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Abstract: In many survival analysis studies, the failure of a product may be attributed to one of
several competing risks. In addition, if survival time is long, researchers can adopt accelerated life
tests, causing devices to fail more quickly. One popular type of accelerated life tests is the step-
stress test, and in this test, the stress level changes at a predetermined point time. The manner that
stress levels change abruptly and increase discontinuously has been studied extensively. This paper
considers a more realistic situation where the effect of stress increases cannot be achieved all at once,
but with a lag time, and we propose a step-stress model consisting of two independent competing
risks with a lag period in which the failure time caused by different risks at different stress levels
obey Gompertz distribution, and the range of lag period is predetermined. The unknown parameters
are estimated by maximum likelihood estimation and least squares estimation. For comparison,
asymptotic confidence intervals and percentile bootstrap confidence intervals are constructed. By
using Monte-Carlo simulations, we obtain the means and mean square errors of the maximum
likelihood estimates and the least squares estimates, as well as the mean lengths and coverage rates
of the two confidence intervals, which show the performance of various methods. Finally, in order to
illustrate the model and proposed methods, we analyze a dataset from a solar energy experiment.

Keywords: step-stress model; lagged effect; competing risks; cumulative risk model; Gompertz
distribution

1. Introduction

In many survival analysis studies, the cause of failure of a product is not determined
by a single risk, but by one of several competing risks. With continuous improvements
in manufacturing design and technology, modern products have become more reliable
and durable. In order to obtain more information regarding the lifetime of products,
accelerated life tests (ALT) are taken. ALT is the process of exposing products to higher-
than-normal stress conditions, causing products to fail faster than at normal stress levels.
Therefore, ALT is an important means of obtaining useful information about product
reliability under test time constraints. A widely used accelerated life test is the step-
stress test in which the stress level begins to increase at a predetermined point. Ref. [1]
considered the step-stress cumulative exposure model with time constraints when the life
distributions of different risk factors are independent exponential distributions. The exact
sampling distributions of maximum likelihood estimators were derived. The confidence
intervals were constructed using exact distributions, asymptotic distributions, bootstrap
method and Bayesian posterior distribution. Ref. [2] discussed estimation of parameters
with truncated normal distribution under step-stress ALT and type-II censoring scheme.
Maximum likelihood estimates were performed. The asymptotic confidence intervals
were established. Bayesian estimators for three loss functions were studied. The optimal
truncation schemes under different criteria were obtained. Ref. [3] presented the step-stress
model with lagged effect and assumed that every test unit follows Weibull distribution.
The unknown parameters were estimated by maximum likelihood method and least
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square method. Bayesian estimation was further discussed. Ref. [4] proposed a step-
stress model for two competing risks with a linear lag period. The lifetime under each of
these independent risks follows Weibull distribution. The maximum likelihood estimates
asymptotic confidence intervals and percentile bootstrap confidence intervals, and the
bias-corrected and accelerated percentile bootstrap confidence intervals were obtained.

1.1. Competing Risks Model

In the analysis of reliability, test units are often exposed to multiple potentially fatal
risk factors and their failures are related to one of these factors. Competing risks anal-
ysis is the reliability analysis in the existence of other risk factors and has been widely
studied in the fields of medicine, actuarial science and biostatistics. In a competing risks
model, the observations of a test unit are often in a binary format, that is, the lifetime and
the cause of the failure. The multiple causes of test unit failure can be independent or
dependent. Ref. [5] studied the competing risks model of progressive hybrid censoring
scheme under Gompertz distribution. They derived the maximum likelihood estimates of
the parameters and obtained the confidence intervals of the model using the asymptotic
approximation theory and Bootstrap method. As mentioned in Refs. [6,7], without any
knowledge of the covariates, it is not feasible to test the hypothesis about whether the
risks are independent. Competing risk models with independent competing risks have
been extensively studied. Ref. [8] studied Bayesian analysis under Weibull distribution
of progressively censored independent competing risks data. When the common shape
parameters are already known, Bayesian estimators of scale parameters have closed formal
expressions. When the common shape parameters are unknown, MCMC samples are
used to compute Bayesian estimates and maximum posterior density confidence intervals.
Ref. [9] considered step-stress ALT under type-I truncation when different risk factors
obey independent generalized exponential distributions. Under the cumulative exposure
model, point estimates of different parameters were derived by the maximum likelihood
method. By using asymptotic distribution and parameter bootstrap method, the construc-
tion of parameter confidence intervals was discussed. For other articles in this area, see
Refs. [10–12], etc.

1.2. Step-Stress Accelerated Life Tests

Three main stress-increasing schemes are used for ALT: constant stress, progressive
stress, and step-stress. Constant stress accelerated life test means that every test unit is
exposed to a constant selected stress level until the test cell fails or the test is completed.
Progressive stress accelerated life test allows stress levels to increase consistently. The
step-stress accelerated life test is intermediate between constant stress ALT and progressive
stress ALT. Since it allows stress levels to increase at some scheduled point time, this
ensures that the step-stress accelerated life test is flexible and adjustable. Step-stress ALT
are widely concerned in reliability analysis. A key assumption in accelerated life tests is the
cumulative exposure model (CEM). The cumulative exposure model was first proposed in
Ref. [13]. The cumulative exposure model essentially provides the cumulative distribution
function of lifetime. The cumulative risk model links the distribution of one stress level to
the distribution of the next level, regardless of how the failure accumulated. By now, CEM
has been studied extensively. Ref. [14] proposed a multi-step-stress ALT programming
method with independent competition risks under a cumulative exposure model. Ref. [15]
used Bayesian method to optimize step-stress accelerated life tests. Other works on CEM
include Refs. [16–18], etc.

The hazard function of lifetime at the stress change point is discontinuous under
cumulative exposure model, which means that the impact of changes in stress levels is
instantaneous. Thus, a cumulative exposure model may not be reasonable in real life.
Ref. [19] proposed a new step-stress model, cumulative risk model (CRM), to improve the
cumulative exposure model by establishing a continuous hazard function. The cumulative
risk model assumes that there is a lag period before stress changes completely. Moreover,
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the authors also indicated that as the lagged period is small and proceeds to zero, CEM
can be obtained as a limit case of CRM where lifetime distribution follows the exponential
distribution. Now, the more realistic CRM is more concerned. Ref. [20] considered statistical
inferences of cumulative risk model under competing risks when the lifetime of each test
unit under different risks follows exponential distribution.

1.3. Gompertz Distribution

Although the exponential distributions have many attractive features, assuming a
constant hazard function may not always be more realistic in practice. Despite the fact that
the Weibull distribution with two parameters is widely used in the survival and reliability
literature and provides great flexibility in modeling the hazard function for step-stress tests,
the hazard function is not guaranteed to be constantly increasing and may not always be
reliable in step-stress accelerated tests. The Gompertz distribution model is a common
model used in reliability and life testing and has two parameters, similarly to Weibull
distribution. Furthermore, the Gompertz distribution can degenerate to an exponential
distribution; thus, it has the superior properties of exponential distribution. Moreover, its
hazard function is an increasing function, which is consistent with the conditions of stress
increase in step-stress accelerated tests.

Gompertz distribution is a popular one of the popular distributions to model lifetime
data with shape parameter and scale parameter. As Ref. [21] noted, Gompertz distribution
was first proposed in 1825. It is widely used in financial data, bioanalytical experiments, ac-
tuarial problems, graduating age-specific mortality rates, and preparing life tables. Ref. [22]
provided a theoretical justification that allows it to be employed in cases of accretionary
growth. They also summarized the features and the application of Gompertz distribution.
Ref. [23] proposed a Gompertz curve-fitting process, and its benefits include, without
knowing the value for forecasting, the stability of the sensitivity of saturation over the
sample period. Ref. [24] established an accurate confidence interval and an accurate joint
confidence region for the parameters of the Gompertz distribution. Ref. [25] discussed the
lifetime problem under the step-stress ALT of two independent risks with Gompertz life
distribution. In Ref. [26], the failure time of a product was analyzed by using a constant
stress ALT with two independent competitive risks under Gompertz distribution.

The probability density function (PDF) (see Figure 1) of Gompertz distribution with
shape parameter β and scale parameter λ is as follows.

f (x; β, λ) = β× exp
{

λx− β

λ
× [exp(λx)− 1]

}
, x > 0. (1)

The cumulative distribution function (CDF) (see Figure 2) is obtained from the follow-
ing expression.

F(x; β, λ) = 1− exp
{
− β

λ
× [exp(λx)− 1]

}
, x > 0. (2)

The corresponding hazard function is shown below.

h(x; β, λ) = β× exp(λx), x > 0. (3)

The hazard function of Gompertz distribution is increasing. When λ tends to 0, the
Gompertz distribution degenerates to the exponential distribution with mean 1

β .
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Figure 1. PDF of Gompertz distribution.
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Figure 2. CDF of Gompertz distribution.

Continuous hazard functions reflect the impact of changes in stress levels more re-
alistically; thus, CRM has many applications in survival analysis and solves the major
limitation of existing models. The Gompertz distribution has a natural advantage in CRM
modeling due to its own nature. In this paper, the Gompertz distribution is first used in
CRM modeling, which provides a new method of exploring the step-stress model and
addresses the main limitations of existing models.

In this paper, we study the point estimations and interval estimations of a class of
step-stress models with competing risks and lagged effect based on Gompertz distribution
when different competing risks are independent of each other. We make inferences using
Gompertz distributions with different scale parameters and different shape parameters. The
organization of the rest of the article is as follows. In Section 2, the cumulative risk model of
step-stress ALT with two independent risks is described. The risk function, cumulative risk
function, cumulative distribution function, and probability density function under different
risk factors are deducted. In Section 3, the maximum likelihood estimates of parameters are
evaluated by the Newton–Raphson method. In Section 4, the least square method is used to
obtain the estimates of the parameters. In Section 5, the observed Fisher information matrix
is presented. Asymptotic intervals are constructed. In Section 6, we use the percentile
bootstrap method to construct confidence intervals. In Section 7, by a large number of
Monte-Carlo simulations, we compare and assess the performance of estimations and
confidence intervals. In Section 8, a real dataset was analyzed to illustrate the effectiveness
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of estimation methods. Section 9 summarizes the entire article and discusses future work
in this area.

2. Model Description

Investigating step-stress ALT with n test units, all of the units come from homogeneous
groups. In the initial period, all units are affected by stress level s1. At a predetermined
time τ1, the stress level begins to increase. The improvement in stress level is fully realized
at τ2 and the stress level proceeds up to s2. δ = τ2 − τ1 is known as the lag period. When
δ = τ2 − τ1 → 0, which means τ1 = τ2, CRM converges to the CEM, and the proof can be
found in Appendix A.

In real situations, the lifetime of every experimental unit is often affected by several
factors. This paper considers that the lifetime of every unit is affected by two risks. The
failure time is denoted as Xi = min(Xi1, Xi2), i = 1, 2, · · · , n, where Xij is the failure time
of i-th item for the the j-th cause.

The data are recorded as {(Xi, Ci, Ii) : i = 1, 2, · · · , n}, where Xi = ti > 0 represents
failure time, Ci = 1(2) represents failure cause and Ii represents the stress level of the
i-th unit,

Ii =


1 0 < ti < τ1,

2 τ1 ≤ ti < τ2,

3 τ2 ≤ ti.

We denote (0, τ1), [τ1, τ2) and [τ2,+∞) as interval 1, interval 2 and interval 3, respec-
tively. njk is the total number of units that fail resulting from the j-th risk within time
interval k (k = 1, 2, 3). n•k is the total number of units that fail within time interval k
(k = 1, 2, 3). nj• is the total number of units that fail resulting from the j-th risk in the
entire time range. Considering lagged effect and two potential risks of failure, there is
n1• + n2• = n•1 + n•2 + n•3 = n, where n is the number of all units observed in the test.
Ref. [25] argued that shape parameters are related to risk factors and scale parameters are
related to stress levels. All shape parameters and scale parameters are greater than zero. A
similar assumption is used in this article. β1 and β2 are associated with risk factors. λ1 and
λ2 are associated with stress levels.

We assume that the hazard functions in the cumulative risk model of step-stress ALT
increase linearly during the lag period, and Ref. [4] made the same assumption. By using
the CRM of step-stress ALT, we obtained the hazard function hj(t) under the Gompertz
distribution of the j-th risk factor for j = 1, 2.

hj(t) =


β j × eλ1t 0 < t < τ1,

aj + bjt τ1 ≤ t < τ2,

β j × eλ2t τ2 ≤ t.

(4)

In order to obtain a continuous hazard function over the life span, aj and bj should
satisfy the following conditions.

β j × eλ1τ1 = aj + bjτ1

β j × eλ1τ2 = aj + bjτ2
(5)

The cumulative hazard function Hj(t) for the j-th failure cause under CRM of step-
stress ALT with two risks is as follows.
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Hj(t) =



β jτ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1

 0 < t < τ1,

(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
+ aj(t− τ1) +

bj

2

(
t2 − τ2

1

)
τ1 ≤ t < τ2,

(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
+ aj(τ2 − τ1) +

bj

2

(
τ2

2 − τ2
1

)
+

β jτ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j

 τ2 ≤ t.

(6)

The cumulative distribution function (CDF) Gj(t) of the lifetime for the j-th failure
cause is as follows.

Gj(t) =



1− exp

− β jτ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1

, 0 < t < τ1,

1− exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(t− τ1)−

bj

2

(
t2 − τ2

1

)}
τ1 ≤ t < τ2,

1− exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(τ2 − τ1)−

bj

2

(
τ2

2 − τ2
1

)}

× exp

− β jτ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j

 τ2 ≤ t.

(7)

The probability density function (PDF) gj(t) of the lifetime for the j-th failure cause is
as follows.

gj(t) =



β j

(
aj + bjτ1

β j

) t
τ1

exp

− β jτ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1

 0 < t < τ1,

(
aj + bjt

)
exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(t− τ1)−

bj

2

(
t2 − τ2

1

)}
τ1 ≤ t < τ2,

β j

(
aj + bjτ2

β j

) t
τ2

exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(τ2 − τ1)−

bj

2

(
τ2

2 − τ2
1

)}

× exp

− β jτ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j

 τ2 ≤ t.

(8)
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Considering two independent competing factors, the cumulative distribution function
FX(t) of lifetime is shown below.

FX(t) = 1− [(1− G1(t))(1− G2(t))] = 1− exp[−(H1(t) + H2(t))]. (9)

The PDF of lifetime fX(t) is described by the following expression.

fX(t) =
dFX(t)

dt
= (h1(t) + h2(t)) exp[−(H1(t) + H2(t))]. (10)

The joint probability density function fX,C(t, j) of lifetime and failure cause, with two
independent competing risks, is as shown below.

fX,C(t, j) = gj(t)(1− G3−j(t)). (11)

The explicit expressions of FX(t), fX(t) and fX,C(t, j) are provided in Appendix B.

3. Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is one of the most extensively used methods
for parameter estimation. In this section, we reparameterize the parameters according
to the continuity of the hazard functions, apply the new parameters to the maximum
likelihood function and obtain point estimates of the new parameters.

By (11), the likelihood function L is as follows:

L((a1, a2, b1, b2, β1, β2)||(ti, ci)) =
n

∏
i=1

f (ti, ci) =
n

∏
i=1

2

∏
j=1

f (ti, ci)
I(ci=j)

= ∏
Ii=1

2

∏
j=1

f (ti, ci)
I(ci=j) ∏

Ii=2

2

∏
j=1

f (ti, ci)
I(ci=j) ∏

Ii=3

2

∏
j=1

f (ti, ci)
I(ci=j),

(12)

where I(ci = j) is an indicator function.
The corresponding log-likelihood function l is the following.

l = ln L(a1, a2, b1, b2, β1, β2||(ti, ci))

= n1• ln β1 + n2• ln β2 − n•2 ln(τ2 − τ1)− (n•2 + n•3)(β1 + β2)
τ1

ln(
aj+bjτ1

β j
)

[
aj + bjτ1

β j
− 1

]

+
1
τ1

ln

(
aj + bjτ1

β j

)
∑
Ii=1

ti + ∑
Ii=2

ln

[
(τ2 − ti)

(
aj + bjτ1

β j

)
+ (ti − τ1)

(
aj + bjτ2

β j

)]

+
1
τ2

ln

(
aj + bjτ2

β j

)
∑
Ii=3

ti − (β1 + β2) ∑
Ii=3

 τ2

ln(
aj+bjτ2

β j
)

( aj + bjτ2
β j

) ti
τ2

−
aj + bjτ2

β j




− (β1 + β2) ∑
Ii=2

[
aj(ti − τ1)

β j
+

bj(t2
i − τ2

1 )

2β j

]
− (β1 + β2) ∑

Ii=1

 τ1

ln(
aj+bjτ1

β j
)

( aj + bjτ1
β j

) ti
τ1

− 1




− (β1 + β2)n•3

[
aj

β j
(τ2 − τ1) +

bj

2β j
(τ2

2 − τ2
1 )

]
.

(13)

Reparameterization

Continuity conditions in (5) are used to reparameterize original model terms. New
parameters are applied to the maximum likelihood function. This form renders the function
simpler when performing subsequent calculations and simulations.

Express the function l using β1, β2, λ1 and λ2.
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l = n1• ln β1 + n2• ln β2 + λ1 ∑
Ii=1

ti + ∑
Ii=2

ln
[
(τ2eλ1τ1 − τ1eλ2τ2) + (eλ2τ2 − eλ1τ1)ti

]
+ λ2 ∑

Ii=3
ti − n•2 ln(τ2 − τ1)− (β1 + β2) ∑

Ii=1

eλ1ti − 1
λ1

− (β1 + β2) ∑
Ii=2

[
eλ1τ1 − 1

λ1
+

τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
(ti − τ1) +

eλ2τ2 − eλ1τ1

τ2 − τ1

(
t2
i − τ2

1
2

)]

− (β1 + β2) ∑
Ii=3

[
eλ1τ1 − 1

λ1
+ τ2eλ1τ1 − τ1eλ2τ2 + (eλ2τ2 − eλ1τ1)

(
τ1 + τ2

2

)
+

eλ2ti − eλ2τ2

λ2

]
.

(14)

In order to obtain estimates of β1, β2, λ1 and λ2, the partial derivatives of log-
likelihood function for β1, β2, λ1 and λ2 are set to 0. Based on that, we have the following
four equations. The concrete equations are provided in Appendix C.

∂l
∂β1

= 0,
∂l

∂β2
= 0,

∂l
∂λ1

= 0,
∂l

∂λ2
= 0. (15)

By solving these equations, we can obtain the maximum likelihood estimates β̂1, β̂2,
λ̂1 and λ̂2 of four parameters. The log-likelihood function can be maximized when the esti-
mates are used as parameters. However, these equations are highly nonlinear, and it is not
feasible to obtain analytical solutions. In order to solve this problem, numerical techniques
are indispensable. The Newton–Raphson method is used to obtain maximum likelihood
estimates of β̂1, β̂2, λ̂1 and λ̂2, and the Newton–Raphson method can be implemented by
R software.

4. Least Squares Estimation

In this section, we provide least squares estimation (LSE) to estimate β1 and β2 when
λ1 and λ2 are known. Since a1, a2, b1 and b2 can be expressed in terms of β1, β2, λ1 and λ2,
estimates of a1, a2, b1 and b2 can also be obtained by using this method.

From Equation (5), aj and bj can be expressed as follows.

aj = β j ×
τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
,

bj = β j ×
eλ2τ2 − eλ1τ1

τ2 − τ1
.

(16)

The cumulative hazard function H(t) of lifetime under the two competing risks is
shown below:

H(t) = − ln(S(t)) = − ln[(1− G1(t))(1− G2(t))] = − ln(1− G1(t))− ln(1− G2(t))

= H1(t) + H2(t) = D(t)(β1 + β2),
(17)

where S(t) is the cumulative survival function of lifetime under two independent compet-
ing risks, S(t) = 1− FX(t), and D(t) is denoted as follows.

D(t) =



eλ1t − 1
λ1

0 < t < τ1,

eλ1τ1 − 1
λ1

+
τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
(t− τ1) +

eλ2τ2 − eλ1τ1

τ2 − τ1

(
t2 − τ2

1
2

)
τ1 ≤ t < τ2,

eλ1τ1 − 1
λ1

+ τ2eλ1τ1 − τ1eλ2τ2 + (eλ2τ2 − eλ1τ1)

(
τ1 + τ2

2

)
+

eλ2t − eλ2τ2

λ2
τ2 ≤ t.

(18)
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The empirical cumulative risk function H̃(ti) can be derived from the empirical
survival function S̃(ti).

H̃(ti) = − ln
(
S̃(ti)

)
= − ln

(
n− i + 0.01

n

)
, i = 1, 2, · · · , n. (19)

We note that, under CRM, the cumulative risk function is linear for β1 and β2 when
λ1 and λ2 are fixed. Therefore, the estimates of β1 and β2 can be obtained by minimizing
H(ti) and H̃(ti).

The squares distance function f (β1, β2||λ1, λ2) is as follows.

f (β1, β2||λ1, λ2) =
n

∑
i=1

[
H(ti)− H̃(ti)

]2. (20)

From Equations (17) and (19), the expression of function (20) is as follows.

f (β1, β2||λ1, λ2) = ∑
Ii=1

[
H(ti)− H̃(ti)

]2
+ ∑

Ii=2

[
H(ti)− H̃(ti)

]2
+ ∑

Ii=3

[
H(ti)− H̃(ti)

]2
=

n

∑
i=1

[
D(ti)(β1 + β2)− H̃(ti)

]2.
(21)

In order to obtain estimates β̃1 and β̃2, the derivatives of the squares distance function
for β1 and β2 are set to zero. By solving these equations, the least squares estimates β̃1 and
β̃2 are obtained. The squares distance function is minimized when the estimates are used
as parameters.

β̃1 + β̃2 =
∑n

i=1 D(ti)H̃(ti)

∑n
i=1 D(ti)2 . (22)

In order to obtain the respective estimates of β1 and β2, we note that the relationship
between β1 and β2 as follows:

P(c = 1) =
∫ +∞

0
fX,C(t, 1)dt =

∫ +∞

0
g1(t)(1− G2(t))dt =

∫ +∞

0
h1(t)e−(H1(t)+H2(t))dt

=
∫ +∞

0
β1D

′
(t)e−D(t)(β1+β2) =

β1

β1 + β2
,

(23)

where P(c = 1) indicates the probability that failure is due to risk factor 1. D
′
(t) indicates

the derivative of D(t).
n1•
n
≈ P(c = 1) =

β1

β1 + β2
. (24)

Apply (24) to function (22), the least squares estimates of β1, β2, aj and bj for given λ1
and λ2 can be obtained as follows.

β̃1 =
n1•
n

∑n
i=1 D(ti)H̃(ti)

∑n
i=1 D(ti)2 ,

β̃2 =
n2•
n

∑n
i=1 D(ti)H̃(ti)

∑n
i=1 D(ti)2 ,

ãj = β̃ j ×
τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
,

b̃j = β̃ j ×
eλ2τ2 − eλ1τ1

τ2 − τ1
.

(25)

If λ1 and λ2 are known in advance, LSE is directly used to obtain the estimates of a1,
a2, b1, b2, β1 and β2. If λ1 and λ2 are not known quantities, the estimates of λ1 and λ2 can



Mathematics 2021, 9, 3206 10 of 26

be derived by MLE, and the obtained estimates are used as the true values of λ1 and λ2.
Afterwards, we use LSE to obtain the estimates of a1, a2, b1, b2, β1 and β2.

5. Asymptotic Confidence Intervals

As the sample size increases, maximum likelihood estimators have asymptotic normal-
ity and the distributions of the estimators approach normal distributions. The means of the
normal distributions are the true values of the parameters. The variance–covariance matrix
is acquired by inverting Fisher information matrix. Moreover, as the sample size becomes
large, the biases of the estimators tend to 0, and the variances reach Cramer–Rao lower
bounds. Maximum likelihood estimators are asymptotically unbiased and efficient. In this
part, using these properties of maximum likelihood estimation, we obtain the asymptotic
intervals of β1, β2, λ1 and λ2.

Observed Fisher Information Matrix

For constructing the asymptotic intervals of β1, β2, λ1 and λ2, the asymptotic variance–
covariance matrix of the four parameters is discussed by the inversion of the observed
Fisher information matrix.

Fisher information matrix I(β1, β2, λ1, λ2) can be calculated by taking the expectation
of the negative second derivative of the log-likelihood function.

I(β1, β2, λ1, λ2) = −E



∂2l
∂β2

1

∂2l
∂β1∂β2

∂2l
∂β1∂λ1

∂2l
∂β1∂λ2

∂2l
∂β2∂β1

∂2l
∂β2

2

∂2l
∂β2∂λ1

∂2l
∂β2∂λ2

∂2l
∂λ1∂β1

∂2l
∂λ1∂β2

∂2l
∂λ2

1

∂2l
∂λ1∂λ2

∂2l
∂λ2∂β1

∂2l
∂λ2∂β2

∂2l
∂λ2∂λ1

∂2l
∂λ2

2

. (26)

It is not feasible to obtain Fisher information matrix I by calculating the expectation of
the second derivative. By substituting β̂1, β̂2, λ̂1 and λ̂2 for β1, β2, λ1 and λ2, the elements
of the observed Fisher information matrix Io can be used to approximate the elements in
(26). The elements of the observed Fisher information matrix are presented in Appendix D.

Io = I(β̂1, β̂2, λ̂1, λ̂2) =


A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44

. (27)

By inverting the matrix in (27), the variance–covariance matrix of β̂1, β̂2, λ̂1 and λ̂2
is obtained.

Cov(β̂1, β̂2, λ̂1, λ̂2) =


σ11 σ12 σ13 σ14
σ21 σ22 σ23 σ24
σ31 σ32 σ33 σ34
σ41 σ42 σ43 σ44

 = I(β̂1, β̂2, λ̂1, λ̂2)
−1. (28)

Let V = (σ11, σ22, σ33, σ44), θ = (β1, β2, λ1, λ2), and θ̂ = (β̂1, β̂2, λ̂1, λ̂2).
Under the regularity condition, θ̂ is asymptotically unbiased for θ, and θ̂−θ√

V
asymptoti-

cally follow the standard normal distributions. Thus, θ̂−θ√
V

is used as a pivotal quantity for θ.
Since the parameters to be estimated are non-negative, the lower bounds of the confidence
intervals must be greater than zero.

The two-sided 100(1 − α)% asymptotic confidence interval (ACI) is described as
follows: (

max
{

0, θ̂−Uα/2
√

V
}

, θ̂+ Uα/2
√

V
)

, (29)
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where Uα/2 is the upper α
2 -th quantile of the standard normal distribution.

6. Percentile Bootstrap Confidence Intervals

Bootstrap method is an effective tool for constructing confidence intervals via re-
sampling, and the percentile bootstrap (Boot-p) method is commonly used. This section
presents the construction of the percentile bootstrap confidence intervals utilizing simu-
lated data. The algorithms of simulating sample data and generating Boot-p confidence
intervals are demonstrated as follows, and the expression of coverage rates is given.

Algorithm 1 provides a method to simulate failure time by considering two competing
risks. For each of the two risks, failure times Xi1 and Xi2 are simulated. Since only the
shortest lifetimes are observed in the analysis of competing risks, the shortest times of
Xi1 and Xi2 and the associated cause of failure are recorded. The specific algorithm is
shown below.

Algorithm 1: Simulating sample data.

Step 1: Generate two independent random variables with identical uniform
distribution from 0 to 1, and generate two sets produced by those two random
variables, whose capacity is n.

Step 2: Calculate the CDFs in (7) at t = τ1 and t = τ2. Invert the CDFs of the two causes
to generate failure time.

Step 3: Determine the minimum time of failure generated in Step 2 for each unit and the
cause of failure. Denote the failure time as (Ti, Ci), i = 1, 2 · · · , n. If a certain
dataset satisfies [n11 = 0 and (n12 = 0 or n13 = 0)] or [n21 = 0 and (n22 = 0 or
n23 = 0)], discard this dataset and generate a new one.

The percentile bootstrap is a resampling method. Its details are described in Ref. [27].
With Algorithm 2, the percentile bootstrap intervals (BPI) under the step-stress ALT taking
into account lagged effects and two competing risks are constructed.

Algorithm 2: Generating Boot-p confidence intervals.

Step 1: Calculate θ̂, the MLEs of θ from the original sample, through the optimization
of (14).

Step 2: Using the estimates θ̂ as Algorithm 1, generate a new dataset of size n, denoting
it as

(
T∗i , C∗i

)
, i = 1, 2 · · · , n.

Step 3: Estimate MLEs θ̂
∗ as Step 1, based on

(
T∗i , C∗i

)
.

Step 4: Set the amount of simulation Nboot times beforehand. Repeat Steps 2–3 Nboot

times, obtaining a total of Nboot θ̂
∗s.

Step 5: Sort each element of Nboot θ̂
∗s separately. Taking λ̂1

∗
as an example, the Boot-p

confidence interval at 100(1− α)% coverage rate of λ1 is expressed in the
following. The Boot-p confidence intervals of other parameters are gained in
the same way: (

λ̂1
(Nboot× α

2 )∗, λ̂1
(Nboot× 2−α

2 )∗
)

In order to calculate coverage rates, set the number of repetitions NCI and run steps
1–5 for NCI times. The coverage rates of Boot-p confidence intervals are calculated by
computing the proportion of true values falling into the confidence intervals. Here, we
calculate the coverage rate of λ1 as an example:
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CRλ1 =
NCI

∑
i=1

1
(

λ̂1
(L)∗ ≤ λ1 ≤ λ̂1

(U)∗)
NCI

,

where I
(

λ̂1
(L)∗ ≤ λ1 ≤ λ̂1

(U)∗)
is an indicator function, and λ̂1

(L)∗
= λ̂1

(Nboot× α
2 )∗,

λ̂1
(U)∗

= λ̂1
(Nboot× 2−α

2 )∗
.

7. Numerical Study

This section uses Monte-Carlo simulations to evaluate the properties of MLE and
LSE and ACI and BPI. Here, the R software is used for calculations and simulations. We
predetermined four sets of true values for simulation, and the true values are set as follows:

• True Values I: τ1 = 3, τ2 = 6, β1 = 0.2, β2 = 0.1, λ1 = 1/10, λ2 = 1/5;
• True Values II: τ1 = 3, τ2 = 6, β1 = 0.15, β2 = 0.1, λ1 = 1/10, λ2 = 1/5;
• True Values III: τ1 = 4, τ2 = 6, β1 = 0.2, β2 = 0.1, λ1 = 1/10, λ2 = 1/5;
• True Values IV: τ1 = 4, τ2 = 6, β1 = 0.15, β2 = 0.1, λ1 = 1/10, λ2 = 1/5.

The means and mean square errors (MSE) demonstrate the performance of MLE and
LSE. Four sets of data are predetermined as true values using Algorithm 1 to generate
random numbers under different true values as samples. When using maximum likelihood
estimation, estimates of the unknown parameters based on the samples are obtained by
using the optim command in R software. When using LSE, λ1 and λ2 are considered as
known and are the corresponding predefined true values. Due to the randomness of the
simulation, sampling is repeated n = 1000 times, and the average value is taken as the
final value. We also calculated the mean square error. Tables 1–4 report the means and
mean square errors of the maximum likelihood estimates and the least square estimates for
different true values.

For interval estimation, the performance of asymptotic confidence intervals and
percentile bootstrap confidence intervals is demonstrated by the mean interval lengths
(ML) and coverage rates (CR). For ACI, maximum likelihood estimates and the variance–
covariance matrix were used to obtain asymptotic confidence intervals. The sampling is
repeated n = 1000 times to calculate the mean interval lengths and the coverage rates of
the asymptotic confidence intervals. For BPI, due to a large number of iterations of the
Boot-p algorithm, it is time costly to perform too much repetitive sampling in practical
applications. In this paper, we show the ML and CR of Boot-p confidence intervals with
repeated sampling n = 100. Tables 5 and 6 report ML and CR of asymptotic confidence
intervals and Boot-p confidence intervals at 95% confidence level and 99% confidence level
respectively under True Value I. Tables 7 and 8 report ML and CR of asymptotic confidence
intervals and Boot-p confidence intervals at 95% confidence level and 99% confidence
level respectively under True Value II. Tables 9 and 10 report ML and CR of asymptotic
confidence intervals and Boot-p confidence intervals at 95% confidence level and 99%
confidence level respectively under True Value III. Tables 11 and 12 report ML and CR of
asymptotic confidence intervals and Boot-p confidence intervals at 95% confidence level
and 99% confidence level respectively under True Value IV.
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Table 1. The point estimation results using MLE and LSE under True Value I.

β̂1 β̂2 λ̂1 λ̂2

n Method Mean MSE Mean MSE Mean MSE Mean MSE

25 MLE 0.2143 0.3863 0.1105 0.1411 0.0814 2.7785 0.2360 0.5084
50 MLE 0.2056 0.0904 0.1027 0.0270 0.0919 0.6740 0.218 0.1191
75 MLE 0.2057 0.0409 0.1021 0.0126 0.0956 0.3001 0.2100 0.0471

100 MLE 0.2022 0.0209 0.1016 0.0070 0.0992 0.1564 0.2090 0.0274
200 MLE 0.2025 0.0060 0.1006 0.0019 0.0999 0.0419 0.2026 0.0064
500 MLE 0.1996 0.0009 0.1003 0.0003 0.1018 0.0064 0.2029 0.0011

25 LSE 0.2790 0.4634 0.1427 0.1825 - - - -
50 LSE 0.2469 0.0832 0.1207 0.0269 - - - -
75 LSE 0.2330 0.0300 0.1169 0.0116 - - - -

100 LSE 0.2255 0.0144 0.1129 0.0057 - - - -
200 LSE 0.2139 0.0031 0.1079 0.0012 - - - -
500 LSE 0.2071 0.0004 0.1034 0.0002 - - - -

Table 2. The point estimation results using MLE and LSE under True Value II.

β̂1 β̂2 λ̂1 λ̂2

n Method Mean MSE Mean MSE Mean MSE Mean MSE

25 MLE 0.1602 0.2761 0.1084 0.1470 0.0997 3.0812 0.2319 0.4705
50 MLE 0.1557 0.0595 0.1032 0.0279 0.0956 0.6963 0.2155 0.0984
75 MLE 0.1534 0.0266 0.1025 0.0129 0.0989 0.3072 0.2096 0.0419

100 MLE 0.1529 0.0154 0.1018 0.0075 0.0986 0.1866 0.2075 0.0227
200 MLE 0.1498 0.0039 0.1003 0.0019 0.1032 0.0455 0.2044 0.0064
500 MLE 0.1504 0.0006 0.1000 0.0003 0.1018 0.0072 0.2018 0.0010

25 LSE 0.2111 0.2879 0.1393 0.1498 - - - -
50 LSE 0.1846 0.0502 0.1221 0.0265 - - - -
75 LSE 0.1740 0.0178 0.1167 0.0101 - - - -

100 LSE 0.1685 0.0085 0.1118 0.0047 - - - -
200 LSE 0.1614 0.0019 0.1077 0.0010 - - - -
500 LSE 0.1550 0.0002 0.1036 0.0001 - - - -

Table 3. The point estimation results using MLE and LSE under True Value III.

β̂1 β̂2 λ̂1 λ̂2

n Method Mean MSE Mean MSE Mean MSE Mean MSE

25 MLE 0.2147 0.3684 0.1074 0.1125 0.0944 1.4507 0.2536 0.8353
50 MLE 0.2044 0.0784 0.1025 0.0274 0.1056 0.364 0.2243 0.1428
75 MLE 0.2049 0.0323 0.1026 0.0110 0.0938 0.1554 0.2137 0.0494

100 MLE 0.2021 0.0180 0.1003 0.0060 0.1024 0.0862 0.2096 0.0281
200 MLE 0.2011 0.0048 0.1008 0.0014 0.0999 0.0225 0.204 0.0069
500 MLE 0.1994 0.0007 0.0998 0.0002 0.1036 0.0033 0.2032 0.0011

25 LSE 0.2786 0.4464 0.1388 0.1561 - - - -
50 LSE 0.2475 0.0877 0.1236 0.0299 - - - -
75 LSE 0.2340 0.0328 0.1160 0.0110 - - - -

100 LSE 0.2255 0.0142 0.1116 0.0049 - - - -
200 LSE 0.2144 0.0031 0.1079 0.0012 - - - -
500 LSE 0.2068 0.0004 0.1037 0.0002 - - - -
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Table 4. The point estimation results using MLE and LSE under True Value IV.

β̂1 β̂2 λ̂1 λ̂2

n Method Mean MSE Mean MSE Mean MSE Mean MSE

25 MLE 0.1609 0.2258 0.1059 0.1241 0.0941 1.7293 0.2321 0.4815
50 MLE 0.1546 0.0497 0.1036 0.0269 0.0966 0.3905 0.2189 0.1031
75 MLE 0.1521 0.0217 0.1010 0.0109 0.1042 0.1714 0.2088 0.0407

100 MLE 0.1513 0.0130 0.1002 0.0059 0.1027 0.0994 0.2090 0.0235
200 MLE 0.1511 0.0028 0.1006 0.0015 0.0999 0.0218 0.2032 0.0054
500 MLE 0.1507 0.0005 0.1001 0.0002 0.1001 0.0036 0.2007 0.0009

25 LSE 0.2101 0.2658 0.1357 0.1262 - - - -
50 LSE 0.1839 0.0457 0.1227 0.0266 - - - -
75 LSE 0.1762 0.0196 0.1171 0.0110 - - - -

100 LSE 0.1690 0.0083 0.1133 0.0055 - - - -
200 LSE 0.1615 0.0020 0.1068 0.0010 - - - -
500 LSE 0.1550 0.0002 0.1034 0.0001 - - - -

Table 5. Mean lengths and coverage rates using ACI and BPI at 95% CL under True Value I.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.3763 0.2148 0.5961 0.3875 0.3964 0.2246 1.0749 0.441
CR 0.919 0.900 0.967 0.955 0.940 0.930 0.960 0.930

50 ML 0.2515 0.1428 0.4348 0.2773 0.2602 0.1485 0.7106 0.2788
CR 0.916 0.919 0.949 0.945 0.950 0.930 0.940 0.900

75 ML 0.1990 0.1140 0.3705 0.2267 0.2029 0.1146 0.5619 0.2280
CR 0.918 0.914 0.946 0.935 0.930 0.900 0.890 0.890

100 ML 0.1683 0.0969 0.3400 0.1965 0.1774 0.1034 0.4875 0.1914
CR 0.926 0.927 0.947 0.944 0.920 0.930 0.920 0.920

200 ML 0.1171 0.0679 0.2589 0.1368 0.1251 0.0710 0.3357 0.1336
CR 0.908 0.925 0.940 0.939 0.890 0.920 0.900 0.890

500 ML 0.0732 0.0424 0.1882 0.0858 0.0793 0.0445 0.2134 0.0850
CR 0.921 0.919 0.935 0.947 0.920 0.920 0.940 0.910

Table 6. Mean lengths and coverage rates using ACI and BPI at 99% CL under True Value I.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.4878 0.2627 0.7621 0.4873 0.5035 0.3088 1.3450 0.6192
CR 0.953 0.947 0.995 0.987 0.990 0.990 0.990 0.980

50 ML 0.3266 0.1875 0.5572 0.3573 0.3280 0.1930 0.8833 0.3533
CR 0.958 0.948 0.989 0.982 0.980 0.970 0.990 0.910

75 ML 0.2603 0.1494 0.4667 0.2938 0.2584 0.1463 0.7103 0.2837
CR 0.960 0.967 0.985 0.987 0.990 0.980 0.980 0.960

100 ML 0.2217 0.1277 0.4166 0.2552 0.2287 0.1297 0.6093 0.2412
CR 0.968 0.962 0.986 0.990 0.970 0.980 0.940 0.970

200 ML 0.1541 0.0893 0.3239 0.1802 0.1553 0.0885 0.4266 0.1666
CR 0.980 0.972 0.991 0.991 0.990 0.990 0.970 0.980

500 ML 0.0964 0.0560 0.2331 0.1129 0.0948 0.0537 0.2643 0.1055
CR 0.978 0.977 0.981 0.989 0.960 0.980 0.990 0.940
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Table 7. Mean lengths and coverage rates using ACI and BPI at 95% CL under True Value II.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.2932 0.2063 0.6154 0.3649 0.2939 0.2088 1.1576 0.4343
CR 0.884 0.872 0.948 0.953 0.940 0.910 0.920 0.860

50 ML 0.1898 0.1365 0.4529 0.2554 0.2095 0.1516 0.7386 0.2706
CR 0.901 0.886 0.946 0.933 0.920 0.910 0.940 0.860

75 ML 0.1520 0.1093 0.3750 0.2054 0.1666 0.1194 0.5989 0.2185
CR 0.891 0.882 0.927 0.936 0.900 0.870 0.890 0.870

100 ML 0.1305 0.0947 0.3360 0.1766 0.1439 0.100 0.5087 0.1845
CR 0.900 0.929 0.946 0.940 0.930 0.880 0.940 0.900

200 ML 0.0902 0.0655 0.2636 0.1235 0.1016 0.0717 0.3600 0.1280
CR 0.899 0.909 0.955 0.928 0.940 0.920 0.930 0.960

500 ML 0.0561 0.0407 0.1926 0.0776 0.0624 0.0447 0.2174 0.0808
CR 0.898 0.929 0.949 0.921 0.830 0.880 0.840 0.920

Table 8. Mean lengths and coverage rates using ACI and BPI at 99% CL under True Value II.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.3480 0.2493 0.8025 0.4654 0.4076 0.3106 1.4590 0.5345
CR 0.923 0.923 0.988 0.992 0.980 0.970 0.990 0.960

50 ML 0.2531 0.1856 0.5643 0.3300 0.2740 0.1944 0.9555 0.3341
CR 0.948 0.944 0.991 0.980 0.980 0.970 0.990 0.980

75 ML 0.1978 0.1428 0.4837 0.2702 0.2132 0.1465 0.7447 0.2644
CR 0.946 0.947 0.982 0.984 0.980 0.970 0.970 0.970

100 ML 0.1702 0.1234 0.4256 0.2319 0.1817 0.1278 0.6482 0.2303
CR 0.964 0.969 0.985 0.986 0.970 0.990 0.970 0.980

200 ML 0.1183 0.0856 0.3259 0.1622 0.1259 0.0878 0.4430 0.1591
CR 0.962 0.965 0.983 0.983 0.980 0.970 0.990 0.960

500 ML 0.0742 0.0537 0.2365 0.1019 0.0788 0.0558 0.2729 0.0999
CR 0.967 0.971 0.985 0.977 0.990 0.970 0.990 0.980

Table 9. Mean lengths and coverage rates using ACI and BPI at 95% CL under True Value III.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.3460 0.2002 0.4717 0.4029 0.3506 0.2050 0.7708 0.5258
CR 0.918 0.913 0.964 0.908 0.930 0.950 0.950 0.900

50 ML 0.2255 0.1335 0.3541 0.2902 0.2407 0.1356 0.5237 0.3177
CR 0.911 0.915 0.941 0.924 0.940 0.970 0.950 0.870

75 ML 0.1781 0.1053 0.3039 0.2340 0.1898 0.1086 0.4163 0.2433
CR 0.909 0.914 0.957 0.939 0.930 0.930 0.950 0.920

100 ML 0.1532 0.0905 0.2737 0.2031 0.1599 0.095 0.3504 0.2084
CR 0.928 0.931 0.948 0.945 0.930 0.910 0.900 0.860

200 ML 0.1054 0.0628 0.2183 0.1421 0.1121 0.0649 0.2517 0.1414
CR 0.913 0.939 0.958 0.945 0.930 0.960 0.960 0.850

500 ML 0.0664 0.0396 0.1548 0.0885 0.0711 0.0410 0.1574 0.0882
CR 0.934 0.925 0.958 0.940 0.910 0.940 0.950 0.910
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Table 10. Mean lengths and coverage rates using ACI and BPI at 99% CL under True Value III.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.4282 0.2345 0.6052 0.5061 0.435 0.2608 0.9794 0.8264
CR 0.946 0.948 0.992 0.972 0.990 0.980 0.970 0.960

50 ML 0.2943 0.1748 0.4453 0.3710 0.3042 0.1749 0.6585 0.4182
CR 0.962 0.959 0.986 0.975 0.990 0.960 0.960 0.970

75 ML 0.2333 0.1393 0.3790 0.3058 0.2378 0.1407 0.5167 0.3052
CR 0.967 0.966 0.993 0.981 0.980 0.970 0.990 0.930

100 ML 0.1994 0.1187 0.3426 0.2672 0.1974 0.1154 0.4523 0.2602
CR 0.961 0.963 0.987 0.984 0.970 0.980 0.990 0.920

200 ML 0.1390 0.0829 0.2659 0.1857 0.1391 0.0818 0.3073 0.1760
CR 0.972 0.975 0.992 0.982 0.970 0.960 0.980 0.980

500 ML 0.0870 0.0518 0.1958 0.1167 0.0889 0.0511 0.1991 0.1089
CR 0.975 0.976 0.988 0.986 0.990 0.990 0.970 0.960

Table 11. Mean lengths and coverage rates using ACI and BPI at 95% CL under True Value IV.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.2581 0.1836 0.4853 0.3637 0.2666 0.1930 0.7941 0.4553
CR 0.876 0.878 0.954 0.923 0.910 0.930 0.920 0.880

50 ML 0.1683 0.1233 0.3614 0.2525 0.1908 0.1379 0.5403 0.2726
CR 0.900 0.890 0.944 0.937 0.940 0.900 0.940 0.860

75 ML 0.1363 0.0998 0.3071 0.2041 0.1461 0.1056 0.4299 0.2176
CR 0.896 0.895 0.944 0.936 0.900 0.850 0.890 0.900

100 ML 0.1164 0.0862 0.2797 0.1771 0.1276 0.0936 0.3647 0.1813
CR 0.885 0.909 0.944 0.917 0.920 0.930 0.930 0.930

200 ML 0.0812 0.0600 0.2162 0.1222 0.0907 0.0633 0.2574 0.1278
CR 0.898 0.909 0.949 0.928 0.940 0.890 0.940 0.940

500 ML 0.0508 0.0376 0.1566 0.0770 0.0575 0.0422 0.1614 0.0791
CR 0.912 0.925 0.959 0.934 0.920 0.960 0.920 0.920

Table 12. Mean lengths and coverage rates using ACI and BPI at 99% CL under True Value IV.

Asymptotic Confidence Interval Boot-p Confidence Interval

n β1 β2 λ1 λ2 β1 β2 λ2 λ2

25 ML 0.3255 0.2279 0.6141 0.4543 0.3657 0.2598 1.0396 0.6015
CR 0.921 0.916 0.991 0.983 0.980 0.960 0.950 0.950

50 ML 0.2202 0.1621 0.4557 0.3293 0.2443 0.1688 0.6703 0.3427
CR 0.953 0.961 0.990 0.988 0.960 0.990 0.950 0.920

75 ML 0.1802 0.1309 0.3809 0.2683 0.1923 0.1375 0.5264 0.2747
CR 0.952 0.964 0.989 0.990 0.990 0.990 0.980 0.980

100 ML 0.1520 0.1115 0.3479 0.2313 0.1614 0.1153 0.4646 0.2291
CR 0.953 0.953 0.980 0.986 0.950 0.990 0.950 0.960

200 ML 0.1064 0.0785 0.2701 0.1616 0.1139 0.0814 0.3183 0.1587
CR 0.964 0.967 0.993 0.987 0.980 0.980 0.980 0.950

500 ML 0.0667 0.0492 0.1974 0.1013 0.0709 0.0506 0.1963 0.0992
CR 0.973 0.971 0.990 0.980 0.970 0.970 0.990 0.950

From Tables 1–4, the following conclusions can be drawn. Taking β1 as an example,
the estimates using MLE and LSE at different sample sizes n under the True Value I are
shown in Figures 3 and 4.

(1) With an increased sample size n, the estimates of both MLE and LSE converge to
true values, and the mean square errors gradually reduce and tend to zero.
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(2) From the perspective of mean value and mean square error, there is no significant
difference between the mean square error of MLE and LSE. However, the maximum
likelihood estimates are much closer to the true value than the least squares estimates.
This is because the least square method minimizes the sum of the squares of the distances
between the observed and estimated points. On the other hand, the maximum likelihood
estimation is intended for maximizing the probability of drawing observations from the
model. The purpose of the least square estimation method is to obtain the parameters that
make the model best fit the sample data. When using LSE in the case of small samples, it
produces large errors, which is consistent with simulation results.

(3) For different true values, there is no significant difference in the fitting effect.
Moreover, the mean squared errors of λ̂1 and λ̂2 are significantly larger than the MSEs
of β̂1 and β̂2, which means that the simulation errors of β1 and β2 are smaller under the
same conditions.
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Figure 3. Trace plot of MLE for β1.
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The following conclusions can be drawn from Tables 5–12.
(1) With an increasing sample size n, the mean interval lengths of ACI and BPI become

slimmer, and the coverage rates of asymptotic credible intervals and Boot-p credible
intervals are very close to CL (1− α)%.

(2) For ACI, there is no significant difference in the average interval lengths and no
significant difference in coverage for different truth values. The same is true for BPI.

(3) For the same true values, the coverage rates of λ̂1 and λ̂2 are almost the same in
asymptotic confidence intervals. Moreover, λ̂1 and λ̂2 have significantly greater coverage
rates than β̂1 and β̂2. In the Boot-p interval, there is no significant difference in the coverage
of λ̂1, λ̂2, β̂1 and β2. The simulation results also show that Boot-p confidence intervals have
stable coverage rates and narrow average interval lengths at NCI = 100.

The performance of the coverage rates of confidence intervals can be represented by
the following formula:

CRACI(λ1, λ2) > CRBPI(λ1, λ2) ≈ CRBPI(β1, β2) > CRACI(β1, β2),

where “ > ” indicates a higher coverage rate under the same conditions and “ ≈ ” indicates
a similar coverage rate under the same conditions.

8. Real Data Analysis

In this section, a real dataset is used to illustrate the proposed methods. This dataset is
also used in Ref. [9]. It has two main failure risks (capacitor failure and controller failure).
The stress element is temperature, and the stress level is in the range of 293 K to 353 K,
s1 = 293 K, s2 = 353 K and s0 = 273 K in the standard state. K is the unit of temperature
Kelvin. This dataset came from a lifetime test of solar lighting installations. The original
dataset defines a sudden stress increase at t = 5. We assume that the two risk factors are
independent at arbitrary constant temperature and the stress change time point is 4.7–5.2
(hundred hours). In the dataset, the total number of solar lighting devices tested n = 31
and the specific data are shown in Table 13. The proposed model was used to evaluate the
reliability of solar lighting equipment.

Table 13. Lifetime data of solar lighting devices on step-stress ALT considering lagged effect.

Stess Level S1 Lagged Stess Level S1

Failure Time Failure Factor Failure Time Failure Factor Failure Time Failure Factor

0.140 1 4.892 2 5.238 1
0.783 2 5.002 1 5.244 1
1.324 2 5.022 2 5.247 1
1.582 1 5.082 2 5.305 1
1.716 2 5.112 1 5.337 2
1.794 2 5.147 1 5.407 1
1.883 2 5.408 2
2.293 2 5.445 1
2.660 2 5.483 1
2.674 2 5.717 2
2.725 2
3.085 2
3.942 2
4.396 2
4.612 1

From this dataset, we have n11 = 3, n12 = 3, n13 = 7, n21 = 12, n22 = 3 and n23 = 3. The
maximum likelihood estimation is carried out according to experimental data, and least
square estimation is carried out using λ1 and λ2 obtained from the maximum likelihood
estimation. The estimation results are shown in Table 14.
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Table 14. Estimation results using MLE and LSE.

β1 β2 λ1 λ2

MLE 0.0404 0.056 0.1332 0.6631
LSE 0.0534 0.074 - -

In order to show that the Gompertz distribution has good properties in solving such
models, we make statistical inferences using the same methods when the lifetime distri-
bution obeys the exponential distribution under the proposed model and assumptions.
Moreover, we compare the results under Gompertz distribution and exponential distribu-
tion. Part C of Section 1 states that Gompertz distribution with two parameters degenerates
to the exponential distribution with one parameter, as scale parameter λ tends to zero.
Thus, by making λ1 and λ2 equal to 0.001, the distribution is considered to obey exponential
distribution. The density curves of simulated and real data using MLE and LSE based on
the Gompertz and exponential distributions are shown in Figures 5 and 6.
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Based on the real dataset, the results of ACI and BPI at 90%, 95% and 99% confidence
levels are shown in Table 15.

Table 15. Interval estimation results of β1, β2, λ1 and λ2 on the real dataset.

Parameter CL Asymptotic Confidence Interval Boot-p Confidence Interval

β1

90% (0.0137, 0.0671) (0.0102, 0.0932)
95% (0.0086, 0.0723) (0.0091, 0.0966)
99% (0.0000, 0.0823) (0.0077, 0.1011)

β2

90% (0.0215, 0.0904) (0.0154, 0.1279)
95% (0.0149, 0.0970) (0.0128, 0.1335)
99% (0.0020, 0.1099) (0.0149, 0.1744)

λ1

90% (0.0000, 0.4201) (−0.2373, 0.5100)
95% (0.0000, 0.4751) (−0.2593, 0.5993)
99% (0.0000, 0.5825) (−0.6138, 0.5202)

λ2

90% (0.5309, 0.7953) (0.4952, 0.8991)
95% (0.5056, 0.8206) (0.4896, 0.9605)
99% (0.4561, 0.8701) (0.4880, 0.9180)

By examining the fitting curves of maximum likelihood estimation and least square
estimation, it was observed that the fitting effect of the two point estimation methods is
satisfactory, the lengths of the ACI and BPI are approximately equal and the two point
estimation values fall into the range of the confidence intervals.

9. Discussion

In this paper, we assume that the hazard function of the lag period is only related to the
stress level and is linear with time. If the assumption about the lag period being linear does
not hold. The lag period and the subsequent time will be modeled mistakenly. In practice,
an assessment of model can help researchers determine if the chosen method is appropriate.
Thus, we need to test the hypothesis about the lag period. For nuisance factors, they are
classified into three categories in Ref. [28] as uncontrollable and unknown, uncontrollable
and known and controllable and known. For the uncontrollable and unknown nuisance
factors, randomization is used by increasing the sample size of the experiment to eliminate
the effect. For the uncontrollable and known nuisance factors, it is handled by calculating
the covariance. For controllable and known nuisance factors, blocks are conducted for
experiments. Considering hypothesis tests where the lags are modeled as linear, Ref. [29]
suggested performing repeated counting and sensitivity analysis to assess the impact of
these different inputs.

In our study, all cases can benefit from independently modeling competing risks,
except for the strong dependencies between risks. In many cases where dependencies
between risks are not considered, reliable conclusions can be drawn, and tedious calcula-
tions can be eliminated, which is important in engineering and in practical applications. In
practice, some causes do not always satisfy this independence assumption. Considering the
dependence structure between competing risks, binary or multivariate distributions can be
used to describe the dependence between failure causes. For example, Refs. [30–32] used
Marshall–Olkin type distribution, Moran–Downton exponential distribution and copula
models, respectively, to describe this binary or multivariate relationship. In subsequent
studies, we will also carefully consider the impact on this model when risk factors are not
independent.

10. Conclusions

The cumulative risk model more realistically reflects the impact of stress changes and
addresses the main constraint of existing models. The Gompertz distribution model is a
common model used in reliability and life testing and has two parameters and has many
satisfactory properties. Taking into account competing risks, the Gompertz cumulative risk
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model is an extremely flexible step-stress model and is suitable for many applications in
survivability analysis.

In this paper, the parameters estimation problems of the step-stress ALT model consid-
ering lagged effect and competing risks are studied. The maximum likelihood method and
least squares method are used to determine point estimates. The Newton–Raphson algo-
rithm was used to solve the nonlinear equations. The asymptotic confidence intervals and
percentile bootstrap confidence intervals are constructed. From the numerical simulation,
it can be observed that, with an increased sample size n, the estimates of both maximum
likelihood estimation and least squares estimation converge to the true values, and the
mean square errors gradually reduce and tend to zero. Moreover, the maximum likelihood
estimates are much closer to the true value than the least squares estimates. In interval
estimation, with an increasing sample size n, the mean interval lengths of asymptotic
confidence intervals and Boot-p confidence intervals become slimmer, and the coverage
rates are very close to confidence level (1− α)%. It is also shown that asymptotic confi-
dence intervals have higher coverage rates when estimating λ1, λ2, and Boot-p confidence
intervals have higher coverage rates when estimating β1, β2. The simulation results also
suggest that the Boot-p confidence intervals have stable coverage rates and narrow average
interval lengths for small samples. The model proposed in this paper has been shown to be
valuable by simulation in estimating parameters. On the basis of theoretical results, the
analysis of the real data was carried out to illustrate this model.

Step-stress models with lagged effect and competing risks are more practical and
useful in practical survival analysis and deserve further investigation. In this paper, step-
stress accelerated life tests with two stress levels and two risks are considered, which can be
extended to models with diverse stress levels and various failure risks. For the next research
study, we can further explore this in the case where risk factors are not independent and
can also research different stress parameters under different competing risks and propose
different truncation methods.
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Appendix A

By using CRM, all units are affected by stress level s1 in the initial period. At a
predetermined time τ1, the stress level begins to increase. The improvement in stress level
is fully realized at τ2 and the stress level is up to s2. The hazard function hj(t) under the
Gompertz distribution of the j-th risk factor can be obtained as follows.

hj(t) =


β j × eλ1t 0 < t < τ1,

aj + bjt τ1 ≤ t < τ2,

β j × eλ2t τ2 ≤ t.
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The cumulative hazard function under the proposed CRM model is as follows.

Hj(t) =



β j

λ1
(eλ1t − 1) 0 < t < τ1,

β j

λ1
(eλ1τ1 − 1) + aj(t− τ1) +

bj

2
(t2 − τ2

1 ) τ1 ≤ t < τ2,

β j

λ1
(eλ1τ1 − 1) + aj(τ2 − τ1) +

bj

2
(τ2

2 − τ2
1 ) +

β j

λ2
(eλ2t − eλ2τ2) τ2 ≤ t.

With the CEM, the stress level at the initial stage is s1. At a predetermined time τ,
stress level increases to s2. The hazard function h∗j (t) for the j-th risk factor under the
Gompertz distribution is as follows.

h∗j (t) =

{
β j × eλ1t 0 < t < τ,

β j × eλ2t τ ≤ t.

If we assume that the cumulative hazard functions are constant at the stress levels s1
and s2, the cumulative hazard function H∗j (t) for CEM is as follows.

H∗j (t) =



β j

λ1
(eλ1t − 1) 0 < t < τ,

β j

λ1
(eλ1τ1 − 1) +

β j

λ2
(eλ2t − eλ2τ2) τ ≤ t.

If we let δ = τ2 − τ1 → 0, which means τ1 = τ2, we can observe that CRM converges
to the CEM by comparing the hazard function and the cumulative hazard function.

Appendix B

The CDF of lifetime FX(t) considering two independent competing factors is as follows.

FX(t) =



1− exp

− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1

 0 < t < τ1

1− exp

{
− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

[(
aj + bjτ1

β j

)
− 1

]}

× exp
{
−(a1 + a2)(t− τ1)−

(b1 + b2)

2

(
t2 − τ2

1

)}
τ1 ≤ t < τ2,

1− exp

{
− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

[(
aj + bjτ1

β j

)
− 1

]}

× exp
{
−(a1 + a2)(τ2 − τ1)−

(b1 + b2)

2

(
τ2

2 − τ2
1

)}

× exp

− (β1 + β2)τ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j

 τ2 ≤ t.
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The probability density function fX(t) of lifetime under the two independent compet-
ing factors is as follows.

fX(t) =



(β1 + β2)

(
aj + bjτ1

β j

) t
τ1

exp

− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1

 0 < t < τ1,

[(a1 + a2) + (b1 + b2)t] exp

{
− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

[(
aj + bjτ1

β j

)
− 1

]}

× exp
{
−(a1 + a2)(t− τ1)−

(b1 + b2)

2

(
t2 − τ2

1

)}
τ1 ≤ t < τ2,

(β1 + β2)

(
aj + bjτ2

β j

) t
τ2

exp

{
− (β1 + β2)τ1

ln(aj + bjτ1)− ln β j

[(
aj + bjτ1

β j

)
− 1

]}

× exp
{
−(a1 + a2)(τ2 − τ1)−

(b1 + b2)

2

(
τ2

2 − τ2
1

)}

× exp

− (β1 + β2)τ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j

 τ2 ≤ t.

Considering two independent competing risks, the joint probability density function
fX,C(t, j) of lifetime and failure cause is as follows.

fX,C(t, j) =



β j

(
aj + bjτ1

β j

) t
τ1

exp

− β jτ1

ln(aj + bjτ1)− ln β j

( aj + bjτ1

β j

) t
τ1

− 1


× exp

− β3−jτ1

ln(a3−j + b3−jτ1)− ln β3−j

( a3−j + b3−jτ1

β3−j

) t
τ1

− 1

 0 < t < τ1,

(
aj + bjt

)
exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(t− τ1)−

bj

2

(
t2 − τ2

1

)}

× exp

{
−
(
a3−j + b3−jτ1 − β3−j

)
τ1

ln(a3−j + b3−jτ1)− ln β3−j
− a3−j(t− τ1)−

b3−j

2

(
t2 − τ2

1

)}
τ1 ≤ t < τ2,

β j

(
aj + bjτ2

β j

) t
τ2

exp

{
−
(
aj + bjτ1 − β j

)
τ1

ln(aj + bjτ1)− ln β j
− aj(τ2 − τ1)−

bj

2

(
τ2

2 − τ2
1

)}

× exp

− β jτ2

ln(aj + bjτ2)− ln β j

( aj + bjτ2

β j

) t
τ2

−
aj + bjτ2

β j


× exp

{
−
(
a3−j + b3−jτ1 − β3−j

)
τ1

ln(a3−j + b3−jτ1)− ln β3−j
− a3−j(τ2 − τ1)−

b3−j

2

(
τ2

2 − τ2
1

)}

× exp

− β jτ2

ln(a3−j + b3−jτ2)− ln β3−j

( a3−j + b3−jτ2

β3−j

) t
τ2

−
a3−j + b3−jτ2

β3−j

 τ2 ≤ t.
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Appendix C

The concrete equations about MLEs are as follows.

∂l
∂β1

=
n1•
β1
− ∑

Ii=1

eλ1ti − 1
λ1

− ∑
Ii=2

[
eλ1τ1 − 1

λ1
+

τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
(ti − τ1) +

eλ2τ2 − eλ1τ1

τ2 − τ1

(
t2
i − τ2

1
2

)]

− ∑
Ii=3

[
eλ1τ1 − 1

λ1
+ τ2eλ1τ1 − τ1eλ2τ2 + (eλ2τ2 − eλ1τ1)

(
τ1 + τ2

2

)
+

eλ2ti − eλ2τ2

λ2

]
= 0,

∂l
∂β2

=
n2•
β2
− ∑

Ii=1

eλ1ti − 1
λ1

− ∑
Ii=2

[
eλ1τ1 − 1

λ1
+

τ2eλ1τ1 − τ1eλ2τ2

τ2 − τ1
(ti − τ1) +

eλ2τ2 − eλ1τ1

τ2 − τ1

(
t2
i − τ2

1
2

)]

− ∑
Ii=3

[
eλ1τ1 − 1

λ1
+ τ2eλ1τ1 − τ1eλ2τ2 + (eλ2τ2 − eλ1τ1)

(
τ1 + τ2

2

)
+

eλ2ti − eλ2τ2

λ2

]
= 0,

∂l
∂λ1

= ∑
Ii=1

ti + ∑
Ii=2

(τ2 − ti)τ1eλ1τ1

(τ2eλ1τ1 − τ1eλ2τ2) + (eλ2τ2 − eλ1τ1)ti
− (β1 + β2) ∑

Ii=1

tiλ1eλ1ti − eλ1ti + 1
λ2

1

− (β1 + β2) ∑
Ii=2

[
τ1λ1eλ1τ1 − eλ1τ1 + 1

λ2
1

+
τ1τ2(ti − τ1)

τ2 − τ1
eλ1τ1 −

τ1(t2
i − τ2

1 )

2(τ2 − τ1)
eλ1τ1

]

− (β1 + β2) ∑
Ii=3

[
τ1λ1eλ1τ1 − eλ1τ1 + 1

λ2
1

+ τ1τ2eλ1τ1 − τ1eλ1τ1
τ1 + τ2

2

]
= 0,

∂l
∂λ2

= ∑
Ii=3

ti + ∑
Ii=2

(ti − τ1)τ2eλ2τ2

(τ2eλ1τ1 − τ1eλ2τ2) + (eλ2τ2 − eλ1τ1)ti

− (β1 + β2) ∑
Ii=2

[
−τ1τ2(ti − τ1)

τ2 − τ1
eλ2τ2 +

τ2(t2
i − τ2

1 )

2(τ2 − τ1)
eλ2τ2

]

− (β1 + β2) ∑
Ii=3

[
(λ2ti − 1)eλ2ti − (λ2τ2 − 1)eλ2τ2

λ2
2

− τ1τ2eλ2τ2 + τ2eλ2τ2
τ1 + τ2

2

]
= 0.



Mathematics 2021, 9, 3206 25 of 26

Appendix D

The elements of the observed Fisher information matrix are shown below.

A11 =
n1•
β2

1
, A22 =

n2•
β2

2
, A12 = A21 = 0,

A13 = (n•2 + n•3)
τ1λ1eλ1τ1 − eλ1τ1 + 1

λ2
1

+ n•3

(
τ1τ2eλ1τ1 − τ1eλ1τ1

τ1 + τ2

2

)
+ ∑

Ii=1

tiλ1eλ1τ1 − eλ1ti + 1
λ2

1

+ ∑
Ii=2

[
τ1τ2(ti − τ1)

τ2 − τ1
eλ1τ1 −

τ1(t2
i − τ2

1 )

2(τ2 − τ1)
eλ1τ1

]
= A31 = A23 = A32,

A14 = ∑
Ii=2

[
−τ1τ2(ti − τ1)

τ2 − τ1
eλ2τ2 +

τ2(t2
i − τ2

1 )

2(τ2 − τ1)
eλ2τ2

]
+ ∑

Ii=3

(λ2ti − 1)eλ2ti − (λ2τ2 − 1)eλ2τ2

λ2
2

+ n•3

(
−τ1τ2eλ2τ2 + τ2eλ2τ2

τ1 + τ2

2

)
= A41 = A24 = A42,

A33 = ∑
Ii=2
−

τ2
1 (ti − τ1)(τ2 − ti)eλ1τ1+λ2τ2

[(τ2 − ti)eλ1τ1 + (ti − τ1)eλ2τ2 ]2
+ (β1 + β2) ∑

Ii=1

(t2
i λ2

1 − 2tiλ1 + 2)eλ1ti − 2
λ3

1

+ (β1 + β2) ∑
Ii=2

[
τ2τ2

1 (ti − τ1)

τ2 − τ1
eλ1τ1 −

τ2
1 (t

2
i − τ2

1 )

2(τ2 − τ1)
eλ1τ1

]

+ (β1 + β2)

{
(n•2 + n•3)

(τ2
1 λ2

1 − 2τ1λ1 + 2)eλ1τ1 − 2
λ3

1
+ n•3

[
τ2

1 τ2eλ1τ1 −
τ2

1 (τ1 + τ2)

2
eλ1τ1

]}
,

A34 = ∑
Ii=2

τ1τ2(ti − τ1)(τ2 − ti)eλ1τ1+λ2τ2

[(τ2 − ti)eλ1τ1 + (ti − τ1)eλ2τ2 ]2
,

A44 = ∑
Ii=2
−

τ2
2 (ti − τ1)(τ2 − ti)eλ1τ1+λ2τ2

[(τ2 − ti)eλ1τ1 + (ti − τ1)eλ2τ2 ]2
+ (β1 + β2) ∑

Ii=2

[
−

τ1τ2
2 (ti − τ1)

τ2 − τ1
eλ2τ2 +

τ2
2 (t

2
i − τ2

1 )

2(τ2 − τ1)
eλ2τ2

]

+ (β1 + β2) ∑
Ii=3

(t2
i λ2

2 − 2tiλ2 + 2)eλ2ti − (τ2
2 λ2

2 − 2τ2λ2 + 2)eλ2τ2

λ3
2

+ (β1 + β2)

{
n•3

[
−τ2

2 τ1eλ2τ2 +
τ2

2 (τ1 + τ2)

2
eλ2τ2

]}
.
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