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Abstract: This paper considers an approach towards the building of new classes of symmetric closed
curves with two or more focal points, which can be obtained by generalizing classical definitions
of the ellipse, Cassini, and Cayley ovals. A universal numerical method for creating such curves in
mathematical packages is introduced. Specific aspects of the provided numerical data in computer-
aided design systems with B-splines for three-dimensional modeling are considered. The applicability
of the method is demonstrated, as well as the possibility to provide high smoothness of the curvature
profile at the specified accuracy of modeling.
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1. Introduction

Three-dimensional (3D) modeling and 3D printing are rapidly developing computer
fields [1–3]. This progress is accomplished by means of computer-aided design (CAD)
systems, such as Creo, NX, Catia, SolidWorks, Inventor, TFlex, etc. [4]. CAD systems present
an essential part of production in almost every industry, which concerns the manufacturing
of finished products, preforming for molds, prototypes etc. Design in such systems requires
appropriate mathematical software, which enables the high-precision construction of closed
curves and surfaces, in particular class A surfaces with high smoothness criteria [5,6].

CAD software is usually applied for the modeling of curves represented in parametric
form or in polar (cylindrical) coordinates [7–13]. However, it is often necessary to simulate
curves and surfaces which are described by implicit functions.

The building of symmetric closed curves with two or more foci, i.e., figures like ellipses,
Perseus curves, Cayley ovals, and lemniscates, is of particular practical interest [14–18].
Some of these curves are well studied, such as special cases of Perseus curves, Cassini
ovals, Bernoulli lemniscate, and Booth lemniscate, and are applied to radiolocation, group
theory, cluster analysis, engineering and construction design, and quantum physics [19–25].
Less investigated are, for example, Cayley ovals, which find application in connection with
studies of elementary particle trajectories [26–28].

Representing such generalized curves in CAD systems is generally carried out by the
approximation of parametric curves (Bezier, B-splines, NURBS) [7–13]. An approach can be
proposed to achieve high approximation accuracy and sufficient smoothness of curvature
profiles. In the first step, the implicit analytical representation of generalized curves is
transformed to numerical form. Authors developed a universal numerical method for
the building of such curves at required accuracy using Mathcad. The obtained array of
numerical data is then exported into a CAD system such as Creo for further approximation
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using B-splines. A high accuracy of the numerical method makes it possible to obtain a
large amount of numerical data containing the curve plot coordinates. This provides the
best approximation in CAD systems.

In Section 3.5, the detailed algorithm and examples of curves and surfaces designed
in a similar way in the Creo system are given.

2. Materials and Methods
2.1. Generalized Definitions of Closed Curves with Two Foci

An ellipse is a geometric place of points in a plane, with an arithmetic mean a = const,
(a—semi-major ellipse axis) of distances r1 and r2 to two foci:

r1 + r2

2
= a. (1)

In a similar way, the Cassini oval can be defined as a geometric place of points in a
plane with geometric mean distances r1 and r2 to the two focal points, a = const:

√
r1 r2 = a. (2)

If in a similar context to which the term “harmonic mean” is used, Cayley’s definition
of ovals can be introduced [27]:

2
1
r1
+ 1

r2

= a. (3)

Figure 1 shows an ellipse, a Cassini oval, and a Cayley oval with focal points at (−1,0)
and (1,0) for the case of a = 1.1, which satisfies the following conditions:

c < a < c
√

2− for Cassini oval,
c < a < c

√
3− for Cayley oval,

(4)

where 2c = 2—the interfocal distance.
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Figure 1. Ellipse, Cassini oval, Cayley oval at c < a < c
√

2.

The corresponding equations which describe these curves are also given in Figure 1.
The calculations from here to Section 3.5 are performed in Wolfram Mathematica.

At a = c = 1, the Cassini oval appears as Bernoulli’s lemniscate [29], the Cayley oval
also takes a similar form (Figure 2). The ellipse in this case degenerates into a straight-line
segment between the focal points.

Cassini oval and Cayley oval can take the form of two other types of curves:

- at 0 < a < c, the curves are split into two ovals (Figure 3);
- at a ≥ c

√
2 for the Cassini oval and at a ≥ c

√
3 for the Cayley oval, curves take the

form of a real oval, i.e., a convex closed curve (Figure 4).
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If all variants of Cassini or Cayley ovals are combined in one figure, a picture of 
equipotential lines of an electrostatic potential created by two equal charges placed at 
poles (Figure 5) can be obtained [27]. The ellipse equation is of order 2. The equation of a 
Cassini oval, which is a special case of a Perseus curve, is of order 4. The equation of the 
Cayley oval is of order 8.  
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Figure 4. Cassini oval, Cayley oval at a ≥ c
√

3.

If all variants of Cassini or Cayley ovals are combined in one figure, a picture of
equipotential lines of an electrostatic potential created by two equal charges placed at poles
(Figure 5) can be obtained [27]. The ellipse equation is of order 2. The equation of a Cassini
oval, which is a special case of a Perseus curve, is of order 4. The equation of the Cayley
oval is of order 8.
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3. Results and Discussion
3.1. Generalized Curves Based on “Power Mean” Concept

The mean of degree p (hereafter, the power mean) for two quantities r1 and r2 is
defined by the following equation: (

r1
p + r2

p

2

)1/p
, (5)

where p ∈ (−∞;+∞).
It is obvious that the arithmetic mean, geometric mean, and harmonic mean are special

cases of the power mean at p = 1, p = 0, and p = −1, respectively.
Using the notion of a power mean to define a symmetric closed curve with two foci

similarly to Section 2.1, a family of generalized ovals according to the following equation
can be obtained [27]: (

r1
p + r2

p

2

)1/p
= a. (6)

For each value of p 6= ±∞, the type of generalized oval is represented by the four
types of curves described in Section 2.1, depending on the relation between a and c. The
curves, which are described by Formula (6) for values p = −1; 0; 1; 2 and for the case of
p→ −∞;+∞, will be considered separately.

At p = 1, p = 0, and p = −1, the curves take the form of ellipse, Cassini oval, and
Cayley oval, respectively.

At p = 2, the curves look like circles with radius
√

a2 − c2. Figure 6 shows a circle for
the case of c = 1, a =

√
2, which passes through its focal points.
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For p→ −∞;+∞ the limit of Equation (6) takes the form correspondingly:

min(r1, r2) = a; max(r1, r2) = a. (7)

The curves plotted according to Equation (7) are shown in Figures 7 and 8.
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The curves in Figures 7 and 8 are not smooth. The two constituent parts of the curve in
Figure 8 are extensions of the constituent parts of the curve in Figure 7 to complete circles. The
transition between different types of curves when the parameter p is changed can be seen more
clearly in the animation (Solved: Tree ovals—mean, gmean & hmean—PTC Community).

3.2. A Special Case of the Cayley Oval

We consider a special case of the Cayley oval with a = 2. In this case, according to
Equation (3), the Cayley oval can be defined as a geometric location of points with the sum
of distances from two focal points which equals the product of distances to the foci:

r1 + r2 = r1·r2. (8)

Figures 9–11 show the corresponding curves at a < c = 3, a = c = 2, and a > c =
√

2.
The view of the curves corresponds to the types described in Section 2.1.
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√
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3.3. Family of Generalized Curves Based on the “Kolmogorov Mean” Concept

Moving on along the path of generalization of the mean notion, the notion of the
Kolmogorov mean for two real numbers r1, r2, defined by the formula can be discussed [30]:

ϕ−1
(

ϕ(r1) + ϕ(r2)

2

)
, (9)

where ϕ(x) is a continuous strictly monotone function.
A family of generalized curves as a geometric place of points defined by the relation

can be created:

ϕ−1
(

ϕ(r1) + ϕ(r2)

2

)
= a. (10)

This family of curves includes the above-described generalized family based on the
power average, because if ϕ(x) = xp, Equation (10) transforms to Equation (5).

As an example, ϕ(x) = arctg(x) can be considered. The corresponding family of
generalized curves is described by the equation:

tg
(

arctg(r1) + arctg(r2)

2

)
= a. (11)

The family of curves created by Equation (11) corresponds to the four types of curves
described in Section 2.1, depending on the ratio of values a and c (Figure 12).

Another example, ϕ(x) = ex, can be considered. The corresponding family of general-
ized curves is then described by the equation:

ln
(

er1 + er2

2

)
= a, (12)

or after simplifying
er1 + er2

2
= ea. (13)
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In this case, a family of symmetric closed curves by Equation (13) for a > c (Figures 13 and 14)
can be created.
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Note that for the inverse case ϕ(x) = ln(x), Equation (13) becomes Equation (2),
which describes the Cassini ovals.

3.4. Generalized Lemniscates

The proposed approach to constructing generalized curves can be extended to multi-
focal curves. In particular, using the notion of harmonic mean (Equation (3), a family of
generalized three-focus lemniscates can be generated:

3
1
r1
+ 1

r2
+ 1

r3

= a, (14)

where r1, r2, r3—distances to the focal points.
Figure 15 shows the corresponding family of curves with focal points at (−1,0), (1,0),

and
(

0,
√

3
)

for different values of a.
A four-focus lemniscate can be constructed in a similar way (Figure 16).

3.5. Construction of Closed Curves by Numerical Methods in Mathcad for 3D Modeling

New families of generalized curves presented above can be widely used for CAD
design applications. Hence, a number of practical points should be taken into account. The
curves are described by implicitly defined functions, i.e., functions of the form f (x, y) = 0,
which are difficult to resolve with respect to one of the variables. As mentioned in the
introduction, such an analytical description is unsuitable for CAD design, because the
curves (surfaces) are to be represented in:

- in polar (cylindrical) coordinates;
- in parametric form;
- in the form of numerical data set, by which an approximation curve will be built.

A number of curves, particularly the widely studied Cassini ovals, can be described
in polar coordinates [21]:

ρ4 − 2c2ρ2 cos(2ϕ) = a4 − c4. (15)

In addition, the Cassini ovals as a special case of the Perseus curves can be constructed
as sections of the torus by a plane [17] (Figure 17).

Obtaining equations in polar coordinates for generalized curves considered above
(e.g., Cayley ovals of order 8, curves based on the Kolmogorov mean, multifocal lemniscates
of orders 6 and 8) can be very time-consuming and, additionally, is not justified in terms of
achieving the necessary accuracy of curve description, providing inevitable errors in real
production or 3D printing.
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It is important to develop a numerical method for the generation of such curves,
which enables obtaining an array of data containing curve coordinates. These data can be
exported to CAD systems, in particular Creo, for approximation using B-splines.

The authors propose a universal numerical method for constructing such curves
with the required accuracy. The method is based on the principles of the marching cubes
algorithm [31].

An implicitly given function may be described by the equation:

f (x, y) = 0. (16)

In this case, a graph of such a function in xyz coordinates is a projection of the surface
f (x, y) on the plane z = 0. This graph can be obtained Mathcad by means of the Contour
Plot tool, which can be applied to the surface in the graphical shell 3D Plot [8].

Then the problem is reduced to finding the geometric place of points (x, y) on plane
z = 0, which satisfies Equation (16). The following algorithm is proposed for finding
such points.

The variation range of the variables x, y, based on the available function graph (16),
is determined, and step h is set. An external loop for the variable x in a given range is
provided with step h, as well as an internal loop for the variable y in the given range with
a much smaller step, for example, 0.01 h.

Calculated values f
(
xi, yj

)
at each step of the loop can be sequentially determined in

which the roots of Equation (16) are located. As an indication of their location in a current
interval

(
(xi, yj−1),

(
xi, yj

))
, an expression is used:

f
(
xi, yj−1

)
f
(
xi, yj

)
< 0. (17)

where i, j are step numbers, with the intervals
(
(xi, yj−1),

(
xi, yj

))
.

The following points are considered
(

xi, yj − 0.01 h/2
)

as an approximate root of
Equation (16).

The calculated approximate roots (x, y) are recorded in a two-dimensional array Ry.
Then the described procedure is repeated for the replacement case of the variables x, y in
the inner and outer loops. The resulting data can also be written to the two-dimensional
array Rx.

Finally, the two resulting arrays of points (x, y) are combined into the array R = Ry ∪ Rx,
which is a numerical representation of the implicit function (16). The graph of such a numerically
given function can be plotted with standard means of the mathematical package.

The proposed method is implemented in Mathcad. Mathcad was chosen as preferable
because it is integrated into the CAD system PTC Creo [8]. Examples of generalized curves
in the Mathcad environment are shown in Figure 18.
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Figure 18. Cayley oval (a), Cayley lemniscate (b), a three-focus lemniscate (c) constructed in Mathcad. 

The application of the obtained numerical data for geometric modeling is considered 
below. The data are to be exported to the Creo CAD system and then approximated with 
B-splines. The approximation algorithm can be examined on the Cayley oval, shown in 
Figure 18a. The numerical interpretation of this curve consists of 1092 points exported to 
Creo. Since the figure has two symmetry axes, only the quarter defined by 273 points is 
estimated. The approximation by standard Creo instruments is shown in Figure 19. 
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Figure 18. Cayley oval (a), Cayley lemniscate (b), a three-focus lemniscate (c) constructed in Mathcad.

The application of the obtained numerical data for geometric modeling is considered
below. The data are to be exported to the Creo CAD system and then approximated with
B-splines. The approximation algorithm can be examined on the Cayley oval, shown in
Figure 18a. The numerical interpretation of this curve consists of 1092 points exported to
Creo. Since the figure has two symmetry axes, only the quarter defined by 273 points is
estimated. The approximation by standard Creo instruments is shown in Figure 19.
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Figure 19. An approximating function which goes through all points.
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However, control of the curvature profile shows an unsatisfactory result (Figure 20a). The
approximation is characterized by a random change in the curvature sign, which does not
correspond to the true function f (x, y) (see scaled-up view of a part of the curve, Figure 20b).
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Figure 20. A profile of curvature for the approximating function which goes through all points: (a) general view;
(b) scaled-up view of a part of the curve.

It is necessary to reduce the number of points the approximating function graph
goes through, and to use Scan Tools and Independent Geometry tools [8]. Figure 21 shows
the approximating function created with 20 points, and Figure 22 shows the curvature
corresponding to it.
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Obviously, the profile of curvature is smooth in this case. Thus, the maximum de-
viation of the approximating function from the original numerical data is 0.0013 mm
(Figure 23) or 0.18%.
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of such curves with further 3D printing. Figure 26 shows 3D interpretations of the flat 
curves shown in Figure 25. 

Figure 23. The variance graph for the approximating function with 20 points.

It is possible to control the curvature at high approximation accuracy by choosing the
optimal number of plotting points. Figure 24 shows the final approximation for the entire
figure (corresponding graph in Mathcad—Figure 18a). Other examples of generalized
curves (Figure 18b,c), prepared in Creo, are shown in Figure 25.
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Figure 25. Cayley lemniscate (left) and a three-focus lemniscate constructed in Creo (right).

The application of CAD systems provides a great opportunity for the 3D modeling of
such curves with further 3D printing. Figure 26 shows 3D interpretations of the flat curves
shown in Figure 25.
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4. Conclusions

The generation of symmetric closed curves with two or more foci is of particular
practical interest. Such curves can be applied to radiolocation, group theory, cluster
analysis, engineering and construction design, and quantum physics.

An approach based on the application of different notions of “mean” (in particular,
the Kolmogorov mean) is proposed, which allows:

- description in unified new terms of the known types of flat symmetric closed curves with
two focal points (e.g., second-order curves (ellipse), fourth-order curves (Cassini oval));

- identification of new classes of curves (e.g., eighth-order curves (generalized Cayley ovals),
generalized multifocal lemniscates of the sixth and eighth orders).

A universal numerical method to construct such curves using common mathematical
packages is developed. Approximation of the obtained numerical data for geometrical
design by means of B-splines in Creo is considered. The applicability of the method is
demonstrated, as well as the possibility to provide high smoothness of curvature profiles
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and given modeling accuracy. Illustrative examples of curves and 3D surfaces, based on
the proposed approach, are given.
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