
mathematics

Article

On Some Generalized Simpson’s and Newton’s Inequalities for
(α, m)-Convex Functions in q-Calculus

Ifra Bashir Sial 1, Sun Mei 1, Muhammad Aamir Ali 2,* and and Kamsing Nonlaopon 3

����������
�������

Citation: Sial, I.B.; Mei, S.; Ali, M.A.;

Nonlaopon, K. On Some Generalized

Simpson’s and Newton’s Inequalities

for (α, m)-Convex Functions in

q-Calculus. Mathematics 2021, 9, 3266.

https://doi.org/10.3390/

math9243266

Academic Editors: Juan Eduardo

Nápoles Valdes and Miguel

Vivas-Cortez

Received: 25 November 2021

Accepted: 10 December 2021

Published: 16 December 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 School of Mathematics Science, Jiangsu University, Zhenjiang 212114, China; ifrabashir92@gmail.com (I.B.S.);
sunm@ujs.edu.cn (S.M.)

2 Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal University,
Nanjing 210023, China

3 Department of Mathematics, Faculty of Science and Arts, Khon Kaen University, Khon Kaen 40002, Thailand;
nkamsi@kku.ac.th

* Correspondence: mahr.muhammad.aamir@gmail.com

Abstract: In this paper, we first establish two right-quantum integral equalities involving a right-
quantum derivative and a parameter m ∈ [0, 1]. Then, we prove modified versions of Simpson’s
and Newton’s type inequalities using established equalities for right-quantum differentiable (α, m)-
convex functions. The newly developed inequalities are also proven to be expansions of comparable
inequalities found in the literature.
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1. Introduction

In [1], Hudzik and Maligranda introduced the concept of generalized convexity, called
s-convexity and stated as follows: A function f : [0, ∞)→ R is called s-convex or f ∈ Ki

s if
the inequality

f (tx + uy) ≤ ts f (x) + us f (y)

holds for all x, y ∈ [0, ∞), s ∈ (0, 1) and t, u ∈ [0, 1].
Note that if us + ts = 1, the above class of convex functions is referred to as s-convex

in the first sense and denoted by K1
s , while if u + t = 1, the above class is referred to as

s-convex in the second sense and denoted by K2
s .

Since much attention has been paid to investigating the idea of convexity and its
variant forms in recent years, convexity concerning integral inequalities is an interesting re-
search subject. Hermite inequality, Hadamard’s Jensen’s inequality, and Hardy’s inequality
are three of the most relevant inequalities linked to the integral mean of a convex function;
see [2,3].

For a function to be convex, Hermite–Hadamard inequality is a necessary and suffi-
cient condition. The Hermite–Hadamard inequality is given by:

f
(

a + b
2

)
≤ 1

b− a

∫ b

a
f (x)dx ≤ f (a) + f (b)

2
.

This double inequality is a development of the concept of convexity, and it readily fol-
lows from Jensen’s inequality. Many researchers have investigated related Hermite–Hadamard
type integral inequalities, and a remarkable diversity of generalizations and extensions for
the concept of convexity have recently been considered.

In [4], Dragomir and Fitzpatrick used the s-convexity in the second sense for f and
proved the following Hermite–Hadamard type inequality:

2s−1 f
(

a + b
2

)
≤ 1

b− a

∫ b

a
f (x)dx ≤ f (a) + f (b)

1 + s
.
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A class of (α, m)-convex functions was introduced by Mishen and stated as:

Definition 1. Ref. [5] A function f : [0, b)→ R is called (α, m)-convex, if the inequality

f (tx + m(1− t)y) ≤ tα f (x) + m(1− tα) f (y)

holds for all x, y ∈ [0, b), t ∈ [0, 1], (α, m) ∈ [0, 1]2 and m ∈ [0, 1].

In recent years, many authors have focused on Simpson’s type inequality in differ-
ent categories of mappings. Since convexity theory is an easy and efficient way to solve
many problems from various branches of pure and applied mathematics, some mathe-
maticians have used the results of Simpson’s and Newton’s types in obtaining a convex
map. Dragomir et al. [6], for example, introduced the recent Simpson’s inequalities and
their applications in numerical integration formulas. Moreover, Alomari et al. in [7] de-
termined several inequalities of Simpson’s type for s-convex functions. The difference in
Simpson’s type inequality dependent on convexity was then noted by Sarikaya et al. in [8].
Newton’s inequality for harmonic convex and p-harmonic convex mappings is presented
in [9,10]. New Newton-type inequality for functions with the local fractional derivative is
generalized convex as described by Iftikhar et al. in [11].

On the other hand, several works in the field of q-analysis are being carried out,
beginning with Euler, in order to achieve mastery in the mathematics that drives quantum
computing. Q-calculus is the link between physics and mathematics. It has a wide range of
applications in many fields, e.g., mathematics, including number theory, combinatorics,
orthogonal polynomials, basic hypergeometric functions, and other disciplines, as well
as mechanics, theory of relativity, and quantum theory [12,13]. q-calculus also has many
applications in quantum information theory, which is an interdisciplinary area that encom-
passes computer science, information theory, philosophy, and cryptography, among other
areas [14,15]. Euler is the inventor of this significant branch of mathematics. Newton used
the q-parameter in his work on infinite series. The q-calculus that is known as without
limits calculus was presented by Jackson [16] in a systematic manner. In 1966, Al-Salam [17]
introduced a q-analogue of the Riemann–Liouville fractional integral operator. Since then,
the related research has been increasing steadily. In particular, in 2013, Tariboon and
Ntouyas introduced the left quantum difference operator and left quantum integral in [18].
In 2020, Bermudo et al. introduced the notion of the right quantum derivative and right
quantum integral in [19].

Many integral inequalities have also been studied using quantum and post-quantum
integrals for various types of functions. For example, in [19–28], the authors proved
Hermite–Hadamard integral inequalities and their left–right estimates for convex and
coordinated convex functions by using the quantum derivatives and integrals. In [29],
the generalized version of q-integral inequalities was presented by Noor et al. In [30],
Nwaeze et al. proved certain parameterized quantum integral inequalities for generalized
quasi-convex functions. Khan et al. proved quantum Hermite–Hadamard inequality using
the green function in [31]. For convex and coordinated convex functions, Budak et al. [32],
Ali et al. [33,34], and Vivas-Cortez et al. [35] developed new quantum Simpson’s and
quantum Newton’s type inequalities. For quantum Ostrowski’s inequalities for convex
and coordinated convex functions, one can consult [36–38].

Inspired by the ongoing studies, we give some new inequalities of Simpson’s and
Newton’s formula type for (α, m)-convex functions using quantum calculus. The funda-
mental benefit of these inequalities is that these can be turned into quantum Simpson’s
and quantum Newton’s inequalities for convex functions [32], classical Simpson’s type
inequalities for (α, m)-convex functions [39], and classical Simpson’s type inequalities for
convex functions [7] without having to prove each one separately.

The structure of this paper is as follows. The fundamentals of q-calculus, as well as
other relevant topics in this subject, are briefly discussed in Section 2. In Section 3, we
establish two fundamental identities that are crucial for the development of the paper’s
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primary findings. Sections 4 and 5 describe the Simpson’s and Newton’s type inequalities
for q-differentiable functions via q-integrals. The findings provided here are compared
to similar findings in the literature. Section 6 finishes with some research suggestions for
the future.

2. Preliminaries of q-Calculus and Some Inequalities

The definitions and properties of quantum derivatives and quantum integrals are
recalled first in this section. We also recall some well-known quantum integral inequalities.
Throughout this paper, let 0 < q < 1 be a constant.

The q-number or q-analogue of n ∈ N is given by

[n]q =
1− qn

1− q
= 1 + q + q2 + · · ·+ qn−1. (1)

Definition 2. Ref. [18] Let f : [a, b]→ R be a continuous function. Then, the left q-derivative of
function f at x ∈ [a, b] is defined by

aDq f (x) =


f (x)− f (qx + (1− q)a)

(1− q)(x− a)
, if x 6= a;

lim
x→a aDq f (x), if x = a.

(2)

The function f is said to be q-differentiable on [a, b] if aDq f (x) exists for all x ∈ [a, b].

Note that, if a = 0 and 0Dq f (x) = Dq f (x), then (3) reduces to

Dq f (x) =


f (x)− f (qx)
(1− q)x

, if x 6= 0;

lim
x→0

Dq f (x), if x = 0.

which is the q-Jackson derivative; see [13,18] for more details.

Theorem 1. Ref. [18] If f , g : J → R are q-differentiable functions, then the following identi-
ties hold:

(i) The product f g : [a, b]→ R is q-differentiable on [a, b] with

aDq( f g)(x) = f (x)aDqg(x) + g(qx + (1− q)x)aDq(x)

= g(x)aDq f (x) + f (qx + (1− q)x)aDqg(x)

(ii) If g(x)g(qx + (1− q)x) 6= 0, then f /g is q-differentiable on [a, b] with

aDq

(
f
g

)
(x) =

g(x)aDq f (x)− f (x)aDqg(x)
g(x)g(qx + (1− q)x)

Definition 3. Ref. [18] Let f : [a, b] → R be a continuous function. Then, the left q-integral of
function f at z ∈ [a, b] is defined by

∫ z

a
f (x)adqx = (1− q)(z− a)

∞

∑
n=0

qn f (qnz + (1− qn)a). (3)

The function f is said to be q-integrable on [a, b] if
∫ z

a f (x)adqx exists for all z ∈ [a, b].

Note that, if a = 0, then (4) reduces to∫ z

0
f (x)0dqx =

∫ z

0
f (x)dqx = (1− q)z

∞

∑
n=0

qn f (qnz),
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which is the q-Jackson integral; see [13,18] for more details.

Theorem 2. Ref. [18] If f : [a, b]→ R is a continuous function and z ∈ [a, b], then the following
identities hold:

(i) aDq

∫ z

a
f (x)adqx = f (z);

(ii)
∫ z

c
aDq f (x)adqx = f (z)− f (c) for c ∈ (a, z).

Alp et al. proved quantum Hermite–Hadamard inequalities for left q-integrals by
utilizing the convex functions, as follows:

Theorem 3. Ref. [25] For a convex mapping f : [a, b] → R that is differentiable on [a, b], the
following inequality holds:

f

(
qa + b
[2]q

)
≤ 1

b− a

∫ b

a
f (x)adqx ≤ q f (a) + f (b)

[2]q
. (4)

Definition 4. Ref. [19] The right q-derivative of mapping f : [a, b]→ R is defined as:

bDq f (x) =
f (qx + (1− q)b)− f (x)

(1− q)(b− x)
, x 6= b.

If x = b, we define bDq f (b) = limx→b
bDq f (x) if it exists and it is finite.

Definition 5. Ref. [19] The right q-integral of mapping f : [a, b]→ R on [a, b] is defined as:

b∫
a

f (x)bdqx = (1− q)(b− a)
∞

∑
k=0

qk f
(

qka +
(

1− qk
)

b
)

.

Bermudo et al. also proved the corresponding quantum Hermite–Hadamard inequali-
ties for the right q-integral:

Theorem 4. Ref. [19] For a convex mapping f : [a, b] → R that is differentiable on [a, b], the
following inequality holds:

f

(
a + qb
[2]q

)
≤ 1

b− a

∫ b

a
f (x)bdqx ≤ f (a) + q f (b)

[2]q
. (5)

Now, we give another new lemma that helps us to prove the identities in the next section.

Lemma 1. For continuous functions f , g : [a, b]→ R, the following equality holds:∫ c

0
g(t)bDq f (ta + (1− t)b)dqt =

1
b− a

∫ c

0
Dqg(t) f (qta + (1− qt)b)dqt

− g(t) f (ta + (1− t)b)
b− a

∣∣∣∣c
0
.

Proof. The lemma can be shown by straightforward calculations, so it is omitted.

3. Identities

In this section, we establish two quantum integral equalities using the integration by
parts method for quantum integrals to obtain the main results.
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Lemma 2. Let f : [a, b]→ R be a q-differentiable function. If Dq f is continuous and integrable
on [a, b], then one has the following identity for m ∈ [0, 1]:

1
(mb− a)

∫ mb

a
f (x)dqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]
= (mb− a)

[∫ 1
2

0

(
qt− 1

6

)
Dq f (ta + m(1− t)b)dqt

+
∫ 1

1
2

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

]
. (6)

Proof. From the fundamental properties of quantum integrals, we have

∫ 1
2

0

(
qt− 1

6

)
Dq f (ta + m(1− t)b)dqt +

∫ 1

1
2

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

=
∫ 1

2

0

(
qt− 1

6

)
Dq f (ta + m(1− t)b)dqt +

∫ 1

0

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

−
∫ 1

2

0

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

= I1 + I2 − I3. (7)

Using Lemma 1, we have

I1 =
∫ 1

2

0

(
qt− 1

6

)
Dq f (ta + m(1− t)b)dqt

=
q

(mb− a)

∫ 1
2

0
f (qta + m(1− qt)b)dqt−

(
qt− 1

6

)
f (ta + m(1− t)b)

mb− a

∣∣∣∣ 1
2

0

=
q

(mb− a)

∫ 1
2

0
f (qta + m(1− qt)b)dqt− 3q− 1

6(mb− a)
f
(

a + mb
2

)
− 1

6(mb− a)
f (mb). (8)

Similarly, we have

I2 =
∫ 1

0

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

=
q

mb− a

∫ 1

0
f (qta + m(1− qt)b)dqt− 6q− 5

6(mb− a)
f (a)− 5

6(mb− a)
f (mb)

=
1

(mb− a)2

∫ mb

a
f (x)dqx− 1− q

(mb− a)
f (a)− 6q− 5

6(mb− a)
f (a)− 5

6(mb− a)
f (mb) (9)

and

I3 =
∫ 1

2

0

(
qt− 5

6

)
Dq f (ta + m(1− t)b)dqt

=
q

b−ma

∫ 1
2

0
f (qta + m(1− qt)b)dqt− 3q− 5

6(mb− a)
f
(

a + mb
2

)
− 5

6(mb− a)
f (mb). (10)

Thus, from (8)–(10), we have

I1 + I2 − I3 =
1

(mb− a)2

∫ mb

a
f (x)dqx− 1

6(mb− a)

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]
(11)
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and we obtain the required equality (6) by multiplying (mb− a) on both sides of (11). The
proof is completed.

Remark 1. In Lemma 2, we have:

(i) If we set α = m = 1, then we find Lemma 2 in [32].
(ii) If we set q→ 1−, then we find Lemma 2.1 in [39].
(iii) If we set α = m = 1 and later taking limit as q→ 1−, then we find Lemma 1 in [7].

We now observe how an equality emerges when we use the kernel mapping with
three sections.

Lemma 3. Let f : [a, b] → R be a q-differentiable function on (a, b). If Dq f is continuous and
integrable on [a, b], then one has the following identity for m ∈ [0, 1]:

1
(mb− a)

∫ mb

a
f (x)dqx− 3

8

[
f (mb)

3
+ f

(
a + 2mb

3

)
+ f

(
2a + mb

3

)
+

f (b)
3

]
= (mb− a)

[∫ 1
3

0

(
qt− 1

8

)
Dq f (ta + m(1− t)b)dqt

+
∫ 2

3

1
3

(
qt− 1

2

)
Dq f (ta + m(1− t)b)dqt

+
∫ 1

2
3

(
qt− 7

8

)
Dq f (ta + m(1− t)b)dqt

]
. (12)

Proof. The desired result can be attained if the same steps used in the proof of Lemma 2
are used in this proof.

Remark 2. In Lemma 3, if we set α = m = 1, then we find Lemma 3 in [32].

4. Simpson’s 1/3 Formula Type Inequalities

In this section, we prove Simpson’s 1/3 formula type inequalities for the differentiable
(α, m)-convex function.

Theorem 5. Under the assumption of Lemma 2, if
∣∣∣bDq f

∣∣∣ is (α, m)-convex mapping over [a, b],
then we have the following Simpson-type inequality:∣∣∣∣ 1

(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

[
(Ω1(α; q) + Ω3(α; q))

∣∣∣bDq f (a)
∣∣∣+ (Ω2(α; q) + Ω4(α; q))m

∣∣∣bDq f (b)
∣∣∣],

where

Ω1(α; q) =
∫ 1

2

0

∣∣∣∣qt− 1
6

∣∣∣∣tαdqt

=


1

6 · 2α+1[α + 1]q
− q

2α+2[α + 2]q
, 0 < q < 1

3 ;

2− (3q)α+1

6 · (6q)α+1[α + 1]q
−

q
(
(3q)α+2 − 2

)
(6q)α+2[α + 2]q

, 1
3 ≤ q < 1,

Ω2(α; q) =
∫ 1

2

0

∣∣∣∣qt− 1
6

∣∣∣∣(1− tα)dqt
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=


1− 2q
12[2]q

− 1
6 · 2α+1[α + 1]q

+
q

2α+2[α + 2]q
, 0 < q < 1

3 ;

6q− 1
36[2]q

− 2− (3q)α+1

6 · (6q)α+1[α + 1]q
+

q
(
(3q)α+2 − 2

)
(6q)α+2[α + 2]q

, 1
3 ≤ q < 1,

Ω3(α; q) =
∫ 1

1
2

∣∣∣∣qt− 5
6

∣∣∣∣tα dqt

=


5
(
2α+1 − 1

)
6 · 2α+1[α + 1]q

+
q
(
1− 2α+2)

2α+2[α + 2]q
, 0 < q < 5

6 ;

5
6[α + 1]q

(
2 · 5α+1 − 3α+1

(6q)α+1 − 1

)
+

q
[α + 2]q

(
3α+2 − 2 · 5α+2

(6q)α+2 + 1

)
, 5

6 ≤ q < 1,

and

Ω4(α; q) =
∫ 1

1
2

∣∣∣∣qt− 5
6

∣∣∣∣(1− tα) dqt

=


5− 4q
12[2]q

−
5
(
2α+1 − 1

)
6 · 2α+1[α + 1]q

−
q
(
1− 2α+2)

2α+2[α + 2]q
, 0 < q < 5

6 ;

5
36[2]q

− 5
6[α + 1]q

(
2 · 5α+1 − 3α+1

(6q)α+1 − 1

)
− q

[α + 2]q

(
3α+2 − 2 · 5α+2

(6q)α+2 + 1

)
, 5

6 ≤ q < 1.

Proof. By taking modulus in (6) and using the (α, m)-convexity of
∣∣∣bDq f

∣∣∣, we have∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

[∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣dqt

+
∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣dqt

]
≤ (mb− a)

[∣∣∣bDq f (a)
∣∣∣ ∫ 1

2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣tαdqt + m
∣∣∣bDq f (b)

∣∣∣ ∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣(1− tα)dqt

+
∣∣∣bDq f (a)

∣∣∣ ∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣tα dqt + m
∣∣∣bDq f (b)

∣∣∣ ∫ 1

1
2

∣∣∣∣(qt− 1
6

)∣∣∣∣(1− tα) dqt
]

= (mb− a)
[
(Ω1(α; q) + Ω3(α; q))

∣∣∣bDq f (a)
∣∣∣+ (Ω2(α; q) + Ω4(α; q))m

∣∣∣bDq f (b)
∣∣∣].

Thus,the proof is completed.

Remark 3. In Theorem 5, we have:

(i) If we set α = m = 1, then we find Theorem 4 in [32].
(ii) If we set q→ 1−, then we find Theorem 2.2 in [39].
(iii) If we set α = m = 1 and later taking limit as q→ 1−, then we find Corollary 1 in [7].

Theorem 6. Under the assumption of Lemma 2, if s ≥ 1 is a real number and
∣∣∣bDq f

∣∣∣s is (α, m)-
convex mapping over [a, b], then we have the following Simpson-type inequality:∣∣∣∣ 1

(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
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≤ (mb− a)

[
Ω1− 1

s
5 (q)

(
Ω1(α; q)

∣∣∣bDq f (a)
∣∣∣s + Ω2(α; q)m

∣∣∣bDq f (b)
∣∣∣s) 1

s

+Ω1− 1
s

6 (q)
(

Ω3(α; q)
∣∣∣bDq f (a)

∣∣∣s + Ω4(α; q)m
∣∣∣bDq f (b)

∣∣∣s) 1
s

]
, (13)

where Ωi(α; q), i = 1, 2, 3, 4 are defined in Theorem 5,

Ω5(q) =
∫ 1

2

0

∣∣∣∣qt− 1
6

∣∣∣∣dqt =


1− 2q
12[2]q

, 0 < q < 1
3 ;

6q− 1
36[2]q

, 1
3 ≤ q < 1,

and

Ω6(q) =
∫ 1

1
2

∣∣∣∣qt− 5
6

∣∣∣∣dqt =


5− 4q
12[2]q

, 0 < q < 5
6 ;

5
36[2]q

, 5
6 ≤ q < 1.

Proof. By taking the modulus in (6) and using the power mean inequality, we have∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

[∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣dqt

+
∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣ dqt

]

≤ (mb− a)

(∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣dqt

)1− 1
s
(∫ 1

2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣sdqt

) 1
s

+

(∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣dqt
)1− 1

s
(∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣sdqt

) 1
s
]

.

Now, applying (α, m)-convexity, we have∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

(∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣dqt

)1− 1
s

×
(∣∣∣bDq f (a)

∣∣∣s ∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣tαdqt + m
∣∣∣bDq f (b)

∣∣∣s ∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣(1− tα)dqt

) 1
s

+

(∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣dqt
)1− 1

s

×
(∣∣∣bDq f (a)

∣∣∣s ∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣tα dqt + m
∣∣∣bDq f (b)

∣∣∣s ∫ 1

1
2

∣∣∣∣(qt− 1
6

)∣∣∣∣(1− tα)dqt
) 1

s
]

= (mb− a)

[
Ω1− 1

s
5 (q)

(
Ω1(α; q)

∣∣∣bDq f (a)
∣∣∣s + Ω2(α; q)m

∣∣∣bDq f (b)
∣∣∣s) 1

s
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+Ω1− 1
s

6 (q)
(

Ω3(α; q)
∣∣∣bDq f (a)

∣∣∣s + Ω4(α; q)m
∣∣∣bDq f (b)

∣∣∣s) 1
s

]
.

Thus, the proof is completed.

Remark 4. In Theorem 6, we have:

(i) If we set α = m = 1, then we find Theorem 6 in [32].
(ii) If we set q→ 1−, then we find Theorem 2.10 in [39].
(iii) If we set α = m = 1 and later taking limit as q→ 1−, then we find Theorem 7 for s = 1 in [7].

Theorem 7. Under the assumption of Lemma 2, if s > 1 is a real number and
∣∣∣bDq f

∣∣∣s is (α, m)-
convex mapping over [a, b], then we have the following Simpson-type inequality:

∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

6

21− 1
r

(
1

2α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 2α[α + 1]q − 1

2α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s) 1
s

+
(

5r − 2r−1
) 1

r

 2α+1 − 1
2α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 2α

(
[α + 1]q − 2

)
+ 1

2α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s


1
s

, (14)

where s−1 + r−1 = 1.

Proof. Taking the modulus in Lemma 2 and applying Hölder’s inequality, we have∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

(∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣rdqt

) 1
r
(∫ 1

2

0

∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣sdqt

) 1
s

+

(∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣r dqt
) 1

r
(∫ 1

1
2

∣∣∣ bDq f (ta + m(1− t)b)
∣∣∣s dqt

) 1
s

.

Now, applying (α, m)-convexity of
∣∣∣bDq f

∣∣∣s, we have

∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 1

6

[
f (mb) + 4 f

(
a + mb

2

)
+ f (a)

]∣∣∣∣
≤ (mb− a)

(∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣r dqt

) 1
r
(∣∣∣bDq f (a)

∣∣∣s ∫ 1
2

0
tα dqt + m

∣∣∣bDq f (b)
∣∣∣s ∫ 1

2

0
(1− tα) dqt

) 1
s

+

(∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣r dqt
) 1

r
(∣∣∣bDq f (a)

∣∣∣s ∫ 1

1
2

tα dqt + m
∣∣∣bDq f (b)

∣∣∣s ∫ 1

1
2

(1− tα) dqt
) 1

s


≤ (mb− a)

6

21− 1
r

(
1

2α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 2α[α + 1]q − 1

2α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s) 1
s
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+
(

5r − 2r−1
) 1

r

 2α+1 − 1
2α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 2α

(
[α + 1]q − 2

)
+ 1

2α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s


1
s

,

where one can easily observe that

∫ 1
2

0

∣∣∣∣(qt− 1
6

)∣∣∣∣r dqt =
1− q

2

∞

∑
n=0

qn
∣∣∣∣ qn+1

2
− 1

6

∣∣∣∣r
≤ 1− q

2

∞

∑
n=0

qn
∣∣∣∣12 − 1

6

∣∣∣∣r
=

1
2.3r

and, similarly, ∫ 1

1
2

∣∣∣∣(qt− 5
6

)∣∣∣∣r dqt ≤ 5r − 2r−1

6
.

Thus, the proof is completed.

Remark 5. In Theorem 7, if we set α = m = 1, then we find Theorem 5 in [32].

5. Simpson’s 3/8 Formula Type Inequalities

In this section, we prove Simpson’s 3/8 formula type inequalities for the differentiable
(α, m)-convex function.

Theorem 8. Under the assumption of Lemma 3, if
∣∣∣bDq f

∣∣∣ is (α, m)-convex mapping over [a, b],
then we have the following Newton’s type inequality:∣∣∣∣ 1

(mb− a)

∫ mb

a
f (x) mbdqx− 3

8

[
f (mb)

3
+ f

(
a + 2mb

3

)
+ f

(
2a + mb

3

)
+

f (b)
3

]∣∣∣∣
≤ (mb− a)

 (Ω7(α; q) + Ω9(α; q) + Ω11(α; q))
∣∣∣bDq f (a)

∣∣∣
+(Ω8(α; q) + Ω10(α; q) + Ω12(α; q))m

∣∣∣bDq f (b)
∣∣∣
, (15)

where

Ω7(α; q) =
∫ 1

3

0

∣∣∣∣qt− 1
8

∣∣∣∣tαdqt

=


1

8 · 3α+1[α + 1]q
− q

3α+2[α + 2]q
, 0 < q < 3

8 ;

3α+1 − 4(8q)α+1

4 · (24q)α+1[α + 1]q
−

q
(
(8q)α+2 − 2 · 3α+2

)
(24q)α+2[α + 2]q

, 3
8 ≤ q < 1,

Ω8(α; q) =
∫ 1

3

0

∣∣∣∣qt− 1
8

∣∣∣∣(1− tα) dqt

=


3− 5q
72[2]q

− 1
8 · 3α+1[α + 1]q

+
q

3α+2[α + 2]q
, 0 < q < 3

8 ;

20q− 3
288[2]q

− 3α+1 − 4(8q)α+1

4 · (24q)α+1[α + 1]q
+

q
(
(8q)α+2 − 2 · 3α+2

)
(24q)α+2[α + 2]q

, 3
8 ≤ q < 1,

Ω9(α; q) =
∫ 2

3

1
3

∣∣∣∣qt− 1
2

∣∣∣∣tα dqt



Mathematics 2021, 9, 3266 11 of 14

=


2α+1 − 1

2 · 3α+1[α + 1]q
+

q
(
1− 2α+1)

3α+2[α + 2]q
, 0 < q < 3

4 ;

2 · 3α+1 − (2q)α+1(1 + 2α+1)
2 · (6q)α+1[α + 1]q

+
q
(
−2 · 3α+2 − (2q)α+2(1 + 2α+2))

(6q)α+2[α + 2]q
, 3

4 ≤ q < 1,

Ω10(α; q) =
∫ 2

3

1
3

∣∣∣∣qt− 1
2

∣∣∣∣(1− tα) dqt

=


3− 3q
18[2]q

− 2α+1 − 1
2 · 3α+1[α + 1]q

−
q
(
1− 2α+1)

3α+2[α + 2]q
, 0 < q < 3

4 ;

q
18[2]q

−
2 · 3α+1 − (2q)α+1(1 + 2α+1)

2 · (6q)α+1[α + 1]q
−

q
(
−2 · 3α+2 − (2q)α+2(1 + 2α+2))

(6q)α+2[α + 2]q
, 3

4 ≤ q < 1,

Ω11(α; q) =
∫ 1

2
3

∣∣∣∣qt− 7
8

∣∣∣∣tα dqt

=


7
(
3α+1 − 2α+1)

8 · 3α+1[α + 1]q
−

q
(
2α+2 − 32

)
3α+2[α + 2]q

, 0 < q < 7
8 ;

7
8[α + 1]q

(
2
(

7
8q

)α+1
−
(

2
3

)α+1
− 1

)
+

q
[α + 2]q

((
2
3

)α+2
− 2
(

7
8q

)α+2
+ 1

)
, 7

8 ≤ q < 1,

and

Ω12(α; q) =
∫ 1

2
3

∣∣∣∣qt− 7
8

∣∣∣∣(1− tα) dqt

=


21−19q
72[2]q

− 7(3α+1−2α+1)
8·3α+1[α+1]q

+
q(2α+2−32)
3α+2[α+2]q

, 0 < q < 7
8 ;

21−4q
288[2]q

− 7
8[α+1]q

(
2
(

7
8q

)α+1
−
( 2

3
)α+1 − 1

)
− q

[α+2]q

(( 2
3
)α+2 − 2

(
7
8q

)α+2
+ 1
)

, 7
8 ≤ q < 1.

Proof. By addressing the equality (12), the proof of this theorem follows the same lines as
the proof of Theorem 5.

Remark 6. In Theorem 8, if we set α = m = 1, then we find Theorem 7 in [32].

Theorem 9. Under the assumption of Lemma 3, if s ≥ 1 is a real number and
∣∣∣bDq f

∣∣∣s is (α, m)-
convex mapping over [a, b], then we have the following Newton’s type inequality:∣∣∣∣ 1

(mb− a)

∫ mb

a
f (x) mbdqx− 3

8

[
f (mb)

3
+ f

(
a + 2mb

3

)
+ f

(
2a + mb

3

)
+

f (b)
3

]∣∣∣∣
≤ (mb− a)

[
Ω1− 1

s
13 (q)

(
Ω7(α; q)

∣∣∣bDq f (a)
∣∣∣s + Ω8(α; q)m

∣∣∣bDq f (b)
∣∣∣s) 1

s

+ Ω1− 1
s

14 (q)
(

Ω9(α; q)
∣∣∣bDq f (a)

∣∣∣s + Ω10(α; q)m
∣∣∣bDq f (b)

∣∣∣s) 1
s

+Ω1− 1
s

15 (q)
(

Ω11(α; q)
∣∣∣bDq f (a)

∣∣∣s + Ω12(α; q)m
∣∣∣bDq f (b)

∣∣∣s) 1
s

]
, (16)
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where Ωj(α; q), j = 7, 8, 9, . . . , 12 are defined in Theorem 8,

Ω13(q) =
∫ 1

3

0

∣∣∣∣qt− 1
8

∣∣∣∣tαdqt =


3− 5q
72[2]q

, 0 < q < 3
8 ;

20q− 3
288[2]q

, 3
8 ≤ q < 1,

Ω14(q) =
∫ 2

3

1
3

∣∣∣∣qt− 1
2

∣∣∣∣ dqt =


3− 3q
18[2]q

, 0 < q < 3
4 ;

q
18[2]q

, 3
4 ≤ q < 1,

and

Ω15(q) =
∫ 1

2
3

∣∣∣∣qt− 7
8

∣∣∣∣ dqt =


21− 19q

72[2]q
, 0 < q < 7

8 ;

21− 4q
288[2]q

, 7
8 ≤ q < 1.

Proof. By addressing the equality (12), the proof of this theorem follows the same lines as
the proof of Theorem 6.

Remark 7. In Theorem 9, if we set α = m = 1, then we find Theorem 9 in [32].

Theorem 10. Under the assumption of Lemma 3, if s > 1 is a real number and
∣∣∣bDq f

∣∣∣s is
(α, m)-convex mapping over [a, b], then we have the following Newton’s type inequality:

∣∣∣∣ 1
(mb− a)

∫ mb

a
f (x) mbdqx− 3

8

[
f (mb)

3
+ f

(
a + 2mb

3

)
+ f

(
2a + mb

3

)
+

f (b)
3

]∣∣∣∣
≤ (mb− a)

( 5r

3.8r

) 1
r
(

1
3α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 3α[α + 1]q − 1

3α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s) 1
s

+

(
2.3r − 1

3.6r

) 1
r
(

2α+1 − 1
3α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 3α[α + 1]q − 2α+1 + 1

3α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s) 1
s

+

(
3.7r − 2

3.8r

) 1
r

 2α+1 − 2α+1

3α+1[α + 1]q

∣∣∣bDq f (a)
∣∣∣s + 3α

(
[α + 1]q − 3

)
+ 2α+1

3α+1[α + 1]q
m
∣∣∣bDq f (b)

∣∣∣s


1
s

, (17)

where s−1 + r−1 = 1.

Proof. By addressing the equality (12), the proof of this theorem follows the same lines as
the proof of Theorem 7.

Remark 8. In Theorem 10, if we set α = m = 1, then we find Theorem 8 in [32].

6. Conclusions

In this work, we proved two quantum integral identities to establish some new
quantum Simpson’s and quantum Newton’s formula type inequalities for differentiable
(α, m)-convex functions, which was the main motivation of this paper. We also proved that
the newly established inequalities could be turned into quantum Simpson’s and quantum
Newton’s inequalities for convex functions [32], classical Simpson’s type inequalities
for (α, m)-convex functions [39], and classical Simpson’s type inequalities for convex
functions [7] without having to prove each one separately. This is a new and interesting
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problem, and researchers can obtain similar inequalities for other kinds of convexity and
coordinated (α, m)-convexity in future works.
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