. mathematics

Article

Determination of Bounds for the Jensen Gap and

Its Applications

Hidayat Ullah !, Muhammad Adil Khan 1*

check for

updates
Citation: Ullah, H.; Adil Khan, M.;
Saeed, T. Determination of Bounds for
the Jensen Gap and Its Applications.
Mathematics 2021, 9, 3132. https://
doi.org/10.3390/math9233132

Academic Editor: Milica Klaricic
Bakula

Received: 22 November 2021
Accepted: 1 December 2021
Published: 5 December 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Tareq Saeed 2

Department of Mathematics, University of Peshawar, Peshawar 25000, Pakistan;
hidayatmohmand4@gmail.com

Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics,
Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia;
tsalmalki@kau.edu.sa

*  Correspondence: madilkhan@uop.edu.pk

Abstract: The Jensen inequality has been reported as one of the most consequential inequalities that
has a lot of applications in diverse fields of science. For this reason, the Jensen inequality has become
one of the most discussed developmental inequalities in the current literature on mathematical
inequalities. The main intention of this article is to find some novel bounds for the Jensen difference
while using some classes of twice differentiable convex functions. We obtain the proposed bounds by
utilizing the power mean and Héilder inequalities, the notion of convexity and the prominent Jensen
inequality for concave function. We deduce several inequalities for power and quasi-arithmetic
means as a consequence of main results. Furthermore, we also establish different improvements for
Holder inequality with the help of obtained results. Moreover, we present some applications of the
main results in information theory.
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1. Introduction

The notion of convexity has played a very fundamental role in the last century with
a dynamic impact on the several areas of science including Engineering [1], Statistics [2],
Economics [3], Optimization [4] and Information Theory [5], etc. The most diligent and
dynamic area for the notion of convexity is the field of mathematics [6]. Moreover, the class
of convex functions has a vital history and has been an intense topic for the researchers dur-
ing the last century [7,8]. Due to its extensive importance and gravity, different extensions,
generalizations, expansions and variations of this class have been introduced in diverse
directions while utilizing some techniques and behavior of convex functions [9]. In the
classical approach, a real valued function ¥ : I — R will be convex on the interval I, if

Yax+ (1—a)y) <a¥(x)+ (1—a)¥(y) 1)

holds, for all x,y € I and « € [0, 1]. If the inequality (1) holds in the reverse direction, then
Y will be concave.

The class of convex functions has some interesting properties and due to such prop-
erties and its behavior dealing with problems a lot of inequalities have been established
for this class of functions. Some of the well-known inequalities for the class of convex
functions are majorization [10], Hermite-Hadamrd [6] and Favard [11] inequalities, etc.
Among these inequalities, one of the most dynamic and favorable inequalities is the Jensen
inequality [5]. Jensen’s inequality and convex functions have a very deep pertinency in
the view that they generalize the definition of the convex function. Furthermore, this
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inequality also generalized the renowned triangular inequality. In addition to this, Jensen’s
inequality is also of great importance in the sense that many classical inequalities can easily
be deduced from this inequality. In an elegant manner, Jensen'’s inequality can be stated in
the following way:

Theorem 1. Assume that ¥ is a real valued convex function defined on interval I and x; € I,
n
pi >0fori=1,2,---, nwith P, := Y p;. Then
i=1
1 ¢ 1 ¢
‘P(P pm) <5 Y pi¥(x). 2)
mi=1 mi=1

Inequality (2) will become true in the opposite sense, if the function ¥ is concave.
In the continuous case, Jensen’s inequality can be verbalized in the following fashion:

Theorem 2. Assume that ¥ is a real valued convex function defined on interval [a,b] and p, ¢ :
[ — [a, b] are integrable functions such that p > 0, then

(gt L peooeone) < gt [omtonin o

For the concave function ¥, the inequality (3) will hold in the opposite direction.

Jensen’s inequality has a variety of applications in almost all areas of science. Particu-
larly, Jensen’s inequality has recorded very good performance in mathematics, statistics and
information theory. Due to vast applications of Jensen’s inequality, many researchers have
worked on this inequality and several important and useful refinements, improvements
and generalizations of this inequality have been established in several directions. Iveli¢
and Pecari¢ [12] substantiated a generalization for the converse of Jensen’s inequality by
exploiting a convex function defined on convex hulls and also gave generalizations of the
Hermite-Hadamard inequality as a consequence of main results. They also presented some
more results, which are actually the generalizations of some existing results. Zabandan
and Kilicman [13] utilized a convex function defined on rectangles and established an
extension of Jensen’s inequality under uniform circumstances and also obtained some
more important inequalities. Nakasuji and Takahasi [14] used a convex function from
topological abelian semi group to topological ordered abelian semigroup and obtained a
finite form of Jensen’s inequality. Moreover, they also gave an application of their main
result in the form a refinement of mean inequality. Dragomir et al. [15] presented a re-
finement of Jensen’s inequality and its generalization for linear functionals. They also
provided some applications of their work in information theory. In 2019, Bibi et al. [16]
utilized k-convex functions and obtained several inequalities of the Jensen type and its
converses for the diamond integrals. Khan et al. [17] proposed a new method of finding
estimates for the Jensen differences by choosing differentiable functions and discussed
some improvements of Hermite-Hadamard and Holder inequalities. They also deliberated
inequalities for different means and granted applications of their main results in informa-
tion theory. In 2021, Deng et al. [5] proved some refinements of Jensen'’s inequality with
the help of majorization results while using the notion of convexity. Furthermore, they
provided some refinements for classical inequalities and also presented applications of
main results. Bakula and Pecari¢ [18] used a convex function on rectangles and obtained
several inequalities of Jensen’s type which are basically the generalizations of some results
already subsistent in the literature. For some important literature concerns regarding
Jensen’s inequality, see [19-21].
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2. Main Results

In the present section, we attempt to procure some vital bounds for the Jensen differ-
ence. For the obtaining of proposed bounds, we shall use the notion of convexity, Jensen’s
inequality for concave functions, Holder and power mean inequalities. Now, we com-
mence this section with the following theorem, in which a bound for the Jensen difference
is obtained with the help of Holder inequality and definition of convex function.

Theorem 3. Let ¥ : [a,b] — R be a twice differentiable function such that [¥" |9 be convex for
n

q > 1. Additionally, suppose that x; € [a,b], p; € R, foreachi =1,2,---, nwithP, := Y, p; # 0
i=1

and x := Pi i pix; € [a,b]. Then
"i=1
1 n
Pt () —¥ (@)

IR
' (x_xt)z<<q+1>|\1f @) +]¥ ()] ) | "

(+1)(g+2)

Proof. Without misfortune of sweeping statement, assume that x # x; foralli =1,2,---,n.
By using integration by parts, we have

L 1 "
i 2 pi(x — xi)Z/ Y (i + (1 —t)x;)dt
Py i=1 0

= Pin i pi(X — x;)? (

i=1 X=X

Y (2 + (1—t)x;) :)

_y_lxj /Olty’(tx+(1—t)xi)dt>

_ ;niilpi(x —x)? (j_(? - (x_lxi)z‘lf(tx +(1- b)) ;)

= 5 L2 (0 - i (Y0 - ¥(w) )

= 5 LpE ¥ @) - 5 V(¥ - ¥(w)

= LY p¥) - ¥ (),

n =1
which implies that,

Ly b () —¥(®) = - ) il - x.)Z/1 P (T4 (1 £)x;)dt 5)
Pn l:l pl 1 - 3 l:l pl 1 0 1 .

Now, taking absolute of (5) and then applying triangular inequality, we get

1 & 1 i 1 "
Y ) -¥(@| <Y |2 (f—xi)z/ [F¥ (1 + (1 - t)x;)|dt. (6)
P (5 =1 P 0

Inequality (6) can also be written as
1 n _ LC Pi _ 2 1 ", _
o L) —¥(®) < V| B E—x? [ ¥+ - ot %)
mi=1 i=1 "
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Instantly, applying Holder inequality on the right-hand side of (6), we obtain

in é pit (x;) — ¥ (x)

pi

3
im1! P

IN

(x — x;)? ( /01 e (1% + (1 - t)xi)]thy

- 1, o )2
(x —x;) (/0 P (tx+ (1 —t)x;)|"dt ) . 8)

Lk

Thus, the function [¥"|7 is convex on [a, b]. Therefore, utilizing the definition of convex
function on the right side of (8), we obtain

1 -
7 Y pi¥(x) —¥(x)
ni=1
1
Sl LATERCY Gy )7+ (1— ’
S;Pn (X —x,) (/Ot(t|‘If W1+ (1 =) (x |)dt)

1

. ” 1
P (x—xi)2<|‘1’ ()7 [ e+ 8 (x| / gt dt>
Py 0

- v @) ¥ (x)|T
B, | x’)2< q+2 +<q+1)(q+2>>’

which is equivalent to (4). O

In the succeeding theorem, another bound for the Jensen difference is acquired by
utilizing the definition of convex function and the famous Holder inequality.

Theorem 4. Assume that all the hypotheses of Theorem 3 are true. Additionally, if p > 1 such
that % + % =1, then

Panz x;) —¥(X)

1
1 \7 &
§<P+1) ;1

Proof. Applying Holder inequality on the right-hand side of (6), we obtain

pi

Py

2

(x_xiy('“’ @[+ [¥ (xw)'{ ©)

Ly () ¥
ni=1
<ii % (x—xi)z(/ol tpdt>;</01 ]‘{’/l(tx+(1—t)x,»)|th>;

(x—xi)2<p_1'_1>;</01 |‘i’”(tx+(1—t)xi)|th>;. (10)
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Since, the function |‘I’N |7is convex. Therefore, utilizing the definition of convex function
on the right hand side of (10), we obtain

1 n

(x—xi)2<|‘{’”(x)‘q/ol bt + |‘I’N(xi)]q/01(1—t)dt>;

1\ ¢ B '@ ()|
_(HJ; (x—xi)2< L , (1)

which is the required inequality. O

pi

Py

pi

Py

The following bound for the Jensen difference is achieved by exploiting the Holder
inequality the Jensen inequality for concave function.

Theorem 5. Let ¥ : [a,b] — R be a twice differentiable function such that |¥"|7 be concave for
n

q > 1. Furthermore, assume that x; € [a,b], p; € R, foreachi =1,2,---,nwith P, := Y p; # 0
i=1

and x := Pi i pix; € [a,b]. Then

n

Il
—_

B, Z pi¥(x;) —¥(x)

1
(1 >ﬂ”
(1) %

Proof. Utilizing (8), we can write that:

(x—x;)*

S Pi w2 [ e PN i
Si:zl P, (x —x;) </0 tq“}’ (tx+ (1 t)xz)\ dt)
1 "o, q 1
v | Pil=_ 2 Jo ¥ (5% + (1 — £)x;)| dt>q 13
f; ) ( (q+1) [y tadt ’ 13)

As, the function [¥'|7 is concave. Therefore applying the integral Jensen inequality on the
right side of (13), we obtain

1 n

q)é

o (ot + i Jy (19—t
[ tadt
— 1
X Xi AN
— " +2 1 2
(x—xi)2<"{’ (‘7 (q1+)(q+)> )
g+1

“II” (q—i—l)?—i—xl
q+2

(x — x;)?

7
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which is the inequality (12). O
We receive a bound for the Jensen difference, which is given in the next theorem.

Theorem 6. Let all the conditions of Theorem 5 be satisfied. Moreover, if p > 1 such that
1 1 _
] + i 1, then

pi

1
1 P&
< | — e

Proof. Since the function |¥"|7 is concave. Therefore, applying the integral Jensen inequal-
ity on the right-hand side of (10), we get

(T — x;)? ‘If(xle)‘ (14)

1 n

B ; pi¥(x;) — ¥(%)
(L) £l <x_xi>z(\w~( [ (v a-ne))a)
) Bl Lo o)

which is equivalent to (14). O

In the next theorem, we secure a bound for the Jensen difference while utilizing the
power mean inequality and definition of convex function.

Theorem 7. Suppose that all the hypotheses of Theorem 3 are true, then

Pnzp’ %) = ¥()

i=
< (1)1‘7 n
—\2

Proof. Applying power mean inequality on the right hand side of (7), we obtain

Pi
1 Pn

//7q //'q%
(x_xﬂz<ﬂw'wn er<m>|> . (15)

Ly () —¥(®)

L
1 1-3 7
(x—xi)Z(/O tdt) (/ t\‘lf (% + (1 — t)x; ]th)

(X — x;) (/ HY' (12 + (1 - )x; {th) : (16)

pi

n
g; B
i=1

Since, the function |‘-]5’” |71is convex. Therefore, utilizing the definition of convex function
on the right hand side of (16), we arrive at
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ljni_flpgy(xi) ~¥(3)

< ()" Bl f o e

) G)l—; % (x_xi)z(/olt(tmx)yu(1—t)|\1f”<xi>|‘7)dt)3

~ () B (wr [l [ o -oa)’
() <x_xi>2("*’"§f>'q+|‘P”<xf>lq(i—§));- o

Now, simplifying (17), we obtain (15). O

Another bound for the Jensen difference is acquired with the support of power mean
inequality and Jensen inequality for the concave function. This is formally stated in the
below theorem.

Theorem 8. Let all the assumptions of Theorem 5 be valid. Then
1 n

5 L ()~ ¥ (@)
=1

Pi

17’[
< Z rt
—21.:21 By |

X —x)?

n (2% + x;
¥ (3) | (18)

Proof. From inequality (16), we can write that:

Pin i pi¥ (x;) — ¥ (x)

i=1
1-1
1 g
<[ =
<(2) 4ln

Since, the function [¥"|7 is concave. Therefore, applying the integral Jensen inequality on
the right-hand side of (19), we obtain

(19)

(fo HE (1% + (1 - t)x; |th>

2 [} tdt

|

)7 Q) Bl )

(fo (tx + ( 1—t)xl)dt>

[ tat

1P 5 fo tde—xlfO (1 —t)dt
_Ei; P—n(x—xl) v’ T
1| Pif = 2" %"'%
z Zilx— x|y [ 22
25 1p, ]
1 pi o2l 2x + x;
= 21; 3 (x—x;)°|¥Y ( 3 )‘ (20)

Hence, (18) is proved. [
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3. Applications for the H6lder Inequality

The Holder inequality is one of the distinguished inequalities in the current literature
of mathematical inequalities due its vast applications in the fields of pure and applied
mathematics. Additionally, due to the structural importance of this inequality many
researchers dedicated their work to this fundamental inequality and obtained several
extensions, improvements and generalizations in various ways. This section of the paper is
devoted to the improvements of the Holder inequality. The intended improvements shall
be obtained by keeping some particular functions in the main results.

We commence this section with the following proposition, in which an improvement
of reverse of Holder inequality is acquired with the help of Theorem 3.

Proposition 1. Let my = (01,82, -+, Cn), m2 = (v1,72, -+, Yn) be two positive n-tuples and
g>1LIfa>1witha ¢ (2,2+%)and,5 > 1suchthat%+% =1, then

1 n
14

(XAf)

i=1

(a(a—l)) i,ﬁ(iil%'@i | '{3)2

(G+Dg+2)"

i YiCi\ 9(a=2)
X ((q +1) (h) + (éz‘%-
.;1 Vi

I

(g@f‘) - ié’h‘@i

<

Al

(21)

'ty

Proof. Let¥(x) = x*, x € (0,00). Then ¥ (x) = a(w — 1)x* 2 and ([¥"(x)]7) = g2 (a(a —
1)) (@ —2) (& — 2) — 1)x7@2)-2, Clearly both ¥" and (\‘I’”W) are non-negative on
(0,0). This substantiates the convexity of ¥ and [¥"|7. Hence, substitute ¥(x) = x%,

7 _ﬁ
¥ (x)]7 = (a(a —1))"x9=2), p, = 'yiﬁ and x; = {;7y; * in (4), we receive

(iéa") (é??)al - (ié%@i)a

2>
N
=
=
=2
|
N
=
~__—
)

i iGi\ 12 i a
><<(q+1)<i17 )q +(€i7i€)q_2>q(2’)’?) g (22)
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Now, taking power 1 of (22), we acquire

X 7iGiy 1(e=2) wa\ TR 1
><<(q+1)<i_1 5) +(mf§)q( 2)>q] (L) (23)

Since, the inequality
—d < (c—d) (24)

holds for all ¢, d € (0,00) and I € (0,1). Therefore, substituting ¢ = ( i g;*)

=

"B a—1 n i
( )3 ’Yi> A= < L ’Yz‘Ci> and ! = 1 in (24), we obtain
i=1 i=1

g((éaﬁ(gvﬂm4—<émaf>; 25)

Now, comparing (23) and (25), we get (21). O

We obtain another improvement of the Holder inequality by taking the particular

convex function ¥ (x) = xx, x> 0in (4).

Corollary 1. Let my = ({1,082, -+, Cn), ma = (71,72, - -+, Yn) be two n-tuples such that {;,vy; €
(0,00) foreachi=1,2,---,nand q > 1.Ifa € (0,1) with 1 & (2,2 + %) and B = 25, then

iil%‘éi— (ZC“) (Z’h)

Z Gi a2 (3 —2) i
<w+m< ) <ﬁ%ﬁ) >- (26)
v o

Proof. Consider the function ¥(x) = xt, where x > 0. Then certainly the functions ¥

and [¥" |7 both are convex on (0, o). Therefore, applying (4) while choosing ¥ (x) = X,
q 1_ _

\‘I’ )T = (E(% — l)) xq(l 2), pi = 'yf; and x; = (%, ﬁ, we get (26). O

We utilized inequality (9) for a particular convex function and obtain an improvement
of the Holder inequality, which is verbal in the below proposition.
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Proposition 2. Assume that my = (31,82, -+, Cn), M2 = (7v1, Y2, - -+, Yn) are two n-tuples such
that {;,vv; € (0,00) foreachi =1,2,---,nand p, q > 1 such that % + % =1.1Ifa, B € (1,00)

such that o & (2,2 + %) and 1 + % =1, then

n n

(L) (5 - e

i=1 i

f e ;
v; q] 1
><< i=1 5 )1 (;ﬁ)ﬁ 27)

I q
Proof. Since the functions ¥(x) = x* and [¥ (x)|7 = (zx(zx - 1)) x7(@=2) both are convex

on (0,00) for the mentioned value of « and gq. Therefore, utilizing (9) for ¥(x) = x*%,

" _E
¥ ()7 = (a(a —1))"x9072), p; = ’yf and x; = {;7; *, and then taking power 1,
we acquire
n 1 n 1 n I
x 5
(£a) (5) - Lve
i=1 i=1 i=1
1 £ e 2
P ViGi
1 P n = —E,
< (‘I‘l) (lX(lX—l>) ZV?(Z nl 8 gi’)/l u)
=1 ~21 Vi
i=

i/ 1
e 9la 1
i=1 B\ B
X( 2 ) ] (L) (28)
Now, comparing (28) and (25), we deduce (27). O

The following corollary is the consequence of Theorem 4, in which an improvement of
the Holder inequality is achieved.
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Corollary 2. Assume that, my = ({1,082, -+, Cn), M2 = (1,72, - -, Yn) are two n-tuples such
that {;,v; € (0,00) foreachi=1,2,---,nand p, q > 1 such that % + % =1.Ifa € (0,1) with

1g (2,2+ %) and B = 25, then

1 n

ot (L) (L)

i=1 i=1

$ g\ 1672 RN
(’nl 5) + <§§X%‘ ﬁ) 1
i q
><< =l 5 ) i (29)

Proof. The functions ¥(x) = xa and |¥"(x)|7 = (11— 1))qxq(%(%71)) both are convex
on (0, 0). Therefore, inequality (29) can easily be obtained from inequality (9) by just

putting ¥ (x) = x%, ¥ (x)|9 = (%(% — 1))qxq(%(%71)), pi = 'y? and x; = Cf‘yfﬁ. O

We consider the concave function ¥(x) = x*, a € (2,2 + %), g > 1in (12) and

receive an improvement of the Holder inequality, which is given in the coming proposition.

Proposition 3. Assume that, my = ({1,082, -+, Cn), ma = (71,72, -+, Yn) are two n-tuples
such that {;,y; € (0,00) foreachi=1,2,---,nandq > 1. Ifa € (2,2 + %) and B € (1,00) such

that % + % =1, then

n L n . % n ﬁ %
i:l%gz <i:1€l> (z‘:21%>
% n lé rylé’l _é 2
(ﬁl) <“(1_“))§”ﬁ<§1 2 g’”)

| i (a=2)7 3 n 1
X( 12112 ) ] (Xaf)" (30)

Proof. Let¥(x) = x*,x € (0,00). Then ¥ (x) = a(a —1)x* 2 and (|‘Y”(x)|‘7)” = q*(a(a—

1))7(a — 2) (& — 2) — 1)x7*=2=2_ Clearly, ¥" (x) > 0 and (|‘I’N|‘7(x)) < 0on (0,00) for
x € (2, 2+ %) . This substantiates the convexity of ¥ and concavity of |¥"|7. Therefore, use

" 7§
Y(x) =% ¥ (x)| = alae —1)x*2, p; = ’yﬁ and x; = {;y; * in (12), we receive

i
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: w2
12 ) (27?) ' (31)

o, (a—2) . 1
X( i;l+2 ) ] (X7)" (32)

Since, the inequality
d—d < (c—d) (33)

holds for all ¢, d € (0,00) and I € (0,1). Therefore, substituting ¢ = ( f‘,l ’ini)a, d =
1=

( i éf‘) ( i 71@)%1 and [ = %in (33), we obtain
i=1 i=1
n n a s 5 B
Y- (Le) (L)
i=1 i=1 i=1

((Ew) - (£)(B)) e

Now, comparing (32) and (34), we obtain (30). O

The following is another improvement for the Holder inequality.
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Corollary 3. Let my = (C1,82, -+, Gn), m2 = (71,72, -, Yn) be two n-tuples such that {;,y; €
(0,00) foreachi =1,2,---,nand g > 1. Ifa € (0,1) such that % € (2,2+ %) and B = %5.
Then

i=1 i=1 i=1
1 \31 N L& 2
< <q+1> E( _a>;75<f£17?—65‘% )
i=1
ok
A
x( ";14;2 ) : (35)

Proof. Consider the function ¥(x) = xi, where x > 0. Then certainly the function ¥

is convex and the function |‘I’”|‘7 is concave on (0,00) for % € (2,2 + %) and g > 1.

Therefore, applying (12) while choosing ¥ (x) = xx, ¥ (x)| = 1d_ 1)x%*2, pi = ’y? and
X; = gf"y;ﬁ, we obtain (35). O

Utilizing the inequality (14), we deduce an improvement of the Holder inequality,
which is stated in the below proposition.

Proposition 4. Assume that my = (31,82, -+, Cn), m2 = (771,72, -+ +» Yn) are two n-tuples such
that {j,v; € (0,00) foreachi=1,2,---,nand p, ¢ > 1 such that % + % =1.Ifp € (1,00)and

o€ (2,2+ %),such that % + % =1, then

ot (L) (L)
1 \7 n é%éz 0\ 2
< PN (a(l—oc))g%(i%ﬁ @i’h“)

3 f % n 1
><<§172> ] (xyf)“. (36)



Mathematics 2021, 9, 3132

14 of 29

Proof. Since the function ¥(x) = x* is convex and the function [¥" (x)| is concave on

(0, 00) for the given value of a and g. Therefore, utilizing (14) for ¥ (x) = x*, [¥" (x)| =
B

(a(a —1))x@2), p; = 'yf and x; = {;7; * and then taking power 1, we acquire

(£ (£ (50))

i=1 i=1
Y e
r)/l 1 2
1 F n g i=1 ,g
<p+1) (1 -a)) 37 <’ oy G )
=1 X
i=1
i'Yigi B
l%:l: 5 +€i71 ! 1
e «

(€=2) n 1
><<=12> ] (z;yf’)ﬁ. (37)

To deduce inequality (36), compare (37) and (34). O

As a consequence of Theorem 6, we obtain the following improvement of the Holder
inequality.

Corollary 4. Assume that my = ({1,802, -+, Cn), ma = (1,72, - - -, Yn) are two n-tuples such
that {;,v; € (0,00) foreachi =1,2,---,nand ,p, q > 1 such that % + % =1.Ifa € (0,1) such

that 1 € (2,2+ %) and B = %5 satisfy L + % =1, then

n n

(;@?‘)E(;%ﬁ)g—ﬁ%éi

1

L
i=1
El ! + gi')’ig 1
) ( RN -
5 :

Proof. The function ¥(x) = x# is convex and the function [¥" (x)|9 is concave on (0, o)
for the given value of a and g. Therefore, utilizing (14) for ¥(x) = xw, ¥ (x)| = % (% -
1)x%*2, pi = 'yiﬁ and x; = é;"'yi_ﬁ, we acquire (38). [

In the following proposition, we acquire a relation with the help of Theorem 7 which
gives an improvement of the Holder inequality.
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Proposition 5. Assume that my = (31,82, -+, Cn), m2 = (7v1, Y2, - -+, Yn) are two n-tuples such
that {;,y; € (0,00) foreachi=1,2,---,nandq > 1.Ifa, p € (1,00) and « ¢ (2,2+ %),such
that % + % =1, then

(L)

n
i=1 i=1 i=1

[ VgD

Proof. Let us take the function ¥(x) = x%, where x > 0. Then, clearly, both the functions
¥(x) and |¥" (x)|7 are convex for the specified values of a and g. Therefore, utilizing (15)

" _E
by choosing ¥ (x) = x*, [¥" ()| = (a(a — 1)) x94=2), p; = 'y? and x; = {;77; * and then
1

taking power -, we get
n a—1 n a &
(Ea)(E)" - (Ene) )
7 n i Yili 2
<|(3) (a-0) ot (G e

L
i=1

i 7iGi 9(a-2) _B\q(a=2)
2<Inl 5 > + (51")’,‘ a) 1.1
Ak it
X = 7).
6 i=1

Instantly, comparing (40) and (25), we obtain (39). O

The next corollary provides an improvement of the Holder inequality, which has been
deduced from Theorem 7.
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Corollary 5. Assume that my = (31,82, -+, Cn), ma = (71,72, - - -, Yn) are two n-tuples such
that C;,v; € (0,00) foreachi =1,2,---,nand g > 1. Ifa € (0,1) with % & (2,2+ %) and

ﬁ - “aj, then
Z.n (Zn C?)%(.n ’)/f;)%
i=1 i=1
1

1=

Yili —
1

%Qx q(z—2) L q(
- ) + (@) l
q
) . (41)

1
«

(

X
/N
N
VN
sl
2
T
(o))
8=

Proof. Inequality (41) can easily be acquired by putting ¥ (x) = xi, ¥ (x)]9 = (
= 9P and x; = %y, Pin (15). D

1))qx’7(%_2),pi B
We use Theorem 8 and achieve the following improvement on the Holder inequality.

Proposition 6. Assume that my = (31,82, -+, Cn), M2 = (Y1, Y2, - - - Yn) are two n-tuples such
that {;,vy; € (0,00) foreachi =1,2,---,nand q > 1. Also, let « € (2,2 + %) and B € (1,00)

=

such that % + % = 1. Then
n n 1 n
Yei- () (X

i=1 i=1 i—1
n

Y i 5\ 2
i=1 —x

i ( = Ci; )

< (0 -0) £t

_;1’71‘&‘

T NG T S
) &
1=

(42)

"

Proof. Let take the function ¥(x) = x%, where x > 0. Then, clearly, ¥" > 0 and (|‘I’” K ) <
0 on (0,0) for the specified values of a and 4. This confirms the convexity of ¥ and

concavity of [¥" |9. Therefore, utilizing (18) by choosing ¥(x) = x4, [¥" (x)| = a(a —
_B
and x; = {;y; * and then taking power %, we get

1) xa_zr pi = "}’;B
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i=1 i=1
Y i
’)/l 1 2
1 1 = B
< [z(au—a)) va(’ . 5 am >
i=1 X
i=1
)j:l’h‘éi _b
21_71 B +€i’)/l : 1
L7

a—2q 4 n 1
B\ B
T e
Instantly, comparing (43) and (34), we obtain (42). O

Another improvement of the Holder inequality is given in the next corollary.

Corollary 6. Assume that my = ({1,82, -+, Cn), ma = (71,72, - -+, Yn) are two n-tuples such
that ;,7y; € (0,00) foreachi =1,2,---,nand q > 1. Ifa € (0,1) such that % € (2,2+ %) and
B = %7, then

n

(;@?)E(gvf)ﬁ—iﬂ%a

=oAL
i=1
i +e7 o
([ )m .
3 .
Proof. Inequality (44) can easily be acquired by putting ¥ (x) = Xz, ¥ (x)| = 1 -

Dxi 2, pi =+ and x; = ¢fy; Pin (18). O

4. Applications for Means

The significance of means has been fully accepted since 1930 and a number of re-
searchers then gave full attention to the properties and applications of means [22,23].
A variety of article devoted to means in which they are studied very deeply in all directions.
Recently, many mathematical inequalities have been published for different means and
then these inequalities are generalized, extended and improved in several direction while
utilizing some approaches and techniques [24,25]. This section of the paper is devoted to
power and quasi-arithmetic means. Here, we will establish a number inequalities for the
mentioned means with the help of our main results. The proposed inequalities will be
acquired by putting some particular functions in the main results.

Now, we commence this section with the definition of power mean.
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Definition 1. Let x = (x1,Xp,- -+, X,) and p = (p1,p2, - -, Pn) be two n-tuples with P, :=
i pi. Then the power mean of order v € R is defined by

i=1

n
(£ L£rt), r20
M, (p;x) = =1

Instantly, we give some inequalities for the power mean with the support of Theorem 3.

Proposition 7. Assume that x = (x1,X, -, Xy) andp = (p1,p2, - - -, pn) are two n-tuples such
that x;,p; > 0 foralli € {1,2,---,n} with P, := Z pi- Additionally, suppose that g > 1 and

r, t are non-zero real numbers such that t < r, then the following statements are true:
(i) If both v and t are positive, then

tr—t) & . \ 2
M; (p;x) = Mi(p;x) < (rzp ) Y- pi(Mi(pix) - x])
,

(45)

Mi(p;x) = My (p;x) < t(:2p ZPz(Mr pix) - ’)2

1
(9 + DM () + 22N
(g+1)(g+2) '

X

(46)

(iii) If r is positive and t is negative, then (46) holds.

Proof. First, we prove (i). For this, consider ¥(x) = xv, (x > 0), then ¥"(x) = £ (i -

r\r
1)x$_2 and (|‘I’”(x)|’1) = (|£| (1£ - |))q (L-2) (q(é -2)— 1)xq(£72)72. Clearly for
the mentioned values of r, t and q, ¥ (x) < 0 and ( x) |1 ) > 0, for all x > 0. This

explains that ¥(x) is a concave function and [¥"(x)|7 is a convex function. Therefore,
utilizing (4) for ¥ (x) = xrand x; = xj, we get (45).

Now, we prove the case (ii). For the specified values of r, t and g both the functions
¥(x) and [¥" (x)|7 are convex for all x > 0. Therefore, by copying the procedure of (i), one
can obtain easily the inequality (46).

Instantly, we prove the last case. For the stated conditions on 7, t and g both ¥ (x) and
[¥" (x)|9 are convex functions. Therefore, inequality (46) can easily be achieved by just
adopting the procedure of case (ii). O

As a consequence of Theorem 4, we establish some new inequalities for the difference
of two power means, which are disposed in the following proposition.

Proposition 8. Assume that x = (x1,x,- -+, Xn) and p = (p1, p2, - - -, Pn) are two positive n-

n
tuples with P, := ) p;. Also, let p, q > 1 such that % + % = 1land r, t be non-zero real numbers

i=1
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with t < r. Then the following statements are true:
(i) If both r and t are positive, then
tr—t) (1 \7 & 2
t(,.. _ t(oa. < . T (40 _
M (pix) = Mi(pix). < = 55— (p " 1> ; pi (M (i) - =)
1
Mq(t72r) . c‘](tfzr) q
X( / (p;)+xl ' @)
(ii) If both r and t are negative with L ¢ (2, 2+ %), then
1
tt—r)( 1 \7 2
t . _ t . < i T . _ A
Mitr) ~ M) < 0 (2 L (M) - )
1
Mq(tfzr) . 'q(t72r) q
x < i ;) A . (48)

(iii) If r is positive and t is negative, then (48) holds.

Proof. (i) Let ¥(x) = x7, x > 0. Then for the given value of 7, t and ¢, ¥’ < 0and
(\‘Y” (x)|7) > 0. This confirm that the function ¥ (x) is concave and the function %" (x)]7
is convex . Therefore, utilizing (9) for ¥(x) = x7 and x; = x!, we obtain (47).

(ii) Recently, we have proven the second case. Both the functions ¥ (x) and |¥" (x)|
are convex for the mentioned values of r, t and g. Therefore, following the procedure of (i),
we obtain (48).

(iif) Now, we proceed for the third case. The functions ¥(x) and [¥" (x)|7 are convex
with the specified conditions. Therefore, adopting the method of (ii), we acquire (48). O

The following is the consequence of Theorem 5, in which we obtain an inequality for
power means.

Proposition 9. Let x = (x1,X2,--,x,) and p = (p1,p2,- -, Pn) be two n-tuples such that

n
xi,pi > 0 foralli € {1,2,---,n} with P, := .Z pi. Also, let v and t be negative real numbers

i=1

such thatt <r.Ifg>land t € (2,2—|— %),then

1
1 Et(f—?’) d r r 2
Mi(p;x) — Mi(p;x) < (q—l—l) W;Pi(Mr(P?x) *xi)

-2
y ((q+ 1)M; (p; x) +xi> _ @9)

(9+2)

Proof. Consider the function ¥(x) = x+ defined on (0, 00), then certainly ¥ (x) is convex
and |[¥" (x)|7 is concave on (0, %) for given values of r, ¢ and g. Therefore, using (12) for
Y(x) = xr and x; = xf, we get (49). O

The following proposition is the consequence of Theorem 6 in which we obtain a
relation for the power means.
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Proposition 10. Assume that x = (x1,Xx2,- -+, Xn) and p = (p1,p2,- - -, Pn) are two n-tuples

n

such that x;, p; > 0 foralli € {1,2,---,n} with P, := Y. p;. Additionally, let p,q > 1 such that
i=1

% + % = 1and r, t be negative real numbers with t < r. If§ S (2,2 + %), then

1

Mt( . )_Mt( . )< 1 vt i (MT 1’)2
t\prx r\PrX) = p+1 r2P p;x

-2
x(M (’"2) l) . (50)

Proof. Let ¥(x) = xr, x > 0. Then obviously ¥" (x) > 0 and (|‘I’”(x)|q)” < 0on (0,00)
for the given values of 7, t and g. This explains that the function ¥ is convex and function

%" (x)|7 is concave. Therefore, utilizing (14) for ¥(x) = xr and x; = x}, we obtain
(50). O

In the below proposition, some relations for the power means is achieved by utilizing
Theorem 7.

Proposition 11. Suppose that x = (x1,%x2,- -+, Xn) and p = (p1, p2, - - -, pn) are positive n-tuples
with P, 1= Z pi. Additionally, assume that q > 1 and r, t are non-zero real numbers such that

t <r.Then the following statements are valid:
(i) If both v and t are positive, then

1
Hr—t) (1\' 77 & . A2
M; (p;x) — Mi(p;x) < (rzp>(2> Y pi(Mi(pix) )
n i=1
1
. <2Mg(t—2r) (P; x) + x?(t—Zr) ) 3

; @)
(ii) If both r and t are negative with L # (2,2 + %), then
HE—r) (1) 7 & 2
Mi(pi) - M) < U (1)L i (Mipi) - )
i=1
1
2Mq(t—2r) . q(t 2r)

y ( / (p3 x) + 52)

(iii) If r is positive and t is negative, then (52) holds.
Proof. (i) The function ¥(x) = x is concave and the function [¥"(x)|9 = (|§|(|§ -

1‘))qx‘7(£72) is convex on (0, ) for the given values of r, t and q. Therefore, applying
inequality (15) by choosing ¥ (x) = x7 and x; = x}, we obtain (51).

(ii) For the mentioned values of r, t and g both the functions ¥ (x) = x+ and ¥ (x)]7 =
<|§| (1£ - 1|))qxq($_2) are convex. Therefore, inequality (52) can easily be deduced
from (15) by picking ¥ (x) = x+ and x; = x;.
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(iii) For the given values of r, t and g both the functions ¥(x) = xv and [¥"(x)]7 =
q — .. . .
<| (L - 1|)> qu ?) are convex. Therefore, following case (ii), we acquire the required

inequality. [
The following is the consequence of Theorem 8 for power means.

Proposition 12. Assume that x = (x1,xp,- -+, Xn) and p = (p1,p2,- - -, Pn) are two n-tuples

n
such that x;, p; > 0 foralli € {1,2,---,n} with P, = Y p;. Additionally, let r and t are negative
i=1

real numbers such that t <r.Ifq > land L € (2,2 + %), then

t(t —

Mi(p’ ) Mt(p’ )S ZTZPn

ZP:(M’ pix) = T)z

t_p
2M" (p: r\ 7
() -

Proof. Consider the function ¥(x) = x+ defined on (0, 0), then certainly ¥ is convex
and [¥" (x)|7 is concave on (0, c0) for given values of 7, t and 4. Therefore, using (18) for
¥(x) =xrand x; = xl, weget (53). O

In the rest of this section, we shall discuss some interesting consequences of our main
results for quasi—arithmetic mean. These consequences shall provide different estimates
for quasi-arithmetic mean.

Deﬁnition 2. Let x = (xq,x2,-+,Xn) and p = (p1, p2,- - -, Pn) be two positive n-tuples with
Py Z pi. If the function ¢ is both continuous and strictly monotonic, then quasi-arithmetic

mean 1s deﬁned by:

My(p,x) = (n;pl xz)

Now, let us initiate with the following result in which a relation for the quasi mean is
secured while utilizing Theorem 3.

Corollary 7. Assume that x = (x1,X2,- -, X,) and p = (p1, p2,- - -, Pn) are positive n-tuples
n
with P, := Y. p; and ¢ is a strictly monotonic continuous function. Additionally, suppose that
i=1
q > land ¥ o ¢~ is a twice differentiable function such that |(¥ o ¢)" |7 is convex, then

pinipmx» ¥(My(p, )| < ; ( o(Mp(p, x >>—¢<xi>)2

i=1

1

g @+ DI(F o) (¢(Mp(p, )7+ [(Fo ™))" (p(x))[7) "
(+1)(g+2) '

(54)

Proof. Inequality (54) can easily be deduced by taking ¥ = Yo ¢! and x; = ¢(x;)
in(4). O

A relation for the quasi mean is achieved with the support of Theorem 4, which is
given in the following corollary.
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Corollary 8. Assume that x = (x1,X2,- -+, X,) and p = (p1, p2,- - -, Pn) are positive n-tuples
n
with P, := Y. p; and ¢ is a strictly monotonic continuous function. Additionally, let ¥ o ¢! bea
i=1
function such that its double derivative exists. If q, p > 1 such that % + % = 1 and the function
|(¥ 0 ¢)"|7 is convex, then

oY P () — ¥ (My(p, )|
ni=1

2
(p+1> nZPz( P(My(p,x ))—cp(xi))
X (KT ¢! (@(My(p,2)))I7 + (¥ ocp‘l)"(cp(xi)ﬂq) %.

IN

: (55)

Proof. To acquire (55),justput ¥ = Y o¢~! and x; = ¢(x;) in (9). O
As a consequence of Theorem 5, we give the following relation for quasi mean.
Corollary 9. Assume that x = (x1,X2,--,X) and p = (p1, p2,- - -, pn) are positive n-tuples

n
with Py := Y. p; and ¢ is a strictly monotonic continuous function. Additionally, let ¥ o ¢! be a
i=1

twice differentiable function such that | (¥ o ¢)" |9 is concave for q > 1. Then

o Yo P () = ¥ (Mylp, )|

i=1
fl n 2
= <q41r1) ; ﬁm( (My(p, ) —<i>(xi))
)y ((q + 19 (My(p,)) +4>(x1~>> ‘

qg+2 (56)

Proof. Utilize (12) for ¥ = Yo ¢! and x; = ¢(x;), we get (56). O

We present a consequence of Theorem 6 in next corollary in the form of bound for the
quasi mean.

Corollary 10. Assume that x = (x1,x2,- -+, xy) and p = (p1, p2,- - -, Pn) are positive n-tuples
n
with Py, := Y p; and ¢ is a strictly monotonic continuous function. Furthermore, let q, p > 1 such
i=1
that % + % = 1and ¥ o ¢~ is a twice differentiable function such that |(¥ o ¢)” |7 be concave.
Then

pi i pi¥(x;) —¥ (M¢(nx)) \

ni=1
1 2
(1) (o0t o)
oy <¢(M¢(p,x>) - ¢(xz->> ‘ -

X

2

Proof. Applying (14) while choosing ¥ = ¥ o ¢! and x; = ¢(x;), we obtain (57). [
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We extract the following result from Theorem 7 for the quasi mean.

Corollary 11. Assume ¢ is a strictly monotonic continuous function and ¥ o ¢~ is a twice
differentiable function such that |(¥ o ¢)"|7 is convex for g > 1. Additionally, suppose that
n

x = (x1,%p,-,Xp) and p = (p1, p2, - - -, Pn) are positive n-tuples with P, :== Y p;. Then
i=1

l n 1 n 2
B, Y pi¥(xi) —‘I’(M(p(p,x))‘ < B Z pi <¢<M¢(p,x)) - <P(xi)>

i=1
) <z(<wo¢1)” (oMol )| + (mly’wxiw)s
6 .

(58)

Proof. Inequality (58) can easily be obtained by putting ¥ = ¥Yo¢ ! and x; = ¢(x;)
in (15). O

In the below corollary, we obtain a bound for the quasi mean as a consequence of
Theorem 8.

Corollary 12. Assume that the function ¢ is a strictly monotonic and continuous and ¥ o =1 isa
twice differentiable function such that | (¥ o ¢)" |7 is convex for g > 1. Let also x = (x1, X, - -, X
n

and p = (p1,p2, - - -, Pn) be positive n-tuples with P, :== Y p;. Then
i=1

n

Y pi¥(x) — T(M¢(Prx)) ‘

i=1

1
P,
< Pi ipi <<P(M¢(P/x)) —47(xi))2

(Tm_l)v <2¢(M¢<p,;c>) +¢<xi>> ’ o)

X

Proof. By taking ¥ = ¥ o ¢! and x; = ¢(x;) in (18), we obtain (59). O

5. Applications in Information Theory

This section is dedicated to the applications of main results. The applications shall
be discuss in information theory. These applications shall provide different bounds for
Csiszar and Rényi divergences, Shannon entropy and Bhattacharyya coefficient.

Now, let us first recall the definition of Csiszar divergence.

Definition 3. Let ¥ : I — R be a function and r = (7y1,72,- -+, vn) and z = ({1,802, -+, Cn)

be positive tuples such that % € [a,b] foralli € {1,2,---,n}. Then the Csiszdr divergence is
defined by

D.(r,z) = i’y,‘l’(ffl)

1

In the next theorem, we obtain a bound for the Csiszar divergence while using
Theorem 3.
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Theorem 9. Assume that ¥ : I — R is a twice differentiable function such that |¥" (x)|9 is
convexfor g>1 Also letr = (y1,72,+,vn) and z = ({1, 2, - - -, {n) be positive tuples with

7= Z%andé - za If &, £ € [a,b). then

()

X((qﬂ)\‘l’”(i)\”!‘P”(%)\”)% ”

Proof. Inequality (60) can easily be acquired by putting p; = % and x; = % in(4). O

The following result is an application of Theorem 4 for Csiszdar divergence.

Theorem 10. Assume that, all the postulates of Theorem 9 are true. Moreover, if p > 1 such that
1 1 _
> + 7= 1, then

toi 4 (2

Oy,

Proof. Utilizing (9) while choosing p; = % and x; = %, we obtain (61). O

Application of Theorem 5 is given in the coming results in which we get a bound for
Csiszar divergence.

Theorem 11. Let ¥ : I — R be a twice differentiable function such that |¥" (x)|9 be concave for
g>1 Assume also that r = ('yl,'yz,~ . ,’yn) and z = ({1, 0o, - - -, Cn) are n-tuples with positive

entries, 7y := E vyiand { = Z ;. Ifg’ 2 € [a,b], then

i=

Lo -+(3)]= (53

Sall

‘I’”<(q+1)(§) +§>’ (62)

Proof. Taking p; = % and x; = % in (12), we obtain (62). O

We deduce a bound for the Csiszér divergence as an application of Theorem 6, which
is stated in the below theorem.

Theorem 12. Let all the assumptions of Theorem 11 be hold. Furthermore, if p > 1 such that
1 1 _
» + 7= 1, then

e ) s (9 ()] e

Proof. Use (14) for p; = L and x; = g’ ,we deduce (63). O
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We acquire the following application of Theorem 7.

Theorem 13. Suppose that, all the conditions of Theorem 9 are valid. Then

B 1o A
-+ < () e u(E-9)
) (2‘T(§)lq+ "Y@)‘q); (64)

6

Proof. Inequality (64) can easily be assumed from (15) by taking p; = % and x; = % O

The following is the application of Theorem 8.

Theorem 14. Let all the assumptions of Theorem 11 be valid. Then

1 z . o\l (B+E
‘WDC(T’Z)T(V) _272%<7 %) ‘T (3 ’ (65)

Proof. Choosing p; = % and x; = % in (18), we obtain (65). O

Definition 4. Let r = (y1,v2, -+, vn) and z = ({1, 0o, - - -, {n) be positive probability distribu-
tions and o € (0, 00) such that « # 1. Then Rényi divergence is defined as

15,8(1', z) =

We give some more applications of our results for Rényi divergence, which are given
in the following three corollaries.

Corollary 13. Assume that, ¥ = (1,72, -+, ¥n) and z = ({1, {2, - - -, {n) be positive probability
distributions and o, g > 1. Then

-1

2
. (ijl ,.y;}lé'il—a - (Z)t’é—l)
.>—2‘7(0¢—1)

n -2
@+ Lng™) "+ (E ;
( G+ DG +2) ) -

D,grz Z’yllog(gl)

Proof. Let ¥(x) = —-L;logx, x > 0. Then ¥'(x) = —— and <|‘Y”(x)|‘7) =

(a—1)x2
"

2‘(7(7'71) ) x—29-2 . Clearly both ¥"(x) and (\‘I’”(x)w) are positive on (0,00) for a,q > 1.

This confirms that the functions ¥(x) and |¥" (x)|7 both are convex on (0, c0) for a,q > 1.

a—1
Therefore, utilizing (4) for ¥(x) = — L5 logx, p; = 7; and x; = (%) ,we get (66). O
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Corollary 14. Let p, q > 1 such that % + % =landr= (v1,v2, "), 2= (01,02, -+, Cn)
be positive probability distributions. If « > 1, then

Dye(r,z) — —— Z% log( )

1 2
s;1<p+1>pm<z~r'd“—<2> )

i=1 i

-

) —2q(a—1)

(Eva) "+ (2 ;
X ( 5 ) . (67)

a—1
Proof. Using (9) by choosing ¥(x) = —2;logx, p; = 7; and x; = (%) , we ob-
tain (67). O

Corollary 15. Letq > landr = (v1,72, -+, Yn), 2 = (81,2, - - -, {n) be two positive probability
distributions. Then

ﬁrg(r,z) — (le é% log (Z)al
1-- n n N 2
S(Xi1<;> lX;%(;ﬁ‘C}a_(Z)a 1)
X(Qiﬂd“>”+@02W153

=

5 (68)

-1
Proof. Applying (15) while taking ¥(x) = —-L;logx, x; = (%)a and p; = v;, we

receive (68). O

Definition 5. For a positive probability distribution ¥ = (y1, 2, - - -, Yn), the Shannon entropy is
defined as

Es(r) =—)_7ilogi.

i=1

Now, we are going to discuss some applications of our results for Shannon entropy,
which are given in the next three corollaries.

Corollary 16. Assume that q > 1 and r = (y1,7v2, - -, Yn) is a positive distribution such that
n

Y vi=1.Then

i=1

(g + w2 — 7211
o)< Yo (n= ) ( @+ 1512 ) | ©

Proof. Let ¥(x) = —logx, x > 0. Then ¥"(x) = x 2 and [¥" (x)|7 = 2g(2g +1)x 212,

which implies that both ¥ (x) and (|‘*I’N(x) |7 ) are positive for all x € (0,00) and g > 1.

"

This confirms the convexity of ¥" (x) and <|‘I’”(x) |q) on (0,00) for g > 1. Therefore, ap-
plying (60) by picking ¥(x) = —logx,and {; = 1foralli € {1,2,---,n}, we get (69). O
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Corollary 17. Let ¥ = (1,72, - -, Yn) be a positive distribution such that Y vy; = 1. Let also
i=1
q,p > 1such that % + % = 1. Then

1

-tz () £l (P52).

Proof. Utilizing (61) for ¥(x) = —logx, and {; = 1 foralli € {1,2,---,n}, we re-
ceive (70). O

Corollary 18. suppose that all the hypotheses of Corollary 16 are true, then

-1 2 -2 2\ 7
1 7 1 2n—4 —
logn — Es(r) < (2> 271 (” 7) <3%> . (71)

Proof. Use ¥(x) = —logx,and {; = 1foralli € {1,2,---,n} in (64) we receive (71). O
Definition 6. For any positive probability distributions r = (7y1,v2, -+, yn) and z = (1,82, - - -,
Cn), the Bhattacharyya coefficient is defined as
n
Cp(r,z) = Y V7ili
i=1
We extract some bounds for Bhattacharyya coefficient from our results which are
given in the following corollaries.
Corollary 19. Let r = (7y1,72, -+, ¥n) and z = ({1, C2, - - -, {n) be positive probability distribu-
tion and q > 1. Then

39

2z 1
12 < i ) g+1+ (C ) q
1—-Cy(r,z) < = i 1—= — | . 72
<L) \ G+ 7
Proof. Consider the function ¥(x) = —/x, x € (0,0). Clearly the function ¥ is con-

vex because ¥ (x) = ix’% > 0. Additionally, the function |[¥" (x)|? is convex because

" " —(F+2
(|‘P (x)|‘7) = (%)‘73%4(37{4 + 1)x (2 B ) > 0. Therefore, utilizing (60) by choosing
¥(x) = —/x, we acquire (72). O

Corollary 20. Assume that the hypotheses of Corollary 19 hold. Moreover, if p > 1 such that
% + % =1, then

eensih) B (). e

Proof. To deduce (73), putting ¥(x) = —y/xin (61). O

Corollary 21. Suppose that, the conditions of Corollary 19 are true, then

39

o <2 (3) T E1- L) <<>> o
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Proof. Utilize (64) for ¥(x) = —+/x, we obtain (74). O

6. Conclusions

The field of mathematical inequalities has performed a very consequential role in
all areas of science, especially in mathematics. There were a lot of problems which were
not possible to explain or solve with out mathematical inequalities. There are many
well-known inequalities which have accomplished eminent performance in solving many
problems in the fields of science. Among these inequalities, one of the weighty inequalities
of great interest is the Jensen inequality. This inequality is of sublime importance in the
sense that several inequalities can easily be deduced from it. In this article, we obtained
some interesting bounds for the Jensen difference. We acquired the desired bounds by
utilizing the definition of convex function, the integral Jensen inequality for concave
function, the Holder and power mean inequalities. By taking some particular functions
in the main results, we deduced several improvements of the Holder inequalities and
also concluded different inequalities for quasi-arithmetic and power means. Finally, we
presented some useful applications of our main results in information theory. These
applications contain several bounds for Csiszar divergence, Rényi divergence, Shannon
entropy and Bhattacharyya coefficient.

Author Contributions: M.A K. contributed the main idea of the main results. M.A.K. and H.U.
worked on Sections 2 and 3. H.U. and T.S. worked on Sections 4 and 5. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah,
Saudi Arabia has funded this project, under grant No. (FP-137-43).

Conflicts of Interest: The authors declare that there are no conflict of interest regarding the publica-
tion of this paper.

Cloud, M.J.; Drachman, B.C.; Lebedev, L.P. Inequalities with Applications to Engineering; Springer: Cham, Switzerland; Heidelberg,
Germany; New York, NY, USA; Dordrecht, The Netherlands; London, UK, 2014.

Xiao, Z.-G.; Srivastava, H.M.; Zhang, Z.-H. Further refinements of the Jensen inequalities based upon samples with repetitions.
Math. Comput. Model. 2010, 51, 592-600. [CrossRef]

Grinalatt, M.; Linnainmaa, J.T. Jensen’s inquality, parameter uncertainty, and multiperiod investment. Rev. Asset Pricing Stud.

2001, 1, 1-34.

Borwein, J.; Lewis, A. Convex Analysis and Nonlinear Optimization, Theory and Examples; Springer: New York, N, USA, 2000.
Deng, Y.; Ullah, H.; Adil Khan, M.; Igbal, S.; Wu, S. Refinements of Jensen’s inequality via majorization results with applications
in the information theory. . Math. 2012, 2021, 1951799. [CrossRef]

Niculescu, C.P; Persson, L.E. Convex Functions and Their Applications. A Contemporary Approach, 2nd ed.; CMS Books in Mathemat-
ics; Springer: New York, NY, USA, 2018; Volume 23.

Ozdemir, M.E. New refinements of Hadamard integral inequality via k-fractional integrals for p-convex function. Turk. J. Sci.

2021, 6, 1-5.

Pecari¢, J.; Persson, L.E.; Tong, Y.L. Convex Functions, Partial Ordering and Statistical Applications; Academic Press: Cambridge, MA,

USA, 1992.

Varosanec, S. On h—convexity. J. Math. Anal. Appl. 2007, 326, 303-311. [CrossRef]
Marshall, A.W.; Olkin, I. Inequalities: Theory of Majorization and Its Applications, 2nd ed.; Springer Series in Statistics; Springer:

New York, NY, USA, 2011.

Maligranda, L.; Pecarié, J.; Persson, L.E. Weighted Favard and Berwald inequalities. |. Math. Anal. Appl. 1995, 190, 248-262.

[CrossRef]

Iveli¢, S.; Pecari¢, J. Generalizations of converse Jensen’s inequality and related results. J. Math. Ineq. 2011, 5, 43-60.
Zabandan, G.; Kilicman, A. A new version of Jensen’s inequality and related results. . Inequal. Appl. 2012, 2012, 238. [CrossRef]


http://doi.org/10.1016/j.mcm.2009.11.004
http://dx.doi.org/10.1155/2021/1951799
http://dx.doi.org/10.1016/j.jmaa.2006.02.086
http://dx.doi.org/10.1006/jmaa.1995.1075
http://dx.doi.org/10.1186/1029-242X-2012-238

Mathematics 2021, 9, 3132 29 of 29

14.

15.
16.

17.

18.

19.
20.
21.
22.
23.

24.
25.

Nakasuji, Y.; Takahasi, S.-E. A reconsideration of Jensen’s inequality and its applications. ]. Inequal. Appl. 2013, 2013, 408.
[CrossRef]

Dragomir, S.S.; Adil Khan, M.; Abathun, A. Refinement of the Jensen integral inequality. Open Math. 2016, 14, 221-228. [CrossRef]
Bibi, R.; Nosheen, A.; Pecari¢, J. Extended Jensen’s type inequalities for diamond integrals via Taylor’s formula. Turk. Inequal.
2019, 3, 7-18.

Adil Khan, M.; Khan, S.; Erden, S.; Samraiz, M. A new approach for the derivation of bounds for the Jensen difference. Math.
Methods Appl. Sci. 2021, 1-13. [CrossRef]

Bakula, M.K.; Pecari¢, J. On the Jensen’s inequality for convex functions on the co-ordinates in a rectangle from the plane.
Taiwanese J. Math. 2006, 10, 1271-1292. [CrossRef]

Lin, Q. Jensen’s inequality for superlinear expectations. Stat. Probabil. Lett. 2019, 151, 79-83. [CrossRef]

Pavi¢, Z. Refinements of Jensen’s inequality for infinite convex combinations. Turk. |. Inequal. 2018, 2, 44-53.

Sababheh, M. Improved Jensen's inequality. Math. Inequal. Appl. 2017, 20, 389-403. [CrossRef]

Chu, Y.-M.; Long, B. Sharp inequalities between means. Math. Inequal. Appl. 2011, 14, 647-655. [CrossRef]

Hirzallah, O.; Kittaneh, F. Norm inequalities for weighted power means of operators. Linear Algebra Appl. 2002, 341, 181-193.
[CrossRef]

Matkowski, J. Generalized weighted quasi-arithmetic means. Aequat. Math. 2010, 79, 203-212. [CrossRef]

Wu, S.; Debnath, L. Inequalities for differences of power means in two variables. Anal. Math. 2011, 37, 151-159. [CrossRef]


http://dx.doi.org/10.1186/1029-242X-2013-408
http://dx.doi.org/10.1515/math-2016-0020
http://dx.doi.org/10.1002/mma.7757
http://dx.doi.org/10.11650/twjm/1500557302
http://dx.doi.org/10.1016/j.spl.2019.03.006
http://dx.doi.org/10.7153/mia-20-27
http://dx.doi.org/10.7153/mia-14-55
http://dx.doi.org/10.1016/S0024-3795(01)00377-9
http://dx.doi.org/10.1007/s00010-010-0001-x
http://dx.doi.org/10.1007/s10476-011-0203-z

	Introduction
	Main Results
	Applications for the Hölder Inequality
	Applications for Means
	Applications in Information Theory
	Conclusions
	References

