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Abstract

:

Recently, a quasi-fractional order gradient descent (QFGD) algorithm was proposed and successfully applied to solve system identification problem. The QFGD suffers from the overparameterization problem and results in estimating the redundant parameters instead of identifying only the actual parameters of the system. This study develops a novel hierarchical QFDS (HQFGD) algorithm by introducing the concepts of hierarchical identification principle and key term separation idea. The proposed HQFGD is effectively applied to solve the parameter estimation problem of input nonlinear autoregressive with exogeneous noise (INARX) system. A detailed investigation about the performance of HQFGD is conducted under different disturbance conditions considering different fractional orders and learning rate variations. The simulation results validate the better performance of the HQFGD over the standard counterpart in terms of estimation accuracy, convergence speed and robustness.
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1. Introduction


Fractional calculus has emerged as an important tool to effectively model a variety of systems or processes that arise in the various applications relating to physics, engineering and applied sciences [1,2,3,4,5,6,7,8]. Over the last decade, a trend of developing novel adaptive algorithms based on strong foundations of fractional calculus can be seen [9,10,11,12,13,14,15]. The idea of incorporating the fractional derivative into the conventional iterative procedure of the least mean square (LMS) algorithm was first introduced in 2009 [16]. The fractional derivative-based LMS, i.e., F-LMS, was then exploited to solve communication [17,18,19], vibration rejection [20], control [21], recommender systems [22,23], power signal modelling [24], signal processing [25] and time series prediction problems [26]. The variants of the F-LMS were proposed to solve different identification and parameter estimation problems [27,28,29,30,31]. Cheng et al. presented the concept of a variable initial value and proposed an innovative F-LMS (IF-LMS) [32], and Chaudhary et al. applied the IF-LMS for the parameter estimation of power signals [33]. Chen et al. compared the performance of different fractional order gradient methods [34]. Wei. et al. suggested a modification to handle a long memory property of fractional calculus and proposed a generalized fractional order gradient method (GFGM) [35]. Liu et al. generalized the GFGM to solve convex optimization problem with high dimensions, and proposed a quasi-fractional gradient (QFGD) method with theoretical analysis and convergence proof [36]. Furthermore, they also applied QFGD to solve system identification problem through overparameterization and estimated the redundant parameters instead of estimating only the actual parameters of the system. In order to avoid the problem of overparameterization, we propose hierarchical QFGD (HQFGD) by integrating the hierarchical identification principle and key term separation idea with QFGD for efficient parameter estimation. The hierarchical identification principle decomposes the system into multiple subsystems, thus reducing the overall dimensions of the system, and the key term separation technique allows one to avoid the overparameterization issue [37,38,39]. In this study, we propose HQFGD method for efficient parameter estimation of input nonlinear autoregressive exogenous noise (INARX) systems. The INARX system belongs to a class of block-oriented nonlinear systems that are widely used to model a variety of nonlinearities [40,41,42,43]. The main contributions of this study in terms of salient features are summarized as:




	
A novel hierarchical quasi-fractional gradient descent, HQFGD, algorithm is presented by integrating the hierarchical identification theory and key term separation technique with the quasi-fractional gradient method.



	
The hierarchical identification procedure decomposes the system into subsystems, thus reducing the overall dimensions of the system, and the key term separation technique allows one to avoid the overparameterization issue.



	
The accuracy and robustness of the proposed HQFGD is established through effective parameter estimation of input nonlinear autoregressive exogenous noise, INARX, systems under different disturbance conditions, fractional orders and learning rate variations.



	
The comparison with the standard counterpart validates the efficacy of the proposed HQFGD scheme in terms of convergence sped and estimation accuracy.








The remainder of this paper is structured as follows: Section 2 gives the description of the INARX system. Section 3 describes the HGD approach and Section 4 provides the design of the hierarchical QFGD for INARX systems. Section 5 discusses the results of numerical experimentation and Section 6 presents the conclusions with some future works.




2. Nonlinear ARX System Model


The governing mathematical relation of the INARX system with input x, output y, and exogeneous noise n is written as [44,45]:


  o ( t ) =   V ( z )   W ( z )    x ¯  ( t ) +  1  W ( z )   n ( t ) ,  



(1)




where   W ( z )  ,   V ( z )   and    x ¯   ( t )    are defined as


  W  ( z )  = 1 +  w 1   z  − 1   +  w 2   z  − 2   + , … , +  w   n w     z  −  n w    ,  



(2)






  V  ( z )  =  r 0  +  v 1   z  − 1   +  v 2   z  − 2   + , … , +  v   n v     z  −  n v    ,  



(3)






   x ¯   ( t )  =  u 1   γ 1   (  x  ( t )   )  +  u 2   γ 2   (  x  ( t )   )  + … +  u p   γ p   (  x  ( t )   )  .  



(4)







Rewriting (1) after rearranging,


  o ( t ) =  (  1 − W ( z )  )  o  ( t )  + V ( z )  x ¯  ( t ) + n ( t ) .  



(5)







Putting Expressions (2)–(4) into (5), let    v 0  = 1  , and considering    x ¯   ( t )    as a key term, apply key term separation:


    o ( t )   = −   ∑  k = 1    n w      w k    o  (  t − k  )  +   ∑  k = 0    n v      v k     x ¯   (  t − k  )  + n ( t )      = −   ∑  k = 1    n w      w k    o  (  t − k  )  +  v 0   x ¯   ( t )  +   ∑  k = 1    n v      v k     x ¯   (  t − k  )  + n ( t )      = −   ∑  k = 1    n w      w k    o  (  t − k  )  +   ∑  k = 1    n v      v k     x ¯   (  t − k  )  +   ∑  i = 1  p    u i   γ i   (  x  ( t )   )    + n ( t )    



(6)







The information vector is defined as:


      Ω  w   ( t )  =   [  − o  (  t − 1  )  , − o  (  t − 2  )  , … , − o  (  t −  n w   )   ]  T  ∈  ℝ   n w          Ω  v   ( t )  =   [   x ¯   (  t − 1  )  ,  x ¯   (  t − 2  )  , … ,  x ¯   (  t −  n v   )   ]  T  ∈  ℝ   n v         γ   ( t )  =   [   γ 1   (  u  ( t )   )  ,  γ 2   (  u  ( t )   )  , … ,  γ p   (  u  ( t )   )   ]  T  ∈  ℝ p     



(7)




and the corresponding parameter vectors are:


     w  =   [   w 1  ,  w 2  , … ,  w   n w     ]  T  ∈  ℝ   n w         v  =   [   v 1  ,  v 2  , … ,  v   n v     ]  T  ∈  ℝ   n v         u  =   [   u 1  ,  u 2  , … ,  u p   ]  T  ∈  ℝ p     



(8)







Putting (7) and (8) into (6), the output of the INARX system using key term separation [37] is written as:


  o  ( t )  =   Ω  w T   ( t )   w  +   Ω  v T   ( t )   v  +   γ  T   ( t )   u  + n  ( t )  .  



(9)








3. Hierarchical Gradient Descent Method


The brief overview of hierarchical identification based gradient descent (HGD) is presented in this section. The intermediate variables are defined as:


   o w   ( t )  = o  ( t )  −   Ω  v T   ( t )   v  −   γ  T   ( t )   u  ,  



(10)






   o v   ( t )  = o  ( t )  −   Ω  w T   ( t )   w  −   γ  T   ( t )   u  ,  



(11)






   o u   ( t )  = o  ( t )  −   Ω  w T   ( t )   w  −   Ω  v T   ( t )   v  ,  



(12)







Decomposing (9) into three sub-systems:


   o w   ( t )  =   Ω  w T   ( t )   w  + n ( t ) ,  



(13)






   o v   ( t )  =   Ω  v T   ( t )   v  + n ( t ) ,  



(14)






   o u   ( t )  =   γ  T   ( t )   u  + n ( t ) .  



(15)







From (13)–(15), the cost functions are defined as:


   J w   (  w  )   =     (   o w   ( t )  −   Ω  w T   ( t )   w   )   2  ,  



(16)






   J v   (  v  )   =     (   o v   ( t )  −   Ω  v T   ( t )   v   )   2  ,  



(17)






   J u   (  u  )   =     (   o u   ( t )  −   γ  T   ( t )   u   )   2  .  



(18)







The following update rules are obtained by minimizing cost functions (16)–(18) through the gradient descent approach:


      w ^    ( t )    =   w ^    (  t − 1  )  +  α 1    Ω  w   ( t )   [   o w   ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]       =   w ^    (  t − 1  )  +  α 1    Ω  w   ( t )   [  o  ( t )  −   Ω  v T   ( t )   v   (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]     



(19)






      v ^    ( t )    =   v ^    (  t − 1  )  +  α 2    Ω  v   ( t )   [   o r   ( t )  −   Ω  v T   ( t )    v ^    (  t − 1  )   ]       =   v ^    (  t − 1  )  +  α 2    Ω  v   ( t )   [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −   Ω  v T   ( t )    v ^    (  t − 1  )   ]     



(20)






      u ^    ( t )    =   u ^    (  t − 1  )  +  α 3   γ   ( t )   [   o u   ( t )  −   γ  T   ( t )    u ^    (  t − 1  )   ]       =   u ^    (  t − 1  )  +  α 3   γ   ( t )   [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   Ω  v T   ( t )    v ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )   ]     



(21)







There are unmeasurable inner terms in     Ω  v   ( t )    of (19)–(21), whose estimation is defined as:


     Ω ^   v   ( t )  =    [    x ¯  ^   (  t − 1  )  ,     x ¯  ^   (  t − 2  )  ,   …   ,     x ¯  ^   (  t −  n v   )   ]   T  ,  



(22)






    x ¯  ^   ( t )  =   ∑  i = 1  p     u ^  i   ( t )   γ i   (  x  ( t )   )    =   γ  T   ( t )    u ^    ( t )  .  



(23)







Replacing     Ω  v   ( t )    with      Ω ^   v   ( t )    in (19)–(21) gives the HGD for INARX identification:


    w ^    ( t )  =   w ^    (  t − 1  )  +  α 1    Ω  w   ( t )   [  o  ( t )  −    Ω ^   v T   ( t )   v   (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]  ,  



(24)






    v ^    ( t )  =   v ^    (  t − 1  )  +  α 2    Ω  v   ( t )   [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −    Ω ^   v T   ( t )    v ^    (  t − 1  )   ]  ,  



(25)






    u ^    ( t )  =   u ^    (  t − 1  )  +  α 3   γ   ( t )   [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −    Ω ^   v T   ( t )    v ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )   ]  .  



(26)








4. Hierarchical Quasi Fractional Gradient Descent Method


In this section, the design of the proposed hierarchical quasi fractional gradient descent HQFGD is presented. The general iterative update rule of QFGD for a multi-variable function   f  (  s  )    is written as reported in the recent literature [36]:


   s   ( t )  =  s   (  t − 1  )  −  α  Γ  (  2 − μ  )    ∇     f  (  s  )   |    t = t − 1   ⊙  [     ‖     (   s   (  t − 1  )  −  s   (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(27)




where   0 < μ < 2   is the fractional order,  α  is the learning rate,  ε  is a vector of small numbers,  ∇  is the conventional first order gradient,    ‖ · ‖    denotes the 2 norms of a vector, and  ⊙  represents the Hadamard product. The search direction in QFGD is produced through the Hadamard product between the direction of the fractional gradient and another vector on the basis of the fractional gradient direction, as described in [36]. This helps in avoiding zigzag during gradient descent search by rotating the fractional gradient direction. Thus,   ∇     f  (  s  )   |    t = t − 1   ⊙  [     ‖     (   s   (  t − 1  )  −  s   (  t − 2  )  + ε  )    1 − μ    ‖   →   ]    is called the QFGD direction. Further details about QFGD can be seen in [36].



Minimizing the cost functions (16)–(18) by using (27), the iterative update relations of the QFGD for    w  ,    v  ,    u    are written as:


    w ^    ( t )  =   w ^    (  t − 1  )  +    α 1    Ω  w   ( t )    Γ  (  2 − μ  )     [   o w   ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]  ⊙  [     ‖     (    w ^    (  t − 1  )  −   w ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(28)






    v ^    ( t )  =   v ^    (  t − 1  )  +    α 2    Ω  v   ( t )    Γ  (  2 − μ  )     [   o v   ( t )  −   Ω  v T   ( t )    v ^    (  t − 1  )   ]  ⊙  [     ‖     (    v ^    (  t − 1  )  −   v ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(29)






    u ^    ( t )  =   u ^    (  t − 1  )  +    α 3   γ   ( t )    Γ  (  2 − μ  )     [   o u   ( t )  −  γ   ( t )    u ^    (  t − 1  )   ]  ⊙  [     ‖     (    u ^    (  t − 1  )  −   u ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  .  



(30)







Using (10)–(12) in (28)–(30), respectively:


    w ^    ( t )  =   w ^    (  t − 1  )  +    α 1    Ω  w   ( t )   e w   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    w ^    (  t − 1  )  −   w ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(31)






    v ^    ( t )  =   v ^    (  t − 1  )  +    α 2    Ω  v   ( t )   e v   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    v ^    (  t − 1  )  −   v ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(32)






    u ^    ( t )  =   u ^    (  t − 1  )  +    α 3   γ   ( t )   e u   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    u ^    (  t − 1  )  −   u ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]  ,  



(33)




where    e w   ,    e v    and    e u    are defined as:


   e w   ( t )  =  [  o  ( t )  −   γ  T   ( t )    u ^    (  t − 1  )  −   Ω  v T   ( t )    v ^    (  t − 1  )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]  ,  










   e v   ( t )  =  [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −   Ω  v T   ( t )    v ^    (  t − 1  )   ]  ,  










   e u   ( t )  =  [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   Ω  v T   ( t )    v ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )   ]  .  











Using (22)–(23) to replace     Ω  v   ( t )    with estimate      Ω ^   v   ( t )    in (31)–(33) gives the hierarchical QFGD method for parameter estimation of INARX systems:


      w ^    ( t )  =   w ^    (  t − 1  )  +    α 1    Ω  w   ( t )   e w   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    w ^    (  t − 1  )  −   w ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]       e w   ( t )  =  [  o  ( t )  −   γ  T   ( t )    u ^    (  t − 1  )  −    Ω ^   v T   ( t )    v ^    (  t − 1  )  −   Ω  w T   ( t )    w ^    (  t − 1  )   ]     



(34)






      v ^    ( t )  =   v ^    (  t − 1  )  +    α 2    Ω  v   ( t )   e v   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    v ^    (  t − 1  )  −   v ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]       e v   ( t )  =  [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )  −    Ω ^   v T   ( t )    v ^    (  t − 1  )   ]     



(35)






      u ^    ( t )  =   u ^    (  t − 1  )  +    α 3   γ   ( t )   e u   ( t )    Γ  (  2 − μ  )    ⊙  [     ‖     (    u ^    (  t − 1  )  −   u ^    (  t − 2  )  + ε  )    1 − μ    ‖   →   ]       e u   ( t )  =  [  o  ( t )  −   Ω  w T   ( t )    w ^    (  t − 1  )  −    Ω ^   v T   ( t )    v ^    (  t − 1  )  −   γ  T   ( t )    u ^    (  t − 1  )   ]     



(36)







Putting  μ  = 1 into (34)–(36) reduces the HQFGD to conventional HGD (24)–(26). The overall graphical flow of the study is presented in Figure 1.




5. Results and Discussion


In this section, results of the proposed HQFGD are presented for parameter estimation of INARX system, and detail analyses is conducted regarding estimation accuracy, convergence speed and robustness of the scheme. Considering the following INARX system for numerical experimentation [37]:


  W  ( z )  = 1 +  w 1   z  − 1   +  w 2   z  − 2   = 1 + 1.35  z  − 1   + 0.75  z  − 2   ,  










  V  ( z )  =  v 1   z  − 1   +  v 2   z  − 2   = 0.25  z  − 1   +  z  − 2   ,  










   x ¯   ( t )  =  u 1   γ 1   (  x  ( t )   )  +  u 2   γ 2   (  x  ( t )   )  = 0.5 x  ( t )  + 0.9  x 2   ( t )  .  











The parameters to be estimated are:


   Φ  =    [   w  ,    v  ,    u   ]   T  =    [   w 1  ,    w 2     v 1  ,    v 2     u 1  ,    u 2   ]   T  =    [  1.35 ,   0.75 ,   0.25 ,   1 ,   0.5 ,   0.9  ]   T   



(37)







The following evaluation metrics are developed to measure the estimation performance of the HQFGD for INARX


  Fitness =    ‖   Φ  −   Φ ^    ‖     ‖  Φ  ‖    ,  



(38)






  MSE = mean    (   Φ  −   Φ ^    )   2  ,  



(39)




where    ‖ · ‖    denotes the 2 norms of a vector. The simulations are conducted in Matlab, where the input signal with length is randomly generated with zero mean and unit variance, while the disturbance/noise signal is generated with normal distribution and constant variance. The considered input-output data length is 30,000. The performance of the HQFGD is assessed for two learning rates ( α  = 0.0005, 0.001), five fractional orders ( μ  = 0.7, 0.8, 0.9, 1.0, 1.1, 1.2) and three disturbance levels ( σ  = 0.02, 0.09, 0.2).



The fitness iterative plots of the HQFGD based on the learning rate parameter are presented in Figure 2 for  μ  = 0.8, 1.0, 1.2 and  σ  = 0.02, 0.2. It is seen that the convergence speed of the HQFGD is faster for higher value of  α  but at the cost of more steady state mis adjustments, while the smaller value of  α  is good in steady state dynamics with smooth convergence curve but suffers from slow convergence speed. Thus, the small value of the learning rate ( α  = 0.0005) is selected, and the tabular presentation of the iterative fitness values is given in Supplementary Tables S1–S3 for  σ  = 0.02, 0.09 and 0.2, respectively.



The fitness iterative plots of the HQFGD based on the fractional order variations are presented in Figure 3 for  σ  = 0.02, 0.09 and 0.2. The results indicate that the HQFGD is convergent for all considered fractional orders with relatively better convergence speed in the cases of  μ  = 0.8 and 0.9. The presented results further indicate that the HQFGD is robust against disturbances, with little decrease in the accuracy level for high noise variance.



The parameter estimation accuracy of the HQFGD is presented through parameter iterative plots and is given in Figure 4 for  μ  = 0.8, 1, 1.2,  σ  = 0.02 and  α  = 0.0005. The results show that the HQFGD accurately estimated the parameters of INARX system for all fractional order variations with relatively better convergence speed in the case of  μ  = 0.8.



The performance of the HQFGD for parameter estimation of INARX system is further assessed through MSE-based evaluation metrics, and the results are presented in Table 1 and Table 2 for  α  = 0.0005 and 0.001, respectively, in the case of all fractional orders and disturbance levels. These MSE results further verify the fitness-based results, showing that the HQFGD is accurate and convergent for all fractional orders. The HQFGD is relatively better regarding convergence speed than the conventional HGD for  μ  = 0.8 and 0.9, while the HQFGD is relatively better than the HGD with regard to final accuracy for  μ  = 1.1 and 1.2.




6. Conclusions


The following are the main conclusions:




	
A novel design of hierarchical quasi-fractional gradient descent, HQFGD, is presented for effective parameter estimation of input nonlinear autoregressive systems with exogeneous disturbance, i.e., INARX systems.



	
The HQFGD is developed by incorporating the hierarchical identification principle and key term separation idea into the structure of QFGD. The hierarchical identification procedure decomposes the INARX system into different subsystems and reduces the computational complexity of the conventional counterpart.



	
The HQFGD effectively estimates the parameters of the INARX system by considering only the actual system parameters and avoiding estimation of the redundant parameters due to overparameterization problems caused by the product of the cross terms.



	
The HQFGD is accurate, robust, and convergent in comparison with the standard counterpart for parameter estimation of INARX systems.



	
The HQFGD is relatively better with regard to convergence speed than the conventional HGD for  μ  = 0.8 and 0.9, while the HQFGD is relatively better than the HGD as regards final accuracy for  μ  = 1.1 and 1.2.








In future, one may exploit the proposed methodology for solving complex estimation problems [46,47] with hysteresis/dead zone nonlinearities [48,49] and investigate the recently introduced fractional derivative definitions for designing novel fractional gradient methods [50,51,52] to solve complex optimization problems [53,54,55].
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The following are available online at https://www.mdpi.com/article/10.3390/math9243302/s1. Results of fitness adaptation of the HQFGD in tabular form are given as a supplementary material in Supplementary Tables S1–S3 for 0.02, 0.09 and 0.2 noise levels, respectively.
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Figure 1. Graphical abstract of the study. 
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Figure 2. Learning curves of the HQFGD for different step size variations. (a)  μ  = 0.8,  σ  = 0.02; (b)  μ  = 1,  σ  = 0.02; (c)  μ  = 1.2,  σ = 0.02; (d)  μ  = 0.8,  σ  = 0.2; (e)  μ  = 1,  σ  = 0.2; (f)  μ  = 1.2,  σ  = 0.2. 
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Figure 3. Learning curves of the HQFGD for different fractional orders. (a)  σ  = 0.02; (b)  σ  = 0.09; (c)  σ  = 0.2. 
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Figure 4. Parameters learning curves of the HQFGD for noise level 0.02. (a) Estimate of    w 1   ; (b) Estimate of    w 2   ; (c) Estimate of    v 1   ; (d) Estimate of    v 2   ; (e) Estimate of    u 1   ; (f) Estimate of    u 2   . 






Figure 4. Parameters learning curves of the HQFGD for noise level 0.02. (a) Estimate of    w 1   ; (b) Estimate of    w 2   ; (c) Estimate of    v 1   ; (d) Estimate of    v 2   ; (e) Estimate of    u 1   ; (f) Estimate of    u 2   .



[image: Mathematics 09 03302 g004a][image: Mathematics 09 03302 g004b]







[image: Table] 





Table 1. MSE results of HQFGD for different noise levels for  α  = 0.0005.
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	Noise
	   μ   
	     w 1     
	     w 2     
	     v 1     
	     v 2     
	     u 1     
	     u 2     
	MSE





	0.02
	0.7
	1.3499
	0.7503
	0.2504
	1.0004
	0.4998
	0.9004
	9.71 × 10−8



	
	0.8
	1.3498
	0.7503
	0.2504
	1.0004
	0.4998
	0.9004
	9.01 × 10−8



	
	0.9
	1.3498
	0.7503
	0.2503
	1.0004
	0.4999
	0.9004
	8.01 × 10−8



	
	1.0
	1.3498
	0.7502
	0.2502
	1.0004
	0.4999
	0.9004
	6.92 × 10−8



	
	1.1
	1.3497
	0.7502
	0.2500
	1.0004
	0.4999
	0.9003
	6.75 × 10−8



	
	1.2
	1.3496
	0.7500
	0.2496
	1.0006
	0.4999
	0.9003
	1.24 × 10−7



	0.09
	0.7
	1.3496
	0.7511
	0.2516
	1.0012
	0.4994
	0.9014
	1.28 × 10−6



	
	0.8
	1.3496
	0.7511
	0.2516
	1.0012
	0.4994
	0.9013
	1.21 × 10−6



	
	0.9
	1.3496
	0.7510
	0.2515
	1.0011
	0.4995
	0.9013
	1.10 × 10−6



	
	1.0
	1.3496
	0.7510
	0.2513
	1.0011
	0.4995
	0.9012
	9.53 × 10−7



	
	1.1
	1.3495
	0.7508
	0.2510
	1.0011
	0.4995
	0.9012
	7.77 × 10−7



	
	1.2
	1.3495
	0.7507
	0.2505
	1.0011
	0.4996
	0.9011
	6.10 × 10−7



	0.2
	0.7
	1.3486
	0.7531
	0.2546
	1.0036
	0.4983
	0.9038
	1.05 × 10−5



	
	0.8
	1.3487
	0.7530
	0.2544
	1.0035
	0.4984
	0.9037
	9.87 × 10−6



	
	0.9
	1.3487
	0.7528
	0.2542
	1.0033
	0.4984
	0.9036
	9.07 × 10−6



	
	1.0
	1.3488
	0.7527
	0.2539
	1.0031
	0.4985
	0.9035
	8.05 × 10−6



	
	1.1
	1.3488
	0.7525
	0.2535
	1.0029
	0.4986
	0.9033
	6.81 × 10−6



	
	1.2
	1.3489
	0.7523
	0.2528
	1.0028
	0.4988
	0.9030
	5.00 × 10−6



	   Φ   
	
	1.3500
	0.7500
	0.2500
	1.0000
	0.5000
	0.9000
	0
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Table 2. MSE results of HQFGD for different noise levels for  α  = 0.001.
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	Noise
	   μ   
	     w 1     
	     w 2     
	     v 1     
	     v 2     
	     u 1     
	     u 2     
	MSE





	0.02
	0.7
	1.3498
	0.7507
	0.2509
	1.0010
	0.4997
	0.9006
	4.46 × 10−7



	
	0.8
	1.3498
	0.7507
	0.2509
	1.0010
	0.4997
	0.9006
	4.27 × 10−7



	
	0.9
	1.3498
	0.7506
	0.2509
	1.0009
	0.4997
	0.9005
	4.00 × 10−7



	
	1.0
	1.3498
	0.7506
	0.2508
	1.0009
	0.4998
	0.9005
	3.64 × 10−7



	
	1.1
	1.3498
	0.7506
	0.2508
	1.0008
	0.4998
	0.9005
	3.20 × 10−7



	
	1.2
	1.3498
	0.7505
	0.2507
	1.0007
	0.4998
	0.9005
	2.70 × 10−7



	0.09
	0.7
	1.3494
	0.7524
	0.2530
	1.0036
	0.4991
	0.9020
	5.41 × 10−6



	
	0.8
	1.3494
	0.7523
	0.2530
	1.0035
	0.4991
	0.9019
	5.19 × 10−6



	
	0.9
	1.3494
	0.7522
	0.2529
	1.0033
	0.4991
	0.9019
	4.85 × 10−6



	
	1.0
	1.3494
	0.7521
	0.2528
	1.0031
	0.4991
	0.9019
	4.41 × 10−6



	
	1.1
	1.3494
	0.7519
	0.2527
	1.0028
	0.4991
	0.9018
	3.88 × 10−6



	
	1.2
	1.3494
	0.7518
	0.2526
	1.0024
	0.4992
	0.9017
	3.27 × 10−6



	0.2
	0.7
	1.3482
	0.7567
	0.2580
	1.0106
	0.4973
	0.9055
	4.36 × 10−5



	
	0.8
	1.3481
	0.7562
	0.2580
	1.0103
	0.4974
	0.9054
	4.14 × 10−5



	
	0.9
	1.3480
	0.7559
	0.2578
	1.0098
	0.4974
	0.9054
	3.86 × 10−5



	
	1.0
	1.3480
	0.7556
	0.2576
	1.0091
	0.4974
	0.9052
	3.51 × 10−5



	
	1.1
	1.3480
	0.7552
	0.2573
	1.0083
	0.4975
	0.9051
	3.08 × 10−5



	
	1.2
	1.3481
	0.7547
	0.2569
	1.0073
	0.4976
	0.9049
	2.59 × 10−5



	   Φ   
	
	1.3500
	0.7500
	0.2500
	1.0000
	0.5000
	0.9000
	0
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