to construct the fuzzy number and membership function of ROPI. Next, according to the statistical test rules and the application of the fuzzy number and membership function of ROPI, this study proposes a fuzzy evaluation decision model of the operating performance index, to evaluate if the operating performance reaches the standard. Based on Yu et al. [23] and Chen [19], the collection of fuzzy data is more complicated and time-consuming than the measurement data, but it is more accurate and stable, while the fuzzy evaluation method developed by the application of confidence interval is to maintain the use of simple and non-time-consuming direct measurement data and then to develop the fuzzy membership function through the confidence interval, so it has the advantages of simplicity, non-time-consuming, accuracy and stability. Therefore, this study will apply this method to establish a fuzzy evaluation method for ROPI. According to the abovementioned, the evaluation model in this study not only makes the indicators more practical, accurate and stable but also has the following advantages:




	
Evaluating the performance of service operations in a quantitative manner is more scientific than using questionnaires [23].



	
For the proposed indicators, developing a fuzzy evaluation model based on confidence intervals can avoid the chance of misjudgment due to sampling errors.



	
According to the research of Luo et al. [24], this method integrates experts’ accumulated experiences of data analysis, which can solve the problems of too small sample size and too large error due to timeliness and cost considerations.



	
Based on the previous three points, this method not only has timeliness and small errors but also can lower the probability of misjudgment, so it can grasp the opportunity for improvement, as well as reduce the yield of defective products.








According to the abovementioned, the fuzzy evaluation model is more reasonable and advantageous in use than the traditional statistical testing model, which is identical to the conclusions of some related studies [25,26,27,28]. Finally, in order to facilitate the application of readers and the industry, this paper uses cases to explain the proposed fuzzy testing method. On the whole, the proposed model in this paper is a data-based auxiliary tool for the service operating improvement strategy.




2. Ratio Operating Performance Index and Statistical Hypothesis Testing


Following the Introduction, this paper lets random variable  X  denote the number of customers’ arrivals at a store per unit time. Chen and Yang [13] noted that random variable  X  is allocated as Poisson distribution with rate  λ ; the sequence of inter-arrival times  X  is also distributed as an exponential distribution with mean  τ ( τ   =     λ  − 1    ), that is,  X   ~    G ( 1 , τ )  . Then, it is learned that the probability density function of  X  is as follows:


    f X   ( x )   =   1 τ  e x p  {  −  x τ   }    ,   0 < x < ∞   



(1)







Concerning an exponential distribution, since mean    μ X    and standard deviation    σ X    both equal  τ , Chen and Yang [13] defined the operating performance index (OPI) directly based on the quality index of the Six Sigma process. In fact, OPI is based on whether the difference    (  U − τ  )    between the maximum expected customer inter-arrival times of a store (U) and mean  τ  is greater than zero, viewed as an evaluation criterion. Obviously, when   U > τ  , then   U − τ    >  0 and OPI  >  1. As noted above, indicators are simple and unitless management tools. Consequently, under reasonable circumstances, the simpler they are, the more easily managed they are. Therefore, this study considered whether the ratio of the maximum expected inter-arrival times to mean  τ  is greater than 1 as an evaluation criterion and defined the ratio operating performance index (ROPI) as follows:


    θ R   =   U τ    



(2)







Obviously, when   U > τ  , then    U / τ     >  1 and ROPI  >  1. Let   p = p ( X ≤ U )   denote that the time interval,  X , between customer arrivals is lower than the maximum of expected inter-arrival times, U, and then  p  and    θ R    have a one-to-one mathematical relationship, where   p = 1 − e x p  {  −  θ R   }   .



It is supposed that  r  is the required performance value of index    θ R   . Then, the problem of the hypothesis test is that the null hypothesis,    H 0   :    θ R    =  r , is considered to be against the alternative hypothesis    H a   :    θ R     ≠   r  at the desired level of significance  α . Let    X 1  , … ,  X j  , … ,  X n    be independent identity distribution (i.i.d.) random variables with   G ( l , τ )  . Next, an unbiased estimator of    θ R    is put forward, as displayed below:


     θ ^  R   =    ( n − 1 ) U   V ( Z )     



(3)




in which   Z = (  X 1  , … ,  X j  , … ,  X n   ) ′    and   V ( Z ) =   ∑  j = 1  n    X j      denotes the mean of inter-arrival times of customers at a store. Then, random variable   V ( Z )   is designated as   G ( n , τ )  . Furthermore, we assume the following:


  W =   V ( Z )  τ  =   ( n − 1 )  θ R      θ ^  R     



(4)




where W is designated as   G ( n , 1 )  , and the critical regain can be expressed as follows:


   C R  =   {    θ ^  R  <  c  0 L     o r     θ ^  R  >  c  0 R      }    



(5)







To meet a significant level of  β  with sample size, n, value    c  0 L     is determined by the following:


   p  {    θ ^  R  <  c  0 L      |   θ R  = r    }   =  p  {  W >  (  n − 1  )   r   c  0 L      }   =   β 2    



(6)







Hence, we have the following:


    c  0 L    =     (  n − 1  )  r    G  1 − β / 2   ( n ,   1 )     



(7)







Similarly, value    c  0 R     is determined by the following:


   p  {    θ ^  R  >  c  0 R      |   θ R  = r    }   =  p  {  W <  (  n − 1  )   r   c  0 R      }   =   β 2    



(8)







Hence, we have the following:


    c  0 R    =     (  n − 1  )  r    G  β / 2   ( n ,   1 )     



(9)







Therefore, the critical regain can be rewritten as follows:


   C R  =   {    θ ^  R  <    (  n − 1  )  r    G  1 − β / 2   ( n ,   1 )     o r     θ ^  R  >    (  n − 1  )  r    G  β / 2   ( n ,   1 )      }    



(10)







It is assumed that when    X j  =  x j   , then   Z = z = (  x 1  , …  x j  , … ,  x n   ) ′    and


     θ ^  r   =    ( n − 1 ) U     ∑  j = 1  n    x j        



(11)




in which    x j    is the observed value of random variable    X j   , while     θ ^  r    is the observed value of     θ ^  R   . As noted above,    H 0   :    θ R     =   r  is against the alternative hypothesis,    H a   :    θ R     ≠   r , at the desired level of significance,  α . Then, the rules of statistic testing decision can be illustrated as shown below:




	(1)

	
If     θ ^  r     <     c  0 L    ,    H 0    will be rejected and    θ R  < r   will be concluded. Thus, the operation needs to improve.




	(2)

	
If     θ ^  r     >     c  0 R    ,    H 0    will be rejected and    θ R  > r   will be concluded. Thus, the operation needs to maintain the status quo or set a higher goal.




	(3)

	
If    c  0 L      ≤      θ ^  r     ≤     c  0 R    ,    H 0    will not be rejected and    θ R  = r   will be concluded. Thus, the operation needs to maintain the status quo.










3. Two-Tailed Fuzzy Testing Decision Rules Based on Confidence Intervals


Many studies have pointed out that the sample size, n, is usually not too large when considering cost and timeliness. Moreover, if the sample size, n, is not large enough, it will affect the result of statistical inference [18,19]. Therefore, this section of the paper proposes a fuzzy testing method on the basis of the confidence interval, using the abovementioned statistical testing decision rules, so as to assess if the operating performance reaches the required level. First, this paper derives the confidence interval of ROPI.   L  θ R    denotes a lower confidence limit whereas   U  θ R    denotes an upper confidence limit for    θ R    with confidence coefficient 1 −   α  as follows:


  1 − α =  p  {  L  θ R  ≤  θ R  ≤ L  θ R   }   =  p  {    ( n − 1 ) L  θ R      θ ^  R    ≤ W ≤   ( n − 1 ) U  θ R      θ ^  R     }    



(12)







Therefore, we obtain the following:


   L  θ R   =      θ ^  R  ×  G  α / 2    (  n , 1  )    n − 1     



(13)




and


   U  θ R   =      θ ^  R  ×  G  1 − α / 2    (  n , 1  )    n − 1     



(14)







Let the observed value of   L  θ R    be   L  θ r    and the observed value of   U  θ R    be   U  θ r   , where


   L  θ r   =      θ ^  r  ×  G  α / 2    (  n , 1  )    n − 1     



(15)




and


   U  θ r   =      θ ^  r  ×  G  1 − α / 2    (  n , 1  )    n − 1     



(16)







Based on Chen [19], the   α  -cuts of triangular-shaped fuzzy number     θ ˜  r    are expressed as     θ ˜  r      [ α ]     =     [   θ  r 1   ( α ) ,  θ  r 2   ( α )  ]    for   0.01 ≤ α ≤ 1  , where


    θ  r 1     ( α )  =      θ ^  r  ×  G  α / 2    (  n , 1  )    n − 1     



(17)




and


    θ  r 2     ( α )  =      θ ^  r  ×  G  1 − α / 2    (  n , 1  )    n − 1     



(18)







We suppose the   α  -cuts of the triangular-shaped fuzzy number     θ ˜  r      [ α ]    for   0 ≤ α < 0.01   all equal     θ ˜  r       [  0.01  ]   . When   α = 1  , then    θ  r 1       ( 1 )    =     θ  r 2       ( 1 )    ≠      θ ^  r   . Based on Chen [19], for the convenience in practice, we allow the following:


      θ ˜  ′  r     [ α ]   =    θ ˜  r     [ α ]   ×    n − 1    G  0.5    (  n , 1  )      



(19)







As a result, the   α  -cuts of transformed triangular fuzzy number      θ ˜  ′  r    are expressed as      θ ˜  ′  r      [ α ]     =     [    θ ′   r 1   ( α ) ,   θ ′   r 2   ( α )  ]    for   0.01 ≤ α ≤ 1  , where


     θ ′   r 1     ( α )  =      θ ^  r  ×  G  α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(20)




and


     θ ′   r 2     ( α )  =      θ ^  r  ×  G  1 − α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(21)







Recall that the    α   -cut of triangular-shaped fuzzy number      θ ˜  ′  r      [ α ]    for   0 ≤ α < 0.01   all equal      θ ˜  ′  r       [  0.01  ]   . When   α = 1  , then     θ ′   r 1       ( 1 )    =      θ ′   r 2       ( 1 )    =      θ ^  r   . Therefore, the new transformation triangular-shaped fuzzy number is expressed as      θ ˜  ′  r     =     (  L  θ r  , M  θ r  , R  θ r   )   , where we have the following:


   L  θ r   =      θ ^  r  ×  G  0.005    (  n , 1  )     G  0.5    (  n , 1  )      



(22)






   M  θ r   =    θ ^  r    



(23)






   R  θ r   =      θ ^  r  ×  G  0.995    (  n , 1  )     G  0.5    (  n , 1  )      



(24)







Furthermore, the membership function of      θ ˜  ′  r    is as follows:


   η r  ( x ) =  {    0   i f   x < L  θ r      2 × P R O B G A M  (   x r  , n  )    i f   L  θ r  ≤ x < M  θ r      1   i f   x = M  θ r      2 ×  [  1 − P R O B G A M  (   x r  , n  )   ]    i f   M  θ r  < x ≤ R  θ r      0   i f   R  θ r  < x      



(25)




where    x r  =    G  0.5   ( n , 1 ) x  /    θ ^  r      and   P R O B G A M  (   x r  , n  )     =       ∫ 0   x r      1  n − 1    x  n − 1   e x p  {  − x  }   d x      .



Let set    A T    be the area in the graph of    η r   ( x )   , such that we obtain the following:


   A T  =  {     (  x , α  )   |    θ ′   r 1   ( α ) ≤ x ≤   θ ′   r 2   ( α ) , 0 ≤ α ≤ 1  }   



(26)







Based on Chen [18], we suppose   j =  [  100 α  ]   , and then     j = 0 , 1 , … , 100   for   0 ≤ α ≤ 1  , in which    [  100 α  ]    shows that the value of maximum integer is lower than or equal to   100 α  . Let   α = 0.01 × j   and   j = 0 , 1 , … , 100  , indicating that    A T    is divided into 100 trapezoid-like blocks with 101 horizontal lines. Consequently, the jth block can be displayed in the following:


    A  T j   =  {     (  x , α  )   |    θ ′   r 1   ( 0.01 × j ) ≤ x ≤   θ ′   r 2   ( 0.01 × j ) , 0.01 × ( j − 1 ) ≤ α ≤ 0.01 × j  }    , j = 1 , … , 100 .   



(27)







Therefore, the jth horizontal line distance    d j    can be expressed as shown below:


    d j   =     G  1 − 0.005 j    (  n , 1  )  −  G  0.005 j    (  n , 1  )     G  0.5    (  n , 1  )    ×   θ ^  r    ,   j = 1 , … , 100 .   



(28)







Obviously,    d 0  =  d 1   ,    d  100   = 0   and let the area of set    A T    be    a T   , and then we get the following:


   a T  =   ∑  j = 1   100    ( 0.01 ) ×  (     d  j − 1   +  d j   2   )    =  (  0.01  )  ×  (   1 2   d 1  +   ∑  j = 1   99     d j     )   



(29)







Due to the two-tailed test, the following two cases are considered:



Case 1:     θ ^  r     <   r 



Similar to      θ ˜  ′  r      [ α ]   , when     θ ^  r     <   r , the   α  -cuts of the new transformation triangular fuzzy critical value number    c  0 L     are expressed as     c ˜   0 L       [ α ]     =     [   c  0 L 1   ( α ) ,  c  0 L 2   ( α )  ]    for   0.01 ≤ α ≤ 1  , where


    c  0 L 1   ( α )  =     c  0 L   ×  G  α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(30)




and


    c  0 L 2   ( α )  =     c  0 L   ×  G  1 − α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(31)







It is assumed that the   α  -cuts of the new transformation triangular fuzzy critical value number     c ˜   0 L       [ α ]    for   0 ≤ α < 0.01   all equal     c ˜   0 L        [  0.01  ]   . When   α = 1  , then    c  0 L 1   ( 1 )    =     c  0 L 2   ( 1 )    =     c  0 L    . Therefore, we learn the new transformation triangular-shaped fuzzy number is     c ˜   0 L      =     (  L  c  0 L   , M  c  0 L   , R  c  0 L    )   , where we get the following:


   L  c  0 L    =   c  0 L 1   ( 0.01 )  =     c  0 L   ×  G  0.005    (  n , 1  )     G  0.5    (  n , 1  )      



(32)






   M  c  0 L    =   c  0 L     



(33)






   R  c  0 L    =   c  0 L 2   ( 0.01 )  =     c  0 L   ×  G  0.995    (  n , 1  )     G  0.5    (  n , 1  )      



(34)







Moreover, the membership function of     c ˜   0 L     is expressed as follows:


   η L  ( x ) =  {    0   i f   x < L  c  0 L       2 × P R O B G A M  (   x L  , n  )    i f   L  c  0 L   ≤ x < M  c  0 L       1   i f   x = M  c  0 L       2 ×  [  1 − P R O B G A M  (   x L  , n  )   ]    i f   M  c  0 L   < x ≤ R  c  0 L       0   i f   R  c  0 L   < x      



(35)




where    x L  =    G  0.5   ( n , 1 ) x  /   c  0 L       and   P R O B G A M  (   x L  , n  )     =       ∫ 0   x L      1  n − 1    x  n − 1   e x p  {  − x  }   d x      .



The membership functions    η r  ( x )   and    η L  ( x )   can be expressed in Figure 1 as shown below:



It is supposed that    A L    is the area in the graph of    η r  ( x )   to the left of the vertical line  x   =     c  0 L    , and then we have the following:


    A L   =   {     (  x , α  )   |    θ ′   r 1   ( α ) ≤ x ≤  c  0 L   , 0 ≤ α ≤  a 1   }    



(36)







Similar to    A T   , let    h 1  =  [  100 ×  a 1   ]   . It is learned that     j = 0 , 1 , … ,  h 1    for   0 ≤ α ≤  a 1   , where    [  100 ×  a 1   ]    is the maximum integer which is lower than or equal to 100  ×     a 1   . Obviously,    a 1     =  0.01  ×     h 1    and    h 1  + 1   horizontal lines with   α = 0.01 × j   divide    A L    into    h 1    trapezoid-like blocks. The intersection point lies between the jth horizontal line and vertical line   x =  c  o L    . The jth block of    A L    is expressed below:


    A  L j    =   {     (  x , α  )   |    θ ′   r 1    (  0.01 × ( j − 1 )  )  ≤ x ≤   θ ′   r 1    (  0.01 ×  h 1   )  , 0.01 ×  (  j − 1  )  ≤ α ≤ 0.01 × j  }    , j = 1 , … ,  h 1    



(37)







Therefore, the length (   l j   ) of the jth horizontal line is denoted below:


    l j   =     G  0.005 ×  h 1     (  n , 1  )  −  G  0.005 × j    (  n , 1  )     G  0.5    (  n , 1  )    ×   θ ^  r    ,   j = 1 , … ,  h 1  .   



(38)







Obviously,    l 0  =  l 1   ,    l   h 1    = 0   and let the area of set    A L    be    a L   , and then we get the following:


    a L   =    ∑  j = 1    h 1     ( 0.01 ) ×  (     l  j − 1   +  l j   2   )    =  (  0.01  )  ×  (   1 2   l 1  +   ∑  j = 1    h 1      l j     )    



(39)







As noted by Buckley [29], we let 0  <   ϕ   <  0.5, and then we formulate fuzzy evaluation rules and operating performance improvement strategies as follows:




	(1)

	
If      a L   /   a T       ≥   ϕ , then reject    H 0    and conclude that    θ R     <   r . Thus, the operation needs to improve.




	(2)

	
If      a L   /   a T       <   ϕ , then do not reject    H 0    and conclude that    θ R     =   r .









Thus, the operation Case 2 is as follows:     θ ^  r     ≥   r .



Similar to      θ ˜  ′  r      [ α ]   , when     θ ^  r     ≥   r , the   α  -cut of the new transformation triangular fuzzy critical value number    c  0 R     denote     c ˜   0 R       [ α ]     =     [   c  0 R 1   ( α ) ,  c  0 R 2   ( α )  ]    for   0.01 ≤ α ≤ 1  , where


    c  0 R 1   ( α )  =     c  0 R   ×  G  α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(40)




and


    c  0 R 2   ( α )  =     c  0 R   ×  G  1 − α / 2    (  n , 1  )     G  0.5    (  n , 1  )      



(41)







It is assumed that the   α  -cuts of the new transformation triangular fuzzy critical value number     c ˜   0 R       [ α ]    for 0  ≤   α   <  0.01 all equal     c ˜   0 R        [  0.01  ]   . When   α = 1  , then    c  0 R 1   ( 1 )    =     c  0 R 2   ( 1 )    =     c  0 R    . Therefore, we learn the new transformation triangular-shaped fuzzy number     c ˜   0 R      =     (  L  c  0 R   , M  c  0 R   , R  c  0 R    )   , where we have the following:


   L  c  0 R    =   c  0 R 1   ( 0.01 )  =     c  0 R   ×  G  0.005    (  n , 1  )     G  0.5    (  n , 1  )      



(42)






   M  c  0 R    =   c  0 R     



(43)






   R  c  0 R    =   c  0 R 2   ( 0.01 )  =     c  0 R   ×  G  0.995    (  n , 1  )     G  0.5    (  n , 1  )      



(44)







Moreover, the membership function of     c ˜   0 R     is as follows:


   η R  ( x ) =  {    0   i f   x < L  c  0 R       2 × P R O B G A M  (   x R  , n  )    i f   L  c  0 R   ≤ x < M  c  0 R       1   i f   x = M  c  0 R       2 ×  [  1 − P R O B G A M  (   x R  , n  )   ]    i f   M  c  0 R   < x ≤ R  c  0 R       0   i f   R  c  0 R   < x      



(45)




where    x R  =    G  0.5   ( n , 1 ) x  /   c  0 R       and   P R O B G A M  (   x R  , n  )     =       ∫ 0   x R      1  n − 1    x  n − 1   e x p  {  − x  }   d x      .



The membership functions    η r  ( x )   and    η R  ( x )   are illustrated in Figure 2 as shown below:



Suppose    A R    is the area in the graph of    η r  ( x )   to the right of the vertical line   x =  c  0 R    , and then we get the following:


    A R   =   {     (  x , α  )   |   c  0 R   ≤ x ≤   θ ′   r 2   ( α ) , 0 ≤ α ≤  a 2   }    



(46)







Similar to    A T   , let    h 2  =  [  100 ×  a 2   ]   . It is learned that     j = 0 , 1 , … ,  h 2    for   0 ≤ α ≤  a 2   , where    [  100 ×  a 2   ]    is the maximum integer lower than or equal to 100  ×     a 2   . Apparently,    a 2     =  0.01  ×     h 2    and    h 2  + 1   horizontal lines with   α = 0.01 × j   divide    A R    into    h 2    trapezoid-like blocks. The intersection point lies between the jth horizontal line and vertical line   x =  c  0 R    . Then, the jth block of    A R    can be illustrated as shown below:


    A  R j    =   {     (  x , α  )   |    θ ′   r 2    (  0.01 ×  h 2   )  ≤ x ≤   θ ′   r 2    (  0.01 × ( j − 1 )  )  , 0.01 ×  (  j − 1  )  ≤ α ≤ 0.01 × j  }    



(47)




where   j = 1 , … ,  h 2   . Thus, the length of the jth horizontal line,    r j   , can be described as follows:


    r j   =     G  1 − 0.005 × j    (  n , 1  )  −  G  1 − 0.005 ×  h 2     (  n , 1  )     G  0.5    (  n , 1  )    ×   θ ^  r    ,   j = 1 , … ,  h 2  .   



(48)







Obviously,    r 0  =  r 1   ,    r   h 2    = 0   and let the area of set    A R    be    a R   . Then, we obtain the following:


   a R    =      ∑  j = 1    h 2     ( 0.01 ) ×  (     r  j − 1   +  r j   2   )    =  (  0.01  )  ×  (   1 2   r 1  +   ∑  j = 1    h 2      r j     )    



(49)







As noted by Buckley [29], we let 0  <   ϕ   <  0.5, and then we may set fuzzy evaluation rules and operating performance improvement strategies as follows:




	(1)

	
If      a R   /   a T       ≥   ϕ ,    H 0    will be rejected and    θ R     >   r  will be concluded. Thus, the operation needs to maintain the status quo or set a higher goal.




	(2)

	
If      a R   /   a T       <   ϕ ,    H 0    will not be rejected and    θ R     =   r  will be concluded. Thus, the operation needs to maintain the status quo.










4. Numerical Example


A numerical example, in this section, is used to demonstrate the rules of fuzzy testing decision made in Section 3. At the same time, through this example, we can understand the difference between the method proposed in this paper and the traditional statistical method and learn that this model is more reasonable and practical than the traditional statistical method.



It is assumed that a goal set at    θ R     =   r   =  6 is applied to assess a store’s operating performance. This is identical to the following hypotheses:



Null Hypothesis    H 0   :    θ R     =  6,



Alternative Hypothesis    H a   :    θ R     ≠  6.



To meet a significant level of   β = 0.05   with sample size n  =  261,    G  0.025   ( 261 ,   1 )    =  230.29,    G  0.975   ( 261 ,   1 )    =  293.6, and the critical region is as follows:


  C R =   {    θ ^  r   |    θ ^  r  ≤  c  0 L       o r     θ ^  r  ≤  c  0 R    }    








where


     c  0 L    =     (  261 − 1  )  × 6    G  0.975   ( 261 ,   1 )    =    260 × 6   293.60    = 5.31      c  0 R    =     (  261 − 1  )  × 6    G  0.025   ( 261 ,   1 )    =    260 × 6   230.29    = 6.77   











Thus, we can derive that   V ( z ) =   ∑  j = 1   261     x j  =     486 and set U  =  10 and the value


     θ ^  r   =    ( n − 1 ) U     ∑  j = 1  n    x j       =    260 × 10   486    = 5.35  











In fact, we have    G  0.5    (  261 , 1  )     =  260.67,    G  0.005    (  261 , 1  )     =  221.27 and    G  0.995    (  261 , 1  )     =  304.49. Therefore, we learn the triangular-shaped fuzzy number      θ ˜  ′  r     =     (  L  θ r  , M  θ r  , R  θ r   )   , where


       L  θ r   =      θ ^  r  ×  G  0.005    (  261 , 1  )     G  0.5    (  261 , 1  )     =    5.35 × 221.27   260.67    = 4.54        M  θ r   =    θ ^  r   = 5.35        R  θ r   =      θ ^  r  ×  G  0.995    (  261 , 1  )     G  0.5    (  261 , 1  )     =    5.35 × 304.49   260.67    = 6.25      











Furthermore,    x r     =  48.72x, and the membership function of      θ ˜  ′  r    is expressed below:


   η r  ( x ) =  {    0   i f   x < 4.54     2 × P R O B G A M  (  48.72 x , 261  )    i f   4.54 ≤ x < 5.35     1   i f   x = 5.35     2 ×  [  1 − P R O B G A M  (  48.72 x , 261  )   ]    i f   5.35 < x ≤ 6.25     0   i f   6.25 < x      











Obviously,     θ ^  r     =  5.35  <   r   =  6, so we can calculate the values of   L  c  0 L    ,   M  c  0 L     and   R  c  0 L     as follows:


      L  c  0 L    =   c  0 L 1   ( 0.01 )  =     c  0 L   ×  G  0.005    (  261 , 1  )     G  0.5    (  26 , 1  )     =    5.31 × 221.27   260.67    = 4.51        M  c  0 L    =   c  0 L    = 5.31        R  c  0 L    =   c  0 L 2   ( 0.01 )  =     c  0 L   ×  G  0.995    (  261 , 1  )     G  0.5    (  261 , 1  )     =    5.31 × 304.49   260.67    = 6.20     











Therefore, the new transformation triangular-shaped fuzzy number     c ˜   0 R      =     (  4.51 , 5.31 , 6.20  )   ,    x L     =  49.09x and the membership function of     c ˜   0 R     are displayed below:


   η L  ( x ) =  {    0   i f   x < 4.51     2 × P R O B G A M  (  49.09 x , 261  )    i f   4.51 ≤ x < 5.31     1   i f   x = 5.31     2 ×  [  1 − P R O B G A M  (  49.09 x , 261  )   ]    i f   5.31 < x ≤ 6.20     0   i f   6.20 < x      











Due to the fact that     θ ^  r     =  5.35  <   r   =  6, the conditions of Case 1 (    θ ^  r     <   r ) continue. Therefore, the membership functions    η r  ( x )   and    η L  ( x )   with     θ ^  r     =  5.35 and    c  0 L      =  5.31 are displayed in Figure 3 as shown below:



The area of    A T   , that is,    a T   , can be expressed below:


    a T  =  (  0.01  )  ×  (   1 2   d 1  +   ∑  j = 1   99     d j     )  =    (  0.01  )  ×  (  0.854 + 51.838  )  = 0.5269   











On the other hand, when   α =  a 1  = 0.91   such that     θ ′   r 1    (  0.91  )     =     c  0 L      =  5.31, then    h 1  =  [  100 × 0.93  ]  = 91  , and    a L   , the area of    A L   , can be calculated as follows:


    a L   =  (  0.01  )  ×  (   1 2   l 1  +   ∑  j = 1   91     l j     )  =   (  0.01  )  ×  (  0.3845 + 21.483  )  = 0.2187   











Thus,      a L   /   a T    =   0.415. Let   ϕ = 0.4  , and then    H 0    will be rejected, and    θ R     <  6 will be concluded. Thus, the operation needs to improve. If the traditional statistical testing method is adopted, due to the large error, there is a high probability of misjudgment and miss the opportunity to improve the process. As a result, products with poor or bad quality will be produced, which will lead to certain losses. Based on the statistical inference,    H 0    will not be rejected, and    θ R     =  6 will be concluded. Nevertheless,     θ ^  r     =  5.35 is much less than    θ R     =  6. Based on Chen [18], a large sampling error takes place because the sample size is not large enough. Some studies highlighted that timeliness is extremely critical in a competitive market, and samples are rarely oversized [20,21,22]. Moreover, that is why we came up with a two-tailed fuzzy testing method. The proposed fuzzy testing method suggests that    H 0    be rejected and    θ R     <  6 be concluded. From a practical point of view, the outcome seems applicable, reasonable and consistent with the recent research [25,26,27,28].




5. Conclusions


This study proposes a ratio operating performance indicator to evaluate the operating performance conducted in the service industry. The ratio of the ROPI to the time interval,  X , between customer arrivals less than U has a one-to-one mathematical relationship. Then, the proposed two-tailed fuzzy testing method is built on ROPI as an improved decision rule. The sample size is usually not too large, owing to the consideration of cost and timeliness, so it will affect the accuracy of statistical inference [20,21,22,24,25]. In addition to cost and timeliness, the advantage of this approach is not only to minimize the chance of miscalculations resulting from the sample errors but also to enhance the accuracy of testing. Furthermore, this conventional measurement method can be employed during the confidence interval of ROPI and then adopted to develop a fuzzy membership function for fuzzy tests. Furthermore, simple calculation models are offered in this paper, to obtain the approximate values of    a L   ,    a R    and    a T   , which represent a valuable contribution in practice. This paper further presents a numerical example to explain the proposed decision rule of two-tailed fuzzy testing and instantly grasp opportunities of improvement. Moreover, this example demonstrates that the proposed approach receives more reasonable results than statistical ones, from a practical perspective, and it is also consistent with the recent studies [25,26,27,28].
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Figure 1. The figure of membership functions    η r  ( x )   and    η L  ( x )  . 
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Figure 2. The figure of membership functions    η r  ( x )   and    η R  ( x )  . 
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Figure 3. Membership functions    η r  ( x )   and    η r  ( x )   for a numerical example. 






Figure 3. Membership functions    η r  ( x )   and    η r  ( x )   for a numerical example.



[image: Mathematics 09 00262 g003]













	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2021 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






media/file4.png
0.8 -

0.6 -

04 -

0.01
O =

L6,





nav.xhtml


  mathematics-09-00262


  
    		
      mathematics-09-00262
    


  




  





media/file0.png





media/file2.png
] +=-———— = —

0.8

B o ———————— ————— —— —— —

al

——— | |

06 -
04 -
2
0

Rc()[ Rgr





media/file5.jpg





media/file6.png
| |
| | |
| | |
| | |
| | |
| | I
| | |
| | |
| | |
~d
" “ L[[ "
I I I[[ [
| | |
| | N |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| 1 |
| | |
| |
| | e
| | |
| | |
| | |
| | |
| 1 L
1 || T T 1
- Q) 0 ° - ~ S
S o () (] O ()






media/file3.jpg





media/file1.jpg
08

06

04

Rey, RG,

G
o

Ley, L6,





