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Abstract

:

The hesitant fuzzy 2-dimension linguistic element (HF2DLE) allows decision makers to express the importance or reliability of each term included in a hesitant fuzzy linguistic element as a linguistic term. This paper investigates a programming technique for multidimensional analysis of preference for hesitant fuzzy 2-dimension linguistic multicriteria group decision making. Considering the flexibility of HF2DLEs in expressing hesitant qualitative preference information, we first adopt HF2DLEs to depict both the evaluation values of alternatives and the truth degrees of alternative comparisons. To calculate the relative closeness degrees (RCDs) of alternatives, the Euclidean distances between HF2DLEs are defined. Based on RCDs and preference relations on alternatives, the group consistency and inconsistency indices are constructed, and a bi-objective hesitant fuzzy 2-dimension linguistic programming model is established to derive the criteria weights and positive and negative ideal solutions. Since the objective functions and partial constraint coefficients of the established model are HF2DLEs, an effective solution is developed, through which the RCDs can be calculated to obtain the individual rankings of alternatives. Furthermore, a single-objective assignment model is constructed to determine the best alternative. Finally, a case study is conducted to illustrate the feasibility of the proposed method, and its effectiveness is demonstrated by comparison analyses.
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1. Introduction


Multicriteria group decision making (MCGDM), a hot research topic in decision science, is used to select the best compromise solution from a feasible set of alternatives based on the preference information provided by a group of decision makers (DMs) with respect to multiple quantitative or qualitative criteria. Due to cost concerns, the limited knowledge of DMs, and the inherent subjective nature of human thinking, it is better for DMs to express their preferences in linguistic terms rather than numerical values, especially for qualitative criteria. To deal with linguistic information, Zadeh [1] introduced the fuzzy linguistic approach, which allows DMs to express their preferences with words or sentences in a natural or artificial language instead of numerical values. Many studies have focused on linguistic decision-making methods [2,3]. However, these studies are based on eliciting only one single linguistic term to express the DMs’ preferences and thus cannot express the DMs’ hesitations, because they may be thinking of several linguistic terms at the same time. For example, when evaluating a candidate, an interviewer may think that “they are higher than medium but not extremely good”. In such cases, it is impossible to use a single linguistic term to express the linguistic evaluation. To solve this issue, combining a hesitant fuzzy set (HFS) [4] and linguistic terms, Rodríguez et al. [5] introduced the concept of a hesitant fuzzy linguistic term set (HFLTS), in which a set of consecutive linguistic terms is used to express the possible membership degrees of an element to a given set. For example, suppose that a linguistic term set (LTS) is S = {    s ˙  0    = extremely poor,     s ˙  1    = very poor,     s ˙  2    = poor,     s ˙  3    = medium,     s ˙  4    = good,     s ˙  5    = very good,     s ˙  6    = extremely good}; then, the above evaluation given by the interviewer could be denoted as a hesitant fuzzy linguistic element (HFLE)    h S  = {   s ˙  4  ,   s ˙  5  }  .



Since HFLTS has remarkable power and efficiency in eliciting and representing linguistic preference information, it has attracted increasing attention from researchers in recent years [6], such as for operation and comparison methods of HFLEs [7,8,9], distance measures, similarity measures, and correlation coefficients between HFLEs [10,11,12], hesitant fuzzy linguistic aggregation techniques [13,14], hesitant fuzzy linguistic decision-making methods [15,16,17], and hesitant fuzzy linguistic preference relations [18,19,20]. Meanwhile, some extensions of HFLTS were introduced, such as extended HFLTS (EHFLTS) [21], double-hierarchy HFLTS (DHHFLTS) [22], the probabilistic linguistic term set (PLTS) [23], etc. Among these, considering the shortcoming that all linguistic terms included in an HFLE are equally important, Pang et al. [23] proposed the PLTS, in which DMs express the importance of each linguistic term with weight, using probability. However, sometimes the importance or reliability of linguistic terms cannot be expressed by numerical values. For example, in the process of a paper review, a reviewer provides their evaluation for a submitted paper as “I am certain this paper is good, but I have low certainty that it is very good”. Based on the above-given LTS S, the HFLE is identified as    h S  = {   s ˙  4  ,   s ˙  5  }  , where     s ˙  4    and     s ˙  5    are equally important. However, the reliability of     s ˙  5    is low, so it should be less important or reliable than     s ˙  4   . To describe this type of information, the theory of the 2-dimension linguistic term set (2DLTS) [24] can be referenced, where one dimension uses a linguistic term to provide the evaluation of an alternative, and the other dimension uses a linguistic term to express the self-assessment of the reliability of the given evaluation result. Based on 2DLTS, Liu et al. [25] proposed the concept of a hesitant fuzzy 2-dimension linguistic term set (HF2DLTS), which allows DMs to use a linguistic term to express the importance or reliability of each linguistic term included in an HFLE. Let the above LTS S be the first dimension LTS and S(2) = {    s ¨  0    = extremely low certainty,     s ¨  1    = very low certainty,     s ¨  2    = low certainty,     s ¨  3    = certainty,     s ¨  4    = high certainty,     s ¨  5    = very high certainty,     s ¨  6    = extremely high certainty} be the second dimension LTS. Then, for the above example, the hesitant fuzzy 2-dimension linguistic element (HF2DLE) is determined as     h ^  S  = { (   s ˙  4  ,   s ¨  3  ) , (   s ˙  5  ,   s ¨  2  ) }  . To solve MCGDM problems in which the evaluation values of alternatives are denoted as HF2DLEs, Liu et al. [25] proposed several hesitant fuzzy 2-dimension linguistic aggregation operators.



There has been little research focused on developing and enriching the MCGDM methods under hesitant fuzzy 2-dimension linguistic environments. The linear programming technique for multidimensional analysis of preference (LINMAP) introduced by Srinivasan and Shocker [26] provides an efficient decision-making tool to address multicriteria decision making (MCDM) or MCGDM problems with preference relations on alternatives and unknown criteria weights. On the basis of the evaluation values of alternatives and a set of preference relations of pairwise comparisons between alternatives, LINMAP calculates the distances between alternatives and the positive ideal solution (PIS) to define the consistency and inconsistency indices. Based on this, a linear programming model is constructed to derive the PIS and criteria weights, and thus, the best compromise alternative as the solution that has the shortest distance to the PIS is determined. Compared with the well-known MCDM methods such as the technique for order preference by similarity to ideal solution (TOPSIS), elimination and choice translating reality (ELECTRE), and visekriterijumska optimizacija i kompromisno resenje (VIKOR; in Serbian) and the consistency analysis methods for preference relations, LINMAP considers the evaluation values of alternatives in addition to the preference relations of pairwise comparisons between alternatives, which allows them to be incomplete or even non-transitive. Moreover, it is obvious that LINMAP combines the objective and subjective information simultaneously, in which the criteria weights and PIS are determined objectively by constructing a programming model but not given by DMs in advance. Therefore, numerous LINMAP methods have been proposed to solve some real-life decision-making problems, such as energy project selection [27], undergraduate student recommendation [28], air-fighter selection [29], etc. However, in the traditional LINMAP method, all decision data are expressed by crisp numbers. Due to the increasing vagueness and uncertainty in decision making, the traditional LINMAP method cannot be directly employed to handle decision-making problems with fuzzy information, and some studies have extended the traditional LINMAP method to a variety of different fuzzy circumstances, such as fuzzy set [30], intuitionistic fuzzy set [29], interval-valued intuitionistic fuzzy set [28,30,31], hesitant fuzzy set [32], hesitant fuzzy linguistic term set [33], probabilistic linguistic term set [34], linguistic variable [35], interval type-2 fuzzy set [36], interval grey number [37], Pythagorean fuzzy set [38,39,40], interval-valued Pythagorean fuzzy set [39], and heterogeneous information [41,42,43]. To the best of our knowledge, there is no LINMAP method for hesitant fuzzy 2-dimension linguistic MCGDM. In this paper, considering the advantage of HF2DLTSs in representing DMs’ hesitant qualitative preference information, both the evaluation values of alternatives and the truth degrees of alternative comparisons are expressed as HF2DLEs.



The TOPSIS method was proposed by Hwang and Yoon [44], which determines the most desirable alternative that has the shortest distance to PIS and the farthest distance to negative ideal solution (NIS). Due to its simplicity and comprehensibility, it has been widely used in diverse areas and extended to deal with fuzzy information [45,46,47]. The TOPSIS method considers two reference points, PIS and NIS, simultaneously, but it can only be used to solve MCDM problems with criteria weights known in advance. If the criteria weights are completely unknown or partially known, the TOPSIS method cannot be used. Therefore, in the application of TOPSIS, it is a critical issue to determine the weights of criteria accurately. Moreover, the PIS and NIS reference points involved in TOPSIS are directly determined by taking maximum and minimum evaluation values under each criterion, which may be unreasonable. From the above review of LINMAP, we know that the LINMAP method can determine criteria weights and PIS by constructing a programming model. However, the traditional LINMAP method only considers one reference point, i.e., PIS, and the consistency and inconsistency indices are defined based on the distances between alternatives and PIS. Motivated by the idea of TOPSIS, to take into account both PIS and NIS, this paper utilizes the relative closeness degree (RCD) instead of distance measure to construct the group consistency and inconsistency indices and hereby constructs a novel programming model to obtain criteria weights, as well as PIS and NIS, objectively. Therefore, the programming technique for multidimensional analysis of preference for hesitant fuzzy 2-dimension linguistic MCGDM proposed in this paper can well overcome the shortcomings of TOPSIS and LINMAP. First, we define the Euclidean distance measure between HF2DLEs, which is used to calculate the RCD of each alternative to hesitant fuzzy 2-dimension linguistic PIS (HF2DLPIS). Then, based on RCDs and preference relations on alternatives, the hesitant fuzzy 2-dimension linguistic group consistency and inconsistency indices are constructed, respectively, and a bi-objective hesitant fuzzy 2-dimension linguistic programming model is established to derive the criteria weights, HF2DLPIS, and hesitant fuzzy 2-dimension linguistic NIS (HF2DLNIS). Subsequently, for each DM, the RCDs of all feasible alternatives can be calculated, and the individual rankings of alternatives are derived according to the descending order of RCDs. Furthermore, a single-objective assignment model is constructed to generate the group ranking of alternatives, and the best alternative is determined. Finally, a case study about energy policy selection is conducted to illustrate the feasibility and effectiveness of the proposed method. The main contributions and features of this paper can be summarized as follows:




	(1)

	
Considering the fuzziness of the truth degrees of alternative comparisons, this is the first time that HF2DLEs have been adopted to describe both the evaluation values of alternatives and the truth degrees of alternative comparisons. Compared with HFLTS, the HF2DLTS allowing DMs to define the importance or reliability of each term as a linguistic term is more flexible in representing the hesitant qualitative preference information.




	(2)

	
To calculate the RCD of each alternative to HF2DLPIS, the Euclidean distance measure between HF2DLEs is first defined. Considering two reference points of HF2DLPIS and HF2DLNIS simultaneously, the RCD involved in TOPSIS is used to replace the distance measure in the traditional LINMAP method to construct the hesitant fuzzy 2-dimension linguistic group consistency and inconsistency indices.




	(3)

	
A bi-objective hesitant fuzzy 2-dimension linguistic programming model is constructed to determine the criteria weights, HF2DLPIS, and HF2DLNIS. Since both the objective functions and partial constraints’ coefficients of the established model take the form of HF2DLEs, an effective solution method is technically developed to solve the constructed model.




	(4)

	
A case study about energy policy selection is conducted to illustrate the feasibility of the proposed method, and some comparative analyses with the aggregation operator-based hesitant fuzzy 2-dimension linguistic MCGDM method, the hesitant fuzzy linguistic LINMAP method, and other existing MCGDM methods are conducted to show the effectiveness of the proposed method.









The remainder of this paper is organized as follows: In Section 2, we review some basic definitions related to HF2DLTS; Section 3 develops a hesitant fuzzy 2-dimension linguistic programming technique for multidimensional analysis of preference for MCGDM problems. In Section 4, a case study about energy policy selection is conducted to illustrate the feasibility of the proposed method, and its effectiveness is demonstrated by comparative analyses; Section 5 presents the conclusions, main features, and limitations of the proposed method, and discusses future research directions.




2. Preliminaries


To facilitate the following discussion, some definitions related to HF2DLTS are briefly reviewed in this section. The Euclidean distance measure between HF2DLEs is also introduced.



2.1. Hesitant Fuzzy 2-Dimension Linguistic Term Set


Let   S  = {   s 0  ,  s 1  , … ,  s   g − 1    }   be a finite and total ordered LTS with odd cardinality, where g is the cardinality of LTS S,    s α  ( α = 0 , 1 , … , g − 1 )   represents a possible value for a linguistic term and satisfies the following properties [48,49]:




	(1)

	
If   i > j  , then    s i  >  s j    (i.e.,    s i    is better than    s j   );




	(2)

	
There is a negation operator:   n e g (  s i  ) =  s  g − 1 − i    ;




	(3)

	
If    s i  >  s j   , then   max (  s i  ,  s j  ) =  s i   ;




	(4)

	
If    s i  ≤  s j   , then   min (  s i  ,  s j  ) =  s i   .









In [50], the use of linguistic terms with odd cardinality was studied, in which the middle term of LTS represents “indifference”, with the rest of the linguistic terms being placed symmetrically around it. This type of LTS has been widely used in decision making, evaluation processes, information retrieval, etc. According to a psychologist’s suggestion, the LTS S is better for providing   7 ± 2   linguistic terms, with less than 5 not being sufficiently informative and more than 9 being too much for a proper understanding of their differences [51]. To preserve all given information, Xu [52] extended the discrete LTS S to a continuous one,    S ¯  = {  s α  | α ∈ [ 0 , g − 1 ] }  . In general, the linguistic term    s α  (  s α  ∈ S )   is given by DMs, while the extended linguistic term    s α  (  s α  ∈  S ¯  )   only appears in computation. Moreover, there exist some relationships between linguistic terms and numerical values. Zhang and Qi [53] defined two equivalent transformation functions between linguistic terms and numerical values included in [0, 1].



Definition 1 ([53]).

Let   S  = {   s 0  ,  s 1  , … ,  s   g − 1    }   be an LTS and   r ∈ [ 0 , 1 ]   , then the numerical value r that expresses the equivalent information to the extended linguistic term    s α  (  s α  ∈  S ¯  )   is obtained with the following function f:


    f : [ 0 , g − 1 ] → [ 0 , 1 ] ,     f (  s α  ) =  α  g − 1   = r    



(1)









Additionally, the extended linguistic term    s α  (  s α  ∈  S ¯  )   that expresses the equivalent information to the numerical value r is obtained with the following function f−1:


    f  − 1   : [ 0 , 1 ] → [ 0 , g − 1 ] ,      f  − 1   ( r ) =  s  r × ( g − 1 )   =  s α    



(2)







To depict the hesitant qualitative preference information, Rodríguez et al. [5] introduced the concept of HFLTS, and then, Liao and Xu [11] formalized the HFLTS mathematically as follows:



Definition 2 ([11]).

Let X be fixed and   S  = {   s 0  ,  s 1  , … ,  s   g − 1    }   be an LTS, then an HFLTS on X, HS, can be denoted in the following mathematical form:


    H S  = { < x ,  h S  ( x ) > | x ∈ X } ,   



(3)




where hS(x), the possible membership degrees of the element   x ∈ X   to S, is a set of consecutive linguistic terms in S and can be denoted by    h S  ( x ) =   ∪  s ( x ) ∈  h S  ( x )    { s ( x ) | s ( x ) ∈ S }     . For convenience,    h S  =  h S  ( x )   is called the HFLE, and HS is the set of HFLEs.





In real-life decision making, DMs may be asked to give the evaluation values of alternatives, but also provide self-assessment on the reliability of the given evaluation results. To solve this issue, Zhu et al. [24] introduced the concept of 2DLTS.



Definition 3 ([24]).

Let    S  ( 1 )   = {   s ˙  0  ,   s ˙  1  , … ,   s ˙   g − 1   }   and    S  ( 2 )   = {   s ¨  0  ,   s ¨  1  , … ,   s ¨   t − 1   }   be two LTSs, where g is the cardinality of S(1), t is the cardinality of S(2) and g and t are independent. A 2DLTS is denoted as    s ^  = (   s ˙  a  ,   s ¨  b  )  , where     s ˙  a  ∈  S   ( 1 )      represents the evaluation value of an alternative, and     s ¨  b  ∈  S   ( 2 )      represents the self-assessment on the reliability of     s ˙  a   .





As we clarified in the introduction, the HFLTS sometimes cannot describe the case in which the linguistic terms in an HFLE have different levels of importance or reliability. To more flexibly and comprehensively preserve the hesitant linguistic information, based on 2DLTS, Liu et al. [25] proposed the concept of HF2DLTS as follows:



Definition 4 ([25]).

Let X be fixed,    S  ( 1 )   = {   s ˙  0  ,   s ˙  1  , … ,   s ˙   g − 1   }   and    S  ( 2 )   = {   s ¨  0  ,   s ¨  1  , … ,   s ¨   t − 1   }   be two LTSs, where g is the cardinality of S(1), t is the cardinality of S(2) and g and t are independent, then an HF2DLTS on X,     H ^  S    , can be defined as


     H ^  S  = { < x ,   h ^  S  ( x ) > | x ∈ X } ,   



(4)




where     h ^  S  ( x ) =   ∪  (   s ˙  a  ( x ) ,   s ¨  b  ( x ) ) ∈   h ^  S  ( x )    { (   s ˙  a  ( x ) ,   s ¨  b  ( x ) ) }     ,     s ˙  a  ( x ) ∈  S  ( 1 )     is the first-dimension linguistic information representing the possible membership degrees of the element   x ∈ X   to the set S(1), and   {   s ˙  a  ( x ) ∈   h ^  S  ( x ) }   is a set of consecutive linguistic terms in S(1);     s ¨  b  ( x ) ∈  S  ( 2 )     is the second-dimension linguistic information describing the DM’s subjective evaluation on the importance or reliability of     s ˙  a  ( x )   . For convenience,     h ^  S  =   h ^  S  ( x )   is called the HF2DLE, and     H ^  S    is the set of HF2DLEs.





Comparing this with the dual hesitant fuzzy linguistic term set (DHFLTS) [54], DHFLTS uses a single linguistic term to describe the evaluation value of an alternative and two sets of crisp values in [0, 1] to denote the possible membership degrees and non-membership degrees of the alternative to the given linguistic term, while HF2DLTS uses HFLE, a set of consecutive linguistic terms, to describe the evaluation value to an alternative and provides the importance or reliability of each linguistic term included in an HFLE as a linguistic term.




2.2. Some Basic Operations of HF2DLEs


Let     h ^  S  =   ∪  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S     { (   s ˙  a  ,   s ¨  b  ) }    ,     h ^    S 1    =   ∪  (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1       { (   s ˙    a 1    ,   s ¨    b 1    ) }     and     h ^    S 2    =   ∪  (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2       { (   s ˙    a 2    ,   s ¨    b 2    ) }     be any three HF2DLEs; then, the operational laws of HF2DLEs are defined as [25]:


    h ^    S 1    ⊕   h ^    S 2    =   ∪  (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1    , (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2        {   (   f  − 1   ( f (   s ˙    a 1    ) + f (   s ˙    a 2    ) − f (   s ˙    a 1    ) f (   s ˙    a 2    ) ) , min (   s ¨    b 1    ,   s ¨    b 2    )  )   }  ,    



(5)






    h ^    S 1    ⊗   h ^    S 2    =   ∪  (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1    , (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2        {   (   f  − 1   ( f (   s ˙    a 1    ) f (   s ˙    a 2    ) ) , min (   s ¨    b 1    ,   s ¨    b 2    )  )   }    ,  



(6)






  λ   h ^  S  =   ∪  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S      {   (   f  − 1   ( 1 −   ( 1 − f (   s ˙  a  ) )  λ  ) ,   s ¨  b   )   }    ,  



(7)






    (   h ^  S  )  λ  =   ∪  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S      {   (   f  − 1   ( f   (   s ˙  a  )  λ  ) ,   s ¨  b   )   }    ,  



(8)




where f and f−1 are the equivalent transformation functions between linguistic terms in S(1) and numerical values in [0, 1] defined in Definition 1, and  λ  is a non-negative real number.



To compare any two HF2DLEs, Liu et al. [25] proposed the score function of HF2DLE.



Definition 5 ([25]).

Let    h ^  S  =   ∪  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S     { (   s ˙  a  ,   s ¨  b  ) }    be an HF2DLE; then, the score function of     h ^  S    is defined as follows:


  S (   h ^  S  ) =  1  #   h ^  S      ∑  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S     ( f (   s ˙  a  ) f (   s ¨  b  ) )   ,  



(9)




where  #   h ^  S   is the number of elements in HF2DLE    h ^  S   ; f is the function of transforming linguistic terms into numerical values.





If the score values of any two HF2DLEs are equal, they cannot be compared. To solve this issue, on the basis of score function, we define the variance function of HF2DLE and repropose the comparison laws of HF2DLEs.



Definition 6.

Let     h ^  S  =   ∪  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S     { (   s ˙  a  ,   s ¨  b  ) }     be an HF2DLE, then the variance function of     h ^  S    is defined as follows:


   V (   h ^  S  ) =  1  #   h ^  S      ∑  (   s ˙  a  ,   s ¨  b  ) ∈   h ^  S       ( f (   s ˙  a  ) f (   s ¨  b  ) − S (   h ^  S  ) )  2    ,   



(10)




where is the score value of     h ^  S    . For any two HF2DLEs,     h ^    S 1      and     h ^    S 2      , the comparison laws of HF2DLEs are given as




	(1) 

	
if   S (   h ^    S 1    ) > S (   h ^    S 2    )   , then     h ^    S 1    >   h ^    S 2      ;




	(2) 

	
if   S (   h ^    S 1    ) = S (   h ^    S 2    )   , then




	(a) 

	
if   V (   h ^    S 1    ) > V (   h ^    S 2    )   , then     h ^    S 1    <   h ^    S 2      ;




	(b) 

	
if   V (   h ^    S 1    ) = V (   h ^    S 2    )   , then     h ^    S 1    =   h ^    S 2      .

















The distance measure is essential for HF2DLEs, and it is also a key point in LINMAP to calculate the distance between each alternative and PIS (NIS) to construct the inconsistency and consistency indices. Hence, we propose the Euclidean distance measure between HF2DLEs.



Definition 7.

Let    h ^    S 1    =   ∪  (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1       { (   s ˙    a 1    ,   s ¨    b 1    ) }    and    h ^    S 2    =   ∪  (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2       { (   s ˙    a 2    ,   s ¨    b 2    ) }    be any two HF2DLEs; then, the Euclidean distance measure between them can be defined as


  d (   h ^    S 1    ,   h ^    S 2    ) =    1 L    ∑  l = 1  L      (   η 1  ( l )   −  η 2  ( l )    )   2      ,  



(11)




where   η 1  ( l )    and   η 2  ( l )    are the l-th smallest element of  { f (   s ˙    a 1    ) ⋅ f (   s ¨    b 1    ) | (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1    }  and  { f (   s ˙    a 2    ) ⋅ f (   s ¨    b 2    ) | (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2    }  , f is the function transforming linguistic terms into numerical values;  L = max { #   h ^    S 1    , #   h ^    S 2    }  ,  #   h ^    S 1     and  #   h ^    S 2     are the numbers of elements in    h ^    S 1     and    h ^    S 2     . If  #   h ^    S 1    ≠ #   h ^    S 2     , we should extend the shorter one by adding the same value several times in it until both of them have the same length, such as if  #   h ^    S 1    > #   h ^    S 2     , then we can add  #   h ^    S 1    − #   h ^    S 2     linguistic terms to    h ^    S 2     . The added linguistic term is the smallest one in the first dimension of    h ^    S 2    (   s ˙    a 2    ∈   h ^    S 2    )  , and the importance of each added linguistic term is    s ¨  0   .





It can be examined that for any three HF2DLEs,     h ^    S 1    =   ∪  (   s ˙    a 1    ,   s ¨    b 1    ) ∈   h ^    S 1       { (   s ˙    a 2    ,   s ¨    b 1    ) }    ,     h ^    S 2    =   ∪  (   s ˙    a 2    ,   s ¨    b 2    ) ∈   h ^    S 2       { (   s ˙    a 2    ,   s ¨    b 2    ) }    , and     h ^    S 3    =   ∪  (   s ˙    a 3    ,   s ¨    b 3    ) ∈   h ^    S 3       { (   s ˙    a 3    ,   s ¨    b 3    ) }    , the Euclidean distance measure between HF2DLEs satisfies the following fundamental properties:




	(1)

	
Distance in the range of [0, 1]:   0 ≤ d (   h ^    S 1    ,   h ^    S 2    ) ≤ 1  ;




	(2)

	
Symmetry:   d (   h ^    S 1    ,   h ^    S 2    ) = d (   h ^    S 2    ,   h ^    S 1    )  ;




	(3)

	
Transitivity:   d (   h ^    S 1    ,   h ^    S 2    ) ≤ d (   h ^    S 1    ,   h ^    S 3    )   and   d (   h ^    S 2    ,   h ^    S 3    ) ≤ d (   h ^    S 1    ,   h ^    S 3    )  , if     h ^    S 1    ≤   h ^    S 2    ≤   h ^    S 3     .











3. Hesitant Fuzzy 2-Dimension Linguistic Programming Technique for Multidimensional Analysis of Preference for MCGDM


As presented in the introduction, HF2DLTS is powerful in representing the DMs’ hesitant qualitative preference information, and thus can be used in many different scenarios. In this section, motivated by the idea of LINMAP, a novel programming method is proposed for hesitant fuzzy 2-dimension linguistic MCGDM.



Suppose that there are q DMs    D p  ( p = 1 , 2 , … , q )   who are invited to evaluate the alternative    A i  ( i = 1 , 2 , … , m )   on criterion    C j  ( j = 1 , 2 , … , n )  . Under a vague and uncertain environment, the expert interview method is used to collect the DMs’ preference information, in which DMs may hesitate among several linguistic terms, and the reliability of each term is different, for example, if the DM D1 feels that they are certain the alternative A1 is good but have low certainty that it is very good with respect to criterion C1. To preserve such linguistic preference information, HF2DLEs are adopted to express the rating of alternative    A i  ( i = 1 , 2 , … , m )   on criterion    C j  ( j = 1 , 2 , … , n )   provided by DM    D p  ( p = 1 , 2 , … , q )   and denoted as     h ^    S  i j     ( p )   =   ∪  (   s ˙    a  i j     ( p )   ,   s ¨    b  i j     ( p )   ) ∈   h ^    S  i j     ( p )      { (   s ˙    a  i j     ( p )   ,   s ¨    b  i j     ( p )   ) }    , where     s ˙    a  i j     ( p )   ∈  S  ( 1 )     is the first-dimension linguistic information representing the possible membership degrees of alternative    A i  ( i = 1 , 2 , … , m )   to criterion    C j  ( j = 1 , 2 , … , n )   provided by DM    D p  ( p = 1 , 2 , … , q )   based on    S  ( 1 )   = {   s ˙  0  ,   s ˙  1  , … ,   s ˙   g − 1   }  , and     s ¨    b  i j     ( p )   ∈  S  ( 2 )     is the second-dimension linguistic information, representing the importance or reliability of     s ˙    a  i j     ( p )     provided by DM    D p  ( p = 1 , 2 , … , q )   based on    S  ( 2 )   = {   s ¨  0  ,   s ¨  1  , … ,   s ¨   t − 1   }  . Hence, the hesitant fuzzy 2-dimension linguistic MCGDM problem can be concisely expressed in a matrix format as     H ^  S p  =   (   h ^    S  i j    p  )   m × n   ( p = 1 , 2 , … , q )  .



The preference relations of pairwise comparisons between alternatives provided by DM    D p  ( p = 1 , 2 , … , q )   are denoted as    Ω p  = { < ( k , i ) ,   h ^  S  ( p )   ( k , i ) > |  A k    ≻ _  p   A i  ; k , i = 1 , 2 , … , m }   with a hesitant fuzzy 2-dimension linguistic truth degree     h ^    S     ( p )   ( k , i )  , where (k,i) expresses an ordered pair of alternatives Ak and Ai that DM Dp prefers Ak to Ai (denoted by    A k    ≻ _  p   A i   ) (p = 1, 2, …, q; k,i = 1, 2, …, m), and     h ^    S     ( p )   ( k , i )   is an HF2DLE. The preference relations    Ω p    are given by pairwise comparisons between alternatives as a whole rather than each criterion. Usually, DMs would not be able to specify pairwise comparisons of all alternatives and may only give pairwise comparisons of partial alternatives. Thus, the preference relations of pairwise comparisons between alternatives are usually incomplete.



Denote the weight vector of criteria by   w =   (  w 1  ,  w 2  , … ,  w n  )  T   , where    w j    is the weight of criterion Cj (j = 1, 2, …, n) satisfying     ∑  j = 1  n    w j    = 1   and    w j  ≥ 0  . In this paper,  w  is incompletely known and needs to be determined. Let   Λ = { w |   ∑  j = 1  n    w j    = 1 ,  w j  ≥ ε , j = 1 , 2 , … , n }  , where   ε > 0   is a sufficiently small positive number which ensures that the weights generated are not zero. The incomplete weight information structure can be expressed in the five basic relations among criteria weights, which are denoted by subsets    Λ s  ( s = 1 , 2 , 3 , 4 , 5 )   of the weight vector in  Λ  (see [55,56,57] for details). In reality, usually, the preference information structure  Λ  of criterion weights may consist of several subsets of the above basic subsets    Λ s  ( s = 1 , 2 , 3 , 4 , 5 )  . Thus, the hesitant fuzzy 2-dimension linguistic MCGDM considered in this paper is used to rank all feasible alternatives according to the hesitant fuzzy 2-dimension linguistic decision matrices     H ^  S p  =   (   h ^    S  i j    p  )   m × n   ( p = 1 , 2 , … , q )  , the incomplete preference relations on alternatives    Ω p  ( p = 1 , 2 , … , q )  , and the incomplete weight information on criteria  Λ .



3.1. Hesitant Fuzzy 2-Dimension Linguistic Group Inconsistency and Consistency Indices


Suppose that HF2DLPIS is     h ^    S    +  = (   h ^    S 1   +  ,   h ^    S 2   +  , … ,   h ^    S n   +  )  , and HF2DLNIS is     h ^    S    −  = (   h ^    S 1   −  ,   h ^    S 2   −  , … ,   h ^    S n   −  )  , which are unknown a priori and need to be determined.     h ^    S j   +  =   ∪  (   s ˙    a j   +  ,   s ¨    b j   +  ) ∈   h ^    S j   +     { (   s ˙    a j   +  ,   s ¨    b j   +  ) }     and     h ^    S j   −  =   ∪  (   s ˙    a j   −  ,   s ¨    b j   −  ) ∈   h ^    S j   −     { (   s ˙    a j   −  ,   s ¨    b j   −  ) }     are the best and worst ratings on criterion    C j  ( j = 1 , 2 , … , n )  . For DM    D p  ( p = 1 , 2 , … , q )  , who uses HF2DLEs to evaluate alternative    A i  ( i = 1 , 2 , … , m )   of all the criteria, the hesitant fuzzy 2-dimension linguistic evaluation vector for each alternative can be obtained. We evaluate this kind of hesitant fuzzy 2-dimension linguistic evaluation vector     h ^    S i   p    for DM    D p  ( p = 1 , 2 , … , q )   with respect to alternative    A i  ( i = 1 , 2 , … , m )   as     h ^    S i   p  = (   h ^    S  i 1    p  ,   h ^    S  i 2    p  , … ,   h ^    S  i n    p  )  . According to Equation (11), the weighted average of the squared Euclidean distance between alternative    A i  ( i = 1 , 2 , … , m )   and HF2DLPIS     h ^    S    +    for DM    D p  ( p = 1 , 2 , … , q )   can be defined as follows:


   d i  p +   = d (   h ^    S i   p  ,   h ^  S +  ) =   ∑  j = 1  n    w j      ∑  l = 1  L        (   η  i j   ( l )   −  η  j +   ( l )    )   2   L    , p = 1 , 2 , … , q ; i = 1 , 2 , … , m ,  



(12)




where   w =   (  w 1  ,  w 2  , … ,  w n  )  T    is the weight vector of criteria which needs to be determined;    η  i j   ( l )     and    η  j +   ( l )     are the l-th smallest element of   { f (   s ˙    a j   p  ) ⋅ f (   s ¨    b j   p  ) | (   s ˙    a j   p  ,   s ¨    b j   p  ) ∈   h ^    S j   p  }   and   { f (   s ˙    a j   +  ) ⋅ f (   s ¨    b j   +  ) | (   s ˙    a j   +  ,   s ¨    b j   +  ) ∈   h ^    S j   +  }  , f is the function transforming linguistic terms into numerical values, and L is the number of elements in     h ^    S  i j    p   . Here, for simplicity, we make the number of elements in all HF2DLEs equal.



Similarly, the weighted average of squared Euclidean distance between alternative Ai(i = 1, 2, …, m) and HF2DLNIS     h ^    S    −    for DM    D p  ( p = 1 , 2 , … , q )   is obtained as


   d i  p −   = d (   h ^    S i   p  ,   h ^  S −  ) =   ∑  j = 1  n    w j      ∑  l = 1  L        (   η  i j   ( l )   −  η  j −   ( l )    )   2   L    , p = 1 , 2 , … , q ; i = 1 , 2 , … , m ,  



(13)




where    η  j −   ( l )     is the l-th smallest element of   { f (   s ˙    a j   −  ) ⋅ f (   s ¨    b j   −  ) | (   s ˙    a j   −  ,   s ¨    b j   −  ) ∈   h ^    S j   −  }  .



Based on the above distances, the RCD of alternative    A i  ( i = 1 , 2 , … , m )   to HF2DLPIS     h ^    S    +    for DM    D p  ( p = 1 , 2 , … , q )   can be determined as follows:


   R i p  =    d i  p −      d i  p −   +  d i  p +     , p = 1 , 2 , … , q ; i = 1 , 2 , … , m .  



(14)







If the criterion weights, HF2DLPIS and HF2DLNIS are already given by DMs, then    R k p    and    R i p    can be calculated according to Equation (14), and the individual ranking of all feasible alternatives can be determined according to the descending order of RCDs. However, in this paper, it is conceived that the criteria weights HF2DLPIS and HF2DLNIS are unknown a priori. Instead, to determine these unknown factors objectively, the group consistency and inconsistency indices are defined, based on which a programming model is constructed.



For each   ( k , i ) ∈  Ω p   , if    R k p    ≥    R i p   , then Ak is better than Ai, the objective ranking of alternatives Ak and Ai determined by    R k p   , and    R i p    is consistent with the subjective preference given by the DM Dp. Conversely, if    R k p    <    R i p   , then the objective ranking of alternatives Ak and Ai determined by    R k p   , and    R i p    is inconsistent with the subjective preference given by DM Dp. Therefore, there exist some deviations between the objective rankings and subjective preferences provided by DMs. To measure such deviation, the following hesitant fuzzy 2-dimension linguistic group inconsistency and consistency indices are defined based on RCDs and preference relations on alternatives.



The inconsistency index    θ  k i  p    between alternatives Ak and Ai for DM    D p  ( p = 1 , 2 , … , q )   is defined to measure the inconsistency degree between the objective ranking determined by    R k p    and    R i p    and the subjective preference   ( k , i ) ∈  Ω p   , given by DM    D p  ( p = 1 , 2 , … , q )   as


   θ  k i  p  =  {       h ^  S p  ( k , i ) (  R i p  −  R k p  ) ,    R k p  <  R i p      0 ,    R k p  ≥  R i p       , p = 1 , 2 , … , q ; k , i = 1 , 2 , … , m .  



(15)







For convenience, we rewrite the inconsistency index as    θ  k i  p  =   h ^  S p  ( k , i ) max { 0 ,  R i p  −  R k p  }  . Hence, the hesitant fuzzy 2-dimension linguistic group inconsistency index can be calculated as follows:


  θ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      θ  k i  p      =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (    h ^  S p  ( k , i ) max { 0 ,  R i p  −  R k p  }  )      .  



(16)







Analogously, the consistency index    ψ  k i  p    between alternatives Ak and Ai for DM    D p  ( p = 1 , 2 , … , q )   is defined to measure the consistency degree between the objective ranking determined by    R k p    and    R i p    and the subjective preference   ( k , i ) ∈  Ω p   , given by DM    D p  ( p = 1 , 2 , … , q )   as


   ψ  k i  p  =  {        h ^  S p  ( k , i ) (  R k p  −  R i p  ) ,      R k p  ≥  R i p       0 ,     R k p  <  R i p        , p = 1 , 2 , … , q ; k , i = 1 , 2 , … , m .  



(17)







Furthermore, Equation (17) is rewritten as    ψ  k i  p  =   h ^  S p  ( k , i ) max { 0 ,  R k p  −  R i p  }  . Hence, the hesitant fuzzy 2-dimension linguistic group consistency index can be calculated as


  ψ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      ψ  k i  p      =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (    h ^  S p  ( k , i ) max { 0 ,  R k p  −  R i p  }  )      .  



(18)







Remark 1.

There exist fuzziness and hesitation for DMs when making pairwise comparisons of alternatives. Since HF2DLTS is more flexible and comprehensive in representing hesitant qualitative preference information, this paper first introduces hesitant fuzzy 2-dimension linguistic truth degrees to describe the pairwise comparisons between alternatives. Due to the truth degrees     h ^  S p  ( k , i )   denoted by HF2DLEs, the constructed group inconsistency and consistency indices defined in this paper are all HF2DLEs.






3.2. Bi-Objective Hesitant Fuzzy 2-Dimension Linguistic Programming Model


Since the group inconsistency and consistency indices reflect the overall inconsistency and consistency between the objective rankings and subjective preferences, the smaller the group inconsistency index and the larger the group consistency index, the better the model characterizes the DMs’ decision rationales. Driven by this idea, a bi-objective hesitant fuzzy 2-dimension linguistic programming model is constructed to determine the criteria weights, HF2DLPIS and HF2DLNIS, as follows:


    min { θ } , max { ψ } ,     s . t .  {      ψ − θ ≥  h ^        w ∈ Λ          



(19)




where the objective functions involve minimizing the group inconsistency index  θ  and maximizing the group consistency index  ψ ;   h ^   is a hesitant fuzzy 2-dimension linguistic threshold given by DMs in advance to ensure that the group consistency is not smaller than the group inconsistency; w = (w1, w2, …, wn)T is the weight vector of criteria; and  Λ  is the incomplete preference information on criteria. In terms of Equations (16) and (18), it yields that


  ψ − θ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (    h ^  S p  ( k , i ) (  R k p  −  R i p  )  )      .  



(20)







For each   ( k , i ) ∈  Ω p   , let    λ  k i  p  = max { 0 ,  R i p  −  R k p  }   and    τ  k i  p  = max { 0 ,  R k p  −  R i p  }  , then    λ  k i  p  ≥ 0  ,    τ  k i  p  ≥ 0  ,    λ  k i  p  ≥  R i p  −  R k p    and    τ  k i  p  ≥  R k p  −  R i p   . Thus, Equation (19) can be rewritten as follows:


    min  {  θ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   λ  k i  p    h ^  S p  ( k , i )  )       }  ,     max  {  ψ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   τ  k i  p    h ^  S p  ( k , i )  )       }  ,     s . t .  {        ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (    h ^  S p  ( k , i ) (  R k p  −  R i p  )  )      ≥  h ^         R k p  −  R i p  +  λ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        R i p  −  R k p  +  τ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        λ  k i  p  ≥ 0 ,  τ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q       w ∈ Λ          



(21)







Let    T  k i  p  =  R k p  −  R i p   ; then, using Equation (14), we have


     T  k i  p    =    d k  p −      d k  p +   +  d k  p −     −    d i  p −      d i  p +   +  d i  p −     =     ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  k j   ( l )   −  η  j −   ( l )    )   2        ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  k j   ( l )   −  η  j +   ( l )    )   2    +   ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  k j   ( l )   −  η  j −   ( l )    )   2           −     ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  i j   ( l )   −  η  j −   ( l )    )   2        ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  i j   ( l )   −  η  j +   ( l )    )   2    +   ∑  j = 1  n    w j      ∑  l = 1  L    1 L     (   η  i j   ( l )   −  η  j −   ( l )    )   2      , p = 1 , 2 , … , q ; k , i = 1 , 2 , … , m .    



(22)




where    η  k j   ( l )     is the l-th smallest element of   { f (   s ˙    a  k j     ( p )   ) ⋅ f (   s ¨    b  k j     ( p )   ) , (   s ˙    a  k j     ( p )   ,   s ¨    b  k j     ( p )   ) |   h ^    S  k j    p  }  .



Hence, Equation (21) can be further written as the following bi-objective hesitant fuzzy 2-dimension linguistic programming model:


    min  {  θ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   λ  k i  p    h ^  S p  ( k , i )  )       }  ,     max  {  ψ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   τ  k i  p    h ^  S p  ( k , i )  )       }  ,      s . t .  {        ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   T  k i  p    h ^  S p  ( k , i )  )      ≥  h ^         T  k i  p  +  λ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        τ  k i  p  −  T  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        λ  k i  p  ≥ 0 ,  τ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q       w ∈ Λ           



(23)







Remark 2.

In Equation (23), there exist  2   ∑  p = 1  q   |  Ω p  |   + n + 2 ( L × n )  unknown variables that need to be determined, i.e.,  2   ∑  p = 1  q   |  Ω p  |    variables   λ  k i  p   and   τ  k i  p  ( ( k , i ) ∈  Ω p  )  ; n criteria weights   w j  ( j = 1 , 2 , … , n )  ;  L × n  variables of HF2DLPIS;  L × n  variables of HF2DLNIS;  3   ∑  p = 1  q   |  Ω p  |    + 1   equalities;  2   ∑  p = 1  q   |  Ω p  |    + 1   inequalities (excluding the non-negative constraints for variables and Λ ).To determine the unknown variables, the number of  2   ∑  p = 1  q   |  Ω p  |    + 1   inequalities should not be too small. In general, the larger  |  Ω p  |  (pairwise comparisons between alternatives), the more precise and reliable determining the weight vectors of criteria w , HF2DLPIS    h ^  S +   and HF2DLNIS    h ^  S −   .






3.3. Solution for Bi-Objective Hesitant Fuzzy 2-Dimension Linguistic Programming Model


Since both objective functions and constraints of Equation (23) contain HF2DLEs     h ^  S p  ( k , i ) ( ( k , i ) ∈  Ω p  )   and   h ^  , we thus have to develop an effective method to solve the constructed bi-objective hesitant fuzzy 2-dimension linguistic programming model.



According to the operational laws of HF2DLEs, two objective functions of Equation (23) are HF2DLEs, which are expressed as follows:


  θ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   λ  k i  p    h ^  S p  ( k , i )  )        =   ∪  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     {   (   f  − 1   ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    λ  k i  p        ) ,   min        1 ≤ p ≤ q         ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   )  )   }    ;  



(24)






  ψ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   τ  k i  p    h ^  S p  ( k , i )  )      =   ∪  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     {   (   f  − 1   ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    τ  k i  p        ) ,   min      1 ≤ p ≤ q       ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   )  )   }    .  



(25)







Additionally, the left hand of the first constraint in Equation (23) is also an HF2DLE, which is expressed as follows:


  ζ =   ∑  p = 1  q     ∑  ( k , i ) ∈  Ω p      (   T  k i  p    h ^  S p  ( k , i )  )      =   ∪  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     {   (   f  − 1   ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    T  k i  p        ) ,   min      1 ≤ p ≤ q       ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   )  )   }    .  



(26)







Based on Equation (9), the score values of  θ ,  ψ  and  ζ  are obtained as


  E ( θ ) =  1  # θ     ∑  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     (  ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    λ  k i  p      )   ⋅ f (   min      1 ≤ p ≤ q       ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   ) )  )    ,  



(27)






  E ( ψ ) =  1  # ψ     ∑  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     (  ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    τ  k i  p        ) ⋅ f (   min      1 ≤ p ≤ q       ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   ) )  )    ,  



(28)






  E ( ζ  ) =   1  # ζ     ∑  (   s ˙    a  k i     ( p )   ,   s ¨    b  k i     ( p )   ) ∈   h ^  S p  ( k , i )     (  ( 1 −   ∏  p = 1  q     ∏  ( k , i ) ∈  Ω p       ( 1 − f (   s ˙    a  k i     ( p )   ) )    T  k i  p        ) ⋅ f (   min      1 ≤ p ≤ q       ( k , i ) ∈  Ω p       (   s ¨    b  k i     ( p )   ) )  )    ,  



(29)




where   # θ  ,   # ψ   and   # ζ   are the numbers of elements in  θ ,  ψ  and  ζ .



Based on score values, the first objective function   min { θ }   of Equation (23) is equivalent to minimizing the corresponding score value   min { E ( θ ) }  ; the second objective function   max { ψ }   of Equation (23) is equivalent to maximizing the corresponding score value   max { E ( ψ ) }  . The first constraint of Equation (23) is equivalent to   E ( ζ ) ≥ E (  h ^  )  . Therefore, based on the linear weighted sum method, Equation (23) is transformed into the following single-objective programming model:


    min { E ( θ ) − E ( ψ ) }     s . t .  {      E ( ζ ) ≥ E (  h ^  )        T  k i  p  +  λ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        τ  k i  p  −  T  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q        λ  k i  p  ≥ 0 ,  τ  k i  p  ≥ 0 , ( k , i ) ∈  Ω p  ; p = 1 , 2 , … , q       w ∈ Λ          



(30)







Though Equation (30) is non-linear programming, it can be solved using the usual software, such as Lingo and MATLAB. By solving Equation (30), the weight vector of criteria   w =   (  w 1  ,  w 2  , … ,  w n  )  T   , HF2DLPIS     h ^    S    +  = (   h ⌢    S 1   +  ,   h ⌢    S 2   +  , … ,   h ⌢    S n   +  )   and HF2DLNIS     h ^    S    −  = (   h ⌢    S 1   −  ,   h ⌢    S 2   −  , … ,   h ⌢    S n   −  )   can be obtained.




3.4. A Novel Fuzzy Programming Method for Hesitant Fuzzy 2-Dimension Linguistic MCGDM


On the basis of the above analysis, a novel fuzzy programming method is developed for solving MCGDM problems, in which the evaluation values of alternatives and the truth degrees of pairwise comparisons between alternatives are expressed as HF2DLEs, and the preferences over alternatives and criteria are incomplete. The proposed method involves the following concrete steps:




	
Step 1. Identify the evaluation criteria    C j  ( j = 1 , 2 , … , n )   and all feasible alternatives    A i  ( i = 1 , 2 , … , m )   and form the set of DMs    D p  ( p = 1 , 2 , … , q )  ;



	
Step 2. Elicit the individual hesitant fuzzy 2-dimension linguistic decision matrices     H ^  S  ( p )   =   (   h ^    S  i j     ( p )   )   m × n   ( p = 1 , 2 , … , q )  , the incomplete weight information  Λ , and the preference relations on alternatives    Ω p  = { < ( k , i ) ,   h ^  S p  ( k , i ) > |  A k    ≻ _  p   A i  } ( p = 1 , 2 , … , q )  ;



	
Step 3. Construct the bi-objective hesitant fuzzy 2-dimension linguistic programming model according to Equation (23) and then transform it into a single objective programming model as Equation (30);



	
Step 4. Solve Equation (30) to derive the weight vector of criteria   w =   (  w 1  ,  w 2  , … ,  w n  )  T   , HF2DLPIS     h ^    S    +  = (   h ⌢    S 1   +  ,   h ⌢    S 2   +  , … ,   h ⌢    S n   +  )  , and HF2DLNIS     h ^    S    −  = (   h ⌢    S 1   −  ,   h ⌢    S 2   −  , … ,   h ⌢    S n   −  )  ;



	
Step 5. Calculate the RCD    R i p    of the alternative    A i  ( i = 1 , 2 , … , m )   to HF2DLPIS     h ^    S    +    for the DM    D p  ( p = 1 , 2 , … , q )   by Equation (14);



	
Step 6. Rank all feasible alternatives for the DM    D p  ( p = 1 , 2 , … , q )   according to the descending order of RCDs    R i p  ( p = 1 , 2 , … , q ; i = 1 , 2 , … , m )   and generate the individual rankings of alternatives;



	
Step 7. Construct the individual ranking matrix    X p  =   (  x  i j  p  )   m × m     for the DM    D p  ( p = 1 , 2 , … , q )  , where


   x  i j  p  =  {      1 ,    D  p     r a n k s    A j    i n   t h e   i - t h   p o s i t i o n       0 ,   o t h e r w i s e       , p = 1 , 2 , … , q ; i , j = 1 , 2 , … , m ,  



(31)












This means that if the DM    D p  ( p = 1 , 2 , … , q )   ranks alternative    A j  ( j = 1 , 2 , … , m )   in the i-th position   i ∈ { 1 , 2 , … , m }  , then    x  i j  p  = 1  ; otherwise,    x  i j  p  = 0  ;



	
Step 8. Determine the group ranking matrix   X =   (  x  i j    )   m × m     of all alternatives and select the most desirable alternative.






Suppose that the group ranks alternative    A j  ( j = 1 , 2 , … , m )   in the i-th position   i ∈ { 1 , 2 , … , m }  , i.e.,


   x  i j    =  {      1 ,   g r o u p   r a n k s    A j    i n   t h e   i - t h   p o s i t i o n       0 ,   o t h e r w i s e       ,   i , j = 1 , 2 , … , m ,  



(32)




which needs to be determined.



Generally, the individual ranking of alternatives for each DM should be as close as possible to the group ranking. Thus, to determine the group ranking of all feasible alternatives, a single-objective assignment model is constructed as follows:


    min   ∑  p = 1  q     ∑  i = 1  m     ∑  j = 1  m   |  x  i j  p  −  x  i j   |           s . t .    {        ∑  i = 1  m    x  i j   = 1   ,   j = 1 , 2 , … , m         ∑  j = 1  m    x  i j   = 1   ,   i = 1 , 2 , … , m        x  i j   = 0   o r   1 ,   i , j = 1 , 2 , … , m          



(33)




where the objective function aims to minimize the deviations between individual rankings and group ranking; the first constraint ensures that one alternative is only in one position; the second constraint ensures that one position only has one alternative. By solving Equation (33), the group ranking of all feasible alternatives is obtained, and the most desirable alternative can be determined.





4. Case Study


In this section, a case study about energy policy selection adopted from ref. [25] is provided to illustrate the feasibility of the proposed method. Further, the effectiveness of the proposed method is demonstrated by comparing it with the existing methods.



4.1. Energy Policy Selection


As a country with great energy consumption, China relies on coal as its main energy source. However, with the increasing contradiction between economic development and environmental pollution, air pollution and other environmental hazards caused by coal consumption are becoming increasingly severe, and sustainable development in terms of social aspects, energy, and the environment is facing great challenges. Therefore, the energy sector urgently needs to switch to low carbon, environmentally friendly, and clean resources.



In recent years, the Chinese government has issued a series of energy policies on energy conservation, emission reduction, and environmental protection, resulting in a decline in the proportion of coal consumption in China’s energy structure year by year, while the proportion of clean energy such as natural gas has gradually increased. From 2016 to 2019, the proportion of raw coal in China’s total energy consumption has decreased from 62% to 57.7%, and the proportion of natural gas has increased from 6.4% to 8.1%, which reflects the trend of continuous optimization of China’s energy structure.



The selection of the best energy policy plays an important role in energy investment and policy development. For evaluating energy policy, there are many criteria that should be taken into consideration, such as economic (C1), technological (C2), and environmental analyses (C3), as well as social–political impact (C4). Energy policies (alternatives) of this study were selected as biomass power plants (A1), nuclear energy (A2), hydropower (A3), wind power (A4), and solar energy (A5). To collect the decision data, the expert interview method was used to invite a committee of three DMs Dp (p = 1,2,3) to evaluate the performances of the five alternatives in terms of these four criteria anonymously, in which the DMs may hesitate among several linguistic terms, and the reliability of each term was different. To comprehensively preserve the preference information, the hesitant linguistic information given by DMs was transformed into HF2DLEs based on the first-dimension LTS    S  ( 1 )     = {    s ˙  0    = extremely poor,     s ˙  1    = very poor,     s ˙  2    = poor,     s ˙  3    = medium,     s ˙  4    = good,     s ˙  5    = very good,     s ˙  6    = extremely good} and the second dimension LTS    S  ( 2 )     = {    s ¨  0    = extremely low certainty,     s ¨  1    = very low certainty,     s ¨  2    = low certainty,     s ¨  3    = certainty,     s ¨  4    = high certainty,     s ¨  5    = very high certainty,     s ¨  6    = extremely high certainty}. For example, DM D1 provided their evaluation of alternative A1 on criterion C1 as “I am highly certain it is good, but I have low certainty it is very good”, and thus, an HF2DLE was determined as   { (   s ˙  4  ,   s ¨  4  ) , (   s ˙  5  ,   s ¨  2  ) }  . Hereby, three individual hesitant fuzzy 2-dimension linguistic decision matrices     H ^  S  ( p )   =   (   h ^    S  i j     ( p )   )   5 × 4   ( p = 1 , 2 , 3 )   were obtained, which are shown in Table 1.



Meanwhile, the DMs also provided the incomplete weight information of criteria as   Λ = { μ ∈ Λ | 0.1 ≤  w 1  −  w 2  ≤ 0.25 ,  w 2  ≥ 2  w 3  , 0.4 ≤  w 2  ≤ 0.6 }   and their incomplete preference relations of pairwise comparisons between alternatives as follows:


      Ω 1  =   { < ( 2 , 1 ) ,   h ^  S 1  ( 2 , 1 ) > , < ( 1 , 3 ) ,   h ^  S 1  ( 1 , 3 ) > , < ( 5 , 4 ) ,   h ^  S 1  ( 5 , 4 ) > , < ( 2 , 5 ) ,   h ^  S 1  ( 2 , 5 ) > ,      < ( 3 , 2 ) ,   h ^  S 1  ( 3 , 2 ) > , < ( 3 , 4 ) ,   h ^  S 1  ( 3 , 4 ) > } ,     










      Ω 2  =   { < ( 1 , 2 ) ,   h ^  S 2  ( 1 , 2 ) > , < ( 3 , 1 ) ,   h ^  S 2  ( 3 , 1 ) > , < ( 4 , 5 ) ,   h ^  S 2  ( 4 , 5 ) > , < ( 5 , 2 ) ,   h ^  S 2  ( 5 , 2 ) > ,      < ( 2 , 3 ) ,   h ^  S 2  ( 2 , 3 ) > , < ( 4 , 3 ) ,   h ^  S 2  ( 4 , 3 ) > } ,     










   Ω 3  = { < ( 2 , 4 ) ,   h ^  S 3  ( 2 , 4 ) > , < ( 1 , 4 ) ,   h ^  S 3  ( 1 , 4 ) > , < ( 5 , 1 ) ,   h ^  S 3  ( 5 , 1 ) > , < ( 5 , 3 ) ,   h ^  S 3  ( 5 , 3 ) > } ,  








where the corresponding hesitant fuzzy 2-dimension linguistic truth degrees are specified as


     h ^  S 1  ( 2 , 1 ) = { (   s ˙  1  ,   s ¨  4  ) , (   s ˙  2  ,   s ¨  5  ) }   ,     h ^  S 1  ( 1 , 3 ) = { (   s ˙  2  ,   s ¨  5  ) }   ,     h ^  S 1  ( 5 , 4 ) = { (   s ˙  2  ,   s ¨  3  ) , (   s ˙  3  ,   s ¨  4  ) , (   s ˙  4  ,   s ¨  5  ) } ,   










     h ^  S 1  ( 2 , 5 ) = { (   s ˙  0  ,   s ¨  4  ) , (   s ˙  1  ,   s ¨  5  ) }   ,     h ^  S 1  ( 3 , 2 ) = { (   s ˙  4  ,   s ¨  3  ) , (   s ˙  5  ,   s ¨  4  ) }   ,     h ^  S 1  ( 3 , 4 ) = { (   s ˙  2  ,   s ¨  3  ) , (   s ˙  3  ,   s ¨  4  ) } ,   










     h ^  S 2  ( 1 , 2 ) = { (   s ˙  2  ,   s ¨  5  ) , (   s ˙  3  ,   s ¨  6  ) }   ,     h ^  S 2  ( 3 , 1 ) = { (   s ˙  4  ,   s ¨  3  ) , (   s ˙  5  ,   s ¨  4  ) }   ,     h ^  S 2  ( 4 , 5 ) = { (   s ˙  0  ,   s ¨  4  ) , (   s ˙  1  ,   s ¨  5  ) , (   s ˙  2  ,   s ¨  6  ) } ,   










     h ^  S 2  ( 5 , 2 ) = { (   s ˙  0  ,   s ¨  6  ) }   ,     h ^  S 2  ( 2 , 3 ) = { (   s ˙  1  ,   s ¨  5  ) , (   s ˙  2  ,   s ¨  6  ) }   ,     h ^  S 2  ( 4 , 3 ) = { (   s ˙  2  ,   s ¨  4  ) , (   s ˙  3  ,   s ¨  5  ) } ,   










     h ^  S 3  ( 2 , 4 ) = { (   s ˙  2  ,   s ¨  6  ) , (   s ˙  3  ,   s ¨  6  ) }   ,     h ^  S 3  ( 1 , 4 ) = { (   s ˙  3  ,   s ¨  1  ) , (   s ˙  4  ,   s ¨  3  ) }   ,     h ^  S 3  ( 5 , 1 ) = { (   s ˙  1  ,   s ¨  3  ) } ,   










    h ^  S 3  ( 5 , 3 ) = { (   s ˙  0  ,   s ¨  5  ) , (   s ˙  1  ,   s ¨  6  ) } .  











In the following, we employ the proposed method in Section 3.4 to solve the above energy policy selection problem.



Since the criteria weights were incompletely known, and the HF2DLPIS and HF2DLNIS were unknown a priori, taking    h ^  = { (   s ˙   0.01   ,   s ¨   0.01   ) }  , the bi-objective hesitant fuzzy 2-dimension linguistic programming model can be constructed by Equation (23) to derive the criteria weights, HF2DLPIS and HF2DLNIS, and then to solve the constructed model effectively, it is transformed into the single-objective programming model according to Equation (30). By solving the single-objective programming model, the main components of the optimal solution can be obtained as follows:




	(1)

	
HF2DLPIS on each criterion:


    h ^    S 1   +  = { (   s ˙   0  . 7686    ,   s ¨   2  . 4118    ) , (   s ˙   2  . 3206    ,   s ¨   0  . 7084    ) , (   s ˙   4  . 8912    ,   s ¨   4  . 2648    ) } ,  










    h ^    S 2   +  = { (   s ˙   0  . 4292    ,   s ¨   1  . 1796    ) , (   s ˙   3  . 5970    ,   s ¨   4  . 2179    ) , (   s ˙   5  . 4019    ,   s ¨   5  . 1236    ) } ,  










    h ^    S 3   +  = { (   s ˙   1  . 0177    ,   s ¨   2.7557   ) , (   s ˙   2.6634   ,   s ¨   2.2841   ) , (   s ˙   4  . 5686    ,   s ¨   2  . 5376    ) } ,  










    h ^    S 4   +  = { (   s ˙   0.8396   ,   s ¨   2  . 4577    ) , (   s ˙   2  . 5270    ,   s ¨   1  . 8155    ) , (   s ˙   4  . 7413    ,   s ¨   3  . 5680    ) }  












	(2)

	
HF2DLNIS on each criterion:


    h ^    S 1   −  = { (   s ˙   0  . 7130    ,   s ¨   1  . 5466    ) , (   s ˙   4  . 5015    ,   s ¨   5  . 2705    ) , (   s ˙   5  . 3104    ,   s ¨   2  . 9779    ) } ,  










    h ^    S 2   −  = { (   s ˙   1  . 3569    ,   s ¨   2  . 7375    ) , (   s ˙   4  . 2017    ,   s ¨   5  . 0212    ) , (   s ˙   5  . 2284    ,   s ¨   3  . 7853    ) } ,  










    h ^    S 3   −  = { (   s ˙   1  . 5449    ,   s ¨   3  . 2719    ) , (   s ˙   3  . 4415    ,   s ¨   3  . 8579    ) , (   s ˙   4  . 9604    ,   s ¨   3  . 5702    ) } ,  










    h ^    S 4   −  = { (   s ˙   1  . 9102    ,   s ¨   3  . 5018    ) , (   s ˙   3  . 9837    ,   s ¨   4  . 6867    ) , (   s ˙   5  . 1090    ,   s ¨   3  . 3502    ) }  












	(3)

	
Weights of criteria:


    w 1  = 0.5453   ,    w 2  = 0.4196   ,    w 3  = 0.0094   ,    w 4  = 0.0253   

















Then, the distances between the alternative    A i  ( i = 1 , 2 , 3 , 4 , 5 )   and HF2DLPIS     h ^  S +    or HF2DLNIS     h ^  S −    can be calculated by Equations (12) and (13), as shown in Table 2 and Table 3.



Using Equation (14), the RCD    R i p    of alternative    A i  ( i = 1 , 2 , 3 , 4 , 5 )   to HF2DLPIS for DM    D p  ( p = 1 , 2 , 3 )   can be obtained, and the individual rankings of all alternatives are generated according to the descending order of RCDs, which are shown in Table 4.



Based on the individual rankings of alternatives, the individual ranking matrix    X p  =   (  x  i j  p  )   5 × 5     for DM    D p  ( p = 1 , 2 , 3 )   is constructed by Equation (31) as follows:


    X 1  =  (     0   0   0   1   0     0   1   0   0   0     0   0   1   0   0     0   0   0   0   1     1   0   0   0   0     )    ,    X 2  =  (     0   0   1   0   0     0   0   0   1   0     0   1   0   0   0     1   0   0   0   0     0   0   0   0   1     )    ,    X 3  =  (     0   1   0   0   0     0   0   0   0   1     0   0   0   1   0     0   0   1   0   0     1   0   0   0   0     )    











According to Equation (33), the single-objective assignment model is constructed as


    min   ∑  p = 1  3     ∑  i = 1  5     ∑  j = 1  5   |  x  i j  p  −  x  i j   |           s . t .  {        ∑  i = 1  5    x  i j   = 1   , j = 1 , 2 , … , 5         ∑  j = 1  5    x  i j   = 1   , i = 1 , 2 , … , 5        x  i j   = 0 o r 1 , i , j = 1 , 2 , … , 5          











By solving the above model, the group ranking matrix can be obtained, which is shown as follows:


  X =  (     0   0   1   0   0     0   1   0   0   0     0   0   0   1   0     0   0   0   0   1     1   0   0   0   0     )  .  











Therefore, the group ranking of all feasible alternatives    A i  ( i = 1 , 2 , 3 , 4 , 5 )   is determined as    A 3  ≻  A 2  ≻  A 4  ≻  A 5  ≻  A 1   , and the best alternative is A3.




4.2. Comparison with the Aggregation Operator-Based Method


To show the effectiveness of the proposed method in handling hesitant fuzzy 2-dimension linguistic MCGDM problems, the aggregation operator-based hesitant fuzzy 2-dimension linguistic MCGDM method [25] was used to solve the above case related to energy policy selection. The aggregation operator-based method is an easy method. With this method, all individual hesitant fuzzy 2-dimension linguistic decision matrices are first aggregated into a collective hesitant fuzzy 2-dimension linguistic decision matrix. Then, the aggregated decision matrix is used to make the final decision. The steps of the aggregation operator-based method are shown as follows:




	
Step 1. Utilize the generalized hesitant fuzzy 2-dimension linguistic ordered weighted average (G-HF2DLOWA) operator to aggregate all individual hesitant fuzzy 2-dimension linguistic decision matrices     H ^  S  ( p )   =   (   h ^    S  i j     ( p )   )   5 × 4   ( p = 1 , 2 , 3 )   shown in Table 1 into a collective hesitant fuzzy 2-dimension linguistic decision matrix     H ^  S  =   (  h ^   S  i j   )   5 × 4    , which is shown in Table 5.



	
Step 2. Utilize the generalized hesitant fuzzy 2-dimension linguistic weighted average (G-HF2DLWA) operator to aggregate the evaluation values     h ^    S  i j       of alternative Ai on all attributes (suppose λ = 1), and derive the overall evaluation values     h ^    S  i       of alternative    A i  = ( i = 1 , 2 , 3 , 4 , 5 )  . In the aggregation operator-based method, the weight vector of the criteria is given by DMs subjectively as w = (0.3,0.4,0.1,0.2)T. There are vast amounts of elements in     h ^    S  i       represented by an HF2DLE. Taking alternative A1 as an example, its overall assessment value is composed of 576 (i.e., 8 × 6 × 2 × 6) elements. Due to space limitations, we will not list them in this paper.



	
Step 3. Calculate the score values of the overall evaluation values     h ^    S i    ( i = 1 , 2 , 3 , 4 , 5 )   by Equation (9), which is shown as follows:


     S (   h ^    S 1    ) = 0.4997  ,    S (   h ^    S 2    ) = 0.4062   ,   S (   h ^    S 3    ) = 0.2815   ,   S (   h ^    S 4    ) = 0.3649   ,   S (   h ^    S 5    ) = 0.2369   











	
Step 4. According to the descending order of the score values   ,   S (   h ^    S i    )  , the ranking of all feasible alternatives    A i  ( i = 1 , 2 , 3 , 4 , 5 )   is obtained as    A 1  ≻  A 2  ≻  A 4  ≻  A 3  ≻  A 5   , and thus, the best alternative is A1.








Comparing the aggregation operator-based method with the proposed method, it is easy to observe that the results yielded by these two methods are obviously different. The reasons may be as follows: (1) The proposed method simultaneously considers the preference relations of pairwise comparisons between alternatives and the evaluation values of alternatives, while the aggregation operator-based method only considers the evaluation values of alternatives. (2) The aggregation-based method may lose information in aggregating all individual decision matrices into a collective decision matrix, while the proposed method first determines the individual ranking of alternatives for each DM and then obtains the group ranking of alternatives by synthesizing the individual rankings. (3) The proposed method determines the criterion weights objectively by a bi-objective hesitant fuzzy 2-dimension linguistic programming model, while in the aggregation operator-based method, the criteria weights are given by DMs subjectively in advance. Since the DMs may have incomplete and indeterminant information, the weights given by DMs might be wrong or unreasonable in some cases. In this sense, the proposed method is better because it considers more information in the analysis process and reduces the influence of subjective factors on final decision results.




4.3. Comparison with the Hesitant Fuzzy Linguistic LINMAP Method


To show the effectiveness of the proposed method in adopting HF2DLEs to preserve the DMs’ hesitant qualitative preference information, we compared the results obtained by the hesitant fuzzy linguistic LINMAP method [33] and the proposed method. In the hesitant fuzzy linguistic LINMAP method [33], the evaluation values of alternatives are denoted by HFLEs, and the truth degrees of alternative comparisons are denoted by crisp numbers in [0, 1]. Thus, the individual hesitant fuzzy 2-dimension linguistic decision matrices     H ^  S  ( p )   =   (   h ^    S  i j     ( p )   )   5 × 4     shown in Table 1 should be transformed into individual hesitant fuzzy linguistic decision matrices    H S  ( p )   =   (  h   S  i j     ( p )   )   5 × 4   ( p = 1 , 2 , 3 )   by only extracting the first dimension linguistic information in HF2DLEs, as shown in Table 6, and the hesitant fuzzy 2-dimension linguistic truth degrees of alternative comparisons are transformed into crisp numbers with score function of HF2DLE, which are shown as follows:


     Ω 1  =   { < ( 2 , 1 ) , 0.1944 > , < ( 1 , 3 ) , 0.2777 > , < ( 5 , 4 ) , 0.3519 > , < ( 2 , 5 ) , 0.1389 > ,      < ( 3 , 2 ) , 0.4450 > , < ( 3 , 4 ) , 0.2501 > } ,    










     Ω 2  =   { < ( 1 , 2 ) , 0  . 3889  > , < ( 3 , 1 ) , 0  . 4444  > , < ( 4 , 5 ) , 0  . 2361  > , < ( 5 , 2 ) , 0 > ,      < ( 2 , 3 ) , 0  . 2361  > , < ( 4 , 3 ) , 0  . 3194  > } ,    










   Ω 3  = { < ( 2 , 4 ) , 0  . 4167  > , < ( 1 , 4 ) , 0  . 2083  > , < ( 5 , 1 ) , 0  . 0417  > , < ( 5 , 3 ) , 0  . 0833  > } .  











First, we use the hesitant fuzzy linguistic weighted average (HFLWA) operator to aggregate all individual hesitant fuzzy linguistic decision matrices    H S  ( p )   =   (  h   S  i j     ( p )   )   5 × 4   ( p = 1 , 2 , 3 )   into a collective hesitant fuzzy linguistic decision matrix    H S   =   (  h   S  i j      )   5 × 4    , which is shown in Table 7.



Taking    q ˜  = 0.001  , by constructing the group inconsistency and consistency indices based on the distance measure between each alternative and PIS, a hesitant fuzzy linguistic programming model is constructed by minimizing the group inconsistency index. Using the developed solution method for the hesitant fuzzy linguistic programming model, the main components of the optimal solution can be obtained as follows:


    w 1  = 0.5336   ,    w 2  = 0.4141   ,    w 3  = 0.0208   ,    w 4  = 0.0315 ;   










    h   S 1   +  = {   s ˙   2.1434   ,   s ˙   3.7434   ,   s ˙   4.9451   }   ,    h   S 2   +  = {   s ˙   1.5196   ,   s ˙   3.2577   ,   s ˙   5.0687   } ,     










    h   S 3   +  = { (   s ˙   1.5132   ,   s ˙   3.3163   ,   s ˙   4.8806   }   ,    h   S 4   +  = {   s ˙   1.1709   ,   s ˙   2.7938   ,   s ˙   4.5785   } .   











Then, the distances between alternatives    A i  ( i = 1 , 2 , 3 , 4 , 5 )   and PIS can be obtained as    d 1  = 0.1980  ,    d 2  = 0.3369  ,    d 3  = 0.2146  ,    d 4  = 0.1377  , and    d 5  = 0.1729  . Therefore, according to the ascending order of distances, the ranking of all feasible alternatives is obtained as    A 4  ≻  A 5  ≻  A 1  ≻  A 3  ≻  A 2   , and the best alternative is A4.



It can be inferred that the results obtained by the hesitant fuzzy linguistic LINMAP method and the proposed method are obviously different, i.e., the best alternative obtained by the proposed method is A3, while the best alternative obtained by the hesitant fuzzy linguistic LINMAP method is A4. In the hesitant fuzzy linguistic LINMAP method, the crisp numbers and HFLEs are, respectively, used to express the truth degrees of alternative comparisons and the evaluation values of alternatives. Due to the fuzzy or uncertain information in decision making and the hesitation of human thinking, it may be impossible for DMs to use crisp numbers to provide the truth degrees of alternative comparisons, and the importance of linguistic terms in an HFLE are different. Considering the flexibility of HF2DLTS in reflecting DMs’ hesitant qualitative preference information, this paper adopted HF2DLEs to provide the evaluation values of alternatives and the truth degrees of alternative comparisons. Since the HF2DLEs can be converted into HFLEs or crisp numbers, the latter can be regarded as special cases of the former.




4.4. Comparison with Other Existing MCGDM Methods


To further demonstrate the effectiveness of the proposed method, we compare other methods [58,59] with our proposed method in this subsection.



	(1)

	
Riaz et al. [58] proposed novel methods for solving MCGDM problems in which the evaluation values of alternatives are denoted as hesitant fuzzy soft set (HFS-set). Xu et al. [59] investigated a missing value estimation and consensus analysis method for incomplete preference relations expressed by an unordered hesitant fuzzy element (HFE). No matter whether it is an HFS set or unordered HFE, it uses a set of numerical values to express the possible degrees of an alternative satisfying the parameter specified or the preference degrees of pairwise comparisons between alternatives. Due to the increasing vagueness and uncertainty in decision making, numerical values may be inadequate to describe these degrees. Compared with other methods [58,59], our proposed method of adopting HF2DLEs to depict both the evaluation values of alternatives and the truth degrees of alternative comparisons is capable of better modeling the real-life MCGDM problems, especially under the hesitant linguistic environment.




	(2)

	
The methods proposed in [58,59] either only consider the evaluation values of alternatives or only consider the preference relations of alternative comparisons, while our proposed method takes both evaluation values of alternatives and preference relations of alternative comparisons.




	(3)

	
In the method proposed in [58], criteria weights should be given in advance. If criteria weights are completely unknown or partially known, the method cannot be used. However, in our proposed method, there is no need to give criteria weights in advance, and criteria weights can be determined objectively by constructing a programming model.




	(4)

	
If the preference relations are incomplete in the method proposed in [59], we should estimate the missing elements based on multiplicative consistency to complement preference relations before consensus analysis, while our proposed method can be directly used to handle the incomplete or even non-transitive preference relations.









5. Conclusions


HF2DLTS is a powerful technique to represent the DM’s hesitant qualitative preference information, especially in some complicated MCGDM problems. In this paper, a novel fuzzy programming method was proposed to solve MCGDM problems in which the evaluation values of alternatives and the truth degrees of pairwise comparisons between alternatives were denoted by HF2DLEs, and the preferences over alternatives and criteria were incomplete. To obtain the RCDs of all alternatives to HF2DLPIS for each DM, the Euclidean distance measure between HF2DLEs was defined. Then, according to RCDs and preference relations on alternatives, the hesitant fuzzy 2-dimension linguistic group consistency and inconsistency indices were constructed, respectively, based on which a bi-objective hesitant fuzzy 2-dimension linguistic programming model was constructed by minimizing the group inconsistency index, as well as maximizing the group consistency index, to determine criteria weights, HF2DLPIS and HF2DLNIS, objectively. Furthermore, the individual ranking of alternatives furnished by each DM was subsequently obtained according to the descending order of RCDs, and to generate the group ranking of alternatives, a single-objective assignment model was established by minimizing the deviations between individual rankings and the group ranking, and thus, the most desirable alternative was determined. Finally, a case study about energy policy selection was provided to illustrate the applicability of the proposed method. Some comparison analyses with the aggregation operator-based hesitant fuzzy 2-dimension linguistic MCGDM method, the hesitant fuzzy linguistic LINMAP method, and other existing MCGDM methods were conducted to demonstrate the effectiveness of the proposed method.



The main features of the proposed method are that both the truth degrees of pairwise comparisons between alternatives and the evaluation values of alternatives given by DMs are formulated as HF2DLEs, and criteria weights, HF2DLPIS and HF2DLNIS, are obtained objectively instead of being given subjectively in advance. However, the proposed method also has some limitations: If there are too many criteria or alternatives, the size of the hesitant fuzzy 2-dimension linguistic programming model might be quite large, but some software packages can be used to solve it. In future research, it is interesting to consider how to construct the programming model for hesitant fuzzy 2-dimension linguistic MCGDM problems with low consensus degree or criteria interactions. Additionally, we will apply the proposed method to solve other complicated decision-making problems, such as supplier selection, risk investment, healthcare management, etc.
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The following abbreviations are used in this manuscript:



	2DLTS
	2-dimension linguistic term set



	DM
	Decision maker



	DHHFLTS
	Double hierarchy hesitant fuzzy linguistic term set



	DHFLTS
	Dual hesitant fuzzy linguistic term set



	ELECTRE
	Elimination and choice translating reality



	EHFLTS
	Extended hesitant fuzzy linguistic term set



	HF2DLE
	Hesitant fuzzy 2-dimension linguistic element



	HF2DLNIS
	Hesitant fuzzy 2-dimension linguistic negative ideal solution



	HF2DLPIS
	Hesitant fuzzy 2-dimension linguistic positive ideal solution



	HF2DLTS
	Hesitant fuzzy 2-dimension linguistic term set



	HFE
	Hesitant fuzzy element



	HFLE
	Hesitant fuzzy linguistic element



	HFLTS
	Hesitant fuzzy linguistic term set



	HFS
	Hesitant fuzzy set



	HFS-set
	Hesitant fuzzy soft set



	LINMAP
	Linear programming technique for multidimensional analysis of preference



	LTS
	Linguistic term set



	MCDM
	Multicriteria decision making



	MCGDM
	Multicriteria group decision making



	NIS
	Negative ideal solution



	PIS
	Positive ideal solution



	PLTS
	Probabilistic linguistic term set



	RCD
	Relative closeness degree



	TOPSIS
	Technique for order preference by similarity to ideal solution



	VIKOR
	Visekriterijumska optimizacija i kompromisno resenje in Serbian
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Table 1. Individual hesitant fuzzy 2-dimension linguistic decision matrices.






Table 1. Individual hesitant fuzzy 2-dimension linguistic decision matrices.





	
DMs

	
Alternatives

	
C1

	
C2

	
C3

	
C4






	
D1

	
A1

	
   { (   s ˙  4  ,   s ¨  4  ) , (   s ˙  5  ,   s ¨  2  ) }   

	
   { (   s ˙  3  ,   s ¨  6  ) , (   s ˙  4  ,   s ¨  2  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) }   

	
   { (   s ˙  2  ,   s ¨  4  ) , (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  2  ) }   




	
A2

	
   { (   s ˙  1  ,   s ¨  5  ) , (   s ˙  2  ,   s ¨  3  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) , (   s ˙  6  ,   s ¨  4  ) }   

	
   { (   s ˙  2  ,   s ¨  6  ) , (   s ˙  3  ,   s ¨  4  ) }   

	
   { (   s ˙  3  ,   s ¨  3  ) , (   s ˙  4  ,   s ¨  5  ) }   




	
A3

	
   { (   s ˙  2  ,   s ¨  1  ) , (   s ˙  3  ,   s ¨  4  ) }   

	
   { (   s ˙  3  ,   s ¨  2  ) }   

	
   { (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  4  ) , (   s ˙  5  ,   s ¨  3  ) }   

	
   { (   s ˙  4  ,   s ¨  5  ) }   




	
A4

	
   { (   s ˙  4  ,   s ¨  5  ) }   

	
   { (   s ˙  3  ,   s ¨  4  ) , (   s ˙  4  ,   s ¨  2  ) }   

	
   { (   s ˙  4  ,   s ¨  3  ) , (   s ˙  5  ,   s ¨  5  ) }   

	
   { (   s ˙  1  ,   s ¨  4  ) , (   s ˙  2  ,   s ¨  4  ) , (   s ˙  3  ,   s ¨  2  ) }   




	
A5

	
   { (   s ˙  5  ,   s ¨  4  ) , (   s ˙  6  ,   s ¨  1  ) }   

	
   { (   s ˙  0  ,   s ¨  5  ) , (   s ˙  1  ,   s ¨  3  ) }   

	
   { (   s ˙  3  ,   s ¨  4  ) }   

	
   { (   s ˙  1  ,   s ¨  4  ) , (   s ˙  2  ,   s ¨  3  ) }   




	
D2

	
A1

	
   { (   s ˙  5  ,   s ¨  3  ) , (   s ˙  6  ,   s ¨  4  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) }   

	
   { (   s ˙  3  ,   s ¨  4  ) , (   s ˙  4  ,   s ¨  3  ) }   

	
   { (   s ˙  4  ,   s ¨  6  ) , (   s ˙  5  ,   s ¨  3  ) }   




	
A2

	
   { (   s ˙  1  ,   s ¨  5  ) , (   s ˙  2  ,   s ¨  3  ) }   

	
   { (   s ˙  4  ,   s ¨  5  ) , (   s ˙  5  ,   s ¨  3  ) , (   s ˙  6  ,   s ¨  4  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) , (   s ˙  6  ,   s ¨  3  ) }   

	
   { (   s ˙  5  ,   s ¨  3  ) }   




	
A3

	
   { (   s ˙  1  ,   s ¨  2  ) , (   s ˙  2  ,   s ¨  3  ) , (   s ˙  3  ,   s ¨  4  ) }   

	
   { (   s ˙  5  ,   s ¨  5  ) }   

	
   { (   s ˙  4  ,   s ¨  4  ) , (   s ˙  5  ,   s ¨  6  ) }   

	
   { (   s ˙  1  ,   s ¨  4  ) , (   s ˙  2  ,   s ¨  2  ) }   




	
A4

	
   { (   s ˙  5  ,   s ¨  4  ) }   

	
   { (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  2  ) }   

	
   { (   s ˙  5  ,   s ¨  3  ) }   

	
   { (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  3  ) }   




	
A5

	
   { (   s ˙  4  ,   s ¨  6  ) , (   s ˙  5  ,   s ¨  3  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) , (   s ˙  6  ,   s ¨  3  ) }   

	
   { (   s ˙  3  ,   s ¨  2  ) , (   s ˙  4  ,   s ¨  4  ) }   

	
   { (   s ˙  3  ,   s ¨  4  ) }   




	
D3

	
A1

	
   { (   s ˙  4  ,   s ¨  6  ) ,  (   s ˙  5  ,   s ¨  2  )  }   

	
   { (   s ˙  2  ,   s ¨  3  ) , (   s ˙  3  ,   s ¨  4  ) , (   s ˙  4  ,   s ¨  1  ) }   

	
   { (   s ˙  3  ,   s ¨  4  ) }   

	
   { (   s ˙  4  ,   s ¨  5  ) }   




	
A2

	
   { (   s ˙  5  ,   s ¨  5  ) }   

	
   { (   s ˙  5  ,   s ¨  4  ) , (   s ˙  6  ,   s ¨  3  ) }   

	
   { (   s ˙  1  ,   s ¨  3  ) , (   s ˙  2  ,   s ¨  5  ) }   

	
   { (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  6  ) }   




	
A3

	
   { (   s ˙  3  ,   s ¨  5  ) , (   s ˙  4  ,   s ¨  1  ) }   

	
   { (   s ˙  5  ,   s ¨  3  ) }   

	
   { (   s ˙  2  ,   s ¨  5  ) , (   s ˙  3  ,   s ¨  1  ) }   

	
   { (   s ˙  4  ,   s ¨  0  ) , (   s ˙  5  ,   s ¨  3  ) }   




	
A4

	
   { (   s ˙  2  ,   s ¨  4  ) , (   s ˙  3  ,   s ¨  1  ) }   

	
   { (   s ˙  0  ,   s ¨  5  ) , (   s ˙  1  ,   s ¨  2  ) }   

	
   { (   s ˙  1  ,   s ¨  3  ) , (   s ˙  2  ,   s ¨  4  ) , (   s ˙  3  ,   s ¨  2  ) }   

	
   { (   s ˙  4  ,   s ¨  5  ) }   




	
A5

	
   { (   s ˙  4  ,   s ¨  3  ) }   

	
   { (   s ˙  4  ,   s ¨  6  ) , (   s ˙  5  ,   s ¨  3  ) }   

	
   { (   s ˙  4  ,   s ¨  0  ) , (   s ˙  5  ,   s ¨  3  ) , (   s ˙  6  ,   s ¨  2  ) }   

	
   { (   s ˙  2  ,   s ¨  5  ) }   
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Table 2. Distances between alternatives and HF2DLPIS.
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DMs

	
A1

	
A2

	
A3

	
A4

	
A5






	
D1

	
0.0903

	
0.0374

	
0.0879

	
0.0453

	
0.1702




	
D2

	
0.0607

	
0.0763

	
0.0415

	
0.0438

	
0.0884




	
D3

	
0.1523

	
0.0170

	
0.1080

	
0.1472

	
0.0383
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Table 3. Distances between alternatives and HF2DLNIS.
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	DMs
	A1
	A2
	A3
	A4
	A5





	D1
	0.0320
	0.0675
	0.1414
	0.1088
	0.0986



	D2
	0.0704
	0.0978
	0.1003
	0.1035
	0.0028



	D3
	0.0445
	0.0944
	0.0832
	0.1422
	0.0867
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Table 4. RCDs and individual rankings of alternatives.
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DMs

	
A1

	
A2

	
A3

	
A4

	
A5

	
Individual Rankings






	
D1

	
0.2613

	
0.6437

	
0.6165

	
0.7061

	
0.3669

	
    A 4  ≻  A 2  ≻  A 3  ≻  A 5  ≻  A 1    




	
D2

	
0.5371

	
0.5617

	
0.7072

	
0.7026

	
0.0304

	
    A 3  ≻  A 4  ≻  A 2  ≻  A 1  ≻  A 5    




	
D3

	
0.2262

	
0.8473

	
0.4353

	
0.4914

	
0.6933

	
    A 2  ≻  A 5  ≻  A 4  ≻  A 3  ≻  A 1    
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Table 5. Collective hesitant fuzzy 2-dimension linguistic decision matrix.
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	Alternatives
	C1
	C2
	C3
	C4





	A1
	{  (   s ˙   4.3182   ,   s ¨  3  )  ,   (   s ˙   4.5858   ,   s ¨  2  )  ,

  (   s ˙   4.8108   ,   s ¨  2  )  ,   (   s ˙   5.0000   ,   s ¨  2  )  ,

  (   s ˙   6.0000   ,   s ¨  4  )    , (   s ˙   6.0000   ,   s ¨  2  )  ,

  (   s ˙   6.0000   ,   s ¨  2  )    , (   s ˙   6.0000   ,   s ¨  2  )  }
	{  (   s ˙   3.5505   ,   s ¨  3  )  ,   (   s ˙   3.7205   ,   s ¨  4  )  ,

  (   s ˙   3.9402   ,   s ¨  1  )  ,   (   s ˙   4.0000   ,   s ¨  2  )  ,

  (   s ˙   4.1388   ,   s ¨  2  )  ,   (   s ˙   4.3182   ,   s ¨  1  )  }
	{  (   s ˙   3.7205   ,   s ¨  4  )    , (   s ˙   4.1388   ,   s ¨  3  )  }
	{  (   s ˙   3.6216   ,   s ¨  4  )  ,   (   s ˙   3.7866   ,   s ¨  5  )  ,

  (   s ˙   4.0000   ,   s ¨  2  )    , (   s ˙   4.3182   ,   s ¨  3  )  ,

  (   s ˙   4.4349   ,   s ¨  3  )  ,   (   s ˙   4.5858   ,   s ¨  2  )  }



	A2
	{   (   s ˙   2.6563   ,   s ¨  5  ) ,   (   s ˙   2.8377   ,   s ¨  3  ) ,   

   (   s ˙   3.0093   ,   s ¨  3  ) ,   (   s ˙   3.1716   ,   s ¨  3  )   }
	{   (   s ˙   4.5858   ,   s ¨  4  ) ,   (   s ˙   5.0000   ,   s ¨  3  )   ,

   (   s ˙   6.0000   ,   s ¨  3  ) ,   (   s ˙   6.0000   ,   s ¨  3  )   ,

  (   s ˙   6.0000   ,   s ¨  4  )    , (   s ˙   6.0000   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  4  )    , (   s ˙   6.0000   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  3  )    , (   s ˙   6.0000   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  4  )    , (   s ˙   6.0000   ,   s ¨  3  )  }
	{  (   s ˙   3.0093   ,   s ¨  3  )    , (   s ˙   3.1716   ,   s ¨  4  )  ,

  (   s ˙   3.4100   ,   s ¨  3  )    , (   s ˙   3.5505   ,   s ¨  4  )  ,

  (   s ˙   6.0000   ,   s ¨  3  )    , (   s ˙   6.0000   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  3  )    , (   s ˙   6.0000   ,   s ¨  3  )  }
	{  (   s ˙   4.2679   ,   s ¨  3  )    , (   s ˙   4.4349   ,   s ¨  3  )  ,

  (   s ˙   4.4349   ,   s ¨  3  )    , (   s ˙   4.5858   ,   s ¨  3  )  }



	A3
	{  (   s ˙   2.0640   ,   s ¨  1  )    , (   s ˙   2.2776   ,   s ¨  1  )  ,

  (   s ˙   2.4434   ,   s ¨  1  )    , (   s ˙   2.5359   ,   s ¨  1  )  ,

  (   s ˙   2.5913   ,   s ¨  2  )    , (   s ˙   2.6364   ,   s ¨  1  )  ,

  (   s ˙   2.7763   ,   s ¨  3  )    , (   s ˙   2.8698   ,   s ¨  1  )  ,

  (   s ˙   2.9199   ,   s ¨  1  )    , (   s ˙   3.0000   ,   s ¨  4  )  ,

  (   s ˙   3.0870   ,   s ¨  1  )    , (   s ˙   3.2892   ,   s ¨  1  )  }
	{   (   s ˙   4.6839   ,   s ¨  2  )  }
	{  (   s ˙   3.0870   ,   s ¨  4  )    , (   s ˙   3.2892   ,   s ¨  1  )  ,

  (   s ˙   3.5505   ,   s ¨  5  )    , (   s ˙   3.6216   ,   s ¨  4  )  ,

  (   s ˙   3.7205   ,   s ¨  1  )    , (   s ˙   3.7866   ,   s ¨  1  )  ,

  (   s ˙   4.0000   ,   s ¨  4  )    , (   s ˙   4.1388   ,   s ¨  1  )  ,

  (   s ˙   4.3182   ,   s ¨  3  )    , (   s ˙   4.4349   ,   s ¨  1  )  ,

  (   s ˙   4.5858   ,   s ¨  3  )    , (   s ˙   4.6839   ,   s ¨  1  )  }
	{  (   s ˙   3.4851   ,   s ¨  0  )    , (   s ˙   3.6216   ,   s ¨  0  )  ,

  (   s ˙   4.2217   ,   s ¨  3  )    , (   s ˙   4.3182   ,   s ¨  2  )  }



	A4
	{  (   s ˙   4.3182   ,   s ¨  4  )    , (   s ˙   4.4349   ,   s ¨  1  )  }
	{  (   s ˙   2.4324   ,   s ¨  4  )    , (   s ˙   2.5913   ,   s ¨  2  )  ,

  (   s ˙   2.7763   ,   s ¨  2  )    , (   s ˙   2.9199   ,   s ¨  2  )  ,

  (   s ˙   3.0870   ,   s ¨  2  )    , (   s ˙   3.2168   ,   s ¨  2  )  ,

  (   s ˙   3.3679   ,   s ¨  2  )    , (   s ˙   3.4851   ,   s ¨  2  )  }
	{  (   s ˙   4.2217   ,   s ¨  3  )    , (   s ˙   4.3182   ,   s ¨  3  )  ,

  (   s ˙   4.4349   ,   s ¨  2  )    , (   s ˙   4.5047   ,   s ¨  3  )  ,

  (   s ˙   4.5858   ,   s ¨  3  )    , (   s ˙   4.6839   ,   s ¨  2  )  }
	{  (   s ˙   2.9199   ,   s ¨  4  )    , (   s ˙   3.0870   ,   s ¨  4  )  ,

  (   s ˙   3.2892   ,   s ¨  2  )    , (   s ˙   3.4851   ,   s ¨  3  )  ,

  (   s ˙   3.6216   ,   s ¨  3  )    , (   s ˙   3.7866   ,   s ¨  2  )  }



	A5
	{  (   s ˙   4.5858   ,   s ¨  3  )    , (   s ˙   4.8108   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  1  )    , (   s ˙   6.0000   ,   s ¨  1  )  }
	{  (   s ˙   4.1388   ,   s ¨  4  )    , (   s ˙   4.2217   ,   s ¨  3  )  ,

  (   s ˙   4.4349   ,   s ¨  3  )    , (   s ˙   4.5047   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  3  )    , (   s ˙   6.0000   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  3  )    , (   s ˙   6.0000   ,   s ¨  3  )  }
	{  (   s ˙   3.2892   ,   s ¨  0  )    , (   s ˙   3.7205   ,   s ¨  2  )  ,

  (   s ˙   3.7866   ,   s ¨  0  )    , (   s ˙   4.1388   ,   s ¨  3  )  ,

  (   s ˙   6.0000   ,   s ¨  2  )    , (   s ˙   6.0000   ,   s ¨  2  )  }
	{  (   s ˙   2.0640   ,   s ¨  4  )    , (   s ˙   2.2776   ,   s ¨  3  )  }
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Table 6. Individual hesitant fuzzy linguistic decision matrices.
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DMs

	
Alternatives

	
C1

	
C2

	
C3

	
C4






	
D1

	
A1

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  5  }   

	
   {   s ˙  2  ,   s ˙  3  ,   s ˙  4  }   




	
A2

	
   {   s ˙  1  ,   s ˙  2  }   

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  3  ,   s ˙  4  }   




	
A3

	
   {   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  3  }   

	
   {   s ˙  3  ,   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  4  }   




	
A4

	
   {   s ˙  4  }   

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  1  ,   s ˙  2  ,   s ˙  3  }   




	
A5

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  0  ,   s ˙  1  }   

	
   {   s ˙  3  }   

	
   {   s ˙  1  ,   s ˙  2  }   




	
D2

	
A1

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  5  }   

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  4  ,   s ˙  5  }   




	
A2

	
   {   s ˙  1  ,   s ˙  2  }   

	
   {   s ˙  4  ,   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  5  }   




	
A3

	
   {   s ˙  1  ,   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  5  }   

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  1  ,   s ˙  2  }   




	
A4

	
   {   s ˙  5  }   

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  5  }   

	
   {   s ˙  3  ,   s ˙  4  }   




	
A5

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  3  }   




	
D3

	
A1

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  2  ,   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  3  }   

	
   {   s ˙  4  }   




	
A2

	
   {   s ˙  5  }   

	
   {   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  1  ,   s ˙  2  }   

	
   {   s ˙  3  ,   s ˙  4  }   




	
A3

	
   {   s ˙  3  ,   s ˙  4  }   

	
   {   s ˙  5  }   

	
   {   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  4  ,   s ˙  5  }   




	
A4

	
   {   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  0  ,   s ˙  1  }   

	
   {   s ˙  1  ,   s ˙  2  ,   s ˙  3  }   

	
   {   s ˙  4  }   




	
A5

	
   {   s ˙  4  }   

	
   {   s ˙  4  ,   s ˙  5  }   

	
   {   s ˙  4  ,   s ˙  5  ,   s ˙  6  }   

	
   {   s ˙  2  }   
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Table 7. Collective hesitant fuzzy linguistic decision matrix.
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	Alternatives
	C1
	C2
	C3
	C4





	A1
	   {   s ˙   4.3333   ,   s ˙   4.8333   ,   s ˙   5.3333   }   
	   {   s ˙   3.3333   ,   s ˙   3.8333   ,   s ˙   4.3333   }   
	   {   s ˙   3.6667   ,   s ˙   3.8333   ,   s ˙  4  }   
	   {   s ˙   3.3333   ,   s ˙   3.8333   ,   s ˙   4.3333   }   



	A2
	   {   s ˙   2.3333   ,   s ˙   2.6667   ,   s ˙  3  }   
	   {   s ˙   4.6667   ,   s ˙   5.3333   ,   s ˙  6  }   
	   {   s ˙   2.6667   ,   s ˙   3.1667   ,   s ˙   3.6667   }   
	   {   s ˙   3.6667   ,   s ˙  4  ,   s ˙   4.3333   }   



	A3
	   {   s ˙  2  ,   s ˙   2.6667   ,   s ˙   3.3333   }   
	   {   s ˙   4.3333   ,   s ˙   4.3333   ,   s ˙   4.3333   }   
	   {   s ˙  3  ,   s ˙   3.6667   ,   s ˙   4.3333   }   
	   {   s ˙  3  ,   s ˙   3.3333   ,   s ˙   3.6667   }   



	A4
	   {   s ˙   3.6667   ,   s ˙   3.8333   ,   s ˙  4  }   
	   {   s ˙  2  ,   s ˙   2.5   ,   s ˙  3  }   
	   {   s ˙   3.3333   ,   s ˙   3.8333   ,   s ˙   4.3333   }   
	   {   s ˙   2.6667   ,   s ˙   3.1667   ,   s ˙   3.6667   }   



	A5
	   {   s ˙  4.3333  ,   s ˙   4.6667   ,   s ˙  5  }   
	   {   s ˙  3  ,   s ˙   3.5   ,   s ˙  4  }   
	   {   s ˙   3.3333   ,   s ˙   3.8333   ,   s ˙   4.3333   }   
	   {   s ˙  2  ,   s ˙   2.1667   ,   s ˙   2.3333   }   
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