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Abstract: We propose two Mann-type subgradient-like extra gradient iterations with the line-search
procedure for hierarchical variational inequality (HVI) with the common fixed-point problem (CFPP)
constraint of finite family of nonexpansive mappings and an asymptotically nonexpansive mapping
in a real Hilbert space. Our methods include combinations of the Mann iteration method, subgradient
extra gradient method with the line-search process, and viscosity approximation method. Under
suitable assumptions, we obtain the strong convergence results of sequence of iterates generated by
our methods for a solution to HVI with the CFPP constraint.

Keywords: Mann-type subgradient-like extragradient method with line-search process;
hierarchical variational inequality; common fixed point problem; asymptotically nonexpansive

mapping; L continuity

1. Introduction

Let (-, -) be the inner product and || - || induced norm of a real Hilbert space H. Given
a convex closed set C C H with C # @. Let P be the nearest point projection from H onto
C. Given T : C — H, we denote the set Fix(T) = {x € C : x = Tx} by Fix(T) the fixed
points set of T. We say that S : C — C is asymptotically nonexpansive if there exists a
sequence {60, } C [0, +00) with lim,,_;« 6, = 0 such that the following is the case.

|$"x ="y < A+0,)lx—y| ¥n>1 xyecC. 1)

S is called nonexpansive if 6, = 0Vn > 1.

Suppose A : H — H is a continuous mapping. The variational inequality problem
(VIP) is to find x* € C such that (Ax*,x —x*) > 0 Vx € C. We denote by VI(C, A)
the set of solutions to VIP. One of the popular methods for solving VIP is the extragradient
method [1]: xg € C,

{ Yn = Pc(xn — TAxy), 2)
Xp+1 = Pc(xn — TAy,) VYn >0,

with T € (0, %), where L is the Lipschitz constant of A. If VI(C,A) # @, then {x,}
generated by (2) converges weakly. Extragradient method (2) has been studied by many
authors (see, e.g., [2-13] and references therein).
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In (2), one needs to compute projections onto C twice for each iteration, and hence
a drawback emerges. In [3], Censor et al. modified (2) and introduced the subgradient
extragradient method:

Yn = Pc(xn — TAxXy),
Ch={x€H: (xp—TAXy — Yn,x —yn) <0}, (3)
Xpt1 = Pc,(xy — TAy,) Vn >0,

with T € (0, 1), where L is the Lipschitz constant of A. In 2018, by virtue of the inertial
technique, Thong and Hieu [9] studied an inertial subgradient extragradient method,
Xo,x1 € H:

Wy = X + &y (Xn — Xp—1),

Yn = Pc(wy, — TAwy), ()

Chn={x€H: (w, —TAwy, — Yn,x —yn) <0},

Xp41 = Pe,(wn — TAYy,) Vn>1,

with T € (0, %), where L is the Lipschitz constant of A. Under some conditions, a weak
convergence of {x, } was obtained. Ceng and Shang in [11] introduced the hybrid inertial
subgradient extragradient method with a linear-search process to solve VIP in which A is
pseudomonotone and Lipschitz continuous and the common fixed-point problem (CFPP)
of nonexpansive mappings {T;}Y ; and an asymptotically nonexpansive mapping T in a
real Hilbert space H are present. Given a contraction f : H — H with constant § € [0,1),
and an 7-strongly monotone and x-Lipschitzian mapping F : H — H with § < 7 :=
1—/1—p(2y — px?) for p € (0,257/x?%). Let {ay} C [0,1] and {Bx}, {7n} C (0,1) with
Bn 4+ vn < 1Vn > 1. Moreover, one writes T, := T;noqn for integer n > 1 with the mod
function taking values in the set {1,2,...,N}, i.e., if n = jN + g for some integers j > 0
and0 < g < N,then T, = Ty ifq = 0and T, = T; if 0 < g < N. Their algorithm is
formulated below.

Under appropriate conditions, they proved the strong convergence of Algorithm 1 to
an element of Q = N, Fix(T;) N VI(C, A) with Ty := T. Meanwhile, Reich et al. [12] sug-
gested the modified projection-type method for solving the VIP with the pseudomonotone
and uniformly continuous mapping A given a sequence {«,} C (0,1) and a contraction
f : C — C with constant § € [0,1). Their algorithm is formulated below.

Algorithm 1 (see [11]). Initialization: Choose v > 0, I € (0,1), u € (0,1). Take x¢, x; € H.
Iterative Steps: Compute x,,;1 in this manner:

Step 1. Set wy, = Tyxp + an(Tyxn — Tuxy—1) and compute y, = Pc(wy, — T Awy),

where T, is chosen to be the largest T € {7, ], 73, ... } satisfying

|| Awy — Ay || < pllwn — yull-

Step 2. Compute z, = Pc, (wy — T Ayn) With C;, := {x € H : (w, — Ty Awy — Yu, X — yn) <
0}.

Step 3. Compute xn+1 - ‘an(xn) ‘I’ ’)/nx” ‘I’ ((1 - ’)’n)l - ‘Bon)TnZn.

Again set n := n + 1 and go to Step 1.

Under mild conditions, strong convergence of Algorithm 2 to an element of VI(C, A)
was given. Inspired by the above research works, we propose two Mann-type subgradient-
like extragradient algorithms with linear-search process for solving a hierarchical variational
inequality (HVI) with the common fixed-point problem (CFPP) constraint of family non-
expansive mappings and an asymptotically nonexpansive mapping in Hilbert spaces. We
combine the Mann iteration method, subgradient extragradient method with linear-search
process, and viscosity approximation method and provide strong convergence results under
suitable conditions. We provide an illustration of our theory with an example.

We organize the paper as follows: Some definitions and preliminary results are given
in Section 2. In Section 3, we provide convergence analysis of the proposed algorithms. In
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Section 4, our main results are applied to solve the VIP and CFPP in an illustrated example.
Finally, some concluding remarks are given in Section 5.

Algorithm 2 (see [12]).

Initialization: Given u >0, [ € (0,1), A € (0, %) Let x1 € C be arbitrary.

Iterative Steps: Given the current iterate x,,, calculate x,, 11 as follows:

Step 1. Compute y, = Pc(x, — AAxy,) and 7y (xp) 1= X — yu. If 7y (1) = 0, then stop; xy,
is a solution of VI(C, A). Otherwise,

Step 2. Compute w,, = x, — Ty (X), where T, := Iin and jn is the smallest nonnegative
integer j satisfying

(Axn — A — Ura(xa)), 72 (5n)) < Elra () 1>

Step 3. Compute x,,41 = anf(xn) + (1 — an)Pc, (xn), where C, := {x € C : hy(x,) < 0}
and hy (x) = (Fwp, x — x) 4+ 2% ||ra (x) ||*-
Again set n := n+ 1 and go to Step 1.

2. Preliminaries

A mapping T : C — H is called the following;:

(@) L-Lipschitz continuous (or L-Lipschitzian) if 3L > 0 such that ||Tx — Ty|| < L|jx —
yllvx,y e G

(b) Monotone if (Tx — Ty, x —y) > 0Vx,y € C;

(c) Pseudomonotone if (Tx,y —x) > 0= (Ty,y —x) > 0Vx,y € C;

(d) a-strongly monotone if Ja > 0 such that (Tx — Ty, x — y) > a||x — y||> Vx,y € C;

(e) Sequentially weakly continuous if V{x, } C C, the relation holds: x, — x = Tx, — Tx.

It is known that every monotone operator is pseudomonotone. However, the converse
fails. For each x € H, there exists a unique nearest point in C such that |[x — Pcx| <
lx —y|| Yy € C. Such a point is denoted by Pcx, called a metric projection of H onto C.
According to [14], we know that the following holds:

(@) (x—y,Pcx — Pcy) > ||Pcx — Pey||* Vx,y € H;

(b) (x—Pcx,y—Pcx) <0 Vxe H,yeC;

© |lx=yl* > |lx = Pcx|? + |ly — Pcx||* Vx € H,y € C;

@ lx=yl?= x> = lyl* —2(x —y,y) Vx,y € H;

@ Ax+puyl? = Allx|®+ pllyll> = Apllx —yl|* Vx,y € H, VA, p € [0,1] with A +p = 1.

Lemma 1 (see [13]). Let Hy and Hj be two real Hilbert spaces. Suppose that A : Hy — Hp is
uniformly continuous on bounded subsets of Hy and M is a bounded subset of Hy, then A(M)
is bounded.

The following inequality is an immediate consequence of the subdifferential inequality of the
function % || - ||%:
lx+yl? < llxl* +2(y,x +y) Vxy€H.

Lemma 2 (see [15]). Let h be a real-valued function on H and define K := {x € C : h(x) < 0}.
If K is nonempty and h is Lipschitz continuous on C with modulus 6 > 0, then dist(x,K) >
0! max{h(x),0} Vx € C, where dist(x, K) denotes the distance of x to K.

Lemma 3 (see [3], Lemma 1). Let A : C — H be pseudomonotone and continuous. Then, x* € C
is a solution to the VIP (Ax*,x — x*) > 0Vx € C, ifand only if (Ax,x —x*) > 0Vx € C.

Lemma 4 (see [16]). Let {a,} be a sequence of nonnegative numbers satisfying the following con-
ditions: a,+1 < (1 —Ay)an + Ayyn V0 > 1, where {A, } and {y, } are sequences of real numbers
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such that (i) {A,} C [0,1] and Y571 Ay = oo, and (ii) limsup,,_, . vn < 00r Yoo g [Anyn| < co.
Then limy,_e0 a, = 0.

Lemma 5 (see [17]). Let X be a Banach space that admits a weakly continuous duality mapping, let
C be a nonempty closed convex subset of X, and let T : C — C be an asymptotically nonexpansive
mapping with Fix(T) # @. Then, I — T is demiclosed at zero, i.e., if {x, } is a sequence in C such
that x, — x € Cand (I — T)x, — 0, then (I — T)x = 0, where I is the identity mapping of X.

3. Main Results

In this section, we assume the following.

T : C — Cis an asymptotically nonexpansive mapping and T; : C — C is a nonexpan-
sive mapping for i = 1,..., N such that the sequence { T}, is defined as in Algorithm 1.

A : H — H is pseudomonotone and uniformly continuous on C, s.t. ||Az| <
liminf, e || Axy| for each {x,} C C with x,, — z.

f : C — Cis a contraction with constant § € [0,1), and Q = NN, Fix(T;) N VI(C, A) #
@ with T :=T.

{on} C [0,1] and {an}, {Bn}, {7n} C (0,1) such that the following is the case:

(i) ap+Bn+yn="1and 0 < liminf, e Vu;
() limpseoay, =0and) )’ ;& = oo;
(iii) 0 < liminf,— e 0y and limy, (0, /) = 0.

Lemma 6. The Armijo-type search rule (5) is well defined, and the inequality holds: (Awy, rp(wn)) >
A7H|ra(wn) ||? Recall that the Armijo-type search rule is a backtracking line search that determines the
amount to move along a given search direction and involves starting with a relatively large estimate of the
step size for movement along the search direction and iteratively shrinking the step size until a decrease as
given in (5) is observed.

Proof. Since I € (0,1) and A are uniformly continuous on C, one has lim;_, ., (Aw, —
A(wy — Ury(wy)), A (wy)) = 0. If 75 (w,) = 0, then it is clear that j, = 0. If 7y (w,) # 0,
then there exists an integer j, > 0 satisfying (5). O

Since Pc is firmly nonexpansive, one knows that || x — Pcy||? < (x —y,x — Pcy) Vx €
C,y € H. Placing y = w, — AAw, and x = wy, one obtains ||w, — Pc(w, — AAwy)||> <
MAwy, wy, — Pc(w, — AAw,)), and hence {Aw,, 7y (wy)) > A7H|ra (wy)||%

Lemma 7. Let p € Q and let the function hy, be defined by (6). Then, hy(wy) = 3%|/rx(wn)|?
and hy (p) < 0. In particular, if ry (wy) # 0, then hy(wy,) > 0.

Proof. The first assertion of Lemma 6 is obvious. In what follows, let us show the second
assertion. Indeed, let p € Q). Then, by Lemma 3 one has (At,,t, — p) > 0. Thus, the
following is the case.

ha(p) = (Atn, p — wn) + %Hm(wn)Ilz
—(Aty, wn — tn) — (Aty, ty — P> + %Ilm(wn)llz (5)
—Tu(Atn, 17 (wn)) + %”U(wn)HZ-

IA I

On the other hand, by (5) one has the following.
(Awy = Aty, 1 (w03)) < Eliraen) 2
Thus, by Lemma 6, we obtain the following.

(Aty, 1y (wy)) (Awy, 1A (wn)) — %llm(wn)\lz (6)

>
> (7 = 5)lIra(wa)lI
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Combining (7) and (8), we obtain the following.

1
n(p) < (5 = ) lra(eom) | )
Consequently, /1, (p) <0, as asserted. [
Lemma 8. Let {wy}, {xn}, {yn}, {zn} be bounded sequences generated by Algorithm 3. If x,, —

Xpi1 = 0, Wy —xp — 0, Wy —yu — 0, wy — zy and Tz, — T"" 1z, — 0.and FH{wy,, } C
{wy} such that w,, — z € C, then z € Q.

Algorithm 3 Initialization: Given u >0, I € (0,1), A € (0, %) Pick x; € C.

Iterative Steps: Given the current iterate x;,, calculate x,, 11 as follows:
Step 1. Set w,, = (1 — 0y)xy + 04 Tpxy, and compute v, = Pc(w, — AAw,) and ) (wy,) 1=

Wn — Yn. .
Step 2. Compute t, = w, — Ty*)(wy), where 7, := I/" and j, is the smallest nonnegative
integer j satisfying

(Awy — A(wy = Ur(wy)), Wy = yn) < §||”A(wn>||2~ (8)

Step 3. Compute z;, = Pc, (wy,) and x,11 = anf (xn) + BuXn + vnT"2,, where C;, := {x €
C:hy(x) <0} and

() = (At x = 00) + | (wn) )

Set n := n + 1 and return to Step 1.

Proof. By Algorithm 3, w, — x, = 0,(Tuxy — x,) Vn > 1, and hence ||w, — x| =
Ou|| Tuxn — x,||. Utilizing the assumptions liminf, ;e 0, > 0 and w, — x, — 0, we have
the following.
lim ||x, — Tx,|| = 0. (10)
n—o00

By Algorithm 3, we obtain x,, 11 — 2, = &, (f (xn) — 2zn) + Bu(xn — 2z0) + Yu(T"20 — z1),
which immediately yields the following.

Yull T"zn — zn || < |l xns1 — zall +an (|l f () | + (|20 ll) + Bullxn — zal|
< lxng1 = xull + 2([[xn — wnll + [[wn — zal]) + an (| f(x) | + |2nl)-

Since x, — xy41 = 0, wy —xy, — 0, Wy —2zy — 0, ay — 0, liminf, 0y, > 0
and {x,}, {zx} are bounded, we obtain lim,_,e ||zx — T"z,|| = 0, which together with
T"z, — T" 1z, — 0 implies the following.

lzn — Tznll < |lzn — T"zal| + | T"z4n — TnHZnH + HTnHZn — Tzy||
< lzn = Tz + | T"20 — T zu || + (14 61) [ T"21 — 2a| (11)
= (2401 ||zn — T'zy|| + | T"z0 — T" 2| =0 (n — o0).

Moreover, from y, = Pc(w, — AAw,,), we have (w, — AAw, — yu, x —yn) < 0Vx € C,
and hence the following is the case.

1

X<w" —Yn, X — Yn) + (AWy, yn — wy) < (Awy, x —wy,) Vx € C. (12)
According to the uniform continuity of A on C, one knows that { Aw, } is bounded

(due to Lemma 1). Note that {y,} is bounded as well. Thus, from (12), we obtain

liminfy_, o (Awy,, x — wy, ) > 0 Vx € C. Meantime, observe that (Ay,, x — yu) = (Ayn —

Awy, x —wy) + (Awy, x — wy) + (AYn, Wy — Yn). Since w, — y, — 0, from the uniform conti-
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nuity of A we obtain Aw, — Ay, — 0, which together with (12) yields lim infy_, o (Ayy,, x —
Yn) >0VxeC. O

Next we show that limy, .« ||y, — Trxy|| = 0 for r = 1,..., N. Indeed, note that for
i=1,...,N, the following is the case.

llxn — Topixnll < [0 — Xpill + [1%n4i — Tugi%npill + | Tnpidnai — Tnpidn ||
< 2lxn = xpyill + 1% — Tugidngill-

Hence, from (10) and the assumption x, — x,4;7 — 0, we obtain lim;, e Hxn —
Ty+ixn|| =0fori =1,...,N. This immediately implies that the following is the case.

lim ||x, — T,x,|| =0 forr=1,...,N. (13)

n—o0

We now take a sequence {¢} C (0,1) satisfying ¢ | 0 as k — oo. For each k > 1, we
denote by my the smallest positive integer such that the following is the case.

Ay % =y +ex 20 ¥ = . (14)

Since {¢;} is decreasing, it is clear that {m; } is increasing. Noticing that {y,, } C C

guarantees Ay, # 0Vk > 1, we set u;,, = ijy%, and we obtain (Ay,, um,) =1 Vk >
my

1. Thus, from (14), we obtain (Ayy,, X + exlim, — Ym,) > 0 Vk > 1. Again from the
pseudomonotonicity of A, we have (A(x + exlim,), X + €xlim, — Ym,) > 0 Vk > 1. This
immediately results in

(AX, X — Ymy) > (Ax — A(X + exlim, ), X + ekl — Ym,) — €k(AX, Up,) Vk>1.  (15)

We claim that limy_, extty, = 0. Indeed, from w,, — z € C and w;, —y, — 0,
we obtain y,, — z. Using the assumption on A, instead of the sequentially weak con-
tinuity of A, we obtained 0 < ||Az|| < liminfy_, ||Ayy, || (otherwise, if Az = 0, then
z is a solution). Note that {y;, } C {yn } and g | 0 as k — oco. Thus, it follows that

limsup; , &
— liminfg e HAynk|

0 < limsupy_,, [|extim, || = limsup;_,, HA;]:nkH - = 0. Hence, we obtain

exllm, — 0ask — oo.

Next, we show that z € (). Indeed, from w;, — x, — 0 and w;,, — z, we obtain x,, — z.
From (13), we have x,, — T;x,, — 0 forr = 1,...,N. Note that Lemma 5 guarantees
the demiclosedness of I — T, at zero for ¥ = 1,...,N. Thus, z € Fix(T;). Since r is an
arbitrary element in the finite set {1,..., N}, we obtain z € ﬁf]: ,Fix(T;). Simultaneously,
from w, — z, — 0 and w,, — z, we obtain z,, — z. From (11), we have z,, — Tz,, — 0.
From Lemma 5, it follows that I — T is demiclosed at zero, and hence we obtain (I — T)z = 0,
i.e.,, z € Fix(T). On the other hand, letting k — oo, we deduce that the right-hand side of (15)
tends to zero by the uniform continuity of A, the boundedness of {y, }, {/m, }, and the limit
limy_, o €xttyy, = 0. Thus, we obtain (Ax,x — z) = liminfy_,(Ax,x — ym,) > 0Vx € C.
By Lemma 3, we have z € VI(C, A). Therefore, z € NN Fix(T;) N VI(C, A) = Q.

Lemma 9. Let {wy,} be the sequence constructed by Algorithm 3. Then, the following is the case.

I?

nh_f&'fn”r/\(wn) =0 = ,}grgo\lwn—ynH:O-

Proof. To show the conclusion, we consider two cases. In the case when liminf, .., 7, > 0,
we might assume that there exists a constant T > 0 such that 7, > > 0 Vn > 1, which
hence yields the following.

1 1 1
[|[wn _ynHZ = —Tu||lwy _ynHZ < = Tullwn _yn||2 = Tn””A(wn)Hz- (16)
T T T
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This together with limy,—e T ||7) (wy ) || = 0 results in limy, e ||wy — yu|| =0. O

In the case, when liminf, ;. 7, = 0, we might pick a subsequence {n;} of {n}
such that the following is the case.

lim 7,, =0 and lim ||w,, —yu, || =a > 0. (17)
k—ro0 k—ro0
Let v,, = %Tnkynk + (1 - %Tnk)wnk. Then, v, = wy, — %Tnk(wnk — Yn,). Since
limy, 00 Tn||72 (wn ) ||> = 0, we have the following.
li 2 _ fim 1 2-0 18
kglc}oHU”k_w"kH _kgl;lo TzTnk'TﬂkHwﬂk_yﬂkH - Y ( )

From the step size rule (5) and the definition of v, it follows that the following is
the case. ”
(Awp, — Avy,, Wy, — Yn,) > EHwnk — ynkHz. (19)

Since A is uniformly continuous on bounded subsets of C, (18) ensures the following.

klgglo | Awy,, — Avy, || = 0.
This, however, contradicts with (17). Thus, it follows that lim, e ||wn — yx|| = 0.

Theorem 1. Let {x, } be the sequence constructed by Algorithm 3. Assume that T"z, — T" 1z, —
0. Then, the following is the case:

Xpn — Xpy1 — 0,

X —>x e & { Yo — Y — 0

where x* € () is the unique solution of the VIP: ((I — f)x*,p—x*) >0 Vp € Q.

Proof. Since 0 < liminf, o ¥, and limy_e 2—2 = 0, we may assume, without loss of

generality, that {7, } C [2,1) C (0,1) and 6, < M Vn > 1. We claim that Poo f : C —
C is a contraction. Indeed, it is clear that | P f(x) — Paf(y)|| < d||x —y|| Vx,y € C, which
implies that Pq o f is a contraction. Banach’s Contraction Mapping Principle guarantees
that P o f has a unique fixed point. Say x* € C, that is, x* = P f(x*). Thus, there exists a
unique solution x* € Q = NN Fix(T;) N VI(C, A) of the VIP

(I-flx",p—x") >0 VpeQ. (20)
]

Ifx, - x*e Q= ﬂinFix(Ti) NVI(C,A), then x* = Tjx* fori = 0,1,...,N and
x* = Pc(x* — AAx™), together with Algorithm 3, imply the following.

[wn — x| = [(1 = 00) (xn — x*) + 0u(Tuxn — Tux)|| < [Jxn —x*| =0 (n — o0).

Hence, using the continuity of A on C, we obtain that ||Aw, — Ax*|| — 0 and the
following is the case.

lyn —xall - < |lyn — || + [Jxn — x*||
= ||Pc(wn — AAwy) — Po(x* — AAX™) || + [[xn — x*||
< wy — x*|| + A||Awy, — Ax*|| + ||xp — x*|] = 0 (n — o).
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In addition, it is clear that the following is obtained.
120 = xpgal| < flxew = 2"} + [[%01 = 27| = 0 (1 = o0).

Next, we show the sufficiency of the theorem. To this aim, we assume limy, o (|| %, —
Xp+1ll + [[xn — yx||) = 0 and divide the proof of sufficiency into several steps.

Step 1. We show that {x, } is bounded. Indeed, take an arbitrary p € Q = ﬂil\i oFix(T;) N
VI(C, A). Then, Tp = p and T,,p = p Vn > 1. We claim that the following inequality holds.

lzn = pI* < llewn = pl* — dist® (wn, Ca)  Vp € Q. (21)
Indeed, one has the following.

1z = plI* = [|Pc,wn — plI* < llwp — plI*> - ||Pc,§wn — wyl|?
= ||lw, — pH2 — dist”(wy, Cp).

Thus, the following is the case.
llzn = pll < llwn = pll vn>1. (22)
Then, the following is obtained:
lwn = pll < (1= o) l[xn — pll + oul|Tuxn — pl < [lxn —pl-
which together with (22) yields the following.
lzn = pll < llwn = pll < lxn —pll V= 1. (23)
Thus, from (23) and &y, + B + v = 1V > 1, the following is the case.

xu11 = pll = llanf(xn) + Bnxn + ¥ T"zn — p|
< anl| f(xn) = pll + Bullxn — pll +vull T"z0 — pl|
< an([[f(xn) = fF(P)+ £ () = pII) + Bullxn — Pl + 70 (1 +64)||zn — p|
< an(Ollxn — pll + | f(p) = PII) + Bullxn — pll + ¥ullzn — pll + Oullzn — pl|
< an(Ollxn — pll +11f(p) = pI) + Bullxn — pll + ¥ullxn — pll + an(l 2 ||xn pll
= [1 = 25 |lx, — pll + anl f(p) — p
= [1fw]”xn p||+vcn(1 9) 2Hf() pll
2| f(p)=pll
I, =5}

< max{|[x, —p
Therefore, we obtain ||x, — p|| < max{||x; — p||, 2 p)5 p”} Vn > 1. Thus, {x,} is
bounded, and so are the sequences {wy }, {yn}, {zn}, {f(xn)}, {Atn}, {T"20}, {Tnxn}.
Step 2. We show that the following is the case.

Yullzn = wall* < llan = plI? = llxns1 = pI? + 0u M1 + 200 {(f () = p, xu41 = p).
To prove this, we first note that the following is the case:

[xn41 = I = llan(f(xn) = p) + Bu(xn — p) + ¥ (T"z0 — p) |1

< |Bu(xn = p) + 0 (T"20 — p)|I* + 20 (f (xn) = p, Xns1 — p)

< Bullxn — pII> + ¥ (14 02)2 |20 — plI* + 20 (f (xn) — P, Xns1— P) (24)
< Bullxn — plI* 4+ vullzn = plI*> + 64(2+ 6n) 120 — plI* + 200 (f (x1) — p, X1 — p)

< Bullxn — PHZ + Ynllzn — PHZ + 0n My + 20 (f (Xn) — P, Xut1 — P),
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where sup,,~1(2 + 64)||zn — p||* < M for some M; > 0. On the other hand, from (23) one
has the following.

121 = plI* = 1Pc,wn = plI* < llwn — plI* = 20 — wall® < llxn = plI> = 20 — wal®. (25)
Substituting (24) into (25), one obtains the following.

a4 = Pl < Bullxn =PI+ yullxn = plI* = [z — wnll?)
+ 0 My + 200 (f (Xn) — P, X1 — )
= (1—an)|xn = plI*> = Yullzn — wull> + 6 M1 + 200 (f (xu) — P, Xp1 — P)
< lxn = plI* = vullzn — wnll® + 62 My + 205 (f (xn) — p, Xn11 — p)-

This immediately implies the following.

Yullzn — wnHz < lxn — P”z — |[xns1 — PH2 + 0n My + 20, (f (X)) — P, Xut1 — P)-

Step 3. We show the following.

T
Yuloy g Ira(@n) P < floew = pI* = [lxng1 =PI + aull f (xa) = pII* + 0 M.

Indeed, we claim that for some L > 0, the following obtains.

Tn
2AL

20— plI* < llwn — plI* = (557 72 (wa) 1212 (26)
Since the sequence { Aty } is bounded, there exists L > 0 such that || At,| < LVn > 1.
This ensures that for all u, v € Cy, the following is the case:

(1) = B (0)| = [(Aty, u — 0)| < [[Ab]l|[u —v]| < Lfju o],

which hence implies that h,(-) is L-Lipschitz continuous on C,. By Lemmas 2 and 7,
we obtain
Tn_

. 1
dist(wn, Cn) = Zhn(wn) = 2/\L”r)‘(wn)”2' (27)

Combining (21) and (27), we obtain the following.

Tn

212

zn = plI* < llwn = plI* = [557 72 (wn)

From Algorithm 3, (23), and (26), the following is obtained.
11 = pI? < anll f () = pII* + Bullxn — pIP + vull T"20 — plI?

< anl f(xn) — P”Z + Bullxn — PHZ +n(1+ 911)2”211 - PHZ
— pl*+ Bullxn — plI* + vullzn — plI* + 64(2 4 64) |20 — plI?

< an| f(xn)

< tn|| f(xn) = pI* + Bullxn — pI* + valllwn — pII* = (5% 72 (@) [217] + 62 My
< anl f(xn) = plI* + (1= an) |xn = plI* = var [l (wn) |21 + 6, My

< || f(xn) — plI* 4 0a M1 + [|lxn — p||* — ’Ynsz"LH”/\(wn)Hz]z-

This immediately yields the following.

Tn

Tl llra@a) P2 < Nt = pI2 = xusa = pI? + wallf(en) = pI + 0 Ms.

Step 4. Let us obtain the following.

2(f(p) —p.xus1—p) O M
175“ +E'1715]' (28)

Indeed, from Algorithm 3 and (23), one obtains the following.

xne1 = plI* < (1= au(1 = 8))[lxn — plI* + aa (1~ 5)
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2011 — PHz = |lan(f(xn) = f(P)) + Bu(xn — p) + Y (T"20 — p) + an(f(p) — P)H2
< lan(f(xn) = f(P)) + Bu(xn = p) + 7 (T"20 — p)|I* + 200 (f (p) = P, Xns1 — P)
< tn | f(xn) = F(P)IIP + Bullxn — pII* + 7 (14 60)% |20 — plI> + 200 (f () = p, Xn1 — P)
< dan||xn — PHZ + Bullxn — PHZ + ynllzn — PHZ +00(2+ 0n) |1z — PHZ
+ 200 (f(p) — ps X1 — p)
< banlxn — plI2 + Bullxn — plI> + yullxn — plI* + 6nM1 + 20, (f (p) — P, Xng1 — p)
[1—an(1 = 0)][lxn — plI* + 6uMy + 20u(f (p) — P, Xn1 — p)
= (1= a(1=8))[|xn — pII? + an (1 — 8)[RLLu1=p) 4 . My,

&n

Step 5. Let p = x*, we deduce from (28) that the following is the case.

* % 2{f(x*) — x*,x —x* 0 M
st — 22 < (1= (1 — )20 — 2*[2 + an(1 = PLED =X Xun =) | 6 My g
1-6 oy 1—90
We need to show that limsup,,_, . (f(x*) — x*,x,41 — x*) < 0. Substituting p = x*,
from Step 2, we obtain the following.

(29)

Yallzn —wall? < llan — 212 = [[xpg1 — x¥[1 + 0 My + 20, (f (x) — X*, X1 — X¥)
< lxn = xpgal[(Nlxn = x*[ + X1 — x*[]) + 0 My + 20| f (x0) — x*[[ |04 — x|

Since 0 < liminf,, o ¥y, 6n = 0, &, — 0 and x,;, — x,,11 — 0. From the boundedness
of {x, }, one obtains the following.

Jim [0, — 2] = 0. (30)

Substituting p = x*, from Step 3, we obtain the following.
Yulgirllra@n) P12 < llxw = 212 = ousn — 2 + | f (2n) — ¥ + 0u My
<l = s | (llan = 2+ Hlxnn = %)) + 00 My + | f () — 2.

Since 0 < liminfy;—ye0 ¥, 0w — 0, &y — 0, and x, — x;,41 — 0 (due to the assumption),
from the boundedness of {x, }, one obtains the following.

o T 212 _

Hence, by Lemma 9, we deduce the following.
’1113010 [[wn = ynll = 0. (31)
Obviously, assumption x, — v, — 0 together with (31) implies the following.
llwn —=xull < llwn = yull +llyn = xall =0 (1 = o0). (32)

From the boundedness of {x,}, it follows that there exists a subsequence {x;, } of
{x} such that the following is the case.

limsup(f(x*) — x*, x;, —x*) = lWm (f(x") — x*, x5, — x7). (33)
n—oo k—co

Since H is reflexive and {x, } is bounded, we may assume, without loss of generality,
that x,, — X. Thus, from (33), one obtains the following.

msuplf() =5y =) = () —xtan =)
= (f(x*) — x*, X — x¥).
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Thus, it follows from w;, — x,, — 0 (due to (32)) and x,, — X that w,, — X. Since
Xy — Xpq1 — 0, wy — x4 = 0, wy —yn — 0, wy — 2y — 0and w;,, — X, by Lemma 8, we
infer that X € Q). Hence, from (20) and (34), one obtains the following;:

limsup(f(x*) — x*, x, —x*) = (f(x*) — 2", X —x*) <0, (35)

n—oo

which immediately results in the following.

lim sup(f(x*) — x*, x, 41 — x*)

= timsupl(£(x*) = 3yt — %) + () = 2,3 = x°) (36)
< timsupl[(x*) = | 31 — x|+ (F(x°) '3, = )] <0

Note that {a,(1—6)} C [0,1], Y71 an(1 — ) = oo, and the following is the case.

. 2(f(x") =x" X1 =x7)  On My
1 — - <0.
lgfol:p[ 1-9 Xy 1—5]_0

Consequently, by applying Lemma 4 to (29), one has lim,,_; ||x, — x*|| = 0. This
completes the proof.

Theorem 2. Let T : C — C be nonexpansive and the sequence {x, } be constructed by the modified
version of Algorithm 3; that is, for any initial x1 € C, the following is the case:

Wy = (1 - Un)xn + 04 Tuxn,

Yn = PC(wn - )\Awn)/

tn = (1= Tu)Wn + Tu¥n,

Zn = PCH (wn)/

Xn4+1 = D‘nf(xn) + ﬁnxn + Tz, Vn>1,

where for each n > 1, Cy,, and T, are chosen as in Algorithm 3. Then, the following is the case:

Xp — Xpy1 — 0,

*
X —x e & { Yo — Y — 0

where x* € Q) is the unique solution of the VIP: ((I — f)x*,p—x*) >0 Vp € Q.

Proof. The necessity is obvious. Thus, we show the sufficiency. Assume limy,co(|[x; —
Xp+1ll + [[xn — yx|l) = 0 and divide the rest of the proof into several steps. []

Step 1. {x,} is bounded: Indeed, using the same argument as in Step 1 of the proof of
Theorem 1, we obtain the desired assertion.

Step 2. We obtain the following;:

Yllzn — wall* < [lxn = plI* = [xn41 — pI* + 0a My + 20, (f (xn) — p, Xps1 — P),

for some M; > 0. Indeed, using the same arguments as in Step 2 of the proof of Theorem 1,
we obtain the desired assertion.

Step 3. We prove that the following is the case.

Tn

S Ira@n) P12 < lln = pI* = llsr = pI> + all £ (xn) = pI + 0u M.

Yul

Indeed, similar arguments similar to those in Step 3 of the proof of Theorem 1 provide
the assertion.
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Step 4. We show the following.

2 — P - 0 M
st — pI2 < (1= (1= 6) 5 — pl12 + o (1 — ) 2SR PEnsn =p) | B My
1-6 a, 1—96

By Step 4 of the proof of Theorem 1, we obtain the desired conclusion.
Step 5. {x,, } converges strongly to the unique solution x* € Q) of the VIP (20): substitute
p = x* and we deduce from Step 4 that the following is the case.
2(f(x*) —x*, x —x* 0 M
a1 =12 < (1= a1 = )y = x° [P + a1 - L2 =20 O My
) ay, 1—06

We show that limsup,,_, . (f(x*) — x*, x,,41 — x*) < 0. Using the same arguments as
those of (30) and (31), we obtain the following.

(37)

Tim [0y —zy| = 0 and lim [, — yu|| = 0. (38)

Now, the following is obtained.

Xpp1 — Xn = &n(f(Xn) — xXn) + Yn(Tzn — xn)
= an(f (xn) — xn) + Y0 (T2n — 2n + Zn — Wy + Wy — Y + Yn — Xn)
= an(f(xn) — xu) + Yn(Tzu — 2n) + Yu (20 — Wn + Wy — Yu + Yun — Xn).

From (38), &y — 0, x4 —xy41 — 0, x4 —yn — 0, {7} C [2,1) C (0,1), and the
boundedness of {x,},{f(x,)}, it follows that, as n — oo, the following is the case.

1Tz — znl| = %Hxnﬂ = Xn = an(f(xn) = xn) = Yu(zn — Wn + Wp = Yn +yn — x|

(39)
< alllxnn = 2l + n(lLF Qo)L+ xall) + 2w = wall + won = yull + llyn — xa)[[] = 0.
Obviously, combining (38) and x, — y, — 0 guarantees the following.
l[wn = xull < llwn = yull +llyn —xull =0 (1 = o0). (40)

The rest of the proof is similar to the arguments in Step 5 of the proof of Theorem 1.
Next, we introduce modified Mann-type subgradient-like extragradient algorithm.
Note that Lemmas 6-9 are valid for Algorithm 4.

Algorithm 4 Initialization: Given u >0, [ € (0,1), A € (0, %) Let x; € C be arbitrary.

Iterative Steps: Given the current iterate x,,, calculate x,, 11 as follows:

Step 1. Set w,, = (1 — o) xy + 0, Tpxy, and compute y, = Pc(w, — AAw,) and ) (wy,) 1=
Wy — Yn. '

Step 2. Compute t, = wy, — Tyr) (wy ), where T, := /" and j, is the smallest nonnegative
integer j satisfying

(A — Alwy — ey (n)), wn =y} < 5 llrateon)|% (41)

Step 3. Compute z, = Pc, (wy,) and x, 11 = anf (X)) + Bnwn + ynT"2zy, where C, := {x €
C:hy(x) <0} and

() = (Aba, x = wa) + 22l (wa) |2 (42)

Again set n := n + 1 and go to Step 1.

Theorem 3. Let {x, } be the sequence constructed by Algorithm 4. Assume that T"z, — T" 1z, —
0. Then, the following is the case:

Xn — Xp4+1 — O/

*
X —x €N & { Yo — Y — 0

where x* € Q) is the unique solution of the VIP: ((I — f)x*,p —x*) >0 Vp € Q.
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Proof. Using the same arguments as in the proof of Theorem 1, we deduce that there exists
a unique solution x* € Q = NN Fix(T;) N VI(C, A) of the VIP (20) and that the necessity
of the theorem is valid. O

For sufficiency, assume limy, o0 (|| X1 — X541/ + [|¥2 — ¥»||) = 0 and consider these steps.

Step 1. We show that {x, } is bounded. Indeed, using the same arguments as in Step 1 of
the proof of Theorem 1, we obtain that inequalities (21)—(23) hold. Thus, from (23) and
&y + Bu +vn = 1Vn > 1, the following is the case.

11 = pll < an(llfCen) = F(DII+ 1 (P) = PII) + Bullwn — pll + 1n(1+ 62) |20 — pll
< an(6]ln = pll+ £ (p) = PID) + Bullwn = pll + ullzn = pll + 6|20 — pl|

Socn(éllxnl 5P||+||f( p)— Plll)Jgﬁnzllxn—PllJr”rnllxn pll + 252 |x, — p
=[1—M]||xn p||+0cn( ) Hfgp_)J—PH

2Hf PH}

< max{|[x, — p|,

Hence, ||x, — p|| < max{||x1 — p||, W} Vn > 1. Thus, {x,} is bounded.
Step 2. We show the following.

Yallzn = wall® < [lxn = plI* = [xns1 — pII* + 0a My + 20, (f (xn) — p, Xps1 — P).

To prove this, we first note that the following is the case.
%1 = pIP = llan(f(xn) = p) + Bu(wn — p) +1u(T"z0 — p) |2
<||Bn(wn = p) + 1 (T"20 — P)II* + 200 (f (x4) = P, Xn1 — p)
< Bullwn = plI> + v (1 + 60)?(|z0 — plI* + 200 (f (x1) — P, Xn11 — p) (43)
< Bullxn = plI> + vallza — pI* + 62 (2 4 0a) 120 — plI* + 200 (f (xn) = P, X041 — p)
< Bullxn = plI> + vallza — plI* + 62 My + 200 (f (x1) = p, Xn 41 — p),

The desired conclusion follows from Step 2 of the proof of Theorem 1.

Step 3. We show the following.
T
%[ﬁl\m(wn)Ilz]Z < lxn = I = a1 =PI+ anl f (xn) = plI* + 62 M.
Indeed, using the same argument as that of (28), we obtain that for some L > 0, the

following is the case.

(wn) 12 (44)

20 = pI? < llww = pI? = [

From Algorithm 4, (23), and (44), the following is obtained.

[xn11 — pl|? < ‘an”f(xn) —rl? "‘ZﬂnHwn —pl? +2’Yn||ZnT_ pl*+ 9n2(22+ 6n) |20 — plI?
< anl| f(xn) — P||2 + Bullwn — plI” + ’Yg[”wn —pl* - [2;&|2|72A(wn)|| 7] + 0, My
< anllf(xn) = plI* + 0 My + |lxn — pII* — Ygpy 7a (wn) 7]

By rearranging, we obtain the desired inequality.

Step 4. We show the following.
—PXer1—p) 6 M
on, ) 4
1-96 oy, 1-— (5] (45)
Indeed, from Algorithm 4 and (23), one obtains the following:

%01 = PIP < |lan(f(xn) = F(p) + Bu(wn — p) + Yu(T"zn — p)|* + 20 {f (p) — P, X1 — P)
< banllxcn = plI* + Bullwn — plI* + vallzn — plI* + 64(2 4 64) |20 — plI?
+ 200 (f(p) — ps X1 — p)
< dan|xn — PHZ + Bullxn — PHZ + Ynlxn — PHZ + 0n My + 20, (f(P) — P, Xus1 — P)
= [1— an(1 = 0)]llxn — plI*> + 6 M1 + 200 (f (p) = p, X1 — P),

st =PI < (1= a1 = 8 — pIP + s (1 = 5) [ ZLP)
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which, hence, results in the desired assertion.

Step 5. We show that {x, } converges strongly to the unique solution x* € Q) of the VIP
(20). Indeed, Step 5 of the proof of Theorem 1 provides the result.

Theorem 4. Let T : C — C be nonexpansive and the sequence {x, } be constructed by x1 € C:

Wy = (1 — U'n)xn + 0 Thxn,

Yn = PC(wn - )\Awn)/

ty = (1 - Tﬂ>wn + TulYn,

Zy = PCH (wi’l)r

Xpn+1 = ‘an(xn) + ﬁnwn + ')/nTZn Vn>1,

where for each n > 1, C, and T, are chosen in Algorithm 4. Then, the following is the case:

Xn — xi’lJrl — 0/

X, —xe) & { o —yn — 0

where x* € Q) is the unique solution of the VIP: ((I — f)x*,p—x*) >0 Vp € Q.

Proof. Similar arguments as in the proof of Theorem 2 and Step 5 of Theorem 3 provide
the conclusions. [J

Remark 1. Our results complement the results in Kraikaew and Saejung [10], Ceng and Shang [11],
and Reich et al. [12] in the following ways:

(i)

(ii)

(iii)

(iv)

The problem of finding an element of VI(C, A) in [10] is extended to develop our problem of
finding an element of NN, Fix(T;) N VI(C, A) where T; is nonexpansive fori = 1,...,N,
and Ty = T is asymptotically nonexpansive. The Halpern subgradient extragradient method
for solving VIP in [10] is extended to develop our Mann-type subgradient-like extragradient
method with a line-search process for solving VIP and CFPP, which is based on Mann
iteration method, subgradient extragradient method with line-search process, and viscosity
approximation method.

The results in [12] are extended to finding an element of N\, Fix(T;) N VI(C, A). The modi-
fied projection-type method with linear-search process for solving the VIP in [12] is extended
to develop our Mann-type subgradient-like extragradient method with line-search process
for solving the VIP and CEFPP, which is based on the Mann iteration method, subgradient
extragradient method with line-search process, and viscosity approximation method.

The problem of finding an element of NN, Fix(T;) N VI(C, A) with Lipschitz continu-
ity and sequentially weak continuity mapping A in [11] is extended to finding an ele-
ment of NN, Fix(T;) N VI(C, A) where A is uniformly continuous such that ||Az|| <
liminf, e ||Axy|| for each {x,} C C with x, — z € C. The hybrid inertial subgra-
dient extragradient method with line-search process in [11] is generalized to Mann-type
subgradient-like extragradient method with line-search process, e.g., the original inertial
approach “wy, = Tyxy + an(Tuxy — Tpxy—1)" is replaced by our Mann iteration method
“wy = (1 —0y)xn + 0, Tuxn”, and the original iterative step “x,11 = Bnf(Xn) + YnXn +
(1 = yn)I — BupF)T"z," is replaced by our simpler iterative one “x,11 = anf(xn) +
Bunxn + ynT"zy”. It is worth mentioning that the definition of z, in the former formulation
of x,,41 is very different from the definition of z,, in the latter formulation of x4 1.

The method in [10] involves a combination of Halpern approximation method, subgradient
extragradient method, and Mann iteration to find a common solution to variational inequalities
and common fixed point problem involving quasi-nonexpansive mapping with strong conver-
gence results obtained. The method in [11] solves a problem of finding a common solution
to variational inequalities and common fixed point problem in which one of the operators is
asymptotically nonexpansive and others are nonexpansive mappings. The method of [11] is
a combination of the subgradient extragradient method, viscosity approximation and hybrid
steepest-descent method, and strong convergence results obtained. In [12], a strongly con-
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vergent method that is a combination of projection-type method and viscosity approximation
method is proposed to solve variational inequalities. Our proposed methods in this paper
are proposed to solve variational inequalities and common fixed point problem for which one
of the operators is asymptotically nonexpansive and others are nonexpansive, and A in the
variational inequality is pseudomonotone and uniformly continuous (unlike [11] where A is
Lipschitz continuous). One method involves a combination of the method proposed in [12]
and viscosity approximation. In essence, our results in this paper reduce to the results in [12]
when the operators in the common fixed point problem are identity mappings. Furthermore,
our method does not involve the hybrid steepest-descent method and subgradient extragradient
method used in [11]. Our results also serve as extensions of the results obtained in [10] in the
setting of variational inequalities.

4. Applications

In this section, our main results are applied to solve the VIP and CFPP in an illustrated
example. Substitute y =1, [ = A = %, 0y = %, Ay = (nlﬂ), Bn = (n+1) and v, = %

We first provide an example of Lipschitz continuous and monotone mapping A, asymp-
totically nonexpansive mapping T, and nonexpansive mapping T; with Q) = Fix(T;) N
Fix(T) N VI(C,A) # @. Let C = [—3,4] and H = R with the inner product (a,b) = ab
and induced norm | - || = |-|. The initial point xj is randomly chosen in C. Take
f(x) = lxvx € Cwithé = 1. Let A: H - Hand T,Ty : C — C be defined as

._ 1 1 e B — o :
Ax = T siny] — 137’ Tx := ysinx, and Tyx := sinx for all x € C. Now, we first show
that A is pseudomonotone and Lipschitz continuous. Indeed, for all x,y € H, we have
the following.
Ax— Ayl = |5 7 ;
I I = sy — H”Smf” + 57
| yl[=lx]] ‘ +| || siny||—|| sin x]| |
I+ (T+[ly 1) (1+]sinx[]) (1+] siny]])

< |lx —y|| + ||sinx — siny| <2|x —y|.

This implies that A is Lipschitz continuous. Next, we show that A is pseudomonotone.
For each x,y € H, it is easy to see that the following is the case.

1 1 1 1

- —x) > —x) = - —x)>0.
1+ |sinx| 1—|—|x|)(y x) 2 0= (Ay,y — 1) (l—|—|siny| 1+|y|)(y x) 20

(Ax,y —x) = (

Furthermore, it is easy to see that T is asymptotically nonexpansive with 8, =
(3)" ¥n > 1, such that || T"*'z, — T"z,| — 0as n — c. Indeed, we observe that the
following is the case:

3 e
IT" = Tyl < T = T"Ty|| < )" llx =yl < (1 +6n)l[x —yl,

and the following obtains.
3. 3 3 . 3
| Tz, — Tz, < (Z)” T2z, — Tzy|| = ( ) 1|| sin(Tz,) — Zsman < 2(1)” —0 (n— o).
It is clear that Fix(T) = {0} and

lim g—n = lim 76/4)
noo g, n—eo 1/2(n+1)

In addition, it is clear that T; is nonexpansive and Fix(T;) = {0}. Therefore, Q) =
Fix(T;) NFix(T) N VI(C, A) = {0} # @. In this case, Algorithm 3 can be rewritten as follows:
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wy = %xn + %Tlxnr
Yn = Pc(wy, — %Awn),
ty = (1 - Tn)wn + Tuln, (46)

Zn :PCn(ul]ﬂ)/ . 1
R e

where for each n > 1, C; and 7, are chosen as in Algorithm 3. Then, by Theorem 1,
we know that {x,} converges to 0 € Q0 = Fix(T;) NFix(T) N VI(C, A) if and only if
|xn — Xpi1| + |xn — yn| — 0asn — oo.

In particular, since Tx := %sinx is also nonexpansive, we consider the modified

version of Algorithm 3:

Wyp = %xn + %Tlxn/

Yn = Pc(wy — %Awn),

th = (1 = T) Wy + Tuln, (47)

zp = Pe, (wy),

X — # .=
n+l = (1) " 2

—_

Xn + 2(””7“)36,1 + %Tzn Vn>1,
where for each n > 1, C, and 13, are chosen as stated above. Then, by Theorem 2, we know
that {x,} converges to 0 € Q) = Fix(T;) N Fix(T) N VI(C, A) if and only if |x, — x,11| +
|xy —yn| = 0asn — oo.

5. Conclusions

We have introduced two Mann-type subgradient-like extra gradient algorithms that
combine projection-type method, viscosity approximation, and Armijo-type line-search
procedure to solve variational inequalities and common fixed-point problem of finitely
many nonexpansive mappings and an asymptotically nonexpansive mapping in a real
Hilbert space. We obtained strong convergence results of the sequences of iterates generated
by our proposed methods under some standard conditions. We also gave some illustrative
example to justify the theoretical analysis. Part of our future research is aimed to obtain
strong convergence results for modifications of our proposed methods with Nesterov
inertial extrapolation step and self-adaptive step sizes.
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