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Abstract: We study the influence of a unit Killing vector field on geometry of Riemannian manifolds.
For given a unit Killing vector field w on a connected Riemannian manifold (M, g) we show that for
each non-constant smooth function f € C®(M) there exists a non-zero vector field w/ associated
with f. In particular, we show that for an eigenfunction f of the Laplace operator on an n-dimensional
compact Riemannian manifold (M, g) with an appropriate lower bound on the integral of the Ricci
curvature S(w/, wf) gives a characterization of the odd-dimensional unit sphere $*"*1. Also, we
show on an n-dimensional compact Riemannian manifold (M, g) that if there exists a positive
constant ¢ and non-constant smooth function f that is eigenfunction of the Laplace operator with
eigenvalue nc and the unit Killing vector field w satisfying || Vw||> < (1 — 1)c and Ricci curvature in
the direction of the vector field V f — w is bounded below by (1 — 1)c is necessary and sulfficient for
(M, g) to be isometric to the sphere S?"*1(c). Finally, we show that the presence of a unit Killing
vector field w on an n-dimensional Riemannian manifold (M, ) with sectional curvatures of plane
sections containing w equal to 1 forces dimension # to be odd and that the Riemannian manifold
(M, g) becomes a K-contact manifold. We also show that if in addition (M, g) is complete and the
Ricci operator satisfies Codazzi-type equation, then (M, g) is an Einstein Sasakian manifold.

Keywords: killing vector field; K-contact manifold; sasakian manifold; Einstein-Sasakian manifold

1. Introduction

Killing vector fields are known to play vital role in influencing the geometry as well
as topology of Riemannian manifolds (see [1-10]) and being incompressible fields play
important role in physics (see [11]). If we restrict the length of a Killing vector fields such
as constant length, then it severely restricts the geometry of Riemannian manifolds on
which they are set. For instance, there are no unit Killing vector fields on even-dimensional
spheres S?"(c). However, there are unit Killing vector fields on odd-dimensional spheres
§2+1(c) as well on odd-dimensional ellipsoids (see [4,12,13]). Most importantly, on all K-
contact manifolds there is a unit Killing vector field called the Reeb vector field (see [12,13]).
There are other important structures and special vector fields, which also influence the
geometry of a Riemannian manifold (see [14]).

In this paper, we are interested in studying the impact of presence of a unit Killing
vector field w on the geometry of a connected Riemannian manifold (M, g). Our first
interesting finding is that for each smooth non-constant function f on M, there is naturally
associated a non-zero vector field w/ on M that is orthogonal to w (see Proposition 1). Then
we consider the associated vector field w/ corresponding to eigenfunction f of Laplace
operator on a compact Riemannian manifold (M, g) corresponding to eigenvalue dim M
and show that if the integral of Ricci curvature in the direction of w/ is bounded below
by certain bound, forces dim M to be odd and thus gives a necessary and sufficient for
(M, g) to be isometric to the unit sphere S?"*1 (see Theorem 1). A similar characterization
of the sphere $?"+1(c) using the eigenfunction f on a compact n-dimensional (M, ¢) with
eigenvalue nc is obtained (see Theorem 2).
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Given a unit Killing vector field w on a connected Riemannian manifold (M, g) there
is associated skew-symmetric tensor field ¥ given by the covariant derivative of w, giving a
structure (¥, w, «, g) on M, where a is 1-form dual to w. A natural question is under which
situation the structure (¥, w, , g) becomes a K-contact structure? We answer this question
and find a necessary and sufficient condition in terms of sectional curvatures of plane
sections containing w (see Theorem 3). We also find conditions under which a Riemannian
manifold admitting a unit Killing vector field is an Einstein manifold (see Theorems 4
and 5). Finally, as a by-product of Theorem 3 with an additional condition that the Ricci
operator is Codazzi type tensor on a Riemannian manifold (M, g) that admits a unit Killing
vector field w, we show that (M, g) is an Einstein Sasakian manifold (see Corollary 2).

2. Preliminaries

Recall that a vector field w on a Riemannian manifold (M, g) is said to be a Killing
vector fields if
fwg =0,

where £, being Lie-derivative of metric ¢ with respect to ¢; or equivalently,

g(lew,Xz) = _g(VXZW/ Xl), X1, X5 € }:(M), (1)

where V is the Riemannian connection on (M, g) and ¥ (M) is Lie-algebra of smooth vector
fields on M. Please note that a parallel vector field is a Killing vector field, we say a Killing
vector field is a non-trivial Killing vector field if it is not parallel. For the Killing vector field
w on an n-dimensional Riemannian manifold (M, g), we denote by « the smooth 1-form
dual to w, ie, a(X) = g(w, X), X € X(M). In addition, we define a skew-symmetric
(1.1)-tensor field ¥ by

1 1 1
8(¥X1, Xp) = (X, Xp) = Eg(Vxlw,Xz) - Eg(Vsz, Xi), X1, Xz € X(M).
Then, using Equation (1), it follows that
g(Vx,w, Xp) = g(¥X1,Xz), X1, Xz € X(M),

that is,
Vxw=¥%X, XexM). (2)

The curvature tensor field R and the Ricci tensor S of (M, g) are given by
R(X1,X2)X3 = [Vx,, Vi, X3 = Vix; %, X3 3)

and

M-

S(Xl/XZ) = g(R(eirxl)XZIei)/

1

respectively, where {ey, .., e, } is a local orthonormal frame on M.
According to symmetry of the Ricci tensor S, we get a symmetric operator T called
the Ricci operator of M and defined by

g(TXy, Xa) = S(X1,X2), X1, Xz € X(M).

The scalar curvature T of M is given by T = Tr T. Please note that Vt—the gradient
of the scalar curvature T—satisfies

l n
SVT= ;(VT)(% e;), 4)
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where VT is the covariant derivative of T, defined by
(VT)(Xq,X2) = Vx, TXy — TV, Xa.

Please note that if w is a Killing vector field on a Riemannian manifold (M, g), then
using Equations (2) and (3), we have

R(Xy, Xo)w = (VY) (X1, X2) = (VY)(X2, X1), X1, X2 € X(M). )

From definition of ¥, we see that the smooth 2-form ¢(¥X;, X») is closed and as a
result of using Equation (5), we make a conclusion

(VY) (X1, X2) = R(X1,w)Xa, Xp, X2 € X(M). (6)

Observe that if w is a Killing vector field of constant length on a Riemannian manifold
(M, g), then taking the inner product with w in Equation (2), we get g(¥YX,w) = 0,
X € X(M), and as ¥ is skew-symmetric, we conclude

Yw = 0. (7)

For given a smooth function f on a Riemannian manifold the Hessian operator H ¢ is
defined by
Hy(X) = VxVf, X €X(M), ®)

which is a symmetric operator with
Triis = Af,

where A is the Laplace operator. The Hessian Hess(f) of f is defined by
Hess(f) (X1, Xa) = g(?—lf(xl),xz), X1, X, € X(M).

Let w be a Killing vector field on a Riemannian manifold (M, g) and C*(M) be the
algebra of smooth functions on M. Then, using Equation (2) and skew-symmetry of the
operator ¥, it follows that divw = 0 and that for a smooth function f € C*(M), we have
div(fw) = w(f). Thus, we get

Lemma 1. Let w be a unit Killing vector field on a compact Riemannian manifold (M, g). Then
for a smooth function f € C*°(M)

[wi)=o.

M

Lemma 2. Let w be a unit Killing vector field on a Riemannian manifold (M, g). Then
2
S(w,w) = [[¥]".

Proof. Assume that w is a unit Killing vector field on a Riemannian manifold (M, g). Then,
using Equations (2) and (7), we have

(VI)(X,w) = —¥2X, X e x(M). )

Now, using a local orthonormal frame {ey, ..., e, }, n = dim M, and noting that

n

T(w) = ) R(w,e)e;

i=1
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and in view of Equation (6), we conclude

™=

T(w) = -, (VY) (e, e).

i=1

Taking the inner product in above equation with w and using Equation (9), we deduce
n 5 n 2
S(w,w) = 2 g(ei, -y el-) = 2 ¢(Ye;, Ye;) = Y.
i=1 i=1
O

Lemma 3. Let w be a unit Killing vector field on a compact Riemannian manifold (M, g). Then
for a smooth function f € C®(M)

/S(Vf,w) —0.
M

Proof. Please note that the flow of the Killing vector field w consists of isometries of the
Riemannian manifold, therefore, we have w(t) = 0. We use Equation (2) in computing the
divergence div(Tw) and get

M-

Il
-

div(Tw) = Y ((VT)(w,e;) + T(¥e;), e;)

1

n

=g (w, Y (VT)(e;, ei)> +Tr(ToY),
i=1

where {ej, ...,e, } is a local orthonormal frame, n = dim M. Owing to symmetry of T and

skew-symmetry of ¥, it follows that Tr(T o ¥) = 0 and using Equation (4), we conclude

div(Tw) = 0. Also, we have

div(fTw) = S(Vf,w) + fdiv(Tw) = S(Vf,w).
By integrating above equation, the desired result follows. [

As a consequence of Lemma 2, we conclude the following

Corollary 1. On a hyperbolic space or a Euclidean space, there does not exists a non-trivial unit
Killing vector field.

It is well known that the odd-dimensional unit sphere S2"*1 possesses a unit Killing
vector field ¢, the Reeb vector field provided by the Sasakian structure (¢, &, 1, g) on S2"+1
(cf. [12]). In the rest of this section, we shall construct the unit Killing vector field on
the sphere $2"*1(c), ¢ > 0 and on odd-dimensional ellipsoids. Treating $*"*1(c) as real
hypersurface of the complex manifold (C"*1, ], (,)) with unit normal  and shape operator
A = —,/cI, where ] is the complex structure and (, ) is the Euclidean Hermitian metric
on C"*1. We denote the Euclidean connection on C"*! by D and the induced metric and
induce Riemannian connection on $?"*1(¢c) by ¢ and V, respectively. Now, define a unit
vector field w = —]J on the sphere $?"!(c). Then taking covariant derivative in the
equation w = —J with respect to X € X(S?"*1(c)) applying Gauss-Weingarten formulas
for hypersurface, we conclude

Vxw — ﬁg(xrw)é = 7\EIX
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Define an operator ¥ on S2"+1(c) by ¥X = —/c(JX)", where (JX) is the tangential
projection of JX on $?"*1(c). Then, it follows that ¥ is skew-symmetric operator and
above equation on equating tangential and normal components gives

Vxw=9¥X, X x(8*(c)) (10)

and it follows that w is a unit Killing vector field on the sphere S>"*1(c). Moreover, if we
%
take a constant unit vector b on the complex space C"*! and define a smooth function
f = < b,C > and letting u be the tangential projection of the vector b on the sphere
52m+1 c), t
(c), we ge .
b =u+fC.

Taking covariant derivative in above equation with respect to X € X(8?"*1(c)) and

using Gauss—Weingarten formulas for hypersurface and noting that Dx b = 0, we obtain

Vxu=—cfX, Vf=+lu, XecZx(s*(c)), (11)
that is,
VxVf=—cfX, XecZx(s*(c)), (12)

where Vf is the gradient of the smooth function f. We claim that f is rﬁn-constant, for if
f is constant, then Equation (10) will imply u = 0 and f = 0 and that b = 0, contrary to

the fact that b is a unit vector field. Hence, f is a non-constant function and Equation (11)
implies that
Af = —(2m+1)cf, (13)

where Af = divV f is the Laplace operator acting on f.
Consider a smooth function h : E?"*2 — R, defined by

m+1 2m—+2
hw)=Y w+a Y w—1,
i=1 i=m+2

where E2"*2 is the Euclidean space and the constant a > 0,

u= (Lll, s Uit 1, Ui 42, 00) u2m+2) S g2 2,

Then M = h~1({0}) is (2m + 1)-dimensional compact hypersurface of the Euclidean
space E?"*2. Let g be the induced metric on the Ellipsoid M as hypersurface of E>"+2.
Consider the vector field w on the Euclidean space E>"+2

w = <_u2/ Uty ooy —Um+1, Um,y _\/Eum+3/ \/auerZ/ eeer _\/au2m+2/ \/auZm-i-l)/

it follows that w is a Killing vector field on the Euclidean space E?"*2 and its flow consists
of isometries of the Euclidean space E?"+2. Please note that length of w is non-constant
on the Euclidean space E>"*2. The function / is invariant under flow {¢;} (as w(h) = 0)
of w and the ellipsoid is invariant under the flow {¢:}, consequently, the vector field w is
tangent to the hypersurface M and with respect the induced metric g, we have g(w,w) =1,
i.e., w is a unit Killing vector field on the compact Riemannian manifold (M, g).

3. Characterizations of Spheres

In this section, we use unit Killing vector fields on an n-dimensional compact Rie-
mannian manifold (M, g) in finding two characterizations of the spheres. First, given a
unit Killing vector field w on a connected Riemannian manifold (M, g), for each smooth
non-constant function f € C*(M), we define a vector field w/ by

w/ = Vf —w(f)w
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and call w/ the associated vector field of f with respect to w. Please note that the associated
vector field w/ is orthogonal to the unit Killing vector field w. It is interesting to note that
if w is non-trivial unit Killing vector field, then for each f € C®(M), the associated vector
field w/ is non-zero as seen in the following.

Proposition 1. Let w be a unit non-trivial Killing vector field on a connected Riemannian manifold
(M, g). Then for each non-constant function f € C* (M) the associated vector field w/ is non-zero.

Proof. Suppose w/ = 0 for a non-constant f € C®(M). Then we have
V= w(f)w
and taking covariant derivative with respect to X € X(M), we get
He(X) = X(w(f))w+w(f)¥X, Xe€X(M).
As the operator H is symmetric and ¥ is skew-symmetric, we obtain
2w(£)g(¥X, Y) = a(X)Y(w(f)) — a()X(W(f)), X, Y € X(M),

that is,
2wW(f)EX = a(X)Vw(f) - X(w(f))w. (14)

Taking X = w in above equation and using Equation (7), we immediately get

Vw(f) = ww(f)w,

then
IVw(A)I* = (ww(f))>. (15)

Now, taking a local orthonormal frame {eq, ...,e; }, n = dim M on M and using it with
Equation (14), we conclude

4w(f)?E)* = Zg 2w(f)¥e;, 2w(f)Ye;)

=2||Vw(f)|]* — 2(ww(f))>.

Using Equation (15) in above equation, we get (w(f))?|[¥||* = 0and as M is connected
with w non-trivial (¥ # 0), we have w(f) = 0. This proves Vf = 0 and we get a
contradiction to the fact that f is a non-constant function. Hence, w/ # 0. [

As seen in above Proposition, for each non-constant function f € C®(M) on an n-
dimensional connected (M, g¢) that admits a non-trivial unit Killing vector field w, the
associated vector field w/ is non-zero vector field. In the next result, we show that if
there exists a smooth non-constant function f € C®(M) on an n-dimensional compact and
connected (M, g) that admits a non-trivial unit Killing vector field w satisfying Af = —n

and the integral of the Ricci curvature S (wf ,wf ) has certain lower bound is necessary and

sufficient for (M, g) to be isometric to the unit sphere $27+1

the unit sphere S2"+1,

, giving a characterization of

Theorem 1. Let w be a non-trivial unit Killing vector field on an n-dimensional compact and
connected Riemannian manifold (M, g). Then there exists a non-constant function f € C®(M)
satisfying Af = —nf and

[ S(wlowl) = [ (2Hess(F)(Tw(p) w) +nln = 0+ (w()P (¥ ~2n) ),

M M
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if and only if, n is odd (n = 2m + 1)) and (M, g) is isometric to the unit sphere S>"+1.
Proof. Let w be a non-trivial unit Killing vector field and f € C®(M) be a non-constant
function such that Af = —nf. Then the associated vector field w/ is non-zero vector

field and
w/ = Vf—w(f)w. (16)

Taking into account Equations (3) and (8), we have
R(X1, Xo)Vf = (VHf) (%1, %) = (VHf) (X0, Xa), X1, X €X(M)  (17)
and for a local orthonormal frame {e, ..., e, }, we have
n
af =Y g(Hee,e).
i=1

Thus, on using Equation (17) and symmetry of the operator H s, we get

X(Af) = ig(R(X,ei)Vf+ (VHy) (e, %), )

= —S(X,Vf) +g<X, ; (V’Hf) (e,»,e,»)), X € X(M). (18)
i=1
Note that Equation (16) gives
Vxw/ = Hy(X) - X(w(f))w — w(f)¥X. (19)

Now, using Equations (18) and (19), we proceed to find div (’H f(wf )) and get

diV(Hf(Wf))
_ ég(wei) — ei(w(f))w — w(f)¥ei, Hy(e:))
+w/(8f) + 8 (W, VF).

Integrating, we obtain
/<HHfH2 — Hess(f)(Vw(f),w) +S(wf, Vf) +wf(Af)> —0,
M

where we used TrH ;Y = 0. Using Af = —nf and Equation (16), we have wf(Af) =

2
—n wa ,as w and w/ are orthogonal and the above integral takes the form

/(HHfHZ ~ Hess(f) (Vw(f), w) + S (w/, Vf) - nwaH2> ~0. (20)
M

Next, we use Equation (6) to get

n

Y (VY¥)(ei ei) = —T(w)

i=1
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and using this equation and Equation (19), in computing div (w( Ja) 4 (wf ) ) we reach at
s (w77 (w1) = (T (7)) + w7 (w)
= g(Vw(), ¥ (W) + w(h)s(w/,w)
() s (Hste) — ewl)w - wif)¥e, ¥a).

Use of TrH ¥ = 0, Equation (7), and outcome of Equation (16) as ¥ (wf ) =Y(Vf)
in above equation yields

div (w(f)¥(w)) = (Vw(f), ¥ (V) +w(£)S(w/,w) +w()*[ ¥
Also, we have X(w(f)) = Xg(w, Vf) = g(¥X, Vf) +g(w, HfX), ie.,

¥(Vf) = Hy(w) — Vw(f).

Thus, we have
div (w(f)‘P(wf>)
= Hess(f)(Vw(f),w) = [|Vw(f)|> + w(f)S (w/, w) +w(f)*[¥|

and integrating above equation, we get

/(Hess(f)(VW(f),W) — HVw(f)H2 +w(f)S(wf,w) +W(f)2||1F||2) =0.

M

Subtracting this equation from Equation (20), while noting that

s(w/, VF) —w()s(w!,w) = 5(w/,wf),

we conclude

/ (HHfHZ ~ 2Hess () (Tw(f),w) — | w! [ + [ Tw(f)
M

+5(wf,wf) - w(f)2||‘f’||2> =0.

On using Af = —nf, and the fact that flow {¢:} of w consists of isometries, we have
Aw(f) = w(Af) = —nw(f), and above equation changes to

/ (HHfHZ — 2Hess(f)(Vw(f),w) — nwaHz +nw(f)2

M

+s(wf,wf) - w(f)2||‘I’||2> =0.
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2
Now, in above equation, we use waH = |VfI* = w(f)>? (Equation (16)), i.e.,

JIw = [ (o= wip?) = [ (nf —wir?)
M M M

to conclude

/ <HHfH2 —2Hess(f)(Vw(f),w) — n2f2 +2nw(f)2
M
+S(Wf'“’f) W(f)2|‘1’\|2> =0.

Also, using %(Af)2 = nf?, we get

[ (o =) = f st

M
~ [ (2Hess()(Tw(F),w) +n(n = 1)+ w(f)? (I¥)7 ~2n))
M

and using the bound in the statement for integral of S (wf ,wf ) , we obtain

(b= ) =0

Thus, by Schwarz’s inequality, we get
Af
Hp = p I=—fI,

for non-constant function f. Hence, (M, g) is isometric to the unit sphere S" (cf. [15,16]).
Please note that on an even-dimensional compact Riemannian manifold of positive sectional
curvature a Killing vector field must have a zero (cf. [17]). As the Killing vector field w is
unit vector field does not have a zero, we get that n is odd say 2m + 1. Hence, (M, g) is

isometric to the unit sphere S>"*1.
Conversely, there is a unit Killing vector field w on the unit sphere $*"*! and by
Equations (12) and (13) there is a non-constant smooth function f satisfying

Hp=—fI, Af =—(Q2m+1)f. 1)
Now, ,
S(wf,wf) = ZmefH = ZTnHfow(f)sz
= 2m(||Vf|* —w(f)?)

and

Hess(f)(Vw(f),w) = —fg(Vw(f), )
= —fww(f) = —(w(fw(f) = w(f)*): (22)

Hence, we have

[5(wf,w) =2m A{ (1912 = w(r?) (23)

M
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and using Lemma 1 and Equations (21), (22) and Lemma 2 as ||¥||* = 2m, we get the inte-
gral

/ (2Hess(F)(Vw(f),w) +2m(2m+1) 2 + w(F)? (¥ —2(2m+1))
M
is equal to

[ (2w + 2m| VA2 = 2m + 2)w(£)?), (24)
M

where we used

JIVAP = @m+) [ £
M M

Thus, by Equations (21), (23) and (24) we see that all requirements of the statement
are met. [

Remark 1. If the equality in the statement of Theorem 1 holds, then following the proof of the
Theorem 1, we conclude
[ (zen =) =0
n f
M

Using the Schwarz’s inequality in above equation, we get

Af
Hy . f
and we get the same conclusion as in Theorem 1.
We would like to point that a similar situation is considered in [18].

In the next result we show that for positive constant c, if there is a smooth function
f € C®(M) satisfying Af = —ncf on an n-dimensional compact and connected (M, )
that admits a non-trivial unit Killing vector field w with S(w,w) < (n — 1)c, and the
Ricci curvature S(V f —w, Vf — Vw) has certain lower bound, is necessary and sufficient
for (M, g) to be isometric to the sphere S2"'*1(c), giving a characterization of the odd-
dimensional sphere $2*1(c).

Theorem 2. Let w be a non-trivial unit Killing vector field on an n-dimensional compact and
connected Riemannian manifold (M, g). Then there exists a non-constant function f € C®(M)
satisfying Af = —ncf for a constant ¢ > 0, |¥||* < (n — 1)c and the Ricci curvature in
the direction of the vector field V f — w is bounded below by (n — 1)c, if and only if, n is odd
(n =2m+1)) and (M, g) is isometric to the sphere S*1(c).

Proof. Let w be a non-trivial unit Killing vector field on (M, g) such that |¥|? < (n —1)c
and f € C®(M) be a non-constant function such that Af = —ncf and

S(Vf—w,Vf—w)>(n—1)c|Vf-—w|[* c>0. (25)

Wehave S(Vf —w,Vf—w)=5(Vf, Vf)—25(Vf,w)+ S(w,w), using Lemmas 2
and 3, we get

./S(Vf_w' Vf-w)= / (SCVL VA +I¥]7). 26)

M M

Applying the Bochner’s formula

[ (59 [ - a?) o
M
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in Equation (26), we obtain
J50or—w, v —w) = [ (@02 - ] +1212). 7)
M M

Also, wehave ||V f — wl||? = | Vf||* + 1 —2w(f) and using the outcome of Af = —ncf,

namely
JIvsIP=ne [ 2
M M

JIvF=wi? = [(1+nef).

M

and Lemma 1, we get

Using above equation and Equation (27), we conclude
2 2 2 2
J (597 =w,9f =w) = = )el0f ~wl?) = [ (007~ || 11R)
M

M
—(n— 1)c/(1 +ncf2).

M
Using Af = —ncf, we get

(505 =055 w0 = =19y =) = | (3ar=ue)

M

+ [ ()P = (n = 1)e).

M
Now, using [¥[|> < (n — 1)c, we see that

[ (575 =w 75wy~ = 1ev5 - wi?) < [ (852 [e])
M

M

and using inequality (25) in above inequality, we have

o< [ (bierr-[wf)

Thus, in view of Schwarz’s inequality, we obtain
A f
= —=1=—cfl],
H f Cf

that is, (M, g) is isometric to the sphere S”(c). As in the proof of Theorem 1, we get that
n is odd say 2m + 1 and (M, g) is isometric to the sphere $2"*1(c). Converse trivially
follows using Equations (10)—(13), Lemma 2 and expression for Ricci tensor of the sphere
S2m+1 (C) O

4. Killing Vector Fields and Sasakian Manifolds

Recall that a (2m + 1)-dimensional manifold M is said to have an almost contact
metric structure (¢, ¢, 7, 8), if

PP =—1+nQE&PE =0, nop =0, g(PpX1,¢X2)=g(X1,X2) —1(X1)n(Xa),
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where ¢ is a skew-symmetric (1,1) tensor field, ¢ is a unit vector field, # is 1-form dual
to ¢ and g is the Riemannian metric on M (see [12]). An almost contact metric manifold
M(¢,¢,n,g) is said to be a contact metric manifold if

dn(Xy, X2) = g(X1,¢X2).

If unit vector field ¢ of the contact metric manifold M(¢, ¢, 7, g) is Killing, then it is
said to be a K-contact manifold. Also, a contact metric manifold M(¢, &, 7, g) is said to be a
Sasakian manifold if

(Vo) (X1, X2) = 1(X2) X1 — g(Xq, X2)G.

Given a unit Killing vector field w on an n-dimensional Riemannian manifold (M, g)
there is naturally associated a skew-symmetric operator ¢ = —%¥ on (M, g) and there is a
smooth 1-form a dual to w. A natural question is when does (¢, w, , g) become a K-contact
structure on M? Of course, it requires n to be odd, ¢ should satisfy relation similar to
almost contact metric structure, namely

¢’ = —I+acw, g(¢pX,¢Xs) = g(X1, X2) — a(X1)a(X2), X1, X3 € X(M)

and other requirements are automatically met by Equations (2) and (7) (cf. [12,13]). In this
section, we answer this question by showing that (¢, w, &, §) becomes a K-contact structure
on M, if and only if, the Riemannian manifold (M, g) admitting the unit Killing vector field
w with sectional curvatures of plane sections containing w are constant equal to 1. We also
find conditions under which a Riemannian manifold (M, g) admitting a unit vector field w
is an Einstein-Sasakian manifold.

Theorem 3. Let w be a unit Killing vector field on an n-dimensional connected Riemannian
manifold (M, g). Then (¢, w, w, g) is a K-contact structure, if and only if, sectional curvatures of
the plane sections containing w are constant equal to 1.

Proof. Let w be a unit Killing vector field on (M, ¢) and « be smooth 1-form dual to w.
Suppose the sectional curvature K(IT) = 1 for a plane section IT containing w. Then,
we have

R(X,w;w, X) = | X|]* —a(X)%, X€xX(M), (28)

where R(X1, Xp; X3, X4) = g(R(X3, X2) X3, X4). Polarizing Equation (28), we get
R(Xq1,w; W, Xp) + R(Xo, w; w, X71) = 2¢(X7, Xp) — 2a(Xq)a(Xp),

that is,
R(Xqy,w;w, Xp) = g(Xq, X2) — a(Xq)a(Xp).

This proves that
RX,wiw=X—-a(X)w, XeX(M). (29)
Now, using Equations (6) and (7), we get
R(X,w)w = (V¥)(X,w) = —¥2X,
and combining above equation with ¢ = —¥ and Equation (29), we conclude
¢*=-T+aow.
Also, we have

8(9X1, pX2) = g(X1, X2) —a(Xy)a(X2), Xy, X € X(M).
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According to (2), we have

1
du(X1,Xa) = 2 {8(V,w, Xa) —g(Viw, X1))

= 2{8(¥X, Xa) — g(¥X2, X1))
= —g(X1,¥Xa) = g(X1,0X2), X1, X2 € X(M).

Hence, (gb, w,«, g) is a K-contact structure on M.
The converse is obvious (cf. [12,13]). O

In [3], it was observed that presence of Killing vector field of constant length on
(M, g) with certain sectional curvatures positive and Ricci operator parallel implies (M, g)
is an Einstein manifold. In the next result, we find conditions under which a compact
Riemannian manifold admitting a unit Killing vector field is an Einstein manifold.

Theorem 4. Let w be a non-trivial unit Killing vector field on an n-dimensional compact and
connected Riemannian manifold (M, g), n > 2 with section curvatures of plane sections containing
w being positive. If the following conditions are satisfied

(i) (VT)(X,w) = (VT)(w,X), Xex(M), (i) [¥|*+ Tr(To‘I’z) >0,
then (M, ) is an Einstein manifold.

Proof. Let w be a non-trivial unit Killing vector field on a compact and connected (M, g).
Suppose that K(IT) > 0 for a plane section IT containing w and the following condi-
tions hold

(VT)(X,w) = (VT)(w,X), Xex(M), [¥|*+ Tr(To‘Fz) >0. (30)
Using Lemma 2, we define a vector field u orthogonal to w by
T(w) = u+ [|¥]*w. (31)
Taking covariant derivative in above equation with respect to X € X(M), we get
(V) (X, w) + T(¥X) = Vxu+ X ([¥]*)w+ [ ¥]¥X. (32)
As the flow of w consists of isometries of (M, ¢), we have (£4T) =0, i.e.,
(VT)(w,X) =¥T(X) - T(¥X), X e X(M)
and using it with the first equation in Equation (30), we have
(VT)(X,w) =¥T(X) - T(¥X), X e X(M). (33)
Thus, using Equation (33) in Equation (32), we conclude
Vyu=¥T(X)— ||‘P||2‘I’X—X(||‘Y||2)w, X € X(M). (34)

Taking the inner product with w in above equation and using Equation (7) and
g(u,w) = 0, we obtain
2
—g(u,¥X) = X (|¥]”),
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that is, the gradient V||¥||® is given by
V|¥|? = —Yu (35)

Using Equation (33) and a local orthonormal frame {ej, ..., e, } on M, we compute the
div(Yu) and get the following

n n

div(Yu) = ;g(vei‘i’u,ei) = ;g((V‘I’) (e, u) + ¥V, u,e)

and using Equations (6) and (34) and Lemma 2, we conclude
div(Yu) = [lul® + [|¥]* + Tr(To‘PZ).

Integrating above equation and using the inequality in Equation (30), we have u = 0
and consequently, Equation (35) implies that ||¥|| is a constant. Hence, Equation (31) im-
plies that T(w) = cw, where c is a positive constant because w is non-trivial Killing vector
field. Taking covariant derivative in the equation T(w) = cw while using Equations (2)
and (33), we get
¥T(X) =c¥X, X eX(M),
that is,
¥(T(X)—cX) =0, XeX(M). (36)

Now, using Equations (6) and (7), we have R(X, w)w = (VY¥)(X,w) = —¥2X, ie.,
R(X,w;w, X) = [¥X|*>, X e X(M). (37)

Please note that using T(w) = cw, we get ¢(T(X) —cX,w) = 0,i.e., T(X) — cX is
orthogonal to w for all X € X(M). Thus, using Equations (36) and (37), we get that the
sectional curvature

R(TX —cX,w;w,TX —cZ) =0

and the condition in the statement that K(IT) > 0 for a plane section IT containing w
implies T(X) = cX for all X € X(M). Hence, (M, g) is an Einstein manifold. [

We can bypass the requirements that manifold is compact and the condition (ii) in
Theorem 4 by assuming certain vector field is parallel as seen in the following;:

Theorem 5. Let w be a non-trivial unit Killing vector field on an n-dimensional complete and
connected Riemannian manifold (M, g), n > 2 with section curvatures of plane sections containing
w being positive. If the vector field T(w) — ||¥||*w is parallel and the Ricci operator T satisfies

(VT)(X,w) = (VT)(w,X), XeX(M),
then (M, g) is a compact Einstein manifold.

Proof. Follow the proof of Theorem 4 up to Equation (35) and use that the vector field
u = T(w) — |[¥||*w is parallel, in view of Equation (34), we get

‘Y(T(X) - H‘PHzX) = X(H‘PHZ)W, X € X(M).

Taking the inner product with w in above equation and using Equation (7), we
have X(||‘I’||2) = 0, X € X(M), and we conclude ||¥||? is a constant ¢ > 0 (as w is
a non-trivial Killing vector field). Then Equation (35) implies ¥(u) = 0, which gives
R(u,w;w,u) = |[¥ul|> = 0 and as the sectional curvatures of plane sections containing w
are positive, we get u = 0. Following Proof of Theorem 4, we get that (M, g) is an Einstein
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manifold. Please note that as S(X, X) = c[|X||* and ¢ > 0, the Ricci curvature is strictly
positive and therefore by Myer’s Theorem (M, g) is compact. [

Remark 2. We give two examples, one satisfying conditions in Theorems 4 and 5 and other does
not obeying conditions in these theorems.

Example 1. Consider the sphere S*"+1(c). We have seen in the Preliminaries that S*"+1(c)
admits a unit Killing vector field w = — ], where C is the unit normal and | is the complex
structure on the complex space C™ 1. Moreover, we have (see Equation (10))

Vxw =¥X, X e x(s*"(c)),

where ¥X = —/c(JX)", where (JX)" is the tangential component of JX to S2"*+1(c). The Ricci
operator T of S*"+1(c) is given by

T(X) =2mcX, X e x(S*"*(c)),

which clearly satisfies
(VT)(X,w) = (VT)(w, X).

Also, on taking a local orthonormal frame {eq, ..., 3,41} on S*"+1(c), we have

2m+1 2m+1
1P = ) s(¥e e = 3 cg((Ue)”, Ue)') =

2m+-1

¢ Z <]€,' - <]eir€>€/]ei - <]61;€>§> = 2mc,
i=1

and
Tr(T o ‘I’2> = zzglg(T(‘Yzei),ei) = 2mc zjilg(‘f’zei, ei) =
—2me||¥|? = —4m?c.

Consequently, we have
[¥(|* + Tr(T ° TZ) =0.
Moreover, we have T(w) — |[¥|*w = 2mew — 2mew = 0, i.e., T(w) — |['¥||*w is parallel.

Hence, we see that the conditions (i) and (ii) in Theorem 4, as well as both conditions in Theorem 5
hold for the Einstein manifold S+ (c) with unit Killing vector field w.

Example 2. Consider the 3-dimensional ellipsoid M3 defined by
M3 = {u cE il v udtaud+aud = 1},
where constant a > 0 and 1y, ..., ug are Euclidean coordinates on E*. Then (Mg, g) is a compact

3-dimensional Riemannian manifold with g the induced metric as a hypersurface of the Euclidean
space EX. As seen in the Preliminaries there is a unit Killing vector field w on (M?3, g) given by

W = (*uz, uy, —/ auy, \/ng).

We claim that (M3, g) is not an Einstein manifold. Suppose (M3, g) is an Einstein manifold
with Ricci tensor and Ricci operator given by

T T
T, 1="1I
5=3% 3
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Please note that the curvature tensor field R of the 3-dimensional (M2, g) is given by

R(X1,X2)X3 = S(Xp, X3) X1 — S(X1, X3) X0 + §(X2, X3)T(X1) — (X1, X3)T(X2) —

T
g{g(Xzf X3)X1 — 8(X1, X3) X2},
that is, .
R(X1,X2)X3 = g{g(Xzf X3)X1 — g(X1, X3)Xa}-

This shows that (M3, g) is space of constant curvature & that is a contradiction. Hence,
(M3, g) is not an Einstein manifold.

Using Theorem 3 and the condition on Ricci operator being a Codazzi type tensor as
in Theorem 5, we get the following result, similar to Theorem 4.1 in [19].

Corollary 2. Let w be a non-trivial unit Killing vector field on an n-dimensional complete and
connected Riemannian manifold (M, g), n > 2 with section curvatures of plane sections containing
w being constant equal to 1. If the Ricci operator T satisfies

(VT)(X,w) = (VT)(w,X), Xex(M),

then (M, g) is an Einstein Sasakian manifold.

Proof. By Theorem 3, we get that (M, g) is a K-contact manifold, n = 2m + 1 and 1¥]% =
2m. Thus, || '¥||* is a constant and by Equation (35), we get u = 0 and we get on similar lines
as in proof of Theorem 5 that (M, g) is an Einstein K-contact manifold with S = 2mg. Since
Ricci curvature is strictly positive we get (M, g) is compact. Hence, (M, g) is an Einstein
Sasakian manifold (cf. [13]). O
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