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1. Introduction

In 1782, Adrien-Marie Legendre discovered Legendre polynomials, which have numer-
ous physical applications. The Legendre polynomials Py, (x), sometimes called Legendre
functions of the first kind, are the particular solutions to the Legendre differential equation

(1 - xz)y” - ny/ +n(n+1)y =0, neNy,|x| <1

Here and in the following, let C and N denote the sets of complex numbers and
positive integers, respectively, and let Ny = N U {0}. The Legendre polynomials are
defined by Rodrigues’ formula

1
T 2npldxn

Py() (#-1)" (neny),

for arbitrary real or complex values of the variable x. The Legendre polynomials P, (x) are
generated by the following function

1 o0

Vel DRI @
- n=0

_1
where the particular branch of (1 — 2xt +#2) 2 is taken to be 1 as t — 0. The first few
Legendre polynomials are

_ _ _ e _ (s
Po(x) =1, Pi(x) = x, Py(x) = E<3x 1), Py(x) = §(5x 3x).
A general case of the Legendre polynomials and their applications can be found in [1,2].

Let A be the class of analytic functions in the open unit disc U = {z € C: |z| < 1} with
the following Taylor-Maclaurin series expansion

flz)=z+ ianz", @)
n=2
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and let S be the subclass of .4 consisting of univalent functions in U. An important member

of the class S is the Koebe function
1+2z)\? >
1| = n
() o - £

for every z € U. This function maps U in a one-to-one manner onto the domain D that
consists of the entire complex plane except for a slit along the negative real axis from
w=—ocotow = —}1. The function

K(z) = z(1 — 2)2 :i

p(z) =
V1—2zcosa + 22

is in P for every real « (see [[3] Page 102]), where P is the Caratheodory class defined by

P ={p(z): R(p(z)) >0,z U},

p(z) =1+ c1z + cpz* + - - -. By using (1), it is easy to check that

p(z) =1+ E [Py(cosa) — P, _q(cosa)]z",
=t ®)
=1+ Y Byz",z € U.

n=1
If we consider

1 1-2zcosa+2
(¢(2))* (1-2)*
=1+2(1—cosa)

7

1-2)7

From the geometric properties of the Koebe function, the function ¢ maps the unit

disc onto the right plane R(w) > 0 minus the slit along the positive real axis from m
b

to co. ¢(U) is univalent, symmetric with respect to the real axis and starlike with respect
to ¢(0) = 1. It is well known, by using the Koebe one-quarter theorem [4], that every
univalent function f € S has an inverse function f~!, which is defined by

@)=z (zeu),

and
ff @) = (el ={weC:|u| < g})

where

g(w) = fHw) = w— ayw® + (245 — az)w® — (5a3 — Sazaz + ag)w* + ...

The function f € S is said to be a bi-univalent function if its inverse f~! is also
univalent in U. Let ¢ be the class of all bi-univalent functions in U. Lewin [5] is the first
author who introduced the class of analytic bi-univalent functions and estimated the second
coefficient |a,|. Many authors created several subclasses of analytic bi-univalent functions
and found the bounds for the first two coefficients |a;| and |a3| , see for example [6-23]. Let
Q) be the class of all analytic functions w in U which satisfy these conditions w(0) = 0 and
|w(z)| < 1forallz € U. A function f is said to be subordinate to g, written as f(z) < g(z)
if there exists a Schwarz function w € Q such that f(z) = g(w(z)). Furthermore, if the
function g is univalent in U, then f is subordinate to g is equivalent to f(0) = g(0) and

fu) cg(u).
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Definition 1. A function f € o belongs to the class Ly (A, ) with 0 < A < 1 if the following

subordination conditions are satisfied

zf (2) zf (2)
A(1+f,(z)>+(1—)\)< ><¢(z) (ze U,

and

where g(w) = f~1(w).

Definition 2. A function f € o belongs to the class Ly (7y, p, ¢) with 0 < vy, p < 1 if the following

subordination conditions are satisfied

f(z)

(1=7+20)= = +(1=20)f (2) +p2f (2) < 9(2) (z€Ul),

and
g(w)

(17 +20)% = + (v~ 2p)g (w) +pwg () < Pp(w) (we

where g(w) = f~1(w).

u,

Remark 1. In Definition 1, if A = 1 and « = 7, then the subclass in [15] will be obtained. If
A = 0and o = 71, then the subclass in [24] will be obtained. In addition, putting o = 7, this

yields to the subclass in [25].

Remark 2. In Definition 2, taking p = 0 and a = 71, the subclass in [26] will be obtained. In

addition, putting v = 1,0 = 0 and « = 71, this yields to the subclass in [27].

In this paper, the estimates for initial coefficients of functions in the two classes

Ly (A, ¢) and Ly (7, p, ¢) are found.

2. The Estimate of the Coefficients for the Classes L, (A, ¢) and Ly (1, p, $)

Lemma 1 ([4]). Let w € Qwith w(z) = OZO‘, wyz" (z € U). Then

n=1
1] <1, o] < T—Jwn|* (n € N\{1}).

Theorem 1. Let the function f € Ly (A, ¢). Then

o] < V2(1 — cosa)
2= VA +A)BA(cosa + 1) +5+cosa]’
and
_ . 1+A)?
- 21(15325/{!) if cosa>1~ 2((1+2)/\)
az| <
(1—cos@)[2(1+24) (1—cos ) —(1+A)*] | 1— ; (1+1)
(1-&?;;;((1—1—/\)[3A(cosvcc-(&)-si;(+5+cosa] + 2(15r025/\a) lf cosa <1-— 2(142A)

Proof. Since f € Ly (A, ¢), from Definition 1, we have

'@\ o[ F DY _ i o
A<1+ f’(z)>+(l M(f(z) > = ¢(u(z)) (z € U),

4)
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and , )
wg (w) wg (w)
M1+ —= +(1-41) =¢(v(w)) (wel), (5)
( g () ) ( sw) )7
for some 0 < A < 1, where g(w) = f~!(w) and u,v € Q such that
u(z) =Y bpz",
n=1
and -
o(w) =Y cw”.
n=1
Then
¢(u(z)) =1+ Bibyz + (Blbz + sz%)zz + (Blbg 4 2b1by By + ng{’)z?’ Yo (6
and
¢(v(w)) =1+ Bioyw + (Bch + Bzc§)w2 + (31C3 +2c102B, + B3c§)w3 TNV
where
By =cosa—1,B; = %(cosrx —1)(1+43cosa) and B3 = %(5cos3oc —3cos’>w —3cosa + 1). 8)
Then, Equations (4) and (5) become
A1+ 2apz + (6a3 — 4a3)z* +..] + (1 — A)[1 + axz + (2a3 — a3) 2> + ...] ©)
=1+ Bibiz+ (Blbz + sz%)z2 + (Blb3 + 2b1byBy + B3b:1)’)Z3 + ...,
and
A1 = 2aw + (843 — 6az)w? + .| + (1 — A)[1 — apw + (343 — 2a3)w? + ...] (10)
=1+ Bjcqw + (31C2 + BzC%)w2 + (31C3 + 2cq1cpBy + Bgci’)w3 + ...
Now, equating the corresponding coefficients in (9) and (10), we get
(14 A)az = Biby, (11)
2(1+42A)a3 — (1+3A)a3 = Biby + Bob3, (12)
— (14 A)az = Bycy, (13)
(34 5A)a3 —2(1 +2A)az = Bicy + Bycs. (14)
(11) and (13) yield
by =—c, (15)
and )
2(1+A
From (12), (14) and (16), we have
B?)
a% 1 (bz + Cz).

T 2(1+A)[B2 = (1+A)B,]
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By using Lemma 1, (11) and (15), we obtain

. BP(-nP)
22] T (14+A)|B2—(14+A)B,
1B’
(T+A)[[BZ= (1 +A)Ba| + (1 + A)[Be]]

7

Therefore,
|a2| < ‘Bl‘\/ |B1| . (17)
VA )[[BE = (14+A)Ba| + (1+ 4)[By]]
By noting that,

—_

B} —(1+A)B, = 5(1 —cosa){(1+3A)cosa+3+A},
> (1—cosa)(1—A) >0,
now substituting the values of B; and B, from (8) in (17), we obtain

0] < V2(1 — cosa)
~ VA +FA)BA(cosa+1) +5+ cosal]’

which is the required estimation for |a;|.
Next, in order to estimate |a3|, subtracting (14) from (12), we obtain

B
— 52 1 —
a3—a2+4(1+2A)(b2 Cz).
By using Lemma 1 and (11),we find

(1+7)?

I Gl ) R R S L1 B
2(1+2A)|Bl|]|a2 HETEEY

laz] <

2
Case1.If 1 — 2(1+7A) < 0, then

A+2M)[B1]
|B1|
< —
93] = 303 120y
Case2.1f1— (A’ g
ase 2 It 1 = s5amyp, ~ Y then
las| < 1_(1+7/\)2 | ‘24_ L
3= 21+ 2A0)[Bq| | T 2(1+21)
Therefore,
1— . (1+1)?
az| <
(1—cos®)[2(1427) (1—cos &) —(1+A)?] | 1— . (141)?
TT20) (1 -V B (osa 1) 5rcosa] T 2(102A) if cosa <1— 5735y

which completes the proof. [
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Theorem 2. Let the function f € Ly(7y,p,¢). Then

V2(1 — cosa)

laa| <
\/2(1 +29420)(1 —cosa) +3(1+7)*(1 + cosa)

7

and
1—cosa : - (1+7)2
(1+27+2p) if cosw > 1~ 350050
lag| <
2[(142942p) (1—cos &) — (1+7)2](1—cos &) 1_cosa (147)2

z’fcosoc<1—(

(1427420)[2(14+27+20) (1—cos &) +3(1+7)* (14cos a)]  1+27+2p 14+27+2p)

Proof. Since f € Ly(7,p, ¢), from Definition 2, we have

14207 1 (v 20)f (5) 4 02f (2) = plu(2)) (2 W), (18)
and
(174208 4 (3~ 20)g (W) + puog (@) = plo(w) wew), (9

for 0 < 7,p < 1, where g(w) = f~}(w) and u,v € Q are defined as in Theorem 1. Then,
rewriting (18) and (19) as

(1—7+20)[1+az+a3z2+..] + (v — 2p) [1 + 242z + 3a32> + ...]
+pZ[2617_ + 6aszz + ] =1+ B1b1z+ (Blbz + sz%)ZZ (20)
+(Blb3 + 2b1b2 By + ng%)zﬁ + ...,

and

(1—7+20)[1—2aw+ (243 — az)w? + ...] + (v — 2p)[1 — 220w + (643 — 3az)w?* + ...]
+ow[—2a; + (1243 — 6a3)w + ...] =1+ Bycyw + (Bicp + Boc?) w? (21)
+(Bics 4 2c1¢2By 4 Bsed)w® + ...,

where By, B, and Bj are defined as in (8). Now, equating the coefficients in (20) and

(21) yields
(1+17)az = Biby, (22)

(142 +2p)as = Byby + Byb3, (23)

— (1+7)az = Bicy, (24)

(1427 +20) (203 — 13) = Bica + By}, (25)

From (22) and (24), it is easy to see that

bl = —C1, (26)
and )
2(1+
Byg=2011)" Bzﬂ a3. (27)
1
From (23), (25) and (27), we have
it

a% = (by + ¢2).

2 [(1 +27+20)B2 — (14 7)232}
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By using Lemma 1, (22) and (26), we obtain
3 2
) B:* (1 oaf?)
|az|” < T
‘(1 +27+20)B3 — (1+7) Bz‘
_ By
(1427 +20)B} = (14+7)°By| + (1+ 7)%|B|
Therefore,
B1|+/|B
|a2|§ ‘ l‘ | 1| . (28)
V@274 20088 - (1+0PBs + (14028
By noting that,

laz| <

(1+29+2p)

(1427 +20)B} — (1+7)’B,

= %(1 —cosa){2(1+ 2y +20)(1 — cosa) + (1 +7)*(1+3cosa)},

= %(l —cosa){2(1+7)%(1 + cosa) + [1 4+ 7(2 — ) + 4p](1 — cosa)} > 0,
now substituting the values of B; and B; from (8) in (28), we obtain

V2(1 — cosa)

laa| <
\/2(1 +29420)(1 — cosa) +3(1+7)*(1 4 cos )

7

which is the desired estimation for |a;|.
Next, in order to estimate |a3|, subtracting (25) from (23) ,we obtain

B
2 1
a3 =a5+ ——————— (b — ).
3 2+2(1+2’Y+2P)(2 2)
By using Lemma 1 and (22), we find
|tl3|< 1— (1+7)2 |ﬂ2‘2 |B1|
- (1+27+20)|B] (1+2y+20)
_ ()
Casel.If1 (27 +20)]By] <0, then
|B1]
ag < — .
las] < (1+27+2p)
_ ()
Case2.If1 (527 +20)1B1] > 0, then
|a|< 1— (1+')/)2 |£l ‘2+¢
3= (1+27+20)|B] (1+2y+20)
Therefore,
_ . 147)2
1—cosa if cosa>1— 7(1&271)247)
2[(142942p) (1—cos &) — (1+7)%](1—cos &) 1—cosa (147)%

(1429420) [2(14+27+2p) (1—cos &) +3(147)? (1+cos &)] I+29+20

1fcosa<1—m
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which completes the proof. [

3. Conclusions

In this paper, we have used the Legendre polynomials to define and study two new
subclasses of the bi-univalent function class ¢. Moreover, we have provided the estimations
for the first two Taylor-Maclaurin coefficients |a;| and |a3| for the functions belonging
to these new subclasses. Some special cases have been discussed as applications of our
main results.
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