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Abstract: Integral Mittag-Leffler, Whittaker and Wright functions with integrands similar to those
which already exist in mathematical literature are introduced for the first time. For particular values
of parameters, they can be presented in closed-form. In most reported cases, these new integral
functions are expressed as generalized hypergeometric functions but also in terms of elementary
and special functions. The behavior of some of the new integral functions is presented in graphical
form. By using the MATHEMATICA program to obtain infinite sums that define the Mittag-Leffler,
Whittaker, and Wright functions and also their corresponding integral functions, these functions and
many new Laplace transforms of them are also reported in the Appendices for integral and fractional
values of parameters.

Keywords: integral Mittag-Leffler functions; integral Whittaker functions; integral Wright functions;
Laplace transforms

1. Introduction

The appearance of special functions of mathematical physics was associated with
solutions of particular ordinary differential equations, while the integral special functions
arrived much later in mathematical literature after properties of these functions were
investigated. Integral special functions were introduced as new special functions, which
can be applied in many circumstances, especially in operational calculus, where they are
frequently serving as direct and inverse integral transforms. The form of an integrand is
identical for all integral functions, but limits of integration are different in order to assure
the convergence of defined integrals. There are two types of integral special functions:
those with elementary functions in their integrands and those with special functions. To
the first group belong the exponential integral —Ei(—x), the sine and cosine integrals,
si(x), Si(x), ci(x) and Ci(x), and the corresponding integrals of hyperbolic trigonometric
functions, Shi(x) and Chi(x). These functions are defined in the following way [1-5]

oo ,—t
Ei(x) = —Ei(—x) = / ert, x>0,
X
X sint
i(x) = [ ——dt
sit) = | = {
si(x) = — | 24r = Si(x) - 2,
Yo ; t 2 X ] — t (1)
Ci(x) = —/ gdt =7 +Inx —/ ﬁdt = —ci(x),
X 0
x .
Shi(x) = / smthtdt,
0
X —
Chi(x) =y +Inx — / 1%05}”&,
0

where 7 is the Euler-Mascheroni constant. As can be observed in (1), the integral special
functions have integrands in the form, f(t)/t, and the intervals of integrations are 0 < t < x
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or x < t < co. Few direct and inverse integral transforms are presented below to illustrate
their applications, for example, in the Laplace transformation [6-8],

Fo)i=LUF0] = [ e foy, @

we have

E{lEi(—t)} - —2\/fln<\@+ Vs+1), Res>0,

Vi -1
LISi()] = “’ts °, Res>0,
. tan~!s
cisi() = 7,
. In(1+ s2
ﬁ[Cl_(t)] = —%, (3)
£ hn(s—»—b)} =e¢ In(b—a) —Fi((a—b)t)], Re(s—a) >0,
| s+a
[ Ins
—1|_ns | _ N o .
L _52+1] costSi(t) —sintCi(f), Res >0,
S slns 1 o .
L _52+1] = —sinfSi(t) — cos t Ci(t).

Integrands in the second group of integral special functions include special func-
tions, the most well-known and applied of which are the integral Bessel functions (see,
e.g., [3,7,9-13])

B = - [ Z’;E”tdt,
Yi, (x) = /x #dt, “
iy (x) = /OXL’—Et)dt,
Kiy (x) = —/:o K”t(t)dt

Already in 1929, van der Pol [9] showed that it is possible to express the differentiation
with respect to the order of the Bessel function of the first kind as a convolution integral,
which includes the integral Bessel function of the zero-order:

8]551‘) = %/Ot Jig(t — x)[Jy—1(x) = Ju41(x)]dx. ©®)

The integral Bessel functions of the zero-order are inverse transforms of the following
Laplace transforms [7]

_ [sinh s .
L1 smS ] :]10(1}),
r 2
(sinh*1 s)
Lo 2 | = Yio(h),

(6)

2

£ in(s+ V524 1) - m} = Tip(t),
7T

| 2

r 2
(cosh_1 s) .
T s | Ko




Mathematics 2021, 9, 3255

3o0f 34

In analogy to the integral Bessel functions and with the possibility of extension to other
special functions, this work introduces three new integral functions. Furthermore, these
integral functions guide us toward the establishment of integrals and series. Section 2 ex-
plores the integral Mittag-Leffler functions. Sections 3 and 4 discuss the integral Whittaker
and Wright functions, respectively. Section 5 contains concluding remarks.

In order to preserve the applied form of notation, the following two integral functions
are introduced:

Fi(x) = /: Mdt, ?)
and -
fi(x) = / @dt. ®)

To ensure convergence of integrals in (7) or in (8), which depends on the behavior of
f(t)/t integrands at the origin and at infinity, the forms of integral functions Fi(x) or fi(x)
are chosen. Since the explicit expressions for f(t) functions are sometimes given in the
form of f(#*) where & = j:%, +1,2,3, ... the corresponding change of integration variables
for these equations is desired.

In the case of Mittag-Leffler, Whittaker and Wright functions, for some values of
parameters, by using the MATHEMATICA program, it was possible to obtain these integral
functions in a closed-form. Derived integral functions are tabulated and also in some cases
graphically presented (see [3]).

2. The Integral Mittag-Leffler Functions

The classical one-parameter and the two-parameter Mittag-Leffler functions are de-
fined by [14]:
00 k
x
Eu(x) = 2 m, Rewa > 0,
% £k )
Eup(x) =) ————, Rea >0, Rep>0.
“P k; T(ak + B)

In this investigation, they are only considered for positive real values of the argument,
i.e.,, x > 0. In the particular case of positive rational « with « = p/g and p and g positive
coprimes, Mittag-Leffler functions are given as a finite sum of generalized hypergeometric
functions (see (A3) in Appendix A).

The Laplace transforms of the Mittag-Leffler functions are derived directly from (2)
and (9), and we have:

o1&k © K 1\
E[E“W:/o ¢ [Zf(zxk—i—l) dt:,g)r(ak+1)(s> ’

k=0
© Ll - ! 1\ (10)
£lEup(®) :/o ‘ tLl:O I’(zxk+ﬁ)]dt - k:zo T(ak + B) <s> ’
Res > 1.

For particular values of parameters « and B, the explicit form of the Mittag-Leffler
functions can be obtained by applying the MATHEMATICA program to sums of infinite
series in (9), and these results are presented in Appendix A. Using Equation (10), many
new Laplace transforms of the Mittag-Leffler functions were evaluated, and they are also
reported in Appendix A. Similarly as in the case when « is positive rational, the Laplace
transforms of the Mittag-Leffler functions can be expressed by the finite sum of products of
generalized hypergeometric functions (see (A4) in Appendix A).
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The integral Mittag-Leffler functions are introduced by considering their exponential
behavior as a function of real, positive variable x (see Appendix A).

Eiq (x) =/Ox L(tz_ldt, an
Bipo) = [ AT,

Formally, by introducing (9) into (11) we have

[eS) xk
B (x ; [(ak+1) 12)
) k
El,x ﬁ Z ock T /3)

For several values of parameters « and B, it is possible to derive the integral Mittag-
Leffler functions in a closed-form by applying the MATHEMATICA program to the sums
of infinite series in (12). These functions are presented in Tables 1 and 2. As it is observ-
able, most of these integral functions are expressed as generalized hypergeometric series.
Typical behavior of one-parameter and two-parameter integral Mittag-Leffler functions is
illustrated in Figures 1 and 2.

Evidently, also direct integration, by using (11), leads to the integral Mittag-Leffler
functions. For example, for E;(x) = cosh 1/x, according to (1), we have

X —
Eix(x) = /0 %dt = —27 — Inx + 2 Chiv/x, (13)

and as expected, this result is identical to that derived from (12) (see Tables 1 and 2).

Applying the formulas (A1) and (A2) given in Appendix A, the integral Mittag-
Leffler function for positive rational values of parameter a with « = p/g and p, q positive
coprimes is

Eip/l],,B (X) (14)

x1
)

xk ( 1,k/q
S —y
kzzlkl“(k/q—i—/%)z T\ bo,...,by_1,k/q+1

where )
bj = k + @
q p
In addition, using the sums in (12), it is possible to derive the Laplace transforms of
the integral Mittag-Leffler functions:

00 —st e tk+1
LB (1) _/ kf;) k+1)T(a(k+1)+1)

; k+1)T (k+1)+1)<> , Res>1.

tk+1

ElBip(t)] = / _Stlz k+ DT (a(k+B) +1)

% (k+1)! 1\ 2
; K+ 1T (k+1)+[—3)<) ; Res>1.

The evaluated Laplace transforms of the integral Mittag-Leffler functions are presented
in Tables 3 and 4.

dt

(15)
dt
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Table 1. The integral Mittag-Leffler functions derived for some values of parameters « and p by

using (12).
L B Eia,ﬁ(x)
1,1 > 1,2 ) 5 ( 1,1 >
1 1 X 73 3 X 73 3 5x ’ 3
= = E x° | + F x° | + E X
s e 43 ) e stem( gy (p 2\ g2
1,1 2 1,2 5 1,1
1 1 x ’ 3 X ’ 3 4x ’ 3
5 I E 5 [x3) + E ( 5 |x ) + F ( x )
o ol g ) s wmen g (22 32
1 1 243 1,1 3) x ( 1,1 3) 312 ( 1,2 3)
= 5 F x2 ) + F x| + F X
oo ien( 32 2) e 3 1)+ Al 1
1,1 2 1,2 5 1,1
1 3 x 73 3 18 x: ’ 3 4x 4 3
33 dyen( g1 )+ Agn( g ) iRl g 1)
2 1,1 2 _ 2 2
b San( 3y [2) e R, R = e e
1
1 Ei(x 2 5,1
;1 3 —Inx + (2)+\/—%2F(§’% x2>
1 1 (A2 1—6"2 4x l/l 2
5 2 2(177+E1(x)+ 5 )flnx+3ﬁ2132( ;; x)
1 24402+ (3—27)xt —2¢% (1+22) +20¢* (Ei (x?) —2lnx 8 11
1 (P2 ) e (1 |
1 124+18x2 (142 ) +(11—67)x0 —6e*” (2-+22+x* ) +3x (2Ei (22) —4lnx 16 19
1 (1+2) St | e p( 31 |
1
1 x2 1,1 2 x 2,1 2
2 B 2F(ﬁ+1>2F2( 2,6+1 ¥ ) T 22 3.p+1 |F
1
1 i 2F2( 5 x)
4 1“(5) Z/z
1,1
1 i F( ’ x)
: HORNE 2
1 2x 7
L #( i)
1 1 —v — Inx + Chi(x) + Shi(x)
1,1
3 4x 7
b e 1 1)
1,1
X 7
vk RS 2F2< 2,1+ 8 x)
3.0
25F .
20F 1 — a=1
Eig1(9 15} ] a=2
— a=3
1.0 1 — a=4
0.5F i — a=5
0'00.0 0.5 1.0 15 2.0

X

Figure 1. The integral one-parameter Mittag-Leffler function Ei, 1 (x) as a function of variable x and
parameters a.
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Table 2. The integral Mittag-Leffler functions derived for some values of parameters « and p by

using (12).
w B Eia,ﬁ(x)
1
3 1 452 1,1 xz) X 2 X2
2 5 2F4(7311 » | tigih| 213 |3
2 2 By 7,31, |7 is 243 |7
1
5,1 2 2 1,1 2
3 4x ’ X X ’ X
5 1 721:4( 573 3 *)+*2F4< 45 *)
2 3/ 2,433 27 12 3,3,2,2 27
1
3 3 2 x2 8x2 1,1 X2
5 3 *11:3( 455 *>+ 2F4( 311 5 13 |27
: § : 33,3 |7 16V 3625 |7
1
5,1 2 2 1,1 2
3 8x s X X ’ X
2 2ha| 7 53 1 | w2hl| s 7 |27
15ﬁ 6’27276 3121213
1,1
1 lox 7 x
? : it e lt)
1,1
1 9x 7 x
’ : (e )
1,1
1 X ’ X
i : 355( 330 1)
2 1 —27y — Inx 4 2Chi(v/x)
2 2 2— 2 —Inx — 29T 4 2Chi( V%)
1,1
’ ’ 525( 235 1)
1,1
2 4 1xO2F3< 27,3 g)
1,1 .
2 B (B 72) 2 3< 2,§+1’ /3;3 4)
1,1
3 1 52134( 45 L)
6 3/312/2 27
1,1
3 p 2F4< B B4 Bi5 fy)
T(6+3) 2,3+ 555
1,1
4 1 2F5( 537 i)
P 1/7/1/2/2 6
4 ‘B X E < 1’1 X )
255 B +5 3 , B B+7 |256
T(p+d) 2,5tV 5+
1,1
5 1 2F6< 6789 3155 )
20 §,7,8 2,22 |35
X 1’1 X
5 p g3 2fe 2 B 41 BY6 BL7 pis B9 |3in

The Laplace transforms of the integral Mittag-Leffler functions with positive rational

parameter « with « = p/q and p, g positive coprimes can be evaluated from:

L [Eip/qfﬁ(t)]
192}
2

(16)

1,ay,.. - 05-1

A
z;)r(’;(k+1)+ﬁ) TP bor by

(q;s)").
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where
k+14j
a]- = -,
q
LB
p

=
I
= | =

Furthermore, the following relation is satisfied:

£[Biy 0 50)] = p;/qsc[ﬁp/q,ﬁ(t)] 17)
3.0
2.5
20F 1 — B
Ei1p(9 1.5 =2
’ e
0.5F — B=5
%50 05 1.0 15 2.0

X
Figure 2. The integral two-parameter Mittag-Leffler function Ei; g(x) as a function of variable x and

parameters f.

Table 3. The Laplace transforms of the integral Mittag-Leffler functions Ei, g derived for some values
of parameters « and by using (15).

[ ,B [«[Eia,ﬁ(t)]
1 1 5 1r1 1)
5 — 2 _LF 1
F(%W“( & s
1 l 4 1,1 l
i rmsﬂ“( : 0
1 1 3 11 1)
3 —3__,F 1
F(é)sz“( I
1 1 2csc_1(\/§)
2 Vsy/s—1
1 1
1 1 —Eln(l—g)
1 3 ﬁ[l—\/s—lcsc 1(Vs)]
1 1 1,1 |4
P STT(p+1) zFl( B+1 s)
3 1 1,1 11
2 s 1 ) vaen( 1 [h)
3 1 4 11,1 | 4 i L,1,3 | 4
2 3ﬁ523p3< s'7s |z ) Yl 495 |Be
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Table 3. Cont.

« B L [Ei,g(t)]

% % 252 2F2< :%é 2;52>+1051¢65532F2< L}’lli Z;‘sz)
373 6’ 6

T e ) e )

> afe 4t )

P st ( 3 )

23 w71 [#)

! et 11 )

! (o |¢)

> (o [#)

2 ek 33 [¢)

? ! 120522F2( %’,é 41$>

2 B

Table 4. The Laplace transforms of the integral Mittag-Leffler functions Ei, g derived for some values
of parameters a and $ by using (15).

. 8 L [Eiy,p(t)]
B e o)
o sten( g %)
3E sl g5 %)
s = ( i %)
3 1 6152st< gl’glz ;s)

3 3 12042 2 3( 2,1?12 2175)

3 5 1,1
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Table 4. Cont.

® B L [Eig 5(t)]

o i 310 o)
C b 2331 |7)
b w162 o)
> ! 120522F5< g/%;éﬁ 31%55)

5 B 1,1

1 )
31255
3. The Integral Whittaker Functions

In 1903, Whittaker [15] showed that it is possible to express some special functions
such as Bessel functions, parabolic cylinder functions, error functions, incomplete gamma
functions, and logarithm and cosine integrals in terms of a new function suggested by
him, i.e., the Whittaker function. Two Whittaker functions are applied today, and they are
defined by using the Kummer confluent hypergeometric function [3,4]:

_ 1
M (x) = XH1/2p=x/2 ) Pllfzﬂ;z x),
_ 18
' r(l—k— ) ' r(l—k+ ) '
2 H bl H

This permits us to introduce four integral Whittaker functions:

* My, (¢
Mic(x) = | = L (19)
. [ Mw(t)d
miy , (x) = Al k.
and
* Wi, (t
Wi (%) = /O 7"';‘< Lat, o)
. 2 Wiu(t) d
Wik (x) = ’ p t.

The integral Whittaker functions with particular values of parameters x and y can
be expressed in terms of elementary and special functions. These cases, derived using
the MATHEMATICA program, are presented in Tables 5-9. Several integral Whittaker
functions Miy, (x), miy,,(x), Wik, (x) and wix,(x) as a function of variable x at fixed
values of parameters x and yu are plotted in Figures 3-6. Similarly, a long list of the
Whittaker functions My, (x) and Wy ,(x) with integer and fractional parameters was
prepared (see Appendix B). In some cases, it was possible to obtain for them their Laplace
transforms, and they are also reported in Appendix B.
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20

Mik,u(x) 1.0

0.5r

0.0

Figure 3. The integral Whittaker functions Miy,,, (x)

parameters x and pi.

3

mix,p(x) 1

Figure 4. The integral Whittaker functions miy, (x)

\

1.0 1.5

X

parameters x and pi.

6

Figure 5. The integral Whittaker functions Wiy, (x)

1.0 1.5

X

parameters x and pi.

3.0

25
2.0

Wik (%) 1.5

0.5

0.0+

Figure 6. The integral Whittaker functions wiy, (x)

1.0 1.5

0.0

X

parameters x and pi.

— Mi_1p21(x)

— Mig12(x
— Migpz0(X
— Migz,1

— Migp1(x

)
)
)
)

as a function of variable x at fixed values of

Mi1y2,0(X)
Mi1,1.2(X)
Mis;2,1(X)
Mis, 1/2(X)

)

Miz,1(X

as a function of variable x at fixed values of

Wiz 14(X)
Wia,13(X)
Wiij2,0(x)
Wispz,1(x)
Wig 512(x)

as a function of variable x at fixed values of

— Wig-32(X)
— Wi,0(X)
— Wisj2,0(X)
— Wiz -12(X)

— Wizz2(x)

as a function of variable x at fixed values of
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Table 5. The integral Whittaker functions Miy ;, derived for some values of parameters x and y by

using (18) and (19).
K pu Mi, (x)
-3 0 eX/2{\/§(x+1)+2F<\/%)], F(x):e’xzfoxetzdt
_% 0 Zﬁex/Z
-5 3 s (8x+3mxLo(3))h(3) + (—7mxLa(5) +6x +4)Io(5) — 4]
EE i (1)
-3 3 2[(—8+8x+3mxLo(3))I (%) + (—3mxLy(3) +2x —12) (%) + 12]
~3 2 8[vVamert(\/3) + Sam 2 —1) + e¥(x(x — 4) +2))]
-3 3 176[20+(5nxL1(§)+18x744)10(%)+%(—5nx2L0(%)+8x(x79)+96)11(§)}
-3 3 30 x~5/2e7%/2 (48 + 2% (x* — 122 + 24x — 24)) +3v2rerfi( | /§ )|
-3 0 \/27rerﬁ<\/%)
~3 3 3[-mxLo(3) A (3) + (mxLa(3) +2x +4)1o(5) — 4]
-1 8x~1/2sinh(3) —2v2rerf( /1)
-1 3 2(mxLo(3) +8) 1 (3) —2(mxLy(3) +2x —4)Ip(3) -8
~1 2 48x*3/ze*"/2[(x—1)ex+1]—12\/27rerfi<\/§)
5
0 3 §x5/81F2< 9% ’1‘2>
8’ 16
1 14 > 2
" ) o e [f)
77 28
1 3 1 2
0 1 2x2/311:‘2( Z3é 31C>
6’3
1 10 = 2
0 5 7x7/101F2< "% f)
57 20
1 4.3/4 2 2
0 3 x* 1F2( 5 %1 ’1‘)
47 8
1 6 ER 2
0 1 x5/611:2( é12177 3{)
3712
0 3 25hi(%)
2 2 2
0 1 x3/21F2< 242 ch)
47
0 3 Zsinh (%) - 12
5
0 2 §x5/21F2< ol "Z)
4/

o
NG

60[x~2(6xcosh(}) — 2sinh(})) — Shi(3)]
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Table 6. The integral Whittaker functions Miy ;, derived for some values of parameters x and y by

using (18) and (19).

K p Mi, (x)

% 0 \/2nerf<\/%>

i3 3= Lo(3) 0 (3) + (L (3) +2x —4) o (5) +4]
1o 2v27erfi( /) — 8x1/2sinh (})

I3 —2(nxLo(%) +8)L(3) +2(mxLy (%) +2x+4)Ip(3) +8
L 16[(mxLo(3) +8)11(3) — (mxLi(3) +2x +4)1o(3) +4]

1 5 1,1 1,1

2 2 +8x22F3( 252 ';fz aaB( 5%, ’{2)

\/; l 2 2 § 2 Q 2
1 0 30|:601F2< 14§ J1C6> + 3x 11:2( 242 f) —20x1F2( 14z 366)]
/4 7 4 /4
1 3 2(1—6‘3‘/2>
2x3/2 % X 2 % x2 % x2

1 1 — =5 —2015 1,% 1 +5x°1F 42,% 16 +3x15 2/% 1%
3 0 2¢/xe=*/?

5 3 s[x(mLo(3) —8)11(3) + (mx Ly (3) —6x +4)Io(5) +4]
31 \/27Terf<\/%) —2y/xe*/2

3 3 L[2(-3mLo(%) +8x+8)1(3) + (6mxLy(3) —4x +24) (%) +24]
2 % xe ¥/2

2 3 4-2(2+x)e /2

2 3 —5x2(6(2+ x)e* —2%(3+x)” — 12) +30hi(})

Table 7. The integral Whittaker functions miy , derived for some values of parameters x and y by
using (18) and (19).

K u miy , (x)

% 0 \/27rerfc(\/§>

1 3 2e7%/2

3 1 2y/xe /% 4 \/27cerfc(\/§)
2 % _eX/2

2 3 2(2+ x)e*/2

5 1 —243/2g=%/2

3 2 2\/§(S+x)e_”2+3\/277'cerfc(\/%>
3 : 124 (x —2)x]e*/2

3 % _%xzefx/z

4 ' — &2+ (x — 6)x]e /2
4 3 = {8—1— (x—2)2x} e~ ¥/2
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Table 8. The integral Whittaker functions Wiy, derived for some values of parameters x and y by

using (18) and (20).

K # Wi, (x)
-3 0 —2y/xe ¥/ ?Ei(—x) + \/27Terfc<\/§>
i i 214 (4.3)

% 0 V2 erf(\/%)

1 -3 2(1-e/2)

1 ! 2(1-e/2)

3 0 —2y/xe™*/2

3 1 \/27terf(\/§) —2\/xe /2

2 -1 —2xe™¥/?

2 3 —2xe~*/2

2 3 4—2(2+x)e /2

5 0 Varerf(y/3) - 2v/x(x — 1)e /2
3 3 —2x2e=¥/2

3 3 16 — 2[8 + (4 + x)x]e~*/2

4 -1 —2x[12 + (x — 6)x]e /2

4 3 —2x[12 + (x — 6)x]e /2

4 3 16 —2 [8 Fox(x— 2)2] /2

4 g _2x3 —x/2

Table 9. The integral Whittaker functions wi,, derived for some values of parameters x and y by
using (18) and (20).

K " Wiy, (%)
—1 1 2x 1/ 2e=x/2 _ \/277Terfc<\/§>
] 5 2x—3/2p%/2
-1 3 %[—2(x—6)(x+2) "/2+\ﬁerfC(\f)]
0 -3 3Ei(—3%) +3x72(x +2)e /2
0 i 2x—1p—x/2

0 -1 —Ei(-3)

% 0 \/Eerfc<\/§>

1 1 2 x/2

. 1 2e—1/2

1 2 2x72[6 + x(6 + x)]e~¥/?

: 0 2/xe /2
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Table 9. Cont.

K 7] Wiy, (%)

3 1 \/Eerfc<\/§) +2y/xe*/2
2 1 2xe~¥/2

2 3 2(2 + x)e™¥/?

3 0 \/Eerfc(\/%> +2y/x(x —1)e™*/2
3 1 2x3/2¢=x/2

3 -1 22 + x(x — 2)]e*/?

3 ! 212+ x(x —2)]e /2

3 % 2x%e*/2

3 3 2[8 4 x(4 + x)]e~*/2

4 -1 2x[12 4 (x — 6)x]e */?

4 : 2x[12 + (x — 6)x]e~*/2

4 3 2 {8 +(x— Z)Zx} e~ ¥/2

There is a number of recurrence relations between the Whittaker functions, for exam-
ple [3,4]

2y [MK—1/2,y—1/2(t) - MK+1/2,‘M—1/2(t):| = t1/2My (1),
(5 + )Wie—1/2,(£) + Wies1 /0, (F) = £/2We 1 0(1),

and this leads to integrals that are expressed in terms of the integral Whittaker functions

(21)

* Miu(t) , ,
/0 :152 dt = 2p [Mlx—l/Z,y—l/Z(t) - M1K+1/2,;4—1/2(t)}/ ”
* Wy v1/2(t) = (x4 11)Wi B + Wi ; 22)
a2z T (K +u) 1x—1/2,y( ) 1x+1/2,u( )-
Using the following representation of the Whittaker functions [5]
) 1 n
_ ut1/2 —I’Z,}l—K-Fj (—t/2)
M) = 42 Yo (TR ) IR @)

it is possible to obtain the integral Whittaker functions in terms of a rapidly convergent
alternating series as follows:

12 © nop—x+3
~ - =Kt
Migy (1) = 2 1 21:1( I

(=x/2)"
2> n!(%—l—y—l—n). 9

There is a number of particular cases where the integral Whittaker functions can be
written in a closed-form, for example, from [5]

M, 1/2(x) = x"e™*/2, (25)
we have N
Mige1/2(x) = 2 (x, 5 ), (26)
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but [5]
MK,K—]/Z(x) = WK,K—l/Z(x) = WK,—K+1/2(x) = eix/zxkl (27)
and therefore
Miy —1/2(%) = Wiy _1/2(x) = Wi _xy1/2(x) =2° ’Y(K, 5) (28)
Furthermore, from [5]
— n2u+1/2 t x
Mo (x) = 2120 (1) 1 (5). (29)
follows that
HT1/2 2144+1 x2
Mi =_—_ F — . 30
io,pu(x) w12\ e 1 (30)
Similary from
[x x
Worﬂ(x) = %K]/l (E)/ (31)
we have
) T |4¥Mig_,(x) 47FMig,(x)
Wigy(x) = g 0| B omntx) & ZMoutx) ), @
sin 7ty (1—un) IF1+p)
and in a general case
T(—2u)Miy , (x T'(2u)Miy —yu(x
Wiw(x): ( 1#) o (X) i ( }i) x,— )' (33)
F(j—x—y> F<Q—K+H>
For x = £1/2, it is possible to obtain
Wiy, (x) = F (x) + F2, (x), (34)
where we have set
2x1/2F1T (2
Fr(x) = T2 (35)
(+2mr(3F1-n)
1, K 2 3, K 2
z+5 X x/2 24 L X
F 4 2 - F 4 2 - .
(3 s ) 8 )]
Since [16]
—n,A
ZFl( 24 +1 ’2> (36)
r(a+1)

L

and

(37)
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by introducing A = y and A = u + 1, after some steps, it leads to

Mi,y (%) (38)

16) " 2u+3" 2\ p+35+7

+1/2 1
_ xH [1 E < %14— 1 X
H+1/2 Bt s+
4. The Integral Wright Functions

In 1933 [17] and in 1940 [18], Wright introduced new special functions that were
considered as a kind of generalization of the Bessel functions. However, today they play
a significant independent role in mathematics and in solutions of physical problems by
modeling space diffusion, stochastic processes, probability distributions and other diverse
natural phenomena [19,20]. The Wright functions are defined by the following series

o xk
Wm&yzgﬁﬁﬂiiﬁ' (39)

If the parameter « is a positive real number, they are called the Wright functions of the
first kind, and when —1 < a < 0, the Wright functions of the second kind.
Furthermore, consider the following functions:

Fo(x) =W_po(—x), 0<a<l,
Mu(x) =W_p1-4(—x), 0<a<l, (40)
Fa(x) = ax My (x).

These functions with negative arguments x and with particular values of param-
eters are frequently named as the Mainardi functions and are denoted as F,(x) and
M, (x) [19,20].

Their explicit form is

k=1 (41)

For positive rational « = p/q, where p, g are positive coprimes, we have obtained
reduction formulas for F),/,;(x) and M, /,(x) in Appendix C. Furthermore, by applying
the MATHEMATICA program to sums of infinite series in (39), it is possible to obtain the
Wright functions of the first and second kinds for particular values of parameters « and
in an explicit form (Appendix C). The Laplace transforms of these functions are expressed
in terms of the Mittag-Leffler functions, so they are omitted here [19-21].

The two-parameter E, g(t) Mittag-Leffler functions defined in (9) differ only by the
absence of factorials from the Wright functions and, therefore, the form of series in (39)
leads to the integral Wright function, which is similar to that introduced in (11) and (12).

Wigp(e) = [ WeslL 11

A t dt. (42)

Unfortunately, the notation is the same as the integral Whittaker functions. In an
explicit form from (39), we have
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. I - xk
Wiy g(x) = k; kKT (ak + B)’ )

For p and g positive coprimes, applying (A1) and (A2), the corresponding expression
to (14) is

Wip/q//g(x) (44)
g—1 xk E ( 1,k/q x7 >
= —_— 4 X)),
k=1 kk'F(§k+‘3) prq bo,...,bpfl,CQ,...,qul ppqq
b]' = k-}- &, cj = M
q P q

In the case of the Mainardi functions, we have

Fi /o (x) = —% 3 (ki!)kr(ZkJr 1) sin(nZk) Sk(x),

(45)
. 1S (=0 oy p
Mlp/q(x)—Ek:Zl Tl sm(ﬂq(k—l—l) r §(k+1) S (x),
where
1,k ag,...,0p—1 (_1)P+qxq p
_ 7 g7 %0, rbp p
Sk(x) p+2Fq+1< §+1,bo,-~,bq—1 ) (46)
kK j+1 k+1+7
R R e RY)
q p q

In Tables 10 and 11, the integral Wright functions derived with the help of MATH-
EMATICA program for some values of parameters « and § are derived. There are many
other expressions for these functions, which are available using this program, but being
long and complex, they were omitted. The integral Mainardi fuctions Fi, (x) and Mi, (x)
for 0 < a < 1, are presented in Tables 12 and 13. As can be expected, most of these integral
functions are expressed in terms of generalized hypergeometric functions.

Table 10. The integral Wright functions Wi, g derived for some values of parameters « and § by
using (43).

4 B Wivz,ﬁ(x)

1 1
-1 3 = [Ind = 2n(VI+x+1)]
_ 3 11,1

! 2 ﬁﬁz( 2,2 ‘*x)

-1 1,1,2-8

P ) 3F2( 22 |7
0 4 —7—Inx+Chi(x)+Shi(x)

3 I(—-4/3)

—7—Inx+Chi(x)+Shi(x)

0 P Tp)
1 1 2 2
2 ° 4+ 3on( 4 [9)+3m0n( 43 %)
1 1 1,1 2 1 2
’ ’ snh( 3300 5)0m( 135 15)
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Table 10. Cont.
14 B Winx,ﬁ(x)
1 1 1,1 2
5 1 z{i ( 4 x2
2 1Bl 333 )+X2F4( 33 ‘ )]
v 333 1° 3322 |*
1 2 x2 11 ¥2 4x % x?
2 *21:4( 3 T) 3Bl 335 |7
8 712/2/3 4 3\/E 2792772 4
1 2 1,1 2 1 2
: P i oF ' )+ F( 2 X—)
AT(+p) 2 4( 3,22,8+1 4) rG+0) '\ 3,38+13 |°
1 _3 x 1,1
2 3 7{21:3( _%,2,2 X
3 3 x L1
: \/E2F3( 1,22
1 0 -1+ Ip(2/x)
1 1 1,1
4 r(5x/4) 2F3( %/2/2 X
1 1 27+In4+Inx—2 Chi(2+/x)
3 _
NG
1,1
1 1 JCZF3< 2/2/2 X)
1 3 — 7 [25inh (2v/x) —2/x(27 - 2+ Ind — 2Chi(2/%) )]
1 B

)

xoF L1
28\ 2,2,8+1

Table 11. The integral Wright functions Wi, g derived for some values of parameters « and § by

using (43).
« ﬁ Wik,ﬁ(x)
1,1 2 1 2
3 1 2 ’
§ : o gpihan [8) (0 |8)
1,1
1 7
2 4 ST(/3) 2F4( 9 1399 %)
8/ 8[ 7
1,1
1 7
? 3 ) 2F4< 7,5,2,2 %)
6/3[ 4
1,1
2 ; 3%25( 5795 %)
4[4/ 4
1,1
2 1 521-"4( . g)
2 3,222 |1
1,1
2 2 ,2p4( 5 1)
6 3,2,2,2 |*
1,1
X 4 X
: ’ “”+2>2F4< 225+182 4)
1,1
3 1 121:4( 45 L)
6 4822 |7
3 . 11 .
i ki XN RSN O o
4 B t oF, < L1 x >
T(p+4) 276 +5 p+6 B+7 |256
re+4) 2,2,6+1,82 85 87
5 —=x __,F L1 x
b T(p+5) 27 2,2,§+1,L;6 B+7 B+8 B+9 |3025

57 575
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Table 12. The integral Mainardi function Fi, derived for some values of parameter a by using (45).

% Fi, (x)
1 }1 11 4 27x4 x
—x F 4 4 —_ +7
; o GEE %)
4 ( 8x F( %r%z% 27x* 27 F( élg,g 27x4>)]
—oy 303 5 — %56 | — =34 — 356
r( 4) 472714 56 \/E 4r4r72 56
2 X % Z 4x3 1,2 4x3
2 X E ’ _ 4 ) E ’ - 5
3 tlep R 15]-%) -y 11-%)
1 1
3 serf(3)
1 x|: % ¥ % ¥
i e elgs 7)) el g 17
1 : 4
X X
x[r(—l) 1F3< 135 |— %)+
1 4 27474
T 13| 353 |~ | Troayst4l 537 | 56
v 112 ) T(-3) 121 >

Table 13. The integral Mainardi function Mi, derived for some values of parameter « by using (45).

o Mi, (x)
x |48 R 3.2z 27x*
3 % | /7 3'3 glg,g 256
24x ' %4 %é 5 27x4 3 LL,5.8 27x4
F 7 7 _ /X F 7 7 7 _ /X
spe(3EE ) v U | F)]
2 s LLE | _ae)_x el _ae
; sp P\ 320 |7 F) T\ 41T
1 1 2 2 2
: vz M) ~Shi(%) ~in(¥) ]
1 3 1,1 xs) X ( 1 xs)
1 E r) _ E 3|
3 181"(7%) 2 3( %,2’2 7 I’(%) 12 %,% 27
A 34 |- %)
_ X .F _ ot
1 VT %,;,%1 % O
x2 2 7x74 x4 ’ o x4
s p( g %) ratn( 15k %)

5. Conclusions

For the first time, three new special functions are presented in this investigation: the
integral Mittag-Leffler functions, the integral Whittaker functions, and the integral Wright
functions. These functions are defined in the mathematical literature in the same manner
as other elementary and special integral functions. It is feasible to generate these functions
in an explicit form for certain parameters values using the MATHEMATICA application.
These integral functions are often represented in terms of generalized hypergeometric
functions. The behavior of some of them is shown graphically. In the Appendices, a large
number of Mittag-Leffler, Whittaker, and Wright functions with integral and fractional
parameters, as well as their Laplace transforms, are presented in tabular form.

It may be observed that, generally, it is highly possible to make general integral
functions such as (19) and (20) by using generalized hypergeometric ,F,(t), because they
converge in the whole complex t-plane, or, for every real number .
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Appendix A. Representations of the One- and Two-Parameter Mittag-Leffler Functions
and Their Laplace Transforms

The Mittag-Leffler functions are defined by the sums of infinite series presented
in (9) and their Laplace transforms in (10). For positive variable x and some values of
parameters « and B, these sums can be expressed in terms of elementary and special
functions, especially in terms of generalized hypergeometric functions. They were derived
by using the MATHEMATICA program and presented in Tables A1l and A2 for the Mittag-
Leffler functions, as well as Tables A3 and A4 for the Laplace transforms. These results,
given in terms of infinite series, are mostly new, and only they are only partly known in
the mathematical literature. Knowing that any infinite sum can be split as

k=0

-1 o
Za(k)zZZ (qk + ), (A1)
==

and applying the multiplication formula of the gamma function ([5] (Eqn. 5.5.6)), for
nt#0,—-1,-2,...

n—1 :
F(nt) = (20) 0= /2nt1/2 Hr<t+ 111> (A2)

j=0

it is possible to express from (9) the Mittag-Leffler function in the case of positive rational
«x = p/q with p and q positive coprimes,

E, /0 p(%) q_zl o F( ! ﬂ) (A3)
/ap(X) =), ———1 =
vae k=0 F(ngrﬁ) P\ bo by [P
where K .
b]» = -4+ &
q p
The corresponding Laplace transforms are
L[Ep/gp(t)] (A4)
f s k1 F ( Lao,..., 051 (‘I/S)q>
+15p ’
=0 (E +’B> 1 bO/"'/bpfl pp



Mathematics 2021, 9, 3255

21 of 34

where

k+1+4]
q 4

LB
p

=
I
= | =

Table A1. The Mittag-Leffler functions derived for some values of parameters « and 8 by using (9).

L ﬁ Ea,ﬁ(x)
: : 7= + xe¥ [erf(x) + 1]
3 1 e* [erf(x) 4 1]
1 3 e [erf(x)+1] 1
2 2 X
1 2 LlePerf(x) +1] —1— 22
2 x2 € \/E
2 3
3 3 — 51 [3@" [erfc(x) — 2] + % +3(1+ xz)}
2 4x (424 +10x2+15
3 4 mi4[30ex[erﬂx)—%1]——(vﬁr)<—15(x44—2x24—2)}
1 2. 21-p) [ _ D(B=1x*) _ T(p—3+%)
2 p e [2 I(p-1) r(p-1)
1 3 ﬁ + Vxe*erf(y/x)
1 1 ot
1 3 exerf(ﬁ)
2 Vx
Y1
1 2 =
1 2 1/3 / 2/ . _ 2/3
% % \/ElFa( %/%/% §>+XB|:EXZ32€ xz 3/251n(7r S\égx )]
1
5 1 é{% 1F3< 573 ;;) + e’ +2€x2/3/zcos(‘é§x2/3)]
1 2 ~1/3 [ ,2/3 239 . 2/3
% % \/;11:3< %’g’% x7>+x3 [ex —2e % /251n(7n+3\é§x )}
1 2 —2/3 [ ,2/3 _2/3/5 . _ 2/3
3 2 158\’};11:3( 731 ’2‘7) + L5 [e" —2e7F /Zsm(in 33 )]
1 2 1 2
3 1
ip ww(epemar |B) s g |5
1
1
= sl 1)
2 1 cosh (/x)
smh(ﬁ)
2 2 Ve
cosh(+/x)—1
2 3 ()
sinh(y/x
2 4 h) 1
1 X
2 B g 12( g1 I




Mathematics 2021, 9, 3255

22 of 34

Table A2. The Mittag-Leffler functions derived for some values of parameters « and 8 by using (9).

M Eu,ﬁ(x)
3 D)
3 52 e 2o 2 gin (1R |
3 R [ e 2 gin (masyE ]
1
3 1-(/5)11:3( /3+1 Mg 2x7>
: i (27) - ()
sin(x1/4)+smh( 1/4)
4 2x1/4
. cosh(x1/4) —cos(x1/4)
2V/x
sinh(xl/4)fsin(xl/4)
4 2x3/4
4 1 .r ! e
r(p) 174\ B+l p+2 p+3 B |25
T/ 4/ 471
5 0F4< 1234 31"5)
5:/5/5/5
5 0F4( 2346 fés)
5/5/5/5
5 %0F4( 3467 31"25)
5/5/5/5
5 éoﬂ( 1678 31"25)
5/5/5/5
5 240P4( 6789 313625)
5/5/5/5
5 1 F 1 X
() 145 ﬁ+1 B+2 p+3 p+4 B |3125

57 57 5’5

Table A3. The Laplace transforms Mittag-Leffler functions derived for some values of parameters «

and 8 by using (10).

L ﬁ ‘C[Eu,ﬁ(t)]
1 1 \/s—1+csc’1(\/§)

: Va(s—1)>2
2 1 =1
1 3 2csc*1(\/§)

2 Vt/s—1
1 2 In(27)

1,1

! P sF(ﬁ)2F1( B ;)
3 1 1,3
I )+ kam( 11 |5k)
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Table A3. Cont.

L ﬁ ‘C[Eu,ﬁ(t)]
3 1 L1 4 1 31| 4
2 3ﬁs22F2( 5,7 2752)+s2F2 ;% 775
3 3 1,1 | 4 1,3 | 4
? : ﬁ52F2( 5,7 2752)+2522F2< $3 |72
3 ’ L1 | 4,1 21| 4
2 15ﬁs22F2( 71 |72 +52b 24 |7
1
11,1
27 4
s afs| sl g2 B e |t
2 B 3/ 373
1 F 1,13 4
r(p+3)2 33 2ﬁgr3, ﬁ6 5,256+7 2752
1 1,1
S o 1 [¥)
2 1 %+@sf3/zel/(‘“)erf(2¢s>
—1/2,1/(4 _1_
2 2 VsT1%e (S)erf<2\/§)
1,1
1 ’ 1
C En( 1o [t)
1,1
1 ’ 1
S s 53 [)
1,1
2 1 ’ 1
ﬁ o ihe |4)

Table A4. The Laplace transforms Mittag-Leffler functions derived for some values of parameters «

and 8 by using (10).
« ,B ‘C[Ea,ﬁ(t)]
1
3 §1Fz( 12 215>
373
1
3 2 §1Fz( 2 4 215>
373
1
C Fa( y3 1)
1,1
> e )iz, g )
1
4 ! §1F3< 113 25165)
4727 4
1
4 2 §1F3< 135 25165)
27474
4 3 L 1 1
x1B( 353 |56
4 4 1 1 1
sib| 257 B
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Table A4. Cont.

P L:[Ea,ﬁ(t)]
. 1 1,1 1
p T(B)s 2F4( B+1 pt2 p+3 B 2565)
4 4 74
5 1 1 F< ! : )
s1t4\ 12 3 4 |3125s
5/5/5/5
1
5 2 §1F4< 23456 31%55)
5/5/5/5
1
5 3 2151F4( 3467 31%55)
5/5/575
1
5 4 6151F4( 4678 31%53)
5/5/575
1
1 1
5 5 7% 1F4< 6789 3125s)
5/5/575
5 B :

1,1
r(ﬁ)sz%( B+1 B+2 B+3 B+4 B

57 57 57 57’5

Appendix B. Representations of the Whittaker Functions and Their Laplace Transforms

The Whittaker functions My, (x) and Wy, (x) defined in (18) were derived by using
the MATHEMATICA program, and they are presented in Tables A5, A6, A10 and A1l.
The corresponding Laplace transforms are in Tables A7-A9 and A12. Most of the reported
results in these tables are unknown in the mathematical reference literature.

Table A5. The Whittaker functions My, derived for some values of parameters x and y by using (18).

K i M (x)

-3 0 Eex/2[x(x + 4) + 2]

-3 0 Vxer2(x 4+ 1)

-3 2 3[x+3)I(5) + 2x + DL(3)]

_% 1 0%/253/2

-3 5 5[x(2x —3)Io(3) + [x(2x —3) +4]11(5)]

-3 2 4x=3/2e=%/2[¢¥ (x% — 3x% + 6x — 6) + 6]

-3 3 22 [x(2x% — 9x +24) Ip (%) + (2x% — 11x% + 36x — 96) 1 (3) ]
-3 3 30x75/2e7*/2 [¢X (x* — 8x% + 36x% — 96x + 120) — 24(x + 5)]
—5 0 e Y2\ /XL _5/3(x)

1 o R ()

—i i @ex/leﬂerf(\/f)

-3 0 e /2L 5/6(x)

-3 > *[lo(3) +h(3)]

-1 1 x~V2e7%/22¢% (x — 1) + 2]

~2 5 4[xho(3) + (x=4)h(3)]

—3 2 12x73/2e7%/2[¢¥ (x2 —4x + 6) —2(x + 3)]
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Table A5. Cont.

K n M (x)

0 3 x5/80F1( A Jf;)
8

0 i x9/1401:l< N J1C(2>>
7

0 3 x2/301-"1( S Jf;)
6

0 i x7/1001-"1< A ‘ﬁ)
5

0 i x3/401_~1( 5 Jfé)
1

0 1 x5/60F1( " ﬁ)
3

Table A6. The Whittaker functions My, derived for some values of parameters x and y by using (18).

K u M, (x)

0 3 2sinh(%)

0 1 4\/§I1(%)

0 % 12[cosh(%) — %smh(%ﬂ

0 2 32/xL (%)

0 3 %][(szrlZ) sinh(3) — 6xcosh(3)]
§ 0 e */2/xXL_1/3(x)
o G 41

411 _% x_1/4e’C/2

! 1 /A2

1 0 e /2 /XL _1/4(x)

3 0 e */2\/XL _1/6(x)

% 0 efx/z\/g

P To3) - (3]

! 1 2xV/2e7%/2(p% — x — 1)
P A h(3) + + 9L ()]
L B+ Blo(3) (v 4+ D)h(3)]
1 0 VE[-(x = Dh(3) +xh(3)]

1 % xefx/z

1 1 3Vx[xho(3) — (x + Dh(3)]
T a1
L 3o 300+ (0 20h()
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Table A6. Cont.

K n M (x)

% 1 x3/267x/2

3 3 $r@c+ Dh(3) — (22 +3x +4) 1 ()]

2 0 IVx[(2x2 —6x +3)Io(%) — 2x(x = 2)[1(%)]
2} “jex(x—2)

2 1 — e v/x[2x(x = 2)I)(%) + (=22 + 2x + 1) [1(%) ]

2 3 x2e*/2

2 2 s (127 + 20 +3)Io(3) — (x* + 2% +4x +6) [1(3)]
2 0 Tem*/2 /x(x? — 4x 4 2)

2 3 7 [(4x2 —18x +15) (5 ) + (—4x* + 14x —3) 1 (3) ]
2 1 —1e /232 (x - 3)

2 2 ¥5/2 p—x/2

3 3 te ™/ 2x(x2 — 6x+6)

3 1 AV [ (432 — 24x +27) I(%) — (43 +20x% +9x +3) I (3)]
3 3 —1e™*/2x2(x — 4)

3 % xBefx/Z

? 0 —2e/2/x(x® — 9x? 4 18x — 6)

4 i — e/ 2x(x3 — 12x% + 36x — 24)

4 3 Le=¥/2x2(x% — 10x + 20)

Table A7. The Laplace transforms of the Whittaker function My, derived for some values of

parameters x and ji.

K L [MK,ﬂ(t)]
_5 | 7t 8s%+16s+5
2 0 2 (2571)7/2
3 0 24/27(s+1)
2 (25-1)°7
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-3 2 -1 °72
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2 (2571)5/2
3 3 16{ —4s[4s* 25 (VA7 —1+3) +3( V4> —1+1) | +7V4s*— 1+2} s> 1
2 2 5(25—1)° 2
5 s<3
_12 12
. V2 (65+3)2F1( 21'3 252+1>+22F1( 2’1 ﬁ)}
3 0 s> 1
° 5(2s—1)° ’ 2
22
7T2F1 3,13 S+%
6 1
— S < =
5/6 ’ 2
(s+3) 7 T(E)r()
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Table A7. Cont.
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Table A8. The Laplace transforms of the Whittaker functions My, derived for some values of
parameters x and ji.
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Table A8. Cont.
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4
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(e}

(2s+1)° 7
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N
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3 321
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2772 [[~5+4s(s+2) K ( 557 ) —2[(25+5)—6] E( 527 ) ]
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Table A9. The Laplace transforms of the Whittaker functions My, derived for some values of
parameters x and ji.

% u LMy, (t)]
5 1 2V/27(3s—1)
2 (25+1)7/?
5 2 15v27
2 (25+1)772
3 % 4(1-25)2
(2s+1)*
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7 0 V27 (853 —24524+155—3)
2 (25+1)72
4 % 4(25—-1)°
(25+1)°
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Table A10. The Whittaker functions Wy, derived for some values of parameters x and y by using (18).

K 23 Wicu(x)

-3 0 %e*xﬁ [ (x? +4x +2)T(0,x) — x — 3]
-3 0 Vxe 2 [eX(x + 1)T(0,x) — 1]
_% 1 x3/zeX/2T(—2,x)

-1 ! x1/4ex/21“(%,x)

_% 0 x1/2e%/2T(0, x)

1 1 —1/2p-2/2

1 ’ 3252 (x 4 3)

-1 3 x75/2e7%/2(x2 4+ 8x + 20)
3 3 £ [2V/x — V7 (2x — 1erfe(v/x) ]
0 B VEKs(3)

0 % e—x/Z

0 i e *2(1+3)

0 3 e”‘/2<1+2+}7§)

‘11 _% x4>/467x/2(x+ %)

! =3 x /45121 (3, x)

1 1 1/4p—2x/2

1 0 1/2,=x/2

] 1 x~1/2¥/21 (2, x)

3 1 (3/4p=1/2

3 3 TaV4emx/2(2x 4+ 1)

Table A11. The Whittaker functions Wy ;, derived for some values of parameters x and p by using (18).

K 7 Wi (x)

3 5 —3/4,x/27(5

1 1 x 3421 (5, x)
1 % xe X/2

% 0 Vxe 2 (x —1)
3 1 (3/25-x/2

3 2 x~3/2¢¥/2T (4, x)
2 % x(x —2)e /2
2 3 x2e=*/2

2 2 x2e¥/21 (5, x)
2 0 Vxe ¥/2(x2 —4x +2)
2 1 x3/2e7%/2(x — 3)
g 2 x5/2p=x/2
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Table A11. Cont.
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e_"/zx(x3 —12x% + 36x — 24)

BB NN W W W N’
NI [N | © [N [N [N- | | =

e X/2x2 (x> — 10x + 20)

Table A12. The Laplace transforms of the Whittaker function Wy, derived for some values of

parameters x and pi.

A £[Weu ()]
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i \/27{ @ T vei
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2 ' 2511
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4 4 (s+%)5/4
! 2
0 3 22
0 1 8sE(}—s)-2(2s+1)K(4—s)
4521
: 0 Vo _
: (25+1)%2
1 i r(3)
— )"
S 2AT(3)(s12)
: : (25+1)"*
2 5 11
1 1 41"(%)21:1 4/54 %—s)
4
1 4
! 2 (25+1)>
> 0 2/Z(1—s)
- (25+1)°/
> 1 sV
’ (25+1)°2
3 8165
’ § (25+1)°
3 16
? § (2s+1)°
; 0 V(82 165+5)
i (25+1)7/2
; 1 6v2r(1-35)
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> 2 _15y27
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Table A12. Cont.

K u L[Wiu(t)]
3 % 24(1-25)2
(2s+1)*
3 3 32(4s—1)
2 (2s+1)*
5 9%
3 2 (25+1)*
7 0  6V27(85% 2457 +155-3)
2 (254+1)°7
4 % 96(1—2s)°
(25+1)°
4 3 128(10s2—55+1)
2 (25+1)°

Appendix C. Representations of the Wright Functions

The Wright functions W, 4(x), defined in (39), and presented in Tables A13 and A14,
as well as the Mainardi functions F,(x) and M,(x), defined in (40), and presented in
Tables A15 and A16, were derived by using the MATHEMATICA program. Only a small
part of these Wright functions is known in the mathematical reference literature.

In the case of positive rational « = p/q with p and g positive coprimes, applying (A1)
and (A2), it is possible to express the Wright function by

W /a,(x) (A5)
q_l xk F _ xq
= 2N 0 71 * * T 4 7
k:Ok'r<§k+,B) p+q bo,...,bpfl,co,...,cq_z ppqq
where . '

%_+ﬁ:g
k1 (40
] q 4

and the set of numbers {c]*} = {c;j}\{1}.

For the Mainardi functions, we have the following reduction formulas for positive
rational « = p/q with p and g positive coprimes:

Fp/q(x) (A7)
1L (—x)" .
= _7'[,(_[:1< k!) F(Zk—i—l) sm(nZk)

r ag,---,ap—1 (—l)p+qquP
b1\ b '

77q—-2 qq
and q
Mp/q(x) = ﬁFp/q(x)r (A8)
where
kK j+1
a]' — - + L/
q p
% _ k+1+%
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and the set of numbers {b]*} = {pj}\{1}.

Table A13. The Wright functions W, g derived for some values of parameters « and by using (39).

o B Wa,ﬁ(x)
-1 1 -1
2 2y/m(x+1)*"?
_ 3 1
1 2 V(x+1)72
x+1 p-1
-1 p R0
1- 2 3 2
-3 p F(1/3)1F1< ;ﬁ —ﬂ>+r(ﬁ 1)1F1< zgﬁ'—ﬁ>
2
-1 -1 ﬁ[x(6—x2)e "/4]
1 1 1 2 —x2/4
—2 —32 m[(x —2)e* ]
—x2/4
-3 0 V.
1 1 e/
2 2 NZ3
-1 1 erf(3) +1
-1 3 x[erf(3) +1] + %e’xzﬂ
0 _3 3e*
2 4/
1 X
0 -1 o
0 er
eX
0 @
0F3<1; x3>+ ¥ 0F3<24_ 1 xs)
% B I'(p) 3.5/ B 7 r(p+3) 5.3.6+3 =
x2 - ¥
o 43043 |F)
1 x2 x - x2
f ’ o (4 %) R 1501 |%)
1 B x(1=P) /21 (2/x)
1 3 (4x+3) cosh(Zﬁ) 76\/5511111(2\/5)
2 4/
1 1 2\/Esmh(2\/f)—cosh(2\/f)
-1 -
1 0 VI (2v/%)
1 1 cosh(Z\/E)
2 T
1 1 Ip(2y/%)
1 3 sinh(Zﬂ)
2 /i
1 % Zﬁcosh(zz\\//z);iinh@\/})
7TX
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Table A14. The Wright functions W, g derived for some values of parameters « and by using (39).

« B Wa,g(x)

Por (e ) i g u me ur )
> ¢ o2 e g |i)

» f rof (g8 [3)

' s rnoh( 2,00, |4)

5 B r(lﬁ)ol‘%( ﬁ+1’ﬁ%2,@’$’g 31"25>

Table A15. The Mainardi function F, derived for some values of parameter a by using (A7).

u Fy(x)

xT(Z , 15 4 37 4
3 avn( T E | %) dn( 18- %)
! () 55 27x4

+ 6\/22 2h %; 56
2 3x 5 2 4 7 z 43
3 471[”(3)1F1< % 2"7>+xr(3)1F1< g —239)]
1 xe7x2/4
2 N
3 371/%x Ai(371%x)

xr(%) 4 2 — 4
| Tl 3] 5)-ol 11 5)
4 x3F(Z) — 4

4 X
aaton( 3y |-%)

Table A16. The Mainardi function M, derived for some values of parameter « by using (A8).

& M, (x)
1 11 %1 27x4 x 2,2 27x4
; rwﬁ( SN RV L N
* %*3/1% 27x4
+2r( )2P2< %é _256)
% 3-2/3,—2x3/27 {31/3Ai (3—4/3x2) _3Af (3_4/39(2)}
l —x2/4
2 N
1 2/3 ~1/3,
3 32/ A( / )
2\f1"(%) ( x4 > ( - x4>
ob2 3 256 N 35 |~ 35
: A R
22T (2 — 4
e - 2")

=1
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