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1. Definitions and Preliminaries

Let H be the class of analytic functions in the open unit disc U = {z: |z| < 1}.
Also, let H[a, n] denote the subclass of the functions f € H of the form

f(z)=a+ap" +a, 12" +... (acC). (1)
Furthermore, let
Ay = {f CH| f(z) =z + ap 12" 4 ayy02™ 2+ }
Moreover, assume that A = A; which is the subclass of the functions f € H of the form
f(z) =z4az®+... . (2)
For f, g € H, we say that the function f is subordinate to g, written symbolically as follows:
f=g or f(z) <g(2)
if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) =0
and |w(z)| < 1 (z € U), such that f(z) = g(w(z)) forall z € U. In particular, if the

function g is univalent in U, then we have the following equivalence relation (cf., e.g., [1,2];
see also [3]):

f(z) < g (2) & f(0) < g(0) and f(U) C g(U).
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Let A and & be two analytic functions in U, suppose
D(r,s,t;2) CPxU—C.

If A and ®(A(z),zA’ (z),22A" (2); z) are univalent functions in U and if A satisfies the second-
order superordination

h(z) < ®(A(z),z) (2), 227" (2);2), )

then A is called to be a solution of the differential superordination (3). (If f is subordinate
to F, then F is superordination to f). An analytic function y is called a subordinant of (3),
if y < A for all the functions A satisfying (3). A univalent subordinant 7 that satisfies u < ji
for all of the subordinants y of (3), is called the best subordinant (cf., e.g., [2], see also [3]).

Miller and Mocanu [4] obtained sufficient conditions on the functions 4, 4 and ® for
which the following statement holds:

h(z) < ®(A(2),2z\ (z), 220" (2);2) = u(z) < Alz). ()

The results of Miller and Mocanu [4] and Bulboaca [5] considered certain families
of first-order differential superordination whenever superordination preserves integral
operators [6]. Moreover, Ali et al. [7], used Bulboaca’s results [5] and obtained the sufficient
conditions for normalized analytic functions f to satisfy

zf'(z)
z) < < U2(2), (5)
where 1 and pp are given univalent functions in U with p1(0) = 1. Also,

Shanmugam et al. [8] obtained sufficient conditions for normalized analytic functions
f to satisfy

Hi(z) < ZJ}S‘Z) < m2(z),

and

z2f(z
(e) < ff(fzg)l < (),

where p; and pp are given univalent functions in U with p1(0) = 1 and u2(0) = 1,
while Obradovic and Owa [9] obtained some results of subordinations associated

)
with (@) .
Let f € A. Attiya [10] introduced the operator Hzg( f), where H;’;; (f)y: A— Ais
defined by

HY5(f) = wlg « £(2) (ze ),

with B,7 € C, Re(a) > max{0, Re(k) — 1} and Re(k) > 0. Also, Re(w) = 0 when
Re(k) = 1; B # 0. Here, VZE is the generalized Mittag-Leffler function defined by [11],
see also [10] and the symbol (*) denotes the Hadamard product or convolution.

Due to the importance of Mittag—Leffler function, it is involved in many problems in
natural and applied science.

A detailed investigation of Mittag—Leffler function has been studied by many authors
seee.g., [11-16].

Attiya [10] noted that

© T(y+nk)['(a+p) "

k _
H‘:‘r’ﬁ ()z) =z+ ngzr(’y + k)T (B + ocn)n!anz :

(6)
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From (6) follows (see [10])
2(HIA) @) = (Y HIH() @) - LEIA ) @)
and
az(Hs 1 (f)(2) = («+ B)(HT(f)(2)) = BHL 5,1 (f)(2)): (8)

In order to derive our results, we will use the following known definitions and lemmas.

Definition 1. Ref [4]. Denote by y the set of all functions f that are analytic and injective on
U\ E(f), where
E(f)={C:C€9U and lirr%f(z):oo}, )
z—

with f'(T) # 0 for { € oU \ E(f).

Lemma 1. Ref[3]. Let the function yu be univalent in the unit disc U, and let 6 and ¢ be analytic
in a domain D containing u(U), with ¢(w) # 0 when w € u(U). Set u(z) = zu'(z)p(u(z)),
h(z) = 0(u(z)) + u(z) and suppose that

/
(i) y is a starlike function in U (i.e, Re<zy (Z)) >0 forzel),

/ p(z)
(i1) Re(zﬁ((j) >0 forz e U.

If A is analytic in U with A(0) = u(0), A(U) C D and

0(A(2)) + 2\ (2)9(A(2)) < 8(p(2)) + 21 (2)9(p(2)), (10)

then A(z) < u(z), and p is the best dominant.

Lemma 2. Ref [6]. Let y be a convex univalent function in the unit disc U and let ¢ and ¢ be
analytic in a domain D containing p(U). Suppose that
!
(i) Re{ ¥ (p(z)) } > 0forz e U;

P(p(2))
(ii) zy' (z) p(u(z)) is starlike in U.

(z
If A € H[u(0),1] Nu with A(U) C D, and 9(A(z)) + zA' (z) @(A(z)) is univalent in U, and

O(p(z)) + 21 (2)p(p(2)) < 8(A(2)) + 21 (2)9(A(2)),

then u(z) < A(z), and p is the best subordinant.

/

Lemma 3. Ref[4]. Let u be a convex function in U and let 1 € C with » € C* = C\{0} with

Re <1 + Z;f’”((zz))> > max{O; - Re(ﬁ) } (z e U).

If A is analytic in U, and

PA(z) + 6zA (2) < Pu(z) + sz (2), (11)

then A(z) < u(z), and y is the best dominant.

Lemma 4. Ref [17] Let y be convex univalent in U and let 6 € C, with Re(d) > 0. If A €
H([#(0),1] Ny and A(z) + 6zA(z) is univalent in U, then

u(z) +6zp' (z) < AMz) + 6zA'(z), (12)
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implies
pz) <Az (zel)

and y is the best subordinant.

In this paper we drive a number of interesting results concerning subordination and
superordination relations for the operator HZE (f)(z). Also, some of interesting sandwich

results of the operator Hzg (f)(z) have been obtained.

2. Subordination and Superordination Results with HZ; (H)(z)
Theorem 1. Let p be convex univalent in U, with u(0) =1, p € C*, 5 > 0. Suppose y satisfies

Re (1 n Z;‘;é?) > max{O; ~Re (i) } (13)

If f € A satisfies the following subordination relation

(H;';§<f><z>> ek (Hz;,éqxz) ) ’ (Hz,;“‘m @) 1)

2 k : H5()()
< (z) + 2 (2) (14)
then 5
Hys () ()
(,52 < 2) (15)
and y(z) is the best dominant of (14).
Proof. Define the function A by
HY ‘
AMz) = (W) (z € V). (16)

The function A is analytic in U and A(0) = 1. Differentiating the function A with respect to
z logarithmically, we have

A | 2HROE)
Az HI (D) '

In the resulting equation by using the identity (7), we have

2N (z) _ (5(fy+k) HIE () 1] |

Az) k)| HISHE)
Therefore, 5
(@) _ (b | H O | (HENE)
o k| HIANE) z '
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It follows from (14) that

Az) + %zA/(z) < u(z) + %z‘u,(z).

Thus, an application of Lemma 3 with ¢ = 1 and » = &, we obtain (15). O

In view of (8), and by using the similar method of proof the Theorem 1, we get the
proof of Theorem 2.

Theorem 2. Let y be convex univalent in U, with u(0) = 1, p € C*, § > 0. Suppose u
satisfies (13). If f € A satisfies the subordination

HEa 0@\ ptarp) (HEa0E\ ((HEDOE )
: . : Hlga()(2)
P

=< p(z) + 52 (2) (17)

vk 0
(Ha,ﬁﬂ (f) <z>) e )

and y(z) is the best dominant of (18).

then

Theorem 3. Let {; € C (i =1,2,3,4), 6 > 0, & > 0(¢ is a real number) and p be convex
univalent in U, with u(0) = 1, u(z) # 0 (z € U) and assume that y satisfies

Gy 2y 3w (2) 2 ()
éR{lJréy()Jr CV(H‘ gy()Jr e y(z)}>0' (19)

Suppose that Z;’f (S) is starlike univalent in U. Also, if f € A satisfies the following subordina-

tion relation:

G G §a, La 66,7,k Bi2) < T+ Lopi(2) + (2 + Card (@) + & o)

uz)
where
H7+l,k(f) (2) g H7+l,k(f) (2) 2
0Bz b wp
Q(gll CZ/ §3/ g4/ 6/ 5/ Y, k/ 118/ ) < gl + €2 ( H{;Y”g(f) (Z) + €3 H{;y”g(f) (z)
HEY @\ (e [HEP (DG HEH ()R
Tl k| T k LK Tk
H,5(f)(2) Hig " (f)(z)  Hp(f)(z)
@ | g (NE@)
Tk () (@) L, (21)
then

and y(z) is the best dominant of (20).
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Proof. Define the function A by

HM 0@\
AMz) = | 2 77 ). 22
o (HZ,'§<f)(z) =t )

The function A is analytic in U and we note that A(0) = 1.
After some computation and using (7), we have
zA' (z)
Az)

Where Q(gl/ €2/ €3/ €4/ gr 5/ ’)// k/ , ‘B, Z) iS given by (21)
From (20) and (23) we obtain

01+ QoA (z) + 3A%(z) + TaA®(2) + €

= Q(glr gZ/ C?ﬂ C4/ ‘:/5/ W/k/ @, :B;Z)’ (23)

01+ 0M2) + 0302(2) + 0% (2) + 2 B <0y fopz) + Qo) + () + 2 L2
Az) e
By setting
O(w) =1 + Low + éng + C4w3 and  ¢(w) = %, w #0,

we see that 6 is analytic in the complex plane C and ¢ is analytic in C*, also, ¢(w) # 0,
w € C*. Moreover

u(z) = 2 (@p(u(2)) = £ 2

and

h(z) = 0(p(2)) + 1(z) = {1+ Gap(2) + Lap®(2) + Gap®(2) + gzg(g).

It is clear that y(z) is starlike univalent in U,

"

W\ _wr s 220 s () ()
Re(u(z))‘R{”c”(z” S T NTEY }>°'

Thus, from Lemma 1, we have A(z) < u(z). By using (22), we obtain the required result. [

In view of (8), and by using the similar method of proof of Theorem 3, we get the
proof of Theorem 4

Theorem 4. Let {; € C (i =1,2,3,4), 6 > 0,& > 0 (¢ is a real number) and y be convex
univalent function in U, with u(0) = 1, u(z) # 0(z € U) and assume that the function p

satisfies (19). Also, let % G) pe starlike univalent in U. If f € A satisfies (20), where

p(z)
HY 0@\ | (HE 0@\
(T, 0o, 83 Ca) &0, 7, ko, Brz) < 0y + 0 | —PP22 770 )y oo | 0PH2 7
(C1,82,C3, G4 Y B;z) =1 Z(Hl’éﬂ(f)(Z) 3 HZ'EH(f)(Z)
HY ¥ HY% HY
+ M n géa + B tx,ﬂ—i—l(f)(z) B a,ﬁ(f)(z)
HY% 1 (F)(2) © |HEL(NGE)  HEL(HE)
& | Hi ()
T 'yiﬂ -1 (24)
ng,ﬁ+2 (f) (Z)
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then

and y(z) is the best dominant of (20).

Theorem 5. Let {; € C (i =1,2,3,4),¢ > 0 (¢ is a real number) and y be convex univalent in

U, with u(0) = 1, u(z) # 0(z € U) and assume that y satisfies (19). Also, if ZZ(E?
univalent in U. Moreover, if f € A satisfies (20), where

is starlike

zH TR (£)(2) zz(H;;“%fxz))Z

Q1,023,008 6, 1 k0, Biz) < G + Lo —2 + 03
(HAOE)  (HAHE)
3 HZH,k( )(2) 3 2K 0 (o YR (5
2 iy z6> Ty S G
(HI5(N() Hyg"(f)(z)  Hg(f)(2)
¢ HENE
R e | )
then g
zHy 5" (f)(2)
jcfz < u(z)
(HI5(H@)
and y(z) is the best dominant of (20).
Proof. Define the function A by
Y+1k
AMz) = ZH”‘i(f)(Z)z (z € U). (26)
(HI5(NE)

Then the function A is analytic in U and A(0) = 1.
We note that

zA' (z)
Az)

where Q)((1,02,03,04,8, 0,7, k, o, B; 2) is given by (25).
From (20) and (27) we obtain

01+ 0oA(z) + 3A2(2) + LA (z) + € =0(01,22,23,04, 5,6, 7. k0, B;2),  (27)

Z)):(S) < 01+ Qop(z) + Cap(2) + Qap®(2) + gzﬁ(g)‘

The remaining part of the proof of Theorem 5 is similar to that of Theorem 3 and hence
we omitit. [

014 0oMz) + (3A%(2) + LA (2) + €

In view of (8), and by using the similar method of proof of Theorem 5, we get the
proof Theorem 6.
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Theorem 6. Let {; € C (i =1,2,3,4),¢ > 0;real and p be convex univalent function in U,

with 4(0) = 1, u(z) # 0(z € U) and assume that u satisfies (19). Also, let ZZ(S) be starlike
univalent in U. If f € A satisfies (20), where

HE L 2(HE @)
Q(€1/€2/§3/§4/§/517/k/a1ﬁ/'z) < gl +€2 ’)‘]; 2 +€3 ’Y]; 1
(HI5 (D) (HI5 (D)

AHL0E) i
6

+¢
4 (HI51 (D) g

.k
Lce[Hpa0e ] o8
“ | HYy (A ()

then Tk

zH 5 5 (f)(2)

PR <)

(HIf (A=)

and y(z) is the best dominant of (20).
k

Remark 1. Superordination results associated with H 3
Lemmas 2 and 4.

(f)(z) can be done analogously by using

3. Sandwich Results

Combining results of differential subordinations and superordinations, we get the
following sandwich theorem.

Theorem 7. Let py and py be convex univalent in U, with p1(0) = up(0) = 1. Suppose yy
satisfies (13), 6 > 0 and Re{p} > 0. Let f € A satisfies

1.k ~ 0
(Ha,ﬁ<f>< >) i

z

and

Hip()@) §+P(7+k) H @\ (H e
: k z HY%()(2)
be univalent in U. If

vk ’ Tk S/ y1k
(2 + 2 @) < (H“/ﬂ(zf ><Z>> +P('Yk+k)(Hﬂmﬁ(Zf)(Z)) (Hw <f><z>_1)

< 2(z) + K210y 2)

then

and py and pp are respectively the best subordinate and best dominant.
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p1(z) +

T1+ Qo (2) + Gapii (2) + Capf (2) + €

P

o

Theorem 8. Let iy and yy be convex univalent in U, with u1(0) = pu2(0) = 1. Suppose yy
satisfies (13),6 > 0 and Re{p} > 0. Let f € A satisfies

and

4 o z

, (Hl’é‘ﬂ(n <z>)‘5 L e(Ba) ( Hl’§+1<f><z>)5 ( HIA () (2) )

be univalent in U. If

0 z 0

0 5
» (ZH(l_pﬁ)(Hml(f)(z)) +p(ﬁ+u¢)(HZ,'g+1(f)(Z)) <H;;;<f><z> )

< () + Ez103(2),

then

z

.k s
() < (Hﬁ“m) < pa(2)

and p1 and pp are respectively the best subordinate and best dominant.

Theorem 9. Let j1q and iy be convex univalent functions in U, with p1(0) = p2(0) = 1. Suppose
1 satisfies
2 3
R 2+ 220k + da) > o @)

)
HI Y (F)(2)
ap
e ) < Mo

and O({1,02,03,84,8, 9,7, k, «, B; 2) is univalent in U, where O)({1,C2, (3,84, 9,7, k, &, B; 2)
is given by (21). If

and yp satisfies (19). Let f € A satisfies (

Zlilll((ZZ; = Q(gl/ CZ/ C3/ 54/ C’ J, e k’ &, 'B; Z)

21 () “
()’ (0)

< 01+ Gopia(2) + Tapis(2) + Capz (2) + 6

H (@)
pi(z) < (H;/;;(M < H2(z)

and p1 and pp are respectively the best subordinate and best dominant.

then

Theorem 10. Let yy and pp be convex univalent in U, with u1(0) = pup(0) = 1. Suppose

k
Hlﬁ+1 (f) z

)
H§ () )) € HLYnp

and ({1, 82, 3,84, E, 6,77, k, o, B; 2) is univalent in U, where ({1, {2, (3,04, 0,7, k, 0, B 2) is
given by (24). If (30) has been satisfied,

u1 satisfies (29), and yy satisfies (19). Let f € A satisfies

z
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then
5

HY% 1 (f)(2)
HY%5 o (F)()

and yy and y; are respectively the best subordinate and best dominant.

m(z) < < pa(z)

Theorem 11. Let p1q and yyp be convex univalent in U, with u1(0) = up(0) = 1. Suppose
2H) 5 () (2)
p
VAPTIRVIR Y
(HI5 (D)
0(C1,02,03,84,8,9,7,k,a, B;z) is univalent in U, where O)(C1,02,03,04,8,9, 7,k a, B;2) is
given by (25). If (30) has been satisfied,
then

1 satisfies (29), and yy satisfies (19). Let f € A satisfies € H[1,1] Ny and

zH] 1Y () (2)
e N\2 < H2(z)
(HIS (=)

and yy and y; are respectively the best subordinate and best dominant.

ni(z) <

Theorem 12. Let p1q and yp be convex univalent in U, with u1(0) = up(0) = 1. Suppose
H'Y,k

M € H[1,1]Nu

(HI5 (D)

and ({1, 82, 3,84, E, 6,77, k, o, B; 2) is univalent in U, where ({1, (2, (3,04, 0,7, k, 0, B;2) is

given by (28). If (30) has been satisfied,

then

u1 satisfies (29), and yy satisfies (19). Let f € A satisfies

¥,k
p(z) < ZH“’5+2(f)(Z)2 < a(z)

(HI1(NG)

and yy and y; are respectively the best subordinate and best dominant.

Remark 2. By specifying the function Q) and selecting the particular values of x, B, v and k we
can derive a number of known results. Some of them are given below.

(i) If we put v = k = 1 and « = 0 in Theorem 1, we obtain the results obtained by
Murugusundaramoorthy and Magesh ([18], Corollary 3.3),

(ii) If we put v = k = 1 and o = 0 in Theorem 7 we obtain the results obtained by Raducanu
and Nechita ([19], Corollary 3.10 ).

4. Conclusions

We obtained a number of interesting results concerning subordination and super-
ordination relations for the operator Hzg (f)(z) of analytic functions associated with an
extension of the Mittag—Leffler function in the open unit disk U. Also, some of interesting
sandwich results of the operator H;’;;( f)(z) have been obtained.
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