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Abstract: The recent exponentiated generalized linear exponential distribution is a generalization of
the generalized linear exponential distribution and the exponentiated generalized linear exponential
distribution. In this paper, we study some statistical properties of this distribution such as negative
moments, moments of order statistics, mean residual lifetime, and their asymptotic distributions for
sample extreme order statistics. Different estimation procedures include the maximum likelihood
estimation, the corrected maximum likelihood estimation, the modified maximum likelihood estima-
tion, the maximum product of spacing estimation, and the least squares estimation are compared
via a Monte Carlo simulation study in terms of their biases, mean squared errors, and their rates of
obtaining reliable estimates. Recommendations are made from the simulation results and a numerical
example is presented to illustrate its use for modeling a rainfall data from Orlando, Florida.

Keywords: corrected maximum likelihood estimation; least squares estimation; maximum likelihood
estimation; maximum product of spacing estimation; Monte Carlo simulation

1. Introduction

Recently, Poonia and Azad [1] studied a new exponentiated generalized linear ex-
ponential distribution (NEGLED) with cumulative distribution density function (CDF)
given by

A aqp
F(x) _ [1 _ ef<71x2+/\2x,/\3> ] I((P,oo)(x),

for Ay >0,A >0,A3 > 0,0 > 0and B > 0, where
[ 1 ifx> 0,
I(‘P'“)(x) - { 0, if otherwise,

and ¢ = (—Az + /A3 4+2A143)/A1. When B = 1, the distribution is reduced to the
generalized linear exponential distribution (GLED) (Mahmoud and Alam [2]), and when
Az = 0, it reduced to the exponentiated generalized linear exponential distribution (EGLED)
(Sarhan et al. [3]). Moreover, it includesthe exponential, linear exponential, generalized
exponential, Rayleigh, generalized Rayleigh, linear failure rate, generalized linear failure
rate, generalized linear exponential, Weibull and exponentiated Weibull distributions
as sub-models which are extensively used in modeling phenomenon with decreasing,
increasing, bathtub and unimodal shapes in reliability related decision-making and cost
analysis, biological studies, firmware reliability modeling, and survival analysis (see Lai
et al. [4]; Xie et al. [5]; Zhang et al. [6]; Sarhan and Kundu [7]; Sarhan et al. [3]). For
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comprehensive reviews on the theory and applications of these models, one may refer
to Mudholkar and Srivastava [8], Johnson et al. [9], Gupta and Kundu [10], Kundu and
Ragab [11], Sarhan and Kundu [7], Mahmoud and Alam [2], and Sarhan et al. [3].

Poonia and Azad [1] have shown in the graphs that the distribution has decreasing,
decreasing-increasing type, right-skewed, unimodal or bimodal probability density func-
tion (PDF) and increasing, decreasing or bathtub shaped hazard rate. They also discussed
the statistical properties such as moments, quantiles, order statistics, hazard rate function
(HREF), stress—strength parameter, and investigated the estimation of the parameters using
the maximum likelihood estimation (MLE) method. In this paper, we identify analytically
the parameter regions corresponding to decreasing or unimodal PDF, and increasing, de-
creasing, bathtub shaped, or unimodal HRE. Note that the behavior of unimodal HRF has
never been indicated in the work of Mahmoud and Alam [2], Sarhan et al. [3], and Poonia
and Azad [1]. We also study some statistical properties of this distribution such as negative
moments, moments of order statistics, mean residual lifetime, and their asymptotic distri-
butions for sample extreme order statistics. Note that negative moments or moments of
order statistics are useful in applications in several contexts, such as reliability, life testing
problems, and survey sampling problems. See Mendenhall and Lehman [12], Chao and
Strawderman [13], Savage [14], Dembinska and Goroncy [15], and the references contained
therein for more examples.

It is known that, for some distributions in which the origin is unknown, such as
the lognormal, gamma, and Weibull distributions, maximum likelihood estimation can
break down. This difficulty can also arise in the case of the GLED or NEGLED and has
not been addressed in the work of Mahmoud and Alam [2] and Poonia and Azad [1].
There are many estimation methods that have been developed for handling such prob-
lem for three-parameter Weibull distribution in the past decades (see, e.g., Harter and
Moore [16]; Cheng and Amin [17]; Smith [18]; Cheng and Iles [19]). Recently, Ng et al. [20]
applied the least squares estimation of Juki¢ et al. [21] and Markovic et al. [22] for the
three-parameter Weibull distribution based on progressively Type-II censored samples.
Since the Weibull distribution is a sub-model of the NEGLED, it will be of interest to
evaluate their performances in order to develop feasible and efficient estimation methods
for the NEGLED.

This paper is organized as follows: Section 2 provides some mathematical properties of
the NEGLED, which have not been addressed in Mahmoud and Alam [2], Sarhan et al. [3]
or Poonia and Azad [1]. Section 3 studies further statistical properties, such as negative
moments, moments of order statistics, mean residual lifetime, and asymptotic distributions
for sample extreme order statistics. Section 4 discusses different estimation procedures for
the parameters. We also review the corrected maximum likelihood estimation proposed by
Cheng and Iles [19], the modified maximum likelihood estimation of Harter and Moore [16],
the maximum product of spacing (MPS) estimation suggested by Cheng and Amin [17],
and the least squares estimation (LSE) method discussed in Juki¢ et al. [21] and Markovic
et al. [22]. In Section 5.1, we conduct a simulation study to evaluate the performance of
the proposed estimators in terms of the precision in estimation and reliability. Section 5.2
reports a rainfall data analysis. Finally, some concluding remarks are made in Section 6.

2. Some Mathematical Properties

Theorem 1. The PDF of the NEGLED is monotonically decreasing corresponding to the parameter region
Q= {(0(,‘3,/\1,)\2,)L3) : 06‘3 < 1} or() = {(DC,,B,A],/\Q,/\3) = 1,[8 =LA < A% +2/\1/\3},
and unimodal corresponding to the parameter region QO = {(a,B,A1,A2,A3) : afp > 1} or
Q={(a,BA,A,A3) :a=1,8=1A > A5 +20A3}.
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Proof. Letv = (%x2 + Aax — A3)*. Since x > @, it follows that (A1x + A2)? > A3 +2A1A3.
Hence, v > 0. By the transformation, the PDF of the NEGLED

71 _ L B o
ap(Mix+Az) (%xz + Aox — /\3)“ e ( 7 X2+ A /\3)
flx) = : - e
|:1 o e—<71X2+/\2x—)\3) :|

can be replaced by a function p(v), i.e.,

1

 wB2A0i + (A3 +2M443)]20 T e 0
p(v) - (1_6_0)1_‘3

,0>0.

The first partial derivative of In p(v) is given by

~ dlnp(v)
T(v) = e
1
A0 a—1 —1)e7?
_ M . (B-le® M)
av[2M10% + (A5 + A1A3)] o —¢
(20— DAon + (a — 1)(A3 +24443) L (B=De™ @)
av[Z)\lv% + (A3 +2A1A3)] L=er®
B /\10% (=1 +[(a =1)(e" =1) +a(B—1)7] [2/\10% + (A3 +2M145)] ] )
D(U[ZAﬂ)% + (/\% +2A1A3)](e? — 1)
By using the L’'Hospital rule in the first term of Equation (2), we obtain lgn T(v) = —1;in
[ (0]

the first term of Equation (3), we find

— 1) (A3 4201
lim T(Z)) = lim (“ﬁ - )( 2 + 1 3) . .
o0 v=0 [a(e0 — 1) + ave?] 201 0% + (A +2A1A3)] + 2A1 07 (e¥ — 1)

If e > 1, then lin}J T(v) = +0c0 and hence the PDF of the NEGLED has a unimodal in
v
this region. On the other hand, if « < 1, then lin}) T(v) = —oo and hence the PDF of the
v—

NEGLED decreases in this region.

When a = B = 1, the function 7(v) can be simplified as 7(v) = A1/[2A10 + (A3 +
_ A
- /\§+21Al/\3
the PDF of the NEGLED decreases if A < /\% + 2A1A3, and has a unimodal shape if
A > A3 42043 O

2A1A3)] — 1. Then, lim 7(v) = —1 and lim 7(v) —1. Hence, whena = f =1,
U—00 v—0

Theorem 2. The PDF of the NEGLED is |-shaped corresponding to the parameter region
Q={(a,,AM,A2,A3) 0 <1/2and p < 1}.

Proof. Here, we want to find the range of the PDF f(x) > 0 for which f'(x) < 0 and
f"(x) > 0, where f’(x) is the first derivative of f(x) and f”(x) is the second derivative of
f(x). Since Theorem 1 has shown that the PDF is decreasing when a8 < 1, we shall only
check the range of f(x) for which f”(x) > 0 under this condition.

From Equation (1), the second partial derivative of In p(v) is given by

2n
(o) = Tl

m{(E-1)or(3+2Mmrs) —200 ) 4 (go1)e
a2 (1—e0)2" @

1 2
w02 [ZAW + (A2 4 2)\1)\3)}
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Applying the L'Hospital rule twice, the numerator and denominator in lin}) ¢(v) approach
v—

(1—aB) (A3 +2A113)% and 0, respectively. Thus, lin}J &(v) = —cowhenaf > 1; lirr(l) é(v) —
v— v—
+oo when aff < 1.
Note that the sum of the first two terms in Equation (4) is equal to

2(1 —20)A% + [(% —1)+4(1- a)} Ao 5 (A2 4 2A173) + (1 — )07 (A2 4 24143)>
a[4A202 4 41102 (A2 4+ 2A1A3) + 024 (A2 +24143)?] '

which goes to 07 as v — oo if « < }. In addition, it is easy to see that the third term

in Equation (4) approaches 0" as v — o if B < 1. Combining the results, we have
lim &(v) - 0" whena < J and B < 1. Hence, f'(x) < Oand f”(x) > O whena <  and
V—00

B < 1,ie., the PDF of the NEGLED is J-shaped whena < and < 1. O

Figure 1 shows some possible PDF curves of the NEGLED when A =2.0,A; = 0.5
and A3 = 1.0.
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Figure 1. Plots of the density functions of the NEGLED when A; = 2.0, A; = 0.5 and A3 = 1.0, and
@ap<lora=pf=1A <A3+2\A5;(b)af >lora =B =111 > A3 +20A;.

Next, we consider the shapes of the HRF of the NEGLED
71 _ /\71 2 B o
“‘B(/\lx‘FAz)(%xzﬁ»)Qxf/\s)lx e ( 5 X +Axx /\3)

T 5y Lige0) (%)-
e (e |7 o] -

Theorem 3. The HRF of the NEGLED is monotonically decreasing corresponding to the parameter
region Q = {(a,B,A1,A2,A3) : af < land < (%)T}, and increasing corresponding to the
parameter region QO = {(«, B, A1,A2,A3) : aBf > land a > (3)T}, and has a bathtub shape

h(x) =

2
corresponding to the parameter region Q = {(a, B, A, A2, A3) : af < Land a > (3)*}, and

a unimodal shape corresponding to the parameter region Q = {(a, B, A1,A2,A3) : af > 1and
a < (3)F).
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Proof. By letting v = (/\71362 + Ayx — A3)%, the HRF h(x) can be viewed as a function in v
given by
 wB2A08 + (A3 +2M43)]20"T e 7P

L CEre.

Then , the first partial derivative of In ¢(v) is given by

dl
n(v) = naf)(v)

- M k=1 (B-le®  pe(l-etFt

a0[2A10% + (A% +241A3)] T Ta ey T s (1—ev)p Q)

_ (20— 1)Aqo8 + (& — 1)(A3 +2M1A5) L (e ipev 1 ©
x0[2A 108 + (A2 4 244A3)] (I—e )1 - (1-e?)P]

Applying the L’'Hospital rule to Equation (6) yields

_ 2
v—0 v—0 g(v)

7

where

() = [2(a+1)A08 +a(A2+24143)](1— e ?)[1— (1 — e 9)P]
+av[2q0% + (A + 20A3)]e 1 — (B+1)(1 — e 9)F],

which concludes that lim #(v) = +ooif ap > 1, and lim 57(v) = —coif af < 1.
v—0 v—0

One can also observe that the first term in Equation (5) is less than 1/ (2av). Thus,
the sum of the first two terms in Equation (5) is equal to (55)~ + %=1 = [1— (1) /a]/v,
which is positive if « > (1), and negative if & < (3)7.

By using the L'Hospital rule again, the limit of the second term in Equation (6) when
v goes to infinity is 0~ if > 1 and 07 if B < 1. When v goes to infinity, the convergence
of the last two terms goes to zero is clearly faster than that of the first two terms in the
Equation (5). Hence, when v goes to infinity, the sign of Equation (6) is basically determined
by the sign of the first term.

Therefore, we can conclude that the HRF of the NEGLED decreases when o < (%)+

and af < 1 (lirr(l);y(v) = —oo and 1_13_1 n(v) = 07), and increases when & > (3)* and
(d % o
af >1 (lin});y(v) = 400 and grf 1(v) = 0%). Moreover, when & < (1)* and a8 > 1,
[ [ oo
lin}) 7(v) = +o0and ET 7(v) = 07, which indicates that there exists 77(v*) = 0 and when
V— v o
v < v*, n(v) > 0, the HRF is increasing; when v > v*, 57(v) < 0, the HRF is decreasing.
Hence, the HRF of the NEGLED behaves unimodally when o < (%)+ and af > 1. Similarly,
whena > (3)* andaf < 1, lirr(l)iy(v) = —oo and l_1)r£1 7(v) = 0", which implies that there
v— v o
exists #(v*) = 0 and when v < v*, 57(v) < 0, the HRF is decreasing; when v > v*, 7(v) > 0,

the HRF is increasing. Hence, the HFR has a bathtub shape property when a > (%)Jr and
xf<1. O

The distinct types of hazard shapes of the NEGLED are illustrated in Figure 2. We use
A1 =20, A3 = 0.5 and A3 = 1.0 in Figure 2a—c, and use different selections of A;,i = 1,2, 3,
for plots in Figure 2d, and they are not reported here for brevity. Note that the HRF of the
NELGED can also exhibit a unimodal shape even when Az = 0.
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Figure 2. Plots of the hazard rate functions of the NEGLED. (a) « > (1/2)",a8 > 1; (b) & > (1/2)7,

ap<L(@a< (1/2)T,ap<1;(d)a< (1/2)T,ap > 1.

3. Some Statistical Properties

In this section, we derive some important statistical measures. First, based on the
results of Piegorsch and Casella [23], we discuss the existence of negative moments of first
order and orders greater than one for NEGLED when A3 = 0. Then, following the proofs
in Lee and Tsai [24] and Shakhartreh et al. [25], we are able to obtain the expressions of
the kth moment of rth order statistic, and the properties of mean residual lifetime and

asymptotic distributions.
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3.1. Negative Moments

Piegorsch and Casella [23,26] showed that, a continuous density function g(x) with
lirr(l)g(x)/x“ < oo for some a > 0 implies that E(X~!) < oo; and lin})g(x)/x‘”“b_1 < o0
X—r X—r

for some a > 0 implies that E(X~?) < oo for b > 1. Based on their results, we have the
following theorem.

Theorem 4. Let X ~ NEGLED(a, B, A1, Ay, A3), and define, Y = X — ¢, i.e., Y ~ NEGLED(a,
B, A1, A2,0), then it follows that E(Y™') < oo if and only if & > 1; and E(Y™?) < oo if and only
ifaf > bforb > 1.

Proof. By Taylor’s expansion, [1 —e ( zY H\ﬂ) } ~ (%yz + /\zy)m(/5 ) asy — 0.
Then, by taking a = a8 — 1 > 0 in the condition, we have

_ ) o pt
ap(My + Az) (Al y:+ /\zy)a ' (Fvay) [1 _ o (Frra) }
lim

y—0 y“ﬁ_l

’Xﬂ(/\l}/ + )\2) (%yz + /\2}/) D“Bile— (ATl]/2+)\2}/>a

~ lim

y—0 y”‘:B_l
«p (Moo «
= lim ﬁW<Aly+/\2> e (21y +/\2y> :aﬁ)\gﬁ < 0o,
y—0 Ly + Ay

showing that E(Y~!) < o if and only if a8 > 1.

In the same manner, by takinga = a — b > 0,i.e.,, af > b for b > 1 in the condition,
lirr(1)f(y)/y(‘)‘ﬁ_b)Jrh_1 < o0, showing that, for b > 1, E(Y~?) < coif and only if af > b. [
y—

3.2. Moments of Order Statistics

The following lemma (Equation (2.3) of Lemonte et al. [27]) can be used to obtain the
kth moment of rth order statistic.

Lemma 1. If |z| < 1and a > 0 is a real number, then

1-zp 1=y (“ B 1) (—2)i.

=0\ J

Theorem 5. The kth moment of rth order statistic X, is given by

(r
HE R ki j+i+0 i
k\ (= ”+] 1)/ niAL
- f <-)<2)< )
7201';0’1;0;0 AN (n—r—j)! r—1)z
[P0 ronay'E 4 yE o
Ak=h £+1 w A3+ 20 A5

i_hy
D(

+2%*”(x\2+2)\1)\3) ( 1 )z

S th (+1

)\2
k—i h 21 ¢
o A S B (A S .
x (204 rAC )<A§+2A1A3> ﬂ

where (s, t) f xS le *dx and T (s, t) = f x5~ Le~*dx are the lower and upper incomplete
gamma functzons respectively.
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Proof. The PDF of the rth order statistics is

n—r . ‘Tl! a—1
fX(r>(x) - “ﬁ];)j!(n_5,_1;;!(r_1)!{()\1x+)t2)<);1x2+)t2x—/\3)

+7)-1
X e*(%lx2+)\2xf)\3)“ {1 _ e()‘21x2+)\2xA3)a:| B(r+j) }

Let v = (%% + Apx — Ag)“. Then, x = {—As + [A2 + 2A1 (A3 + 01/%)]1/2} /A;, which
gives the expression of the kth moment of the rth order statistics as
= (=1)in!

k —
EX0) = P L == i =1y

o _ 2 INER L
< { A2+[A2+iA1<A3+v >]z} (1 — e Y gy,
0 1

Applying the Binomial expansion to the term {—Ay + [A3 + 211 (A3 + 01/*)]1/2}K, we
have

o 2 1711k
/ { —Az + [A5 +2M (A5 + v )2 } e (1 — e V)P0 14y
Jo

M
, 1\ ki
_ wi K\ (=A2)' (A + 2M1A3 +2A10%) 2 e (1 — e )P H) gy
o i Ak
i=0 1
ki .
_ ¥ (k> (—A2)! /°° Ly A H2hAs ) (2}\10%)%(”(1—e‘”)ﬁ(”j)_ldv
S\i) A h 2004
k N oo = ki .
=Y (k>( );2) / (1+ 11> (2/\10%) : e ’(1 —e_”)ﬁ(rﬂ)_ldv, (7)
i\t Ay Jo Dox
where D = 24— Note that IDoi| < 1,if 0 < v < 1/D* and [1/(Dv?)| < 1, if
2
1/D* < v < 0. Then, applying the results (1 + D%)(Z/\lv%) = (A3 +2M173)(1 + Dv%)
[ex

when 0 < v < 1/D*, and 211 = (A3 4+ 2A1A3)D when 1/D* < v < o, the integration term
in Equation (7) can be further expressed as

[ /Do ki ,
()\% + 2/\1/\3)}(T / (1 + DU%> - e ’(1- e"")ﬁ(”"’])—ldv
0
=] 1 % k=i
+ (1 + — ) (Dv%) e (1 —e )Pt gy
Thus, by Lemma 1,

n—r k oo k—i 1\ _ i ki
E(X’(‘r)) - PLL ) (I:> ( le )j!(n —(r—l])';?l(!r— 1)! : )?7;) (A2 +2MA3) 7

j=0i=0h=0

1/D* 4
X {/0 (Doi Yte=?(1 — )Pt -1y

+// (Dvt) M(Doi ) T e (1 — e 0)BrH)-1gp
1/De
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~FL LY @ (k%) e Y08 + 2207

== Pir =1 Ak

X [Dh /y fe~ 21— e )P+ 1gy 4 DTt /0c> v%*ge*v(l — e )Py,
0 Y
where y = 1/D*. Applying Lemma 1 with e™® < 1 and taking a transformation with
w =v({+ 1), we have
/ vhe v(l ) (r+7j) 1dZ)
g B( r+] — 1)

o e+ gy

HM

h

(

i e(ﬁ r+7) —l> (Ei1>a+l/y<é+l)w‘h‘€wdw
(=0 0
Y )

7{; - 1—3 v)ﬁ(r+j)71dv

(P )(ﬁl) & ”“r(gmy(m)

Combining these results, we obtain

Rz

”MS

h
Similarly, we have

ookz

s

0

/
- Lo

E(X{,)

) ﬁfz;lii ( )(’%)J( P &(A%Jrzm)xs)%

n—r—)ir— 1Ak
D' g(_1)5<ﬁ(f +€J') - 1) <€+11> Zﬂy(h +1, €;1>
cpton By (P (f e T USRSy

114
% H'H'Zn')\l
<h)( ) S

21(A2 + 2A1A3) %—h % 2\
X i M+
AL A+ 20075
+2%—h(A§+2A1A3) ( 1 >kz ’;+
itn 0+1
A

0

«
k—i & 2
T ——+1,({l+1)| ——— .
% < 20 (X+ ( + )<)\%+2/\1/\3> )

3.3. Mean Residual Lifetime

Using the following lemma, we obtain the approximation for the mean residual
lifetime of the NEGLED, which can be used to derive the asymptotic distribution for
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maximum order statistic X(,,) in Section 3.4. Some missprints have appeared in the proof
of Theorem 3.4 of Shakhartreh et al. [25], we thus show the proof for the completeness.

Lemma 2. If A1 > 0, Ay > 0, Az > 0, then for sufficiently large t, i.e., t — oo,

(251 t2 + Aot — )\3> — Z Zc(i,]')tth—(i-i-]')

i=0j=0
and o o o
[M(x+t) +Aa(x+t) — } =Y Y% ci,j)d(i,j, )k ith),
2 i=0j=0k=0
where { ]
o (=1)T(a+1) M\ i
Ch=Fa—rrnra—j+oalz) M
and

a(i k) = (204 —](ci —|—j)).

Proof. By Lemma 1,

« .

/\1 2 « /\1 2 /\zt — /\3 14 Al 2 at ;

- - = | = 1 Ere— = - — Z.
( 5 = 4 Apt /\3) [ > t + %tz L ; > t (/\21’ /\3)

Applying Lemma 1 again, we have
o\ (i) (Ao i
)()(52) (=raitan

[
<A1t2+)\2t—)\3> =
2
(=T (x+1) (%) a7t

hgk
e

Il
o
=
Il
<}

|
oL
hgk

S Ta—i+ DG —j+ 1\ 2
= LY, ©
i=0j=0
where C(l ]) - lj%/l" vc+]1+1 (71> l ]/\]

Similarly, from Lemma 1 and Euquatlon (8), we have

c(i, ) (x + £)22 (D)

I
or
[1e

Il
o
=

Il
=)

A
%(x—l—t) + Aa(x+1)

§>2a—(i+j)

I
s
agk

Il
o

=

Il
o

c(i, j)2e= (i) (1 +

(2“ - (i +])> C(i j)xktZaf(iJerrk)

Il
e
e
agk

I
=}
-
Il
o
=~
i
o

k

C(i,j)d(i,j, k)xktsz—(i-i-]'-i-k)’

I
agk
e
agk

I
=)
=
I
o
~
Il
o

where d(i, ], k) = (2“7](:”)). O

Theorem 6. If X ~ NEGLED (A1, Ay, A3, «, B), then, for sufficiently large t, i.e., t — oo, the
mean residual life

1

m(t):E(X—t|X>f)NW~
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Proof. By Binomial expansion,

B
|:1 _ e—(/\21x2+)L2X—A3)a:| ~1— ‘Be—()‘Tlxz-i-)sz—/\f;)a,

so, for sufficiently large x, S(x) = 1 — F(x) ~ ,Be’(ATlx2+)‘2x’)‘3)a. Define R¢(x) = S(x +
£)/S(t). Then, R;(x) = ¢"(¥), where

o

A & A
re(x) = ( 21 2+ Apt — A3> - [zl(x + )2+ Aa(x+1t) — /\3} .
Thus, the mean residual life

m(t) =E(X—t|X>t)= W = /OooRt(x)dx = /Ooogft(x)dx‘

Next, we want to show r;(x) ~ —aA’iZl""th“’l. From Lemma 2,

) = %

) (Z i, ) ktZa—(i+j+k)

[7e
2
s
s
E
\'Mg
7
7
2
:

Il

o
~

i

I

|
hgk
Me <
o

=

Il
=]
=
Il
o
=~
Il
_

'/ )d(l, ]', k)xktZaf(iJr]'Jrk)

I
e

c(0,0)d(0,0, k)xk2*k Z Z d(i, 0, k) xkg2a—(i+k)

»
Il
_

¢(0,7)d(0, j, k) xk 2= G+k)

.r'18
agk

\
I
I
T
[N

c(i, )d(i, j, k) x* 2= (k)

e
e
I [7e

i=1j=1k=1
= —¢(0,0)d(0,0,1)2* 1x
> d(0,0,k) -1k 2 ¢(4,0)d(i,0,k) 114K
x< 1+ t + S\ V)RR ¢
{ k:sz(O 0,1)" ,;k:zl ¢(0,0)d(0,0,1) "

o v €(0,7)d(0, ], k) K11 (j+K)
+Z;c(0, 0do,01)" !

v v CE)AG T k) k1 (k)
+ZZECO,O)CI(O,O,1)X ! '

~.

Il
—_
~

Since ¢(0,0) = (71) and d(0,0,1) = 2a, it follows that

w14 i 4(0,0,k) 1,1k n i i c(i,0)d(i,0,k) k1,1 (i+k)
2w S (3)(2e)
d0,j,k) k=141 (j+k)

1W
+ii i c(i iy c(i, j)d(, j, k) kltl(i+j+k)}

im1j—1k=1 (7)%(20)
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_ _“Aﬁazl—atsz 1 {1+Zwk 1= k+zzw2)t1 (i+k)
i=1k=1

+Zzw tl ]+k+222 ’/’ 1+]+k)}

j=1k=1 i=1j=1k=1
where
wlV) = d(0,0,k) v (29 c(i,0)d(i,0,k) x1 (3 _ ¢(0,j)d(0,j,k) k1
20{ X l’k - /\1 ’ ]’k o )\1 !
2) (2a) (7) (2a)
and

aft = UDACIR) or
(%) v

Note that, for sufficiently large t, t — oo, and sufficiently small positive ¢,
i ) i i WD) — (e,
k=2

and

i i w0 — o(414), i i i ) (A-(H7H) _ o(-2+e),

j=1k=1 i=1j=1k=1

Thus, we have an approximation
rt(x) ~ _a)\tiézlfatZaflx[l —|—0(t71+£) +O(t*1+8> +0(t71+8) +O(t72+£)],

Therefore, as t — o0, 74(x) ~ —aA‘i‘Zl_“tz"‘_lx, which leads to

"o —lX/\'i‘217'xt2D‘71Xd . 1 |:|
m(t) ~ /0 e ¥ et

3.4. Asymptotic Distributions

Here, we utilize the results of Arnold et al. [28] to derive the asymptotic distributions
for extreme order statistics X(;) and X, based on a random sample of size 1.

Theorem 7. Let X, ..., Xy be a random sample from the NEGLED(A1, Ay, A3, &, B), then

where W is a random variable whose CDF is exp(—e™ ™), and

1 1 */\2+\/)\%+2/\1(/\3+C(1*%))
a, = F 1—=2) = ,
n )\1
by = m(ay) =E(X—au|X >ay)

with
c(t) = [~mn(1-1/9)]"". ©)

Proof. Following from the Theorems 8.3.1(iii), 8.3.2(iii), and 8.3.4(iii) of Arnold et al. [28], it
suffices to show that
. S(t+m(t)x)
lim

im=—sm - exp(—x).
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This can be easily obtained by applying the results of m(t) and r¢(x) in Theorem 6, i.e.,

tim SEEOY) _ i rimn — o+
t—00 S(t) t—o0

Theorem 8. Let X1, ..., Xy be a random sample from the NEGLED(A1, Ay, A3, o, B), then

Xqy—ay a

W*
by
where W* be a random variable whose CDF is 1 — e’xlxﬁ, and
a, = F10)=g¢,
Ao+ /A2 42401 (A3 + (1))
by = F—lc)rl(o): \/ 2 T g
1

with c(t) as defined in Equation (9).

Proof. Following from Theorems 8.3.1(ii), 8.3.5(ii), and 8.3.6(ii) of Arnold et al. [28], it

suffices to show ;
im Flo+t) _ X
t—0+ F(p+1t)

By Taylor’s expansion,
(M2 R A ap
F(x) = {1—e (F+r20-05) } ~ (zlx2+A2x—/\3> as x — ¢.
Then, from (%xz + Arx — A3) — 0 as x — ¢ and L'Hospital rule, we have

«p

o Elo+tx) Bp+t0)2+ Mg+ 1x) — Az
=0+ F(g+1) 500 | A (@412 + Mg +1) — As

T M@+ tx) 4+ Ay IX‘B_ ap
= lim {x —Al(qH-t)—{—)Lz =x**. O

4. Estimation Procedures

In this section, we describe five estimation methods that we have used in our simula-
tion study:.

4.1. Maximum Likelihood Estimation

For an independent and identically distributed random sample X, ..., X;, from NE-
GLED (Aq, Ay, A3, a, B), i.e., X; — ¢ ~ EGLED(Aq, A, a, B), the log-likelihood function of 6
based on the sample is given by

n

0,(0) = const+I(¢p< x(l)){nlna+nlnﬁ+ Y In[Aq(x; — @) 4 As)
i=1

a—1 L

n n
+— Y Inri—= Y ri+(B—1)
i=1 i=1

In(1—e") }

i=1
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where r; =

obtained by solving the following likelihood equations:

dp 1
a0 wxi—e—m() n{,% o B } ort\
oA ,:21 A(xi— @) + A2 +,-; i e = D-an] +alp -1 o) =

dp 1
o0 _ o 1oM(E) e | Al
L) i:zlh(xi_(ﬁwﬁg{ri (o= 1)-ar + a1} | 55 ] =0
dg 1
90,(6) o M(EE) ey | A
e Y N e e I TR
94, (0 1 1
ai) = g+%l;{lfr,+(ﬁfl)ri“t,}lnrl70,
N0  m & o
3 = BJrgln(lfe ) 0
where
1
o} (xi — ) 2
1 _ l _ F— _r
T R ‘PHAZ](aAl)’
1
ors 1)
1 _ A _ P T
a/\z - xl q) [/\1(.7('1 q))_'—/\z](a/\z)/
1
or*x el
] — _ P
e = o (5E),
B9 MAs(A3+2M445) Ay — (A +2M104)2
L A2 '
3 1+ A(A3+2043) 2
Ny M '
d _1
% = (A2+42M05)72,
and o
e~ lir. ©
t; = 1—617”1'.

[%(xi — )2 + Ay(x; — @)]*. Thus, the MLE 8 = (A1,A2,A3,&, B)T can be

Fora < 1/2and B < 1, the density is J-shaped, so MLE either do not exist at all or are
inconsistent. Therefore, in finding MLE, we need to verify that a solution of the likelihood
equations really is a local maximum.

It can be seen that the above equations related to the parameters need to be solved
numerically. For the Newton—-Raphson method, the elements of the Hessian matrix of the
likelihood function (i.e., the second partial derivatives of the log-likelihood function with
respect to the parameters) can be found in Liu [29].

4.2. Corrected Maximum Likelihood Estimation

Cheng and Iles [19] proposed a corrected log-likelihood

co) =

log{F(x(1)+h,08) — F(x(1),0} + Z log f(x(;),0)
i=2

to estimate the unknown parameters. They suggested to use i = x(3) — x(1), or the first
non-zero difference between consecutive ordered observations in the case of ties for a better
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performance. By choosing h = x(5) — x(1), the corrected log-likelihood function can be
written as

wq B s B
C(B) - log{ {1 B €7<A71x%2)+)‘2"<2)*)‘3) } B [1 - €7(%X%1)+Azxu)*%> } }

n
+(n —1)loga + (n—1)log p+ ) log(Arx(y + A2)
i=2

n A n A 14
+a—1)) log(zlx%i) + Aax(iy — )\3> -y (;x%i) + Aox (i) — )\3)
i—2 i=2

n A «
+(B—1) ) log [1 — e (Bl ey —aa) ] .
=2

The corrected MLE can be obtained from maximizing C(8) with respect to the parameters
subject to the constraint x(1) > ¢.

4.3.  Modified Maximum Likelihood Estimation

Harter and Moore [16] suggested to use x 1) as the estimate of ¢, i.e, § = x(;), and then
maximize the modified log-likelihood function based on the remaining n — 1 observations,
which can be written as

n
0*(8) = (n—1)loga + (n—1)log f + Y log(A1x() + A2)
i=2
+1n1)‘12)\ A—nﬂzA—A“
(—1) ) log( 5 xG) +Aaxp —As ) = Y| 5 %0y + 2% — s
=2 =2
)1 14
A |
=2

1=

The modified MLE can be obtained from maximizing ¢*(6) with respect to 8 subject to the
constraint x) = ¢.

4.4. Maximum Product of Spacing Estimation

Chen and Amin [17] suggested to maximize a certain product of spacings rather than a
product of densities to overcome the problem of the unbounded likelihood. More precisely,
instead of finding the parameter values that maximize the likelihood function, the MPS
estimates are obtained from maximizing

n+1

S(0) = E[F(x(z’)}e) — F(x(;_1);0)],

where F(x(g)) = 0and F(x(,1)) = 1, with respect to 6 subject to the constraint x(1) > ¢.

4.5. Least Squares Estimation
Ng et al. [20] used the nonlinear weighted least squares estimation discussed in
Juki¢ et al. [21] and Markovic et al. [22] for the three-parameter Weibull distribution
based on progressively Type-II censored samples. The least squares estimates are obtained
by minimizing
n
Q(8) = ) w;[F(x(;);8) — F(x(;))P?,

i=1
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where F (x(7y) is a nonparametric estimate of CDF and w; = 1/ Var(F (x(iy))- Here, we use
the Kaplan-Meier estimator and Greenwood’s formula to estimate the variances. That is,

F(x) :1—]‘[(1—%),1': 1,...,m,

j=1 j

where n;f =n — j+ 1is the risk set at x;) and

. - i 1
Var[F(x(i))] =[1- F(x@)}z; W-

5. Simulation Study and Numerical Example

In this section, we carry out a simulation study to evaluate the performance of es-
timation methods in Section 4. We also present a numerical example to illustrate the
methodologies discussed in this paper.

5.1. Simulation Study

We now compare the performance of different methods in different settings in terms of the
precision in estimation and reliability. The samples of size n = 25, 50, 75, 100 from the NEGLED
with (A1, A2, A3,4,8) = (0.1,0.1,0.085,0.7,7), (0.1,0.1,0.05,1.2,1.5), (0.1,0.6,0.2,1.5,0.9),
(0.5,05,04,04,3),(05,07,0.2,04,09), (0.3,04,02,03, 3), (0.5,07,0.1,09,0.7), (01,03, 05, 1.2, 0.6),
(0.5,0.7,0.1,0.7,1.1) were generated, respectively. These settings cover all four different
types of hazard rate functions discussed in Figure 3. For each setting, we compute the
parameter estimates by the maximum likelihood estimation, the corrected maximum likeli-
hood estimation, the modified maximum likelihood estimation, the maximum product
of spacing estimation, and the least squares estimation methods (denoted as MLE, CMLE,
MMLE, MPS, and LSE methods). The simulated biases and mean square errors (MSEs)
based on 5000 sets of valid estimates for each method are reported in Tables 1-9. We also
report the associated total MSE (TMSE) of five parameters, the total number of tryouts
for 5000 valid estimates, and the percent of times of obtaining reliable estimates. The
computer program for obtaining the estimates in this section is written in R Version 4.1.0
with multiStartoptim command, and it is available from the authors upon request.

From these simulation results, it can be seen that, as the sample size n increases, both
MSEs and TMSE decrease for estimators in most cases. In addition, on average, the TMSE
of MMLE, MPS, and LSE are greater than those of CMLE and MLE. In comparing the
percentage of obtaining reliable estimates, MLE and MMLE tend to have significantly lower
rates in Tables 3-7. According to these results, taking the accuracy and reliability of the
estimates, we recommend using CMLE for obtaining the parameter estimates of NEGLED.

5.2. lllustrative Example

In this section, we present the application of the NEGLED to a rainfall data from the
Department of Meteorology in Tallahassee, Florida, to illustrate its flexibility among a set
of competitive models. Table 10 shows the annual maximum daily rainfall for the years
from 1901 to 2001, except the years 1904, 1940 to 1942, and 1974 are missing. The record
rainfalls were measured at Orlando Executive Airport near downtown Orlando, except
from 1975 to 1998 when the weather station was at Orlando International Airport.
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Table 1. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.1,A» = 0.1,A3 = 0.085,2a = 0.7, = 7.

% of
Reliable
Method n Tryouts A Ar A3 [ B TMSE Estimates

CMLE 25 5006 0.03725 0.00526 —0.04063 —0.10067 —0.22351 0.76653  99.9
(0.00235) (0.00041) (0.00358) (0.01890) (0.74130)

50 5001 0.04024 0.00539 —0.04396 —0.11403 —0.15421 0.36998  100.0
(0.00211) (0.00016) (0.00282) (0.01715) (0.34774)

75 5001 0.04219 0.00586 —0.04488 —0.11992 —0.12920 0.24070  100.0
(0.00216) (0.00012) (0.00226) (0.01723) (0.21893)

100 5000 0.04407 0.00638 —0.04536 —0.12564 —0.10353 0.11047  100.0
(0.00221) (0.00009) (0.00221) (0.01689) (0.08906)

MMLE 25 5003 —0.07435 0.10566 0.78088 —0.04643 —0.10264 0.67823  99.9
(0.00557) (0.01119) (0.63916) (0.00243) (0.01987)

50 5004 —0.07077 0.10777 0.68509 —0.11403 —0.10096 0.51822  99.9
(0.00506) (0.01166) (0.48877) (0.01715) (0.01076)

75 5003 —0.06855 0.10915 0.63811 —0.11992 —0.10362 0.45880  99.9
(0.00475) (0.01196) (0.42359) (0.01723) (0.01672)

100 5002 —0.06696 0.11030 0.60852 —0.03683 —0.10368 0.41931  100.0
(0.00454) (0.01222) (0.38445) (0.00166) (0.01644)

MLE 25 5029 0.03805 0.05335 0.01083 —0.08054 —0.45473 1.96976  99.4
(0.00322) (0.00440) (0.01249) (0.03568) (1.91398)

50 5011 0.03682 0.05240 0.00294 —0.09499 —0.29991 1.03543  99.8
(0.00206) (0.00321) (0.00235) (0.01845) (1.00937)

75 5005 0.03791 0.05291 0.00128 —0.10206 —0.21434 0.59157  99.9
(0.00188) (0.00310) (0.00181) (0.01537) (0.56942)

100 5005 0.03862 0.05372 0.00121 —0.10617 —0.16054 0.33664  99.9
(0.00178) (0.00302) (0.00067) (0.01427) (0.31690)

MPS 25 5073 0.01723 —0.00213 —0.04217 0.00801 —1.07610 538005  98.6
(0.00289) (0.00194) (0.01214) (0.12876) (5.23431)

50 5060 0.02488 —0.00014 —0.04751 —0.05706 —0.63364 2.65448  98.8
(0.00220) (0.00066) (0.00333) (0.03827) (2.61003)

75 5051 0.02973 0.00126 —0.04788 —0.08123 —0.40122 153332  99.0
(0.00200) (0.00046) (0.00309) (0.02357) (1.50421)

100 5049 0.03226 0.00212 —0.04769 —0.09318 —0.27287 0.89256  99.0
(0.00187) (0.00033) (0.00290) (0.01836) (0.86910)

LSE 25 5086 0.05346 0.00462 —0.04030 —0.03470 —0.82319 4.02978  98.3
(0.01576) (0.00224) (0.00522) (0.09104) (3.91551)

50 5113 0.05105 0.00699 —0.03714 —0.05141 —0.69196 3.06454  97.8
(0.01185) (0.00161) (0.00603) (0.04958) (2.99547)

75 5091 0.06619 001247 —0.03745 —0.09322 —0.46855 1.87924 982
(0.01369) (0.00139) (0.00488) (0.04388) (1.81540)

100 5083 0.08188 0.01653 —0.03988 —0.12716 —0.32027 1.19438  98.4
(0.01699) (0.00124) (0.00391) (0.04398) (1.12827)
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Table 2. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.1,A, = 0.1,A3 = 0.05,a = 1.2, =1.5.

% of
Reliable
Method n Tryouts A Ar A3 o B TMSE Estimates

CMLE 25 5031 —0.00320 0.02596 0.03500 —0.07052 —0.10222 0.05347  99.4
(0.00032) (0.00150) (0.00352) (0.02234) (0.02579)

50 5017 —0.00366 0.02209 0.02852 —0.07199 —0.09559 0.03718  99.7
(0.00018) (0.00086) (0.00145) (0.01453) (0.02017)

75 5015 —0.00343 0.02109 0.02654 —0.07464 —0.08989 0.03128  99.7
(0.01369) (0.00067) (0.00104) (0.01374) (0.01570)

100 5010 —0.00279 0.02085 0.02517 —0.07903 —0.08331 0.02841  99.8
(0.00012) (0.00065) (0.00083) (0.01022) (0.01659)

MMLE 25 5156 —0.03237 0.13143 029187 0.01085 —0.01534 1.09166  97.0
(0.00236) (0.04337) (0.14687) (0.28301) (0.61605)

50 5052 —0.02799 0.10617 0.19885 0.03766 —0.05666 0.70458  99.0
(0.00147) (0.02183) (0.05814) (0.22009) (0.40305)

75 5035 —0.02601 0.08976 0.15589 0.04709 —0.09200 0.43014  99.3
(0.00125) (0.01332) (0.03422) (0.19005) (0.19131)

100 5020 —0.02432 0.07877 0.13053 0.05357 —0.11143 0.33681  99.6
(0.00116) (0.00976) (0.02378) (0.16968) (0.13243)

MLE 25 5244 0.00828 0.05257 0.06570 —0.05821 —0.15808 0.15454 953
(0.00054) (0.00555) (0.01230) (0.04268) (0.09347)

50 5073 0.00706 0.04692 0.05437 —0.06185 —0.14523 0.11256  98.6
(0.00035) (0.00374) (0.00585) (0.02264) (0.07998)

75 5048 0.00716 0.04407 0.04829 0.04709 —0.13264 0.10717  99.0
(0.00033) (0.00291) (0.00387) (0.01939) (0.08066)

100 5026 0.00734 0.04305 0.04641 —0.06419 —0.12898 0.08408  99.5
(0.00029) (0.00259) (0.00325) (0.01777) (0.06019)

MPS 25 5129 —0.01024 0.02954 0.01396 0.09659 —0.05459 133291  97.5
(0.00334) (0.01481) (0.00777) (0.38998) (0.91701)

50 5025 —0.00554 0.01505 0.00389 0.01246 —0.05631 0.51673  99.5
(0.00163) (0.00557) (0.00222) (0.11393) (0.39338)

75 5006 —0.00372 0.01113 0.00345 —0.01063 —0.05562 0.32072  99.9
(0.00103) (0.00361) (0.00169) (0.07480) (0.23959)

100 5005 —0.00264 0.00879 0.00339 —0.02186 —0.06146 0.20641  99.9
(0.00086) (0.00212) (0.00127) (0.05933) (0.14282)

LSE 25 5389 —0.00384 0.01878 0.01540 0.15252 —0.19260 0.84655  92.8
(0.00168) (0.00519) (0.00360) (0.48109) (0.35499)

50 5273 —0.00554 0.01588 0.01606 0.05224 —0.16159 0.37492  94.8
(0.00117) (0.00219) (0.00151) (0.19686) (0.17319)

75 5305 —0.00688 0.01879 0.01884 —0.00130 —0.12415 020631  94.3
(0.00081) (0.00213) (0.00118) (0.08748) (0.11472)

100 5282 —0.00739 0.01849 0.02082 —0.02535 —0.11014 0.15416 947
(0.00050) (0.00129) (0.00098) (0.07738) (0.07401)
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Table 3. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.1,A» = 0.6,A3 =0.2,a =15, =09.

% of
Reliable
Method n Tryouts A Ao A3 [ B TMSE Estimates

CMLE 25 5414 003729 —0.05135 0.06435 0.10333 —0.18362 0.17151  92.4
(0.01003) (0.02448) (0.01284) (0.03042) (0.09373)

50 5427 0.02750 —0.06597 0.02158 0.11486 —0.15127 0.29528  92.1
(0.00875) (0.03399) (0.00508) (0.03871) (0.20875)

75 5430 0.02733 —0.07010 0.00765 0.10758 —0.13634 026911  92.1
(0.00956) (0.03510) (0.00354) (0.03991) (0.18100)

100 5338 0.02842 —0.07413 0.00060 0.10372 —0.13265 0.20630  93.7
(0.00986) (0.03299) (0.00292) (0.03977) (0.12076)

MMLE 25 587 021016 021693 020628 0.12700 045284 4.89284 852
(0.28244) (0.94594) (0.27873) (0.71363) (2.67211)

50 5304 0.11539 0.08334 0.09204 0.18497 020449 244858 943
(0.11124) (0.36395) (0.07470) (0.65691) (1.24178)

75 5142 0.08746 0.02210 0.05127 0.16077 0.10217 1.38397  97.2
(0.06179) (0.14981) (0.02664) (0.52733) (0.61840)

100 5083 0.07054 —0.00412 0.03301 0.14137 0.04581 097207  98.4
(0.04382) (0.10342) (0.01650) (0.41527) (0.39305)

MLE 25 29103 0.04330 025532 0.12648 —0.24333 0.65666 3.83227  17.2
(0.01414) (0.20850) (0.05564) (0.29896) (3.25503)

50 22940 0.03651 027363 0.07557 —0.14584 074531 3.50112  21.8
(0.00705) (0.27661) (0.02648) (0.17272) (3.01826)

75 15478 0.03462 0.16343  0.05384 —0.07390 0.38267 156891  32.3
(0.00510) (0.15007) (0.01319) (0.11307) (1.28748)

100 11413 0.03408 0.10146 0.04161 —0.02986 0.20154 0.81734  43.8
(0.00495) (0.08644) (0.00782) (0.09424) (0.62388)

MPS 25 5708 0.06634 0.08991 —0.05264 0.02458 0.65081 4.82367  87.6
(0.04548) (0.52729) (0.05176) (0.35705) (3.84208)

50 5336 0.03544 0.14417 —0.03769 0.02990 0.70547 4.46251  93.7
(0.03479) (0.40146) (0.02839) (0.36541) (3.63247)

75 5175 0.02608 0.13784 —0.02270 0.02341 038267 3.45570  96.6
(0.02827) (0.28677) (0.01593) (0.32198) (2.80275)

100 5101 0.02122 0.11620 —0.01222 0.02200 046767 2.62618  98.0
(0.02489) (0.21674) (0.00991) (0.26706) (2.10758)

LSE 25 5529 0.13979 —0.01431 —0.06287 0.22811 0.38503 3.69176  90.4
(0.07249) (0.38000) (0.04842) (0.64068) (2.55017)

50 5231 0.07606 0.01191 —0.05529 0.19798 0.36208 2.81887  95.6
(0.03736) (0.23442) (0.01924) (0.41673) (2.11112)

75 5167 0.05355 0.00711 —0.04167 041673 025652 195413  96.8
(0.02806) (0.15216) (0.01265) (0.35627) (1.40499)

100 5158 0.03978 0.00583 —0.03508 0.17349 020732 1.61169  96.9
(0.02247) (0.11380) (0.00817) (0.31434) (1.15291)
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Table 4. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.5,A» = 0.5,A3 = 04,04 =04, = 3.

% of
Reliable
Method n Tryouts A Ao A3 [ B TMSE Estimates

CMLE 25 5012 —0.15649 —0.05632 —0.11327 0.06722 —0.04031 0.06933  99.8
(0.02769) (0.00773) (0.01517) (0.00812) (0.01061)

50 5021 —0.15610 —0.05487 —0.11165 0.05739 —0.03783 0.05566  99.6
(0.02590) (0.00539) (0.01387) (0.00496) (0.00553)

75 5006 —0.15614 —0.05408 —0.11104 0.05465 —0.03894 0.05281  99.9
(0.02550) (0.00435) (0.01309) (0.00405) (0.00582)

100 5008 —0.15567 —0.05331 —0.11051 0.05301 —0.03896 0.05078  99.8
(0.02509) (0.00388) (0.01283) (0.00360) (0.00538)

MMLE 25 96706 —0.11509 0.11668 0.05388 —0.04696 —0.10086 0.55568 5.2
(0.02239) (0.12544) (0.04850) (0.04411) (0.31525)

50 48705 —0.10779 0.11428 0.05373 —0.05863 —0.09479 0.40480  10.3
(0.02432) (0.09236) (0.03723) (0.02156) (0.22932)

75 33292 —0.10416 0.10849 0.05082 —0.06758 —0.09710 0.24836  15.0
(0.01863) (0.06794) (0.02701) (0.01055) (0.12423)

100 25682 —0.10211 0.10662  0.05005 —0.06952 —0.09775 0.19260  19.5
(0.01956) (0.04666) (0.01918) (0.01051) (0.09668)

MLE 25 5089 —0.11487 0.01190 —0.05844 0.04950 —0.10106 0.09076  98.3
(0.01799) (0.01540) (0.01606) (0.00563) (0.03568)

50 5026 —0.12075 —0.00576 —0.07755 0.04550 —0.07247 0.05344  99.5
(0.01690) (0.00660) (0.00989) (0.00376) (0.01629)

75 5015 —0.12355 —0.01185 —0.08346 0.04427 —0.06680 0.04181  99.7
(0.01695) (0.00327) (0.00878) (0.00288) (0.00993)

100 5008 —0.12386 —0.01404 —0.08558 0.04387 —0.06169 0.04414  99.8
(0.01767) (0.00522) (0.01057) (0.00267) (0.00800)

MPS 25 5137 —0.15843 —0.04636 —0.12606 0.08250 —0.22201 0.90731  97.3
(0.04885) (0.09414) (0.04017) (0.08215) (0.64200)

50 5046 —0.16035 —0.04367 —0.11220 0.05356 —0.11871 0.36734  99.1
(0.03461) (0.05368) (0.02847) (0.02205) (0.22853)

75 5019 —0.15604 —0.04212 —0.10714 0.04653 —0.07634 0.22514  99.6
(0.03107) (0.03405) (0.02195) (0.01165) (0.12642)

100 5002 —0.15126 —0.04196 —0.10482 0.04261 —0.05391 0.17416  100.0
(0.03152) (0.03333) (0.02292) (0.00526) (0.08113)

LSE 25 6462 —0.16135 0.00182 —0.10388 0.18024 —0.44737 1.94699  77.4
(0.07992) (0.30276) (0.12372) (0.14132) (1.29927)

50 6224 —0.17499 0.02897 —0.07328 0.11723 —0.31651 1.26158  80.3
(0.05956) (0.21719) (0.08202) (0.04635) (0.85646)

75 5861 —0.17004 0.03495 —0.06301 0.09056 —0.24878 091330 853
(0.05358) (0.19700) (0.06668) (0.02287) (0.57316)

100 5682 —0.16392 0.02363 —0.06683 0.07958 —0.20799 0.63092  88.0
(0.04742) (0.09521) (0.03116) (0.01820) (0.43893)
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Table 5. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.5,A» =0.7,A3 = 0.2, = 04,5 =09.

% of
Reliable
Method n Tryouts A Ao A3 [ B TMSE Estimates

CMLE 25 6041 —0.09193 0.07240 0.01639 0.06883 0.00204 0.02080  67.3
(0.00849) (0.00528) (0.00027) (0.00654) (0.00022)

50 5024 —0.09187 0.07334 001611 0.06883 0.00175 0.02029  67.8
(0.00847) (0.00540) (0.00026) (0.00603) (0.00014)

75 7385 —0.09181 0.07371 0.01616 0.06939 0.00172 0.02015  67.7
(0.00846) (0.00546) (0.00026) (0.00586) (0.00011)

100 7262 —0.09172 0.07400 0.01622 0.07002  0.00196 0.02007  68.9
(0.00843) (0.00549) (0.00026) (0.00579) (0.00009)

MMLE 25 8509 031138 0.77322 021383 0.12758 0.17682 6.87411 588
(1.97069) (4.10622) (0.31728) (0.09825) (0.38167)

50 6642 038211 076349 021275 0.09256 0.13413 648444 753
(2.16261) (3.69530) (0.29076) (0.05449) (0.28127)

75 5975 041660 0.68276 0.19271 0.07965 0.10476 6.05636  83.7
(2.21163) (3.29713) (0.26409) (0.04428) (0.23923)

100 5620 0.39119 057815 0.16448 0.07222  0.07903 520583  89.0
(2.08246) (2.66645) (0.21719) (0.03710) (0.20263)

MLE 25 7089 —0.09143 0.07246 0.01643 0.06474 —0.00004 0.02013  70.5
(0.00840) (0.00528) (0.00027) (0.00598) (0.00020)

50 7217 —0.09154 007315 0.01608 0.06354 —0.00062 0.01950  69.3
(0.00841) (0.00537) (0.00026) (0.00534) (0.00013)

75 7089 —0.09145 0.07349 0.01611 0.06414 —0.00052 0.01932  70.5
(0.00838) (0.00541) (0.00026) (0.00516) (0.00010)

100 7174 —0.09149 0.07364 0.01613 0.06380 —0.00062 0.01915  69.7
(0.00839) (0.00543) (0.00026) (0.00498) (0.00009)

MPS 25 7680 0.06350 0.31598 0.08449 0.05296 0.01109 3.44181  65.1
(0.79327) (2.27821) (0.16545) (0.03505) (0.16983)

50 8378 0.13564 031274 0.08636 0.06803 —0.00024 3.28707  59.7
(1.20587) (1.76324) (0.13675) (0.03374) (0.14747)

75 9658 023496 0.33052 0.09440 0.06135 0.01968 3.37932  51.8
(1.42910) (1.64187) (0.13198) (0.03137) (0.14501)

100 11112 028701 029479 0.08685 0.05069 0.03305 293975  45.0
(1.42714) (1.25218) (0.10451) (0.02581) (0.13010)

LSE 25 6569 0.17570 024737 0.06815 0.08668 —0.04378 3.08815  76.1
(0.82316) (1.93914) (0.14132) (0.03563) (0.14890)

50 5914 0.20211 030207 0.08542 0.06947 —0.02358 3.25876 845
(0.96809) (1.98329) (0.15164) (0.02781) (0.12793)

75 5879 0.18846 0.28701 0.08132 0.06753 —0.02552 2.94421  85.0
(0.90795) (1.75396) (0.13636) (0.02555) (0.12039)

100 6043 0.17363 022623 0.06502 0.07081 —0.03511 249544  82.7
(0.90199) (1.35138) (0.10732) (0.02730) (0.10745)
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Table 6. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.3,A» = 0.4,A3 =0.2,&4 = 0.3, =3.

% of
Reliable
Method n Tryouts A Az A3 [ B TMSE Estimates

CMLE 25 5102 0.08107 —0.01945 —0.00971 0.00604 0.09304 0.02144  98.0
(0.00849) (0.00187) (0.00059) (0.00114) (0.00935)

50 5076 0.08652 —0.01386 —0.00704 —0.00001 0.08915 0.01799  98.5
(0.00823) (0.00071) (0.00025) (0.00057) (0.00823)

75 5060 0.08861 —0.01208 —0.00637 —0.00202 0.08767 0.01725  98.8
(0.00834) (0.00047) (0.00017) (0.00041) (0.00787)

100 5043 0.08989 —0.01113 —0.00607 —0.00302 0.08684 0.01691  99.1
(0.00843) (0.00035) (0.00013) (0.00034) (0.00767)

MMLE 25 13705 —0.06988 0.16312 0.07618 0.20593 —0.29937 3.76705  36.5
(0.06467) (1.05955) (0.22188) (0.32434) (2.09661)

50 7879 —0.06012 0.19592 0.08986 0.15669 —0.29767 3.70401  63.5
(0.11461) (1.18428) (0.25321) (0.14283) (2.00908)

75 6330 —0.05011 023047 0.10519 0.12172 —0.22773 3.46795  79.0
(0.10749) (1.19009) (0.25461) (0.07883) (1.83693)

100 5708 —0.04811 0.18990 0.08593 0.10028 —0.24586 2.97421  87.6
(0.11196) (1.03305) (0.22145) (0.04463) (1.56312)

MLE 25 5275 0.09290 —0.00705 —0.00316 0.00267 0.08130 0.01959  94.8
(0.00984) (0.00099) (0.00037) (0.00107) (0.00732)

50 5168 0.09429 —0.00602 —0.00300 —0.00145 0.08079 0.01724  96.7
(0.00941) (0.00040) (0.00016) (0.00057) (0.00670)

75 5139 0.09512 —0.00546 —0.00290 —0.00300 0.08028 0.01677  97.3
(0.00940) (0.00026) (0.00010) (0.00039) (0.00663)

100 5126 0.09583 —0.00495 —0.00280 —0.00393 0.08003 0.01651  97.5
(0.00944) (0.00019) (0.00008) (0.00032) (0.00649)

MPS 25 5187 0.03658 —0.04311 —0.04180 0.06404 —0.23798 132971  96.4
(0.07113) (0.17326) (0.02534) (0.09990) (0.96007)

50 5050 0.02949 —0.02550 —0.02234 0.03366 —0.15377 0.81902  99.0
(0.02402) (0.18386) (0.02898) (0.03661) (0.54555)

75 5023 0.04460 —0.01801 —0.01553 0.01913 —0.07995 0.56250  99.5
(0.02406) (0.11895) (0.02044) (0.02008) (0.37896)

100 5005 0.05649 —0.01938 —0.01396 0.00775 —0.03881 0.34773  99.9
(0.01570) (0.05786) (0.01021) (0.00788) (0.25608)

LSE 25 6254 —0.08229 —0.06583 —0.06884 0.25809 —0.88760 3.71493  79.9
(0.18148) (0.43845) (0.07484) (0.25037) (2.76979)

50 5903 —0.11749 —0.02678 —0.04031 0.20690 —0.81243 3.14112 847
(0.10549) (0.52022) (0.08313) (0.14955) (2.28272)

75 5752 —0.13266 —0.01556 —0.02828 0.18286 —0.78222 2.71427  86.9
(0.07572) (0.48832) (0.08513) (0.10898) (1.95613)

100 5720 —0.12999 —0.02820 —0.03005 0.16511 —0.76730 2.31315  87.4
(0.07504) (0.33972) (0.06261) (0.08053) (1.75526)
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Table 7. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.5,A» =0.7,A3 =0.1,a = 0.9, =0.7.

% of
Reliable
Method n Tryouts AM Ar A3 o B TMSE Estimates

CMLE 25 5829 —0.10202 0.09116 0.02058 0.11321 0.12008 0.04737  85.8
(0.01057) (0.00850) (0.00060) (0.01314) (0.01457)

50 5932 —0.10204 0.09245 0.01487 0.11236  0.11926 0.04643 843
(0.01049) (0.00863) (0.00025) (0.01278) (0.01429)

75 5943 —0.10205 0.09260 0.01334 0.11228 0.11923 0.04625  84.1
(0.01047) (0.00863) (0.00019) (0.01271) (0.01426)

100 6043 —0.10204 0.09275 0.01276 0.11221 0.11913 0.04615  82.7
(0.01045) (0.00864) (0.00017) (0.01267) (0.01422)

MMLE 25 7417 040270 0.73681 0.12140 025176 040212 7.07468  67.4
(1.96441) (3.32372) (0.08256) (0.58914) (1.11486)

50 6206 030668 051871 0.07886 0.18605 0.24944 452933  80.6
(1.64017) (1.93598) (0.04262) (0.36688) (0.54369)

75 5813 017480 0.33593 0.04987 0.17655 0.15242 2.53288  86.0
(0.91400) (0.99235) (0.02109) (0.28578) (0.31967)

100 5562 0.13385 0.23524 0.03475 0.17322 0.10031 1.77154  89.9
(0.70673) (0.58034) (0.01224) (0.25292) (0.21932)

MLE 25 7316 —0.10164 0.09269 0.02045 0.11205 0.11783 0.04665  68.3
(0.01047) (0.00875) (0.00058) (0.01285) (0.01399)

50 7240 —0.10166 0.09337 0.01491 0.11198 0.11797 0.04610  69.1
(0.01041) (0.00879) (0.00025) (0.01269) (0.01397)

75 7263 —0.10169 0.09359 0.01341 0.11186 0.11789 0.04593  68.8
(0.01039) (0.00881) (0.00019) (0.01262) (0.01393)

100 7256 —0.10173 0.09350 0.01284 0.11191 0.11806 0.04589  68.9
(0.01038) (0.00878) (0.00017) (0.01260) (0.01396)

MPS 25 6124 016826 036702 0.02989 0.04299 023369 44959  81.6
(0.67708) (2.54057) (0.03233) (0.21722) (1.02877)

50 5507 0.14187 021044 0.02551 0.08232 0.09971 2.61726  90.8
(0.64655) (1.36877) (0.02164) (0.20829) (0.37201)

75 5341 010431 0.10786 0.01419 0.09676 0.04295 1.67633  93.6
(0.50184) (0.76427) (0.01305) (0.17899) (0.21816)

100 5273 0.10984 0.03054 0.00487 0.09376 0.01446 1.06258  94.8
(0.42135) (0.34524) (0.00630) (0.16692) (0.12277)

LSE 25 6321 026183 0.39887 001427 0.19071 0.23708 508708  79.1
(0.79214) (2.71504) (0.02912) (0.25670) (1.29408)

50 5945 0.14639 030039 0.02699 0.17853 0.12096 296444  84.1
(0.56255) (1.55747) (0.02107) (0.23461) (0.58874)

75 5946 0.08965 020466 0.02251 0.17253 0.05280 1.90470  84.1
(0.40290) (0.98335) (0.01495) (0.20220) (0.30128)

100 5856 0.05757 0.14602 0.01675 0.16755 0.02240 138607  85.4
(0.31406) (0.65737) (0.00981) (0.17678) (0.22804)
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Table 8. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.1,A» = 0.3,A3 = 05,04 =12, = 0.6.

% of
Reliable
Method n Tryouts A Aa A3 « B TMSE Estimates

CMLE 25 5055 0.00904 —0.15959 —0.40755 0.13237 —0.03786 021567  98.9
(0.00061) (0.02609) (0.16725) (0.01911) (0.00262)

50 5031 0.00733 —0.15839 —0.40514 0.13145 —0.03734 0.22907  99.4
(0.00054) (0.02917) (0.17386) (0.01838) (0.00712)

75 5032 0.00684 —0.15994 —0.40724 0.13096 —0.03835 021441  99.4
(0.00029) (0.02635) (0.16787) (0.01741) (0.00248)

100 5021 0.00657 —0.16024 —0.40773 0.13130 —0.03891 021189  99.6
(0.00021) (0.02587) (0.16663) (0.01738) (0.00180)

MMLE 25 5026 —0.03487 —0.07117 —0.11955 0.09340 —0.06921 0.49649  99.5
(0.00537) (0.10182) (0.24511) (0.04225) (0.10195)

50 5004 —0.03805 —0.09290 —0.15797 0.09915 —0.09705 0.07462  99.9
(0.00166) (0.01183) (0.03265) (0.01310) (0.01538)

75 5000 —0.03779 —0.09409 —0.16076 0.09911 —0.09880 0.06720  100.0
(0.00159) (0.01072) (0.03069) (0.01107) (0.01312)

100 5000 —0.03796 —0.09552 —0.16352 0.10000 —0.10094 0.05841  100.0
(0.00145) (0.00925) (0.02700) (0.01020) (0.01052)

MLE 25 5783 0.02208 —0.14820 —0.39483 0.13749 —0.02365 026122  86.5
(0.00192) (0.03016) (0.17570) (0.03237) (0.02107)

50 5588 0.02027 —0.14837 —0.39731 0.13203 —0.03081 0.24222  89.5
(0.00127) (0.02664) (0.17002) (0.02836) (0.01592)

75 5492 0.01986 —0.14797 —0.39780 0.12776 —0.03235 0.23054  91.0
(0.00111) (0.02628) (0.16970) (0.02084) (0.01261)

100 5504 0.01923 —0.14882 —0.40003 0.13004 —0.03426 0.23522  90.8
(0.00085) (0.02512) (0.16782) (0.02145) (0.01998)

MPS 25 5018 —0.00296 —0.16257 —0.40050 0.12955 —0.03681 0.23450  99.6
(0.00051) (0.03270) (0.16975) (0.01913) (0.01241)

50 5012 —0.00049 —0.16191 —0.40255 0.13001 —0.03722 021780  99.8
(0.00036) (0.02774) (0.16561) (0.01751) (0.00658)

75 5015 0.00092 —0.16160 —0.40372 0.12989 —0.03733 021376  99.7
(0.00026) (0.02695) (0.16526) (0.01752) (0.00378)

100 5006 0.00159 —0.16137 —0.40455 0.13054 —0.03805 0.21088  99.9
(0.00017) (0.02648) (0.16475) (0.01750) (0.00198)

LSE 25 6041 —0.00562 —0.17029 —0.40355 0.13765 —0.03681 0.30088  82.8
(0.00153) (0.04162) (0.18916) (0.03565) (0.03292)

50 5024 —0.01222 —0.17861 —0.41570 0.12470 —0.03333 0.22300  99.5
(0.00026) (0.03202) (0.17296) (0.01617) (0.00159)

75 5000 —0.01294 —0.17929 —0.41618 0.12398 —0.03428 0.22219  100.0
(0.00022) (0.03218) (0.17323) (0.01539) (0.00118)

100 5000 —0.01324 —0.17965 —0.41646 0.12382 —0.03454 0.22246  100.0
(0.00021) (0.03229) (0.17344) (0.01533) (0.00119)
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Table 9. Simulated biases and MSEs (in parentheses) of the parameter estimates obtained based on
different methods for Ay = 0.5,A» =0.7,A3 =0.1,a = 0.7, =1.1.

% of
Reliable
Method n Tryouts A Ao A3 o B TMSE Estimates

CMLE 25 5755 —0.10973 0.07835 0.02938 0.11380 —0.07226 0.03971  86.9
(0.01234) (0.00648) (0.00140) (0.01401) (0.00548)

50 5751 —0.10908 0.08161 0.01825 0.11189 —0.07428 0.03782  86.9
(0.01203) (0.00677) (0.00044) (0.01299) (0.00559)

75 5736 —0.10887 0.08245 0.01503 0.11167 —0.07469 0.03746  87.2
(0.01194) (0.00686) (0.00026) (0.01278) (0.00562)

100 5767 —0.10866 0.08292 0.01356 0.11175 —0.07495 0.03736  86.7
(0.01187) (0.00692) (0.00020) (0.01272) (0.00565)

MMLE 25 6965 0.15091 0.61904 0.12087 0.34201 032321 6.64508  71.8
(1.02877) (3.16686) (0.09916) (0.69160) (1.65870)

50 5797 0.09248 043302 0.07225 026362 0.16071 4.07994  86.3
(0.83551) (1.93903) (0.04618) (0.37971) (0.87950)

75 5339 0.02276 027965 0.04493 0.25625 0.05460 2.71238  93.7
(0.58192) (1.19152) (0.02663) (0.31698) (0.59533)

100 5188 0.00810 0.19553 0.03089 0.22512 0.00963 193575  96.4
(0.48504) (0.76447) (0.01669) (0.24585) (0.42369)

MLE 25 7496 —0.10810 0.08119 0.02924 0.11223 —0.07591 0.03956  66.7
(0.01193) (0.00683) (0.00139) (0.01350) (0.00591)

50 7401 —0.10788 0.08351 0.01836 0.11128 —0.07676 0.03800  67.6
(0.01175) (0.00705) (0.00045) (0.01281) (0.00594)

75 7368 —0.10783 0.08411 0.01513 0.11107 —0.07695 0.03766  67.9
(0.01170) (0.00712) (0.00026) (0.01262) (0.00595)

100 7372 —0.10781 0.08433 0.01373 0.11106 —0.07695 0.03752  67.8
(0.01168) (0.00715) (0.00020) (0.01254) (0.00594)

MPS 25 6165 0.04467 0.34400 0.00654 0.10880 023116 536345  81.1
(0.45333) (2.73391) (0.02642) (0.24090) (1.90889)

50 5469 0.03141 020931 0.01576 0.12748 0.06511 3.06748  91.4
(0.44818) (1.57785) (0.02007) (0.19280) (0.82857)

75 5207 0.01042 0.10278 0.00878 0.14136 —0.01775 1.98048  96.0
(0.37355) (0.91316) (0.01293) (0.17357) (0.50726)

100 5096 0.02703 005425 0.00511 0.13770 —0.05088 1.56579  98.1
(0.38234) (0.66676) (0.01071) (0.15454) (0.35145)

LSE 25 6128 006761 029414 —0.00911 024946 0.12412 504459  81.6
(0.44539) (2.55148) (0.02731) (0.27621) (1.74421)

50 5710 —0.02873 024178 0.00743 025456 0.02102 337115  87.6
(0.31613) (1.68287) (0.01881) (0.26760) (1.08573)

75 5625 —0.06527 0.15649 0.00816 0.24234 —0.05843 2.17442 889
(0.23178) (1.06169) (0.01264) (0.22653) (0.64178)

100 5482 —0.08503 0.09499 0.00472 024303 —0.11154 1.70285  91.2
(0.21407) (0.78439) (0.00986) (0.21388) (0.48065)
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Table 10. Annual maximum daily rainfall (inches) for Orlando (1901-2001).

year 1901-1910 4.49 344 295 336 275 320 335 410 8.02
year 1911-1920 275 260 347 347 722 283 292 276 269 3.50
year 1921-1930 4.45 243 293 354 425 306 216 488 310 448
year 1931-1940 228 444 772 286 3.61 265 268 220 3.04

year 1941-1950 225 557 843 349 4.07 472 480 584
year 1951-1960 2.73 226 247 329 210 348 3.00 3.07 333 8.19
year 1961-1970 4.15 268 3.80 326 263 387 201 6.05 275 355
year 1971-1980 243 431 492 243 266 356 395 362 314
year 1981-1990 440 3.75 279 378 406 417 357 378 242 181
year 1991-2000 4.11 513 260 383 298 473 325 347 269 243
year 2001 3.06

Rainfall record in years 1904, 1940 to 1942, and 1974 are unavailable.

Using the standard Gumbel distribution, the exponentiated Gumbel distribution
(EGD), and the generalized extreme value distribution, Nadarajah [30] has reported that

the EGD model,
®
F(x)=1- [1—exp{—exp<—x UF)H

for —oo < x < 00, —co < p < o0, ¢ > 0and a > 0, provides a better fit than the other two
models. The estimated parameters and the value of the AIC for the EGD model are

& =0.174, i = 2.226,0 = 0.325 with AIC = 331.2.

Before comparing the performance of the model fitting of the NEGLED with some well-
known distributions, a bootstrapped Kolmogorov-Smirnov (KS) test is used to investigate
whether there exists a change in the distributions of rainfall from 1960 to 2001 or not, and
the scaled total time on test (TTT) plot mentioned by Aarset [31] and empirical hazard
function plot are used to identify the possible shape for the hazard function.

Figure 3 shows that the distributions of rainfall do not visually appear different in
shape. We then compare the mean, median, and interquartile range (IQR) (the width of the
range between the 25th and 75th percentiles) in Table 11. The mean and median have only
changed by about 1-3%, but a distinct downward trend has shown in the IQR, about 13%,
from 1960 to 2001.

Table 11. Summary statistics of the rainfall data sets.

Dataset Mean Median IQR
1960 3.745 3.310 1.548
2001 3.628 3.355 1.358

% diff from 1960 —3.124 1.356 —12.274

To detect differences in distributions, we perform a bootstrapped KS test with 1000
iterations by using the ks.boot function in the R package Matching with “reference” sample
is a small data set based on data from the 1960 Orlando rainfall data, and the “current”
sample is a much larger data set based on data from the 2001 Orlando rainfall data. The
two-sample KS test value is 0.084821 with p-value = 0.961, so we conclude that there is
no difference between distribution from 2001 and that in 1960. The same conclusion also
occurs when we examine the distributions of rainfall from 1980 to 2001.
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Figure 3. The comparison of rainfall distributions, 1960 vs. 2001.

The empirical TTT plot can be obtained by plotting G(i/n) = H, '(i/n)/H; (1),
where H, ' (i/n) = Yi_jx() + (n —i)xg and H;'(1) = Yy %), {x),) = 1,...,n}
denote the ordered observations against i /n, wherei = 1,...,n. Aarset [31] mentioned that
the scaled TTT transform is convex (concave) if the hazard function decreases (increases)
and the hazard function is a bathtub (unimodal) if the scaled TTT transform changes from
convex (concave) to concave (convex). The TTT plot for the rainfall data set is presented
in Figure 4. This plot indicates first concave and slightly crossing the red line on the right
upper tail. Moreover, Figure 4, which contains the plot of the empirical hazard function of
the rainfall data suggests that the unimodality of the hazard function. Under the NEGLED
model in Table 12 below, the estimates of « and 8 by CMLE method are 0.3837 and 52.0227,
respectively, indicating unimodal hazard rate function (see Figure 2d). Therefore, the
NEGLED is appropriate to fit the rainfall data since this distribution can present unimodal
hazard function.

Table 12. The MLE of the model parameters, the values of log-likelihood function, the KS test
statistics, the p-values of the KS tests, and the values of the AIC for three selected models.

Model Estimated Parameters Log-Likelihood KS p-Value AIC

GLED A1 =4.1419 x 10716, A, = 0.4891, —141.162 0.07671  0.62440  294.325
A3 = 0.8748, & = 1.4920

EGLED A1 = 174.8844, A, = 1.0780 x 10719, —139.517 0.04616  0.98667  287.034
& = 0.2810, B = 701.851

NEGLED(CMLE) A; = 7.1690, A, = 6.5530, A3 = 15.9563, —139.327 0.04290  0.99446  288.655

& = 03837, B = 52.0227

Now, we compare the fit of the NEGLED with that of GLED, EGLED, EGD, and some
well-known distributions. We present the parameter estimates, the values of log-likelihood
function, the KS test statistics along with their corresponding p-values, and the values of
Akaike Information Criterion (AIC), which is given by

—2(log-likelihood value) + 2k,
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where k is the number of estimated parameters in the model. For brevity, Table 12 shows
only the best three models, GLED, EGLED and NEGLED, in our selection. All three of the
models have smaller values of the AIC than that of the EGD. Based on the p-values of the
KS tests, it is appropriate to assume the NEGLED model for this data set.

In Figure 4, we also plot the histogram and estimated PDFs, the empirical and esti-
mated survival functions, and the estimated hazard functions under these four models. It
can be seen that the GLED model does not provide a good fit with the data set. Compared
to the EGLED model, the empirical and estimated hazard functions show that the NEGLED
model provides a better fit for the rainfall data, even though the NEGLED has a slightly
larger value of the AIC.
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Figure 4. (a) The empirical TTT plot; (b) the empirical and estimated hazard functions; (c) the
histogram and estimated PDFs; and (d) the empirical and estimated survival functions for the
rainfall data.

Finally, the PP plots for the NEGLED and other three fitted distributions are displayed
in Figure 5. From those graphical tools, we can conclude that the NEGLED is a suitable
model to fit the considered rainfall data.
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Figure 5. PP Plots for the distributions (a) EGD; (b) GLED; (c) EGLED; and (d) NEGLED.

6. Conclusions

In this paper, we give formal proofs for the parameter regions corresponding to the
shapes of the PDF and HRF of the NEGLED. We also derive some reliability measures
such as the negative moments, kth moment of rth order statistic, mean life residual, and
asymptotic distributions for sample extreme order statistics.

Moreover, we discuss CMLE, MMLE, MLE, MPS, and LSE methods for the NEGLED.
Based on the results from the Monte Carlo simulation, the performance of the estimates
obtained by CMLE are superior to the other methods considered here in terms of biases,
MSEs, TMSE, and rates of obtaining reliable estimates. Hence, we recommend using a
CMLE procedure for obtaining the parameter estimates of NEGLED.

From our numerical example, compared to the GLED, EGLED and EGD, the NEGLED
model is easy to use for lifetime data in reliability and climate applications. A future
research is to show the consistency and asymptotic normality of the local MLE for this
model. We hope we can present the results in the near future.
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