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Abstract: In this paper, we propose a new weak second-order numerical scheme for solving stochastic
differential equations with jumps. By using trapezoidal rule and the integration-by-parts formula of
Malliavin calculus, we theoretically prove that the numerical scheme has second-order convergence
rate. To demonstrate the effectiveness and the second-order convergence rate, three numerical
experiments are given.

Keywords: weak second-order scheme; poisson process; Malliavin calculus

1. Introduction

Many studies are interested in the Lévy process such as the classical stochastic dif-
ferential equations (SDEs). SDEs have been widely applied to economics and finance [1].
Nowadays, stochastic differential equations with jumps (SDEw]s) are paid more attention
by many scholars (see [2—4]). As is known, the geometrical and Ornstein-Uhlenbeck (O-U)
models are very important in finance, e.g., American option pricing about asset price follows
the geometrical model and can be a jump diffusion process (see [4,5]). Chockalingam and
Muthuraman [6] studied pricing options when asset prices jump. Li and Zhang [7] employed
additive subordination to construct pure jump models for volatility index. Dang, Nguyen
and Sewell [8] considered the pricing of Asian options under models that incorporate both
regime-switching and jump-diffusions. The O-U process is used to calculate the short term
interest rate, and it can also used to account for the mean reversion of prices in modeling
commodity processes (see [9]). In this paper, we consider the SDEw]s of the following form:

t t
X = X0+/0 as, Xs)ds—k/0 /gb(s,e,Xs_)N(de,ds) (1)
with initial value Xy € RY. Here, £ = R7\ {0} is equipped with its Borel field E, N (de, ds)
is compensated poisson measure, and the operators a : [0,f] x R7 — R7and b : [0,t] x
&€ x RT — R are the drift coefficient and the jump coefficient, respectively.

Qualitative theory of the existence and uniqueness of the solution for SDEw]s is
studied in [10]. Generally, most of SDEw]s do not have explicit solutions and hence
require numerical solutions. It is important to apply appropriate numerical schemes in
practice. About numerical solutions of SDEw]s, Platen and Bruti-Liberati [9] systematically
introduced the weak schemes and strong schemes with respect to SDEw]s. There are
Euler-Maruyama schemes [11], Milstein schemes [12], and jump-adapted schemes [13,14]
for solving SDEw]s. Higham and Kloeden [15] presented and analyzed two implicit
methods for SDEs and proved in [16] that implicit methods share the same finite time
strong convergence rate as the explicit Euler scheme. Hu and Gan [17] studied numerical
stability of balanced methods for solving SDEw]s.

Mil’shtein [18] studied the second-order accuracy integration of stochastic differential
equations. Similarly, for the higher order numerical methods of SDEw]s, Gardon [19]
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proposed the order 1.5 approximation for solutions of jump-diffusion equations. There
are [9] the weak or strong order 2.0 Taylor schemes and jump-adapted order 2.0 Taylor
schemes. Moreover, the higher order of Runge-Kutta methods for jump-diffusion differen-
tial equations can be found in [20]. However, these numerical schemes include multiple
stochastic integrals, which are difficult to accurately compute and simulate. Therefore,
the simplified weak order 2.0 scheme does not contain the multiple stochastic integrals;
particularly, it is convenient and easily calculated for solving SDEw]s in multi-dimensional
case. Liu and Li [21] proposed the weak stochastic Taylor order 2.0 (WST2) scheme of
SDEw]s with three-point distribution random variables, obtained the convergence rate of
the It6—Taylor scheme, i.e. using the It6—Taylor expansion and product rule.

In this paper, we propose a new simplified numerical scheme by using the compound
Poisson process with a sequence of pairs (7, §;) of jump time 7 and marks &, where
(Tx, &) are uniformly distributed in the square [0,1] x [0,1]. We rigorously prove and
obtain its weak second-order convergence rate by using the Malliavin stochastic analysis.

The important contributions of this paper can now be highlighted as follows:

¢ Our new scheme is simplified without multiple integrals, employs the compound
Poisson process with uniformly distribution, and can be easily used to compute the
pure jump stochastic models.

¢  Using a new proof method, i.e. the trapezoidal rule and integration-by-parts formula
of Malliavin calculus theory, we rigorously prove that the new scheme has second-
order convergence rate.

*  We give three experiments to demonstrate the effectiveness and the accuracy of our
new scheme, which are consistent with our theoretical results.

Some notations to be used later are listed as follows:

. C’g is the set of functions ¢:x € R7 — R with uniformly bounded partial derivatives
My for1 <k <k

o C’; (R7,R) is the set of k times continuously differentiable functions which, together
with their partial derivatives of order up to k, have at most polynomial growth.

e  (isa generic constant depending only on the upper bounds of derivatives of 4, b, and
g, and it can be different from line to line.

The paper is organized as follows. In Section 2, we introduce some needed prelim-
inaries. In Section 3, we propose a new numerical scheme and obtain its second-order
convergence error estimate. In Section 4, three numerical examples are given to verify the
theoretical results.

2. Preliminaries

Let there be a filtered probability space (Q), .#,P) with the filtration {.%;}>o, and
assume the filtration {.%; } ;> satisfies the usual hypotheses of completeness, i.e., F con-
tains all sets of P-measure zero, and maintains right continuity, i.e., %#; = %;,.. Moreover,
the filtration is assumed to be Poisson random measure N(A,t) on £ x [0, ], where
€ =R\ {0} is equipped with its Borel field E. Let A(de) be a o-finite measure on (&, E)
satisfying A(de) := y(e)de with y(e) > 0 foralle € £ and A(de) := O fore ¢ &, and
Ae = [¢ v(e)de < co. The compensated Poisson random measure can be represented by
N(de,dt) = N(de,dt) — A(de)dt.

2.1. Ito—Taylor Expansion
Assumption 1. Assume that the coefficient functions of Equation (1) satisfy the linear growth conditions

e, 0 < CA+1xl), [ [blt,e, vPA@e) < CO1+IxP).
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For Equation (1) and x € R7, we define operators L°¢, Ll ¢ from [0, T] x RYto R

o¢(t,x) q o¢(t,x)
Lo(p(t,X) =4 } ——"2ai(t,x)
ot = ax] /

1 X
+/ (t, x+b(te x)) — @(t x) —]; b(t,e,x)a(g(i; ))A(de),

Lig(t,x) =¢(t,x +b(te,x)) — (t,x), e € £.

Then, the Itd formula can be presented as:

o(t, X¢) = ¢(0, Xp) + /Ot Lo(s, Xs)ds + /Ot /g Llp(s, Xs)N(de,ds). ()

Lemma 1. (It6 isometry formula) If the stochastic process 0(t, e) is F-adapted, then

/ / (t,¢)N(de, dt))°] = [/(;T/592(t,e)A(de)dt}. 3)

By It6—-Taylor expansion, we can get a higher order of SDEw]s. However, before we
consider the order of approximation, we have to introduce a few additional definitions and
notations. We call a row vector & = (jy, j2, ..., j;) with j; € {0,1,...,d} fori € {1,2,...,1} a
multi-index of length I : [(«) € {1,2,...,d} and denote by v the multi-index of length zero
(I(v) := 0). Let M be the set of all multi-indices, i.e.,

M ={(1,j2, 1) 1 ji € {0,1,...,d},i € {0,1,...,1} for 1 =1,2,..} U{v}.
Assume the hierarchical set
={aeM:l(a) <I},
and the corresponding remainder set
B()={aeM:l(a) =1+1}.
For the time interval [0, T], first we take uniform partitions in temporal domains:
O=ty<---<tyqg<in=T

with At =t —t, forn =0,1,.., N — 1. Given a multi-index « € M with I(x) > 1, we

write —a and a— for the multi-index in M by deleting the first and last component of «,
respectively. Denote by Iy [g« (-, X.)]t,t,,, the multiple Itd integral recursively defined by

bt ] X)sds, 121, ji=0,
TalSka (Xt = ftnnﬂ a—[8ka () X )ty s : =L )
ty ILX [g ( X-)]tn,S[dNS[r [ Z 1/ ]l - 1/
where the Itd coefficient functions g , are defined by
=ay, iy =br, =1
Sk = gl;,(O) ks 8k, (i) k ®)
Lgbk,*ﬂé/ l > 1.

Fora = (1,1,1), we define

A n+1 S3 S2
0 0y [HC X ) e /t / /t / /t / H(s1, Xs, )A(de)ds; A(de)dspA (de)dss.
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Then, we have the [t6-Taylor expansion

Xﬁth:X}f+ Z 8k,zx(tnlxn)la[1]tn,tn+1+ Z I‘X[gk,ﬂé('/x-n)}tn/thrl' (6)
aelr\{v} aeB(Ty)

2.2. The Weak Schemes for Solving SDEw]s

The simple numerical method for the approximate solution of the SDEw]s is the Euler
scheme. Thus, we introduce the Euler scheme for solving SDEw]s. Thanks to It6—Taylor
expansion, we can obtain weak convergence schemes for solving SDEs]s as follows.

Scheme 1. (Euler Scheme) (See [9]) Assume the initial condition Xy. For 0 < n < N — 1, we have
X" = X" 4 a(t,, X")At + b(t,, X")AN, @)

where AN, = Ny, — Np, and At =ty q — ty.
When accuracy and efficiency are required, it is important to construct numerical
methods with higher order of convergence. With respect to weak second-order scheme,
Liu and Li [21] proposed the weak stochastic Taylor (WST2) scheme and approximated the

Poisson jump measure by using three point distribution.

Scheme 2. (WST2 Scheme) Assume the initial condition Xy. For 0 < n < N — 1, we have

T,
n 1.
X —x" 4 a(tn,X”)At + Z b(tn/enk/ X”) + ELoa(tn,X”)(At)Z

k=1
- : (8)
+5 3 (Lealtn, X") + L% (tn, e, X)) At + 5 Leb(tn, e, X") (T = To),
k=1

- 9
where L0 = % + ¥ ai(t, x)a%j, {eux } are independently distributed in a measurable space £ with
j=1

geometric probability law )‘;’f) and T, obeys three-point distribution, which has the following

probability law:

P{T, = 0} =1 — AgAt+ %(/\gAt)z, P{T, = 1} = AgAt — (AgAR, P{T, = 2} = S(AcAP2.

N —

Then, Buckwar and G. Riedler [20] proposed the Runge-Kutta second-order implicit
scheme for solving SDEw]s.

Scheme 3. (Runge-Kutta Scheme) Assume the initial condition Xo. For 0 <n < N — 1, we have

1 1 -

X" = X" 4 5@(tn, ST) At + Sa(ts1, S3) At + b(tn, X")AN,, ©)
1 1

1=X" Sh=X"+ Ea(tn,SﬁAt + Ea(tnﬂ,sg)At, (10)

where ANy, = Nt ,, — Np, and At = t,q — ty.

In addition, the discrete-time approximations considered are divided into regular and
jump-adapted schemes. Regular schemes employ time discretizations that do not include
the jump times of the Poisson jump measure and Jump-adapted time discretizations include
these jump times. Platen and Bruti-Liberati [9] proposed the following jump-adapted weak
second-order scheme.

Scheme 4. (Jump-adapted weak 2-order Scheme) Assume the initial condition Xy. For 0 <
n < M — 1, we consider a jump-adapted time discretization 0 =ty < t; < --- <ty =T,



Mathematics 2021, 9, 224

50f 14

which is constructed by a superposition of jump times {11, T, - - -} of the compensated Poisson
measure N (de,dt) and equidistant time discretization with step size At, as given in Section 2.1.
For convenience, we set Xy, = X" in this section and define

X" = 1lim X,
sTtn41

in the almost sure limit. We have the weak second-order scheme
XM = X" L p(t,, XY AN, (11)
with ,
X" = X" a(t,, XM)AL+ ELoa(tn,X“)(At)z, (12)
where AN, = Ny, ., — Ny, and At =ty 41 —t, (0<n < M-—1).
Remark 1. Comparing the above methods to solve SDEw]s, the coefficients of Runge-Kutta implicit
scheme for solving SDEw]s are not easily determined; the WST2 scheme in [21] needs to consider

the probability law of three point distribution and Poisson jump marks, and Jump-adapted weak
second-order scheme needs to consider time discretizations that include these jump times.

2.3. Malliavin Stochastic Calculus

Suppose that H is a real separable Hilbert space with scalar product denoted by (-, -) .
The norm of an element & € H is denoted by ||| . Let the operator D be the Malliavin
derivative of order k with respect to the 1évy process. A random variable F is Malliavin
differentiable if and only if F € D; 5, where the space D; , C L?(PP) is defined by completion
with respect to the norm || - ||1 2. The Malliavin derivative of Poisson process (see [22] for
details) has the following definition:

..Dl,

Sl,

_ Ds({l g g1 _ D]l

spe’

o
DS] .81,

with especially Dgi/g =1lfor1 <i<I.

Lemma 2. Let F € Dy, and 6(t,e) € Dy, for 0 < t < T. Then, we have the duality formula

/ / (t,e)N(de, dt / / (t,e DteF)\(de)dt} and

Dt,e/ 6(s,e)dNs = 6(t, e +/ Dy06(s, e)dNL.
0

Example 1. Choose F = fOT [e f(t,e)N(de,dt), with the deterministic integral f € L*(N x A).
Then, F = I1(f) and hence
Dt EF = f(t 6).

In particular, if F = (T fo [ eN(de,dt), then
Dienf(T) =e
Lemma 3. (Chain rule) Let F,G € D5, then FG € Dy and
Di¢(FG) = FDy,G + GDyoF + Dy oFDy . G.
By induction, it follows that, if F € 1Dy o, then

Dyo(F") = (F + Dy F)" — F™.
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Let F € Dy, and ¢ be a real continuous function on €. Suppose ¢(F) € L?(P) and
@(F+DyoF) € L2(P x N x A). Then, ¢(F) € Dy, and

Dte@(F) = @(F + DtcF) — ¢(F). (13)

Example 2. Assume AN, = fti"“ Je N(de,dt) = N, | — N, . Using It6 formula on (N; —
Ny, )? yields
tn+1 t ~ ~ 1 ~ 2 ~
/ ANy = 5 (5R,)? = Asht — AN).
tn tn

According to Lemma 3, by chain rule (13), taking Malliavin derivatives with respect to AN,
and (AN,,)?, we obtain

~ ~. ~ ~ tn 1 t ~.
DieANy =1, Dio(AN,)? =2AN, +1, DieDse(AN,)? =2, Dse / ’ / dsdNy = s — t,.
t ty

3. Main Results
n
For simple representation, we assume X}, := Xt X" which is the kth component
k,tn+1 kzthrl

of Xf:jn It follows from It6—Taylor formula and trapezoidal rule that

b1 Fp1 .
X, =XI+ /t a(s, X)ds + /t : /g be(s, X')N (de, ds) = XI+1 + RIFL, (1)

where

1 1 bn1 £ 1 -

RI* :Leak[/ AN,dt — S AN, Y]
t tn

(15)

tn+1 't ~ 1 ~.
+ L[ /t /t dsdNp = SAAN] + ) Talgea (s X!t ty -
n n IXGB(rz)

Here, we write ay for ay (t,, X" ) and by, for by (t,, X"). Then, we have the following scheme.

Scheme 5. Assume the initial condition Xo. For 0 < n < N — 1, we solve X"+ with its kth
component X;' ! by

| 1 C

Xp =X{ + apAst + b AN, + §L0“k(Af)2 t2 (Leai + LOby) AtAN,,
(16)

1 - ~

+ ELgbk((ANn)2 — AgAt — ANy),

where AN, = Ny, — Ny, and At = t,11 — ty.

Remark 2. Unlike jump-adapted scheme, Scheme 5 employs regular time discretization, and it is
a simplified scheme, which does not involve multiple stochastic integrals. If the jump coefficient
function b = b(t, Xy, e), we generate the compound Poisson process

Ntn+1

tn
/“/gb(s,xn,e)N(de,ds)z Y b(T, X", &)
tn

k=N, +1

for simulating compensated Poisson process, where the pairs (T, Cx) are uniformly distributed in
the square [0,1] x [0, 1]. We found that Scheme 5 has a little impact of the random generation of
the compound Poisson process in Example 3. From the numerical experiments, comparing with the
three point distribution in WST2 Scheme in [17], our scheme can be implemented in programming
and costs less run time. Scheme 5 is an explicit scheme different from Runge—Kutta implicit scheme
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in [20]. Moreover, in the next subsection, using the integration-by-parts formula of Malliavin
calculus, we theoretically prove that our scheme has second-order convergence rate.

3.1. Local Weak Convergence Theorem

In this section, using Malliavin stochastic analysis and It6—Taylor expansion, we obtain
the local weak order-2.0 convergence of our new weak second-order scheme.

Theorem 1. (Local weak convergence) Suppose Xj  and X1 (0 < n < N—1) satisfy

Equation (1) and Scheme 5, respectively. Under Assumption 1, if the functions a,b € C]’; (R7,R)
and g € C3, then

E[g(XF,,,) —g(X"HI.A,]| < C+[X")(an?,
where r € N is a generic constant which can vary from line to line.

Proof. Using multi-dimensional Taylor formula, for ease of proof, we have

J"=E[g(X},,) - (X" DA, ] =TI + 5,

tn+1

where

19
F=E[), achg(X"“)(Xﬁt,,H - X7,
k=1 (17)

1 1 q d \2
B=3 ) Bl L (s~ X g ) s (X (= XT) 7, |n

Assume Xy, is the kth component of explicit solution X} . Then, it follows from
the Ito-Taylor expansion (6) that

Xgo =X Y Sraltn, X Wb+ Y Tel8ka (s Xt trn
ael;\{v} weB(T7)

. t t oty b
= X + apAt + b AN, + Loak/ ! / dsdt + Lgak/ B / dN,dt (18)
tn tn tn tn

byt ot - iy b -
+ L0, / / dsdN; + Llby / / ANGdNy + ) Talgia (0 X))ty b
ta tn tn t a€B(T,)

Note that the fact fti”“ fti dsdt = 3(At)? and fti”“ fti dNdN; = 1((AN,)? — AgAt —
AN;,); subtracting (16) from (18) yields

oot 1o
Xy = X1 = 1% /t h /t dsdN; — 3 AtAK, |

tor [t 1. (19)
Lla[ [ [ Nt JARA] 4 T gk (X p
b St weB(T)
By the duality formula in Lemma 2 and from Equation (19), we deduce
L0 +1 +1 L3
Hq = ]E[ Z Tg(xn )(X;cq,tnﬂ - X]}: )|‘gtn:| = Z Zglg,xk/ (20)
k=1 Xk k=1i=1
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where 5 , .
n+1
ehy = LobkE[a kg(Xn-i-l)(/tn . ' dsd N, — EAtAz\fn)|%ﬂ},

e[ ey [ ARt — AN, AN 2
gxk ak |:axkg< )(/;n tn ° - E " )|Jtn:|,
= L B[ g0 algial Xt |55

IXGB(rz)
By taking Malliavin deriavtive with respect to X,’{Z+1 we obtain
Do X! = by + 1(Lla + L) At + LibAN, (21)
te g — Yk p\e k k eVk ns

which by combining chain rule (13) gives

ig(XnJrl 4 Dt,anJrl) d

J n+1y _
7g<X ) N axk axk

D
te axk

— (X" == p(t,, X", At, AN,
for t, < t < t,11, where ¢(t,, X", At, ANn) is a function not depending only on .

n+1
L, = L% ( /t / /t X”“)\?t”]ds)\(de)d
4 n+1 7 n+1
zAt /t /g E[Dpe - T X7 1 A(de)dt (22)
B tht1 t 1 8]
_ 710 n T, _
— LObE[p(tn, X", At, AN,) | T, ] (/t /g/t dsA(de)dt 2At/t,, /g)\(de)dt),

which by
tpyr ot 1 ‘b1 1
dsh(de)dt = ot [ [ Agde)dt = (80?2,
[ asatderar = gar [*7 [ Ade)ar = 5 (ata
gives e}g,xk = 0. Similarly, we deduce

t, t

Eé,xkzﬂiﬂk( / " / / E[Ds,ei (X" .F, | A (de)dsdt
ty t

tn+1 (23)

— At /E Dse $(X"H)| 7, | A(de)ds) = 0

Using the duality formula in Lemma 2, we conclude

0
€| = | [00) [EDfns (5 X gkalor, XOIF], - | <CO+IXT)@0° (29)

Entns1

Combining the Equation (20), g}g,xk = Eé,xk = 0, and the inequality (24), we obtain

il = [E[ 2 T (XM, X < cak X @)

For a = (1,1,1), applying the It6 isometry Formula (3), we have

tuy1 83 52 y ) )
E(/t /t / gk,a(SLXs"l)stldNSZdNSS)Z‘gtn}

7!

n+1 S3 52
/t //t //t / Sk (51, XE) 2 A(de)dsy A(de)dsyA(de) dS3|Jt] (26)
.

(0,0,0) E[(gka( X"))*| %4, ].
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For a # (1,1,1), we obtain

)3 \E[Lx 8k (51, XE)] | Z1,] = C(1+|X"")(A1)°.

aeB(Ty)
a#(1,11)

(27)

Combining the inequalities (26) and (27), we have

n 1 1 q n n a n n n ar n|r
=5 f) BlOD Ok = X 50 (0 g, = X) |7 Jaw < CO X (a0 (28)

From the inequalities (25) and (28), we finally obtain

[Elg(XE,,) —8(X")|#,]

tnt1

< C(+ X)) (Ab2.

The proof is completed. [

4. Numerical Experiments

In this section, we consider three one-dimensional stochastic differential equations
with pure jump models to verify the accuracy and effectiveness of the theoretical results.
We compare our new scheme in precision as well as the time of computing with other
schemes. Assume T = 1 is terminal time, N5, = 5000 is the number of sample paths in the
numerical experiment, and N € {23, 24 25 26 27}. The errors of global weak convergence

can be measured by
ng

Y (p(XN) = @(Xir ),

i=1

global | ‘ 1
At Nsp

and the errors of local weak convergence can be measured by

where (p(X{) = sin(X{ ) and X{ and Xl-,t], are the numerical solution and explicit solution at
the time ¢}, respectively.

Example 3. Consider the O-U process with pure jump:

{Xt =Xy — fot aXsds +h fot [ eN(de,ds), (29)

X, = 20,

where N(de, ds) is one-dimensional compensated poisson process with y(e) = 1, € = [0,1] and
Ae = fol de = 1. Leta = 1.5, h = 0.01, and e € U(0,1). Applying It6 formula to " X;,
Equation (29) has the explicit solution

t
X; = Xoe " 4 he™ ™ / /g e™eN(de, ds).
0
For the model (29), by using It6 Taylor expansion, the new Scheme 5 is

X}’H—l = X" _ /t
tn

n+1 Ep1 ~ 2 tp1 t Fpp1 t ~
aX"ds + h/ /geN(de, ds) +a X”/ / dsdt — ah / /geN(de, ds)dt,
tn tn ty tn tn
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- ANy
Using the fact that [[**' [ eN(de,ds) = Y. &, [-eA(de) = [} ede = } and
" k=1

tn+l t - tn+1 t tn+l t
/ / /eN(de,ds)dt:/ / /eN(de,ds)dt—/ / /eA(de)dsdt
Jte I JE th Jta JE Jto I JE

AN,

2 Cr(tny1 — ) Ot — *As(Af)

Scheme 5 becomes

AN, AN,
XM = X" aX At 4 R Z & — S hAst+ aZX” At)? [ Z Eltnsn — T)AE — Ag(At)z],
k=

where T}, is the kth jump time, & is the kth jump mark, and the pairs (7, §;) are uniformly
distributed in the square [0,1] x [0, 1].

In this example, the right of Figure 1 shows that, even if the jumps number AN,
increase in [t,, t, 1], the convergence rate of Scheme 5 can still achieve second order.
Meanwhile, the left of Figure 1 presents that the global errors may have some difference
with different AN;;; a higher number of jumps accompanies less global error in numerical

computing in [t,, t,+1]. Then, we conclude that there is a little impact of the random
generation of the compound Poisson process.

T
relCR

sssss

tog,(

zzzzz

20625

Figure 1. (Left) The global errors for Example 3; and (Right) the convergence rates of AN, = 1
AN, =2,AN, = 3,and AN,, = 4.

Example 4. Consider the geometrical model with pure jump:

Xp = Xo+ [y aXeds + [ [ 1XsN(de,ds), 30)
Xo=0.1,

where N (de, ds) is a one-dimensional compensated Poisson process with Ag = 1. Let a = 0.8 and
h = 0.01; the equation has the explicit solution by using It6 formula

Xy :Xoexp{/Ot(a—/\gh)ds+/()t[€1n(l+h)N(de,ds)}.

For the model (30), the new Scheme 5 is

-1 - 1 - -
X" =X" 4 aX"At + hX"AN,, + EaZX”(At)2 +ahX"AN, At + 5hzxn((AZ\fn)2 — AgAt — AN,).
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In this pure jump geometrical model, we apply Scheme 5 to compute E[XN] using 5000
sample trajectories. In Table 1, we obtain the scheme errors with At = {2’3, 2427526
277}, In addition, we show the global errors and average local errors of the scheme have
the convergence rates of global second-order and average local third-order, respectively.
Meanwhile, we intuitively display the accuracy of Scheme 5 from the left of Figure 2,
where the two coordinate axes are log, At and log, | (X, ) — ¢(XN)|. On the other hand,
from the right of Figure 2, we verify the result of mean-square convergence stability with
Ellp(Xiy) — p(XN)P2]

To illustrate the advantages of Scheme 5 in computational efficiency, we also apply
Euler Scheme, Runge-Kutta Scheme, WST2 Scheme, and Jump-adapted Scheme to solve
Equation (30). The global errors and convergence rates of the schemes are displayed in
Table 2 and the left of Figure 3 displays the sample global errors and the corresponding
CPU time of the Euler Scheme, Scheme 5, Runge-Kutta Scheme, WST2 Scheme, and
Jump-adapted Scheme with Xg = 0.5, a = 1.5, h = 0.001.

At=1/8

~
i
3

7.2}’»‘ R

L
™ 0 500 1000 1500 2000 2500 3000

9 N ‘ S~ At=1/16
3 b ©
£ o
\ 483 . . . .
0 500 1000 1500 2000 2500 3000
\ a1 10 T T

A t=1/32

i

E(X-XN?)
©
8
3

I I I I
0 500 1000 1500 2000 2500 3000

Iterations

Figure 2. (Left) The global convergence rates and average local convergence rate for Example 4 with
both referenced slope of 2 and 3; and (Right) the mean-square convergence stability of the schemes
with At =1/8, At =1/16, and At =1/32.

Table 1. Errors and convergence rates of Scheme 5 with the parameters of Example 4.

N Global Errors CR Avg. Local Errors CR
8 2.618 x 1074 1.664 x 10~
16 6.785 x 107° 1.9482 2.052 x 10~° 3.0197
32 1.724 x 105 1.9622 2.544 x 107 3.0156
64 4345 % 107° 1.9716 3.166 x 1078 3.0125
128 1.101 x 10~° 1.9751 3.987 x 10~ 3.0072
Table 2. Errors and convergence rates of schemes with the parameters of Example 4.
N 8 16 32 64 128 CR Time(s)
Euler Scheme 1494 x 1071 8.023x 1072 4564 x1072 2242x1072 1.180x 1072 0916 0.64640
New Scheme 5 1.015x 1072 2531x107% 6352x107% 1592x10~%* 3701x10°°  2.019 0.69348
Runge-Kutta Scheme 1.035x 1072  2772x1073  7.037x107% 1709 x10™%  4.082x107° 1.999 0.59267
WST2 Scheme 1.042x 1072 2656 x1073 7.015x10* 1.688x10~%* 4.162x10°° 1.991 0.71448
Jump-adapted Scheme ~ 1.062x 1072 2.875x 1073  7.315x107%  1.807 x 107* 4456 x 107> 19718  4.67431
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Example 5. Consider the nonlinear model with pure jump:
{Xt = Xo+ fot(szS +as)ds + fot Je /XN (de, ds), 31)
Xo =2,

where N(de, ds) is a one-dimensional compensated Poisson process with Ag = 1. Let a = 1.5 and
h = 0.002. The new Scheme 5 is

o1 1 i
X" = X" 4 (aX" + aty) At + hVX'AN, + 5 (a +aX" + a?t,) (At)* + Eah\/XﬂAI\JnAt

1 ahX" + aht 1 .
+ 5 (27 ,ﬁn + (hm— h\/ﬁ— Ehz)/\S)AtANn

+ %(m/xn + VX" — hVX") ((ANy)? — AgAt — ANy).

In this experiment, we give a nonlinear example which the drift coefficients satisfy
Lipschitz condition. Since the exact solution of Equation (31) cannot be expressed explicitly,
we set a small time step of At = 2718 as the exact reference solution.

We give the errors and the convergence rates with different parameters of Example 5
in Table 3 and Figure 3 (right), for the WST2 Scheme. When At < 277, the accuracy of
reference solution is worse (refer Liu and Li [21]). Therefore, we give the comparison
of errors and convergence rates, which includes Euler Scheme, Scheme 5, Runge-Kutta
Scheme, and Jump-adapted Scheme.

0.15f _ | —+—Euler Scheme
—+— Euler Scheme | +— New Scheme

—+— New Scheme 0651 1 Runge-Kutta Scheme | |
Runge-Kutta Scheme 1 Jumps adapt Scheme

—~—WST2 Scheme 0.3F 1

[ Jumps adapt Scheme| |

0.045 1 |

)
s
o ©
SRS
;
[sin(X;)-sin(Y")]

[sin(X)-sin(YN

‘ 0.05 ‘

0.005F || ] ‘

0.001

9 N B

0 05 1 15 2 25 0 0.5 1 15 2 25 3
CPU Time(s) CPU Time(s)

Figure 3. (Left) The global samples errors and CPU time of Example 4; and (Right) the global samples
errors and CPU time of Example 5.

Table 3. Errors and convergence rates of schemes with the parameters of Example 5.

N 8 16 32 64 128 CR Time(s)
Euler Scheme 1.278 6.647 x 1071 3153x 1071 1.493x107! 7194x1072  1.0456  0.70768
New Scheme 5 6210x 1072  1596x 1072 4172x1073 1.005x 1073 2597 x10~* 1.9793  0.98609

Runge-Kutta Scheme 6.383x1072  1614x1072 4202x1073 1.094x 1073 2693x10~%* 19960  0.71030

Jump-adapted Scheme ~ 6.273 x 1072 1.627 x 1072 4249x 1073  1.083x 1073  2.605x10~* 19732  5.48587

5. Conclusions

In this paper, we propose a new simplified weak second-order numerical scheme
for solving stochastic differential equations with jumps. By using trapezoidal rule and
the integration-by-parts formula of Malliavin calculus, we theoretically prove that the
numerical scheme has second-order convergence rate. In numerical experiments, we used
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three examples to verify the convergence of our scheme. Meanwhile, we compared the
computational time, programming complexity and precision of our scheme with other
schemes, such as Euler Scheme, Runge-Kutta Scheme, WST2 Scheme and Jump-adapted
Scheme and found our new scheme can be easily computed and consume less run time.
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