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Abstract: We develop a unified convergence analysis of three-step iterative schemes for solving
nonlinear Banach space valued equations. The local convergence order has been shown before to be
five on the finite dimensional Euclidean space assuming Taylor expansions and the existence of the
sixth derivative not on these schemes. So, the usage of them is restricted six or higher differentiable
mappings. But in our paper only the first Frechet derivative is utilized to show convergence.
Consequently, the scheme is expanded. Numerical applications are also given to test convergence.

Keywords: iterative schemes; convergence criterion; Banach space

1. Introduction
We study the problem of finding a simple solution x, of

F(x) =0, @

provided F : D C E — E; is an operator acting between Banach spaces E and E; with
D # @. Since a closed form solution is not possible in general, iterative schemes are used
for solving (1). Many iterative schemes are studied for approximating x.. In this paper, we
consider the iterative schemes, developed for eachn =0,1,2, ..., as

yn = xn—F/(xn)_lp(.Xn)
Zn = Yn— AnF/(xnrlF(yn) )
Xpp1 = 2Zn— BuF (xn) 'F(zy),

where A, = A(xn,yu), A : Dx D — L(E,E;), A7}
D x D — L(E,Ey) and B~! € L(Ey, E).

A plethora of schemes are special cases of (2).
Newton’s Scheme [1-23]: Set A,;, = B,, = O to obtain

6 L(E11B>/ Bl’l - B(xn/]/n)/ B .

Yn = Xn — F'(x0) "'F (xn).

This scheme is of order two.
Traub’s Scheme [21,24-30]: Set A, = B, = I to obtain

Yn = Xn _F/(xn)_lF(xn)
zZn = Yn—F (xn) 'F(yn)
Xpi1 = zn— F'(xy) 7 F(zn).
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This scheme is of order five.
Ostrowski Scheme [20]: Set A,, = (2[yn, xn; F] — F'(x,))F'(xn) and B, = O to obtain

Yn = Xn— F,(xn)_lp(xn)
Xpp1 = Yn— 2[yn, xn; F] — F/(xn))ilp(}/n)-

This scheme is of order four.
Ostrowski-Type Scheme [20]: Set A, = ([yn, xu; F]~! — F/(x,) 1) F'(x,) and B, = O
to obtain

Yn = xn*F/(xn)_lF(xn)
Xp+1 = yn_([yn/xn}F]il_F/(xn)il)F(yn)'

This scheme is of order four.

Traub, Newton-type, Runge-Kutta and other three step schemes can be seen as special
cases of (2) [7,14,20,30]. The local convergence of these schemes and their stability has
been given in the aforementioned references using derivatives of order one more than the
convergence order. As an example, the existence of the fifth derivative is required for the
convergence of the Ostrowski scheme. Notice that convergence can be obtained without
the fifth derivative, which does not appear on the scheme. Clearly there is a need to study
the convergence of these schemes using a uniform set of criteria. That is why we developed
scheme (2).

Let E=E; =R, D = [-0.5,1.5]. Consider A on D by

logx? +x° —xt if x #£0
M”{ 0 if x=0.

Then, we get x. =1, and
A"(x) = 6log x* + 60x* — 24x + 22.

But, A"/ (x) is unbounded on D. So, the convergence of scheme (2) is not assured by the
previous analyses. In order to extend the utilization of these schemes, we study the local
convergence of scheme (2): in a Banach space, under generalized continuity conditions
and using hypotheses only on the operators appearing on these schemes. Notice also that
the convergence of most high convergence order schemes was given only on the finite
dimensional Euclidean space with no error bounds on ||x,, — x«|| or information about the
uniqueness of the solution. However, we give such results in this paper. Moreover, we
present the semi-local convergence of these schemes not given before using majorizing
sequences. The technique can apply on other single, multipoint, and multistep schemes
along the same lines, since it is so general [8,9,16,27-29].

In Sections 2—4, we present results on majorizing sequences, semi-local and local con-
vergence, respectively. The applications are conclusions can be found in Sections 4 and 5,
respectively.

The analysis is provided in the next three sections followed by the examples and
conclusions in the last two sections.

2. Convergence for Majorizing Sequence

We shall use the following definition of a majorizing sequence.
Definition 1. Let {7, } be a sequence in E. Then, a sequence {v, } majorizes {0, } if
15,11 — Oul| <vy41—vy foreachn =0,1,2,....

In this case, the study of the convergence for sequence {7, } reduces to that of {v,, } [21].
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Next, we shall define sequences to be shown to be majorizing for scheme (2). Set
T = [0,00).

Leta: TXT —T,a:TXT—T,b:TXxTXT —Tandc: TXTXxTxT —T
be continuous and nondecreasing functions. We denote a(n) = a,, b(n) = b, and c(n) = cy.
Letpo: T — Tand ¢ : To C T — T be continuous and nondecreasing functions for
some subset Ty of T. Let also 7 > 0. Define scalar sequences {t, }, {sn}, {un} by

tO = 0/ tl =1,
Uy, = Sy+tiy (Sn - tn)/
thy1 = uUp+ bn(”n - Si’l)r (3)
cn(t —u
Sp+1 = tn—l—l + n( nil n) (4)

1- lPO(thrl) '
o, n=20

here ¢ = .
where { p, n=12,...
Next, we present two general results on the convergence of majorant sequence (3).

Lemma 1. Suppose that there exists d > 0 such that for eachn =0,1,2,. ..
th <d ®)

and
Po(d) < 1. (6)

Then, sequences {t, }, {sn}, {ttn } converge to their unique least upper bound t. € [0, d|.

Proof. By the definition of these sequences, it follows that they are nondecreasing bounded
from above by d, with t; <s; < uy < t;11, and as such they converge to t,. O

Lemma 2. If function vy is increasing, then conditions (5) and (6) can be replaced by
tn < ¢ (1), )
Proof. Setd = 1p0_1(1) inLemma 1. [

Remark 1. Convergence criteria (5)—(7) can be verified only in some special cases, since they are
very general. That is why we also provide stronger conditions, but easier to be verify.

Define functions f;, i = 1,2,3 on the interval [0, 1) by

fi(t) =a(t) /O1 ¥ (0£%7)do — t

and "
fa(t) = e(t) + (/) — £
Suppose that these functions have smallest zeros y; € (0, 1), respectively. Set

u = min{y;} and puo = max{ay, by, %}. 8)

Then, we can show the third convergence result.

Lemma 3. Suppose that
0<po<p ©)
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Then, sequences {t, },{sn}, {un} are bounded from above by t., = %, nondecreasing and
converge to t. € [1, ty], so that

0<sy—ty < p(tn —su_1) < "y, (10)
0 <ty —sn < p(sn—ty) < p* Ty, (11)
0 < tyyr =ty < pun —sn) < "2y, (12)
and
o ‘u2n+3
0<tp41 < ﬁ’?- (13)

Proof. Items (10)—(12) hold, provided

0<a<u, (14)
0< b <y, (15)

and c
o< — k< 16
ST o) (1€)

foreachk =0,1,2,.... However, these items are true for k = 0, by (9). Let us suppose that
(14)—(16) are true for k = 0,1,2, ..., n. By induction hypotheses (10)-(12), we get

2k+2 2k+1 2k+4-2

By S upHpTTT S s T T AT
< B+ V2k77 + yzk+117 + yzk+277
< pp e
_ ,2k+3
L—u L—p
Then, (14)-(16) shall be true if
filui) <0,

which are true by the definition of f;. So, we deduce limy__,, t; = limy_, o 5 = limy_, o0 1
=t. O

3. Semi-Local Convergence

We shall use some functions and parameters.

Suppose that there exists function ¢y : T — T continuous and nondecreasing such
that ¢o(t) — 1 = 0 has a minimal solution p € T — {0}. Set Ty = [0, p). Suppose function
¢ : Ty — T is continuous and nondecreasing.

The following conditions (A) shall be used.

Suppose:

(A1) There exists xg € D, 77 > 0 such that F/(xy)~! € L(E1, E) and

IF" (x0) ' F(xo)[| < 1.

(A2) Foreachy € D
1" (x0) 7 (F'(y) — F'(x0)) I < 9o(lly — xol))-

Set Dy = Blxg,s] N D, where B(xq,s) = {y € E : ||y — xo|| < s} and B[xy, s] is the
closure of B(xy, s).
(A3)
IF/(x0) " (F' (@) — F' (1)) | < ([[w — 1) for all wy, € Dy,
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(A4) Foreachn =0,1,2,...

[ AnF' (x0) ' (x0) || = 8 < ay < a,

1 _
||BnPl(xn)_1/O (F'(yn +0(20 — yn)) — F'(x) Ay 1)dO|| = by < by < b,

1
HF’(xO)_l/O (F'(zn + 0(xpg1 — z0)) — F'(x,)B,; 1)dO|| = ¢y < cu < c.

(A5) Conditions of Lemma 1 or Lemma 2 or Lemma 3 hold.
and

The semi-local convergence of scheme (2) is shown next.

Theorem 1. Suppose conditions (A) hold. Then, sequences {x,}, {yn}, {zn} generated by scheme
(2) are well defined in B[xo, t.], stays in B[xo, t] foreachn = 0,1,2, ... and converge to a solution
X« € Blx, t«] of equation F(x) = 0, so that for eachn = 0,1,2,...

[y — x| <t — . (17)

Proof. We shall prove assertions

(Io) vk — x|l < sx — 1

(L) [|zk — yiell < g — s

(ITL) || xk1 — 2|l < tgyq — ug using mathematical induction on k. By scheme (2) forn = 0
and (A1), we have

lyo — xoll = [|F'(x0) "F(x0)|| <17 =s0—to < £,

so Yo € B[xo, t«] and (Ip) holds. By (A3), (A4) and the second substep of scheme (2), we
have

Iz — vkl | ARF (x) " (F(ye) — Fxie) — F/ (x) (i — x0)) |

< AF (x) 7 F (o)
1
<11 [ Gro) ™ (F o+ 03 = ) = P/ ()0 = |
< A () F o)l [ @l xel el —
< | ARF (x) ' (xo) | /01 P(6(sk — tc) )6 (s — £) = g — s,

showing (I1;). Similarly by the second substep of scheme (2), we obtain in turn
e =zl = [IBeF (i)~ F(z) |
1
1B (x) ™! /o (F' (v + 0(z — yi)) — F'(x) A )0 llze — i

billzi — viell < billug — sx) = tiyr — ug,

IA
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and
Iy = xill - < 1IF () " F (x0) | F' (x0) " F ()|
- | f F'(x0) " (F'(zk_1 + 8(xx — z_1)) — F'(xx_1) B, Y, )| 1 — 21
- 1= yo(flx — xol) o
_ Gkl =zl
1T —o(llxk — xoll)
cx (b — ug—1)
< ——— =2 =53, — 1,
= 1—to(k) ko

showing (Ix) and (I111;), where we also used

F(xx) = F(xx)— F(zk—1) + F(zg-1)
= F(xg) — F(zx—1) — F' (k1) By (oo — zi-1),

(by the third substep of scheme (2))

F(zx) = F(z) — F(yx) + F(yx) = F(z) = F(yx) — F'(x0) A ' (26 — we),

(by the second substep of scheme (2)),

IF" (20) H (F' (3i)) = F'(x0)) | < po(llxe = x0ll) < wo(t) <1,

S0
1

e N ()

by the Banach lemma on invertible operators [17,20]. Suppose (Ix), (IIx), (I1Ix) hold,
Ykr 2k Xge1 € B[xo, t«]. Then, by repeating these calculations with X1, Y11, Zkr1, Xki2
replacing xy, Yk, z, X1 1, respectively, we complete the induction. Therefore, sequence {xy }
is fundamental in a Banach space E so limy__,, Xx = x, for some x, € B[xp, t,]. Iff k — o0
then by the estimate

F' () "'F'(x0)

IE (x0) " F (i) | < ci(bir — 1) < e(tin — ) — 0,
and using the continuity of F, we get F(x,) =0. O
Next, the uniqueness result of x, is discussed.
Proposition 1. Suppose

(a) Point x, solves the equation F(x) = 0.
(b) There exists § > t such that

1
/"w(uf9ﬁ+9ume<1. (18)
0
Set D1 = B[xo,5] N D. Then, x is unique in Dy.

Proof. Consider X € D; satisfying F(%) = 0. Define My = fo (x4 + 0(% — x,))d6. It then
follows from (A1) and (18) that

IF (x0) ™} (Mo — F'(x0))|| - < 0)l1x — xol[ + 0|+ — xo]|)d0

/‘ 6)5 + 61,)d6 < 1,

IN



Mathematics 2021, 9, 3106

7 of 15

so ¥ = x, follows from M, ' € L(E;, E) and the approximation My(% — x,) = F(%) —
F(x,) =0-0=0. O

Remark 2. We want to see how developed sequences are defined in some interesting cases. Runge—
Kutta and other high convergence schemes can also be studied under this technique by also special-
izing the operators Ay, and B,,. Let us choose A, = By, = I. That is, we consider Traub’s scheme.
Then, we have in turn

G = |AxF (x0) P (x0) ]| = IF () ' F (x0) |
1 1
= T ot —ml) = T—goltn) ™
1
by :|W@@*d%mw+m%—%»—Pmmw+wka—ﬁwnm
Jo (1= 8)l|zn — yu))d6 + (6]l zw — x]))
- 1—1P0(||xn—xo\|)
fo )(un —$n))d0 + P (un — ty) o
= 1T—o(tn) v
Cn :|mu@*qﬂrm4+wm—%qn—ﬁmmw+www—ﬁu%nw
JEp((1 = 0) |2 — 241))d0 + ([ X0 — % 1)
= 1= (%1 — %ol))
_ Jo (=00t — 1)) 4ty —ta1)
s =:Cy—1-

1- ¢0(tn71)

Under these choices, we shall present another result on majorizing sequences using our idea of
recurrent functions, which is weaker than that of Lemma 3. We have in this case

i fo Sn — tn))de
" 1—%@) /
o o #((1—0) (1w — 50))d0 + (1t — 5) + (50 — b))
! 1 —1po(tn)
and
Cn fo 0)(tn1 — un))d0 + ((tn1 — un) + (y — Sn) + (S0 — tn))
1—1/]0(tn+1) 1_l/JO( 1) '

Let us consider the interesting case when yo(t) = Lot and ¢(t) = Lt.
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Define sequences of functions {h,(qj )}, j=1,2,3 on the interval [0,1) by

) = %ﬁFW+LdL+Hm”+ﬂﬂq—L

w2 = é@w+Luh+ﬂwﬂn+mu+t+nw4mm—L
hff) _ %tz’”ln S L(2L 4 g2 2Ty

+Lo(14+t+ ...+ 12y —1,

gi(t) = Lo+ (Lo+ é)if2 - %,

t) = (CH+L)P+ Lo+ )P~ Lt L,

@(t) = mﬁ+(%#4@#+Lﬁ—§ﬂ—U—L

) = wde =1 =1L -

Notice that g1(0) = —5,¢2(0) = g3(0) = —L, g1(1) = g2(1) = g3(1) = 2Lo. It then follows
(by the intermediate value theorem) that polynomial g; have zeros in (0,1). Call by p; the minimal
such zeros, respectively. Set p = min{p;}.

Next, we show another result on majorizing sequences for scheme (2).

Lemma 4. Suppose that
po < p <1- Loy (19)

Then, the conclusions of Lemma 3 hold for sequences {su }, {tn}, {1n} with p replacing .

Proof. We shall show this time

0<a <p, (20)
0<b<p, (21)
Ck
0 ——— < 22
_1—Lotk+1_p @
and
te < sk < ug <t (23)

These assertions hold for k = 0 by (48) and the definition of these sequences (see Remark 2).
Then, as in Lemma 3, we can show instead of (20) that

L
?WAW+MO+p+HAW%M—1§Q (24)

(1)

This estimate motivates us to define recurrent functions hk and show instead

! (p) <. (25)

(1)

We need a relationship between two consecutive functions h K - Then, we can write

n, = §t2k+1n-+-L0(1—+t-+...-+t2k+2)q-—1
—%#“4—LM1+t+“.+ﬂﬂq+1+thﬂ

= w6+ g (). (26)
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In particular, we have

Y (o1) = hi(or) 27)

by the definition of p;. Define also function D) (1) = limy__ hlgl) (t). Then, we have

nd () = % 1 (28)

Hence, we can show instead of (20) that
s (1) <0, (29)

which is true by (48). The induction for (20) is completed. Moreover, similarly instead of
(21) we can show that

L
S0+ Lo + 0 D+ Lo(l+p+... +p%)y —1 <0

or )
(o) <0. (30)

Then, again we have

2 L
h1(<+)1 _ §t2k+217+L(t2k+2+t2k“);7

FLo(1+t4 ...+ 22y —1
L L
_7152k17 . EtZkU _ L(tZk + tZk_l)ﬂ

2
—Lo(1+t+...+ ) +1+12(8)
— B2 + g ()P (31)
We have in particular
n2h(p2) = B (02).

Define function 1% (t) = limg 00 h,(cz) (). Then, we have
n2 (1) = i (#). (32)

Hence, we can show instead of (30) that hg) (p2) < 0, which is true by (48). Furthermore,
(22) holds if we show instead

Epzk+1,1+L(p2k+1 o P Y Lo(1 4o+ + 0™ —1<0

2
or 3
1 (p) < 0. (33)
However, we get
L
hl(ci)l _ Etzk+3,7 + L(t2k+3 4 2R2 t2k+1)17
FLo(1+t4 ...+ 2y -1

—Lo(l+t+...+ 22 11458 (1)
= 1 (O +g(t)F .
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In particular, we have
e (0s) = 1 (03)
Defined function 1% (1) = limy__, hl(<3) (t). Then, we also get
nD () = nd (1),

Hence, (33) holds if hg) (p3) < 0. However, this is true by (48). Therefore, the induction is
terminated for (20)—(23). The rest is as in the proof of Lemma 1. O

4. Local Convergence
We shall introduce real parameter and functions to be used in the convergence analysis.
Set M = [0, ).
Suppose
(i)  ¢o(f) —1has a minimal zero Ry € M — {0}, where ¢y : M — M is some continuous
and nondecreasing function. Let My = [0, Ry).
(i) ¢1(f) — 1 has a minimal zero R; € My — {0}, where function ¢ : My — M is
continuous and nondecreasing and ¢ : My — M is defined by

1
gl —0)ds
L—go(t)
(i) @o(¢1(t)t) — 1 has a minimal zero Ry € My — {0}. Let R, = min{Ro, Ry} and
Ml = [Or RZ)
(iv) @2(f)— has a smallest zero Ry € M; — {0}, where

P1(t)

(go(t) +h(t, 1(1)1)) [y w(Bg1(t)t)d6
(1= 9o(£)) (1 — o(g1(£)t))

P2(t) = [(Pl(%(f)t) + ‘|(P1(t)/

with functions w : My — Mand h : M x M; — M are continuous and nondecreasing.
(v) @3(f) — 1 has a smallest zero R3 € M; — {0} where

(9o(t) + Il (t, @1 (D)L, 2(1)1)) [} w(Bga(t)t)dO
(1~ o)1 — polg2(1)1))

p3(t) = [4’1(902(15)’5) + ]fpz(t),

where h; : M x M; x My — M is nondecreasing and continuous. It shall be
shown that
R=min{R;},i=1,2,3 (34)

is a convergence radius for scheme (2). Set M, = [0, R). These definitions imply that
foreacht € E;

0<go(t) <1, (35)
0 < qo(gr()t) <1, (36)
and
0<¢(t) <1,i=1,23. (37)
The conditions (H) shall be used.
Suppose

(H1) Forallw € D
1F" () (F(w) = F' ()| < @o(lfe0 = x.]).
Let Dy = B(x*,Ro) ND.
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(H2) For all w, wy,z € Dy

IF'(x4) " (F' (w1) = F'(w)) || < o(|jwy —w]),
[F'(x4) 7' (w) || < w([|lw — x.]]),
IF (x) 7 (F'(x4) = F'(w1) A(w, w1)) || < B(fJw — x4 ], [Jwor — x4 ]))
and
[F' (2.0) " (F' (xs) = F'(2) B(w, 1)) || < by ([lw — xa |, lwy — x4 ], |2 — x4 ])

(H3) B|x.,R] C D.

The local convergence of scheme (2) is given next based on the previous notation and
conditions (H).

Theorem 2. Suppose: xg € B(xs,R) — {x.} and conditions (H) hold. Then, we conclude
limy 00 Xy = limy, 00 Yn = limy 00 Zn = X

Proof. Letv € B(x,,R) — {x.}. Using (17), (18) and (H1), we have
IF"(x:) 7H(F'(0) = F'(x:)I < go(l[o = x:[]) < 9o(R) < 1,

SO

1
1= go(flo—x[)
In particular, iterate is well defined by (38) for v = x and the first substep of scheme (2),
from which we can also write

IF (@) 71 F (xa) || <

(38)

Yo— Xx = X0 — Xy — F’(xo)_lF(xo)
= (F'(x0)'F'(x))

X /01 F'(x,) 7 (F/ (x4 4 0(x0 — x.)) — F'(x0))d6(x0 — x.). (39)
By (34), (37) (for i = 1), (38) (for v = xg), (39) and (H2), we find in turn that

JE9((1 = 0)[x0 — x.[)d6] 1 x0 — x|

0 — Xx <
ol 7= polll%o— 1)
< @r(llxo — 2l [xo — x|
< lxo— x| <R, (40)
7 4)0/ k - 0
s0 Yo € B(xx, R), where § = 0, k=1, . We also have that (38) holds for v = yy,

and iterate zg is well defined, from which we can write in turn that

0—x = yo—x—F(y0) 'F(yo)
+(F'(yo) ™" = AoF'(x0) ") F(yo)
= yo—x—F(y0) "F(yo)
+F'(yo) "' (F'(x0) — F'(y0) A0)F'(x0) "' F (o) (41)

In view of (34), (37) (for i = 2), (38) (for v = x0, o), (40), (41) and (H2), we obtain in turn
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Iz0 — x|l

IN

IN

[p1(@1(llx0 — x«[D)[[x0 — x4]1)

, (@olllxo — x.[l) + hlllxo — x4l llyo — x.[1)) Jo @(Bllyo — x.]))de
(1= go(llyo = x«1)) (1 = @o(llxo = x«[[))

P2(]x0 = x:[[) lx0 = x| < flxo — 2| < R, (42)

[0 — x|

s0 zg € B(xy, R). Similarly, but using the third substep of scheme (2), we can write

X1 —Xe = 20— xs—F(20) 'F(z0)
+(F'(z0) ™" — BoF'(x0) ") F(20)
= 29— x. — F(20) 'F(20)
+(F'(z0) ™" = BoF'(x0) ") F(z0)
= 20— %« — F'(z0) 'F(20) + F'(z0) "' ((F'(x0) — F'(x4))
+(F'(x:) = F'(z0) Bo) ) F' (x0) "' F(20),

SO

[x1 =2l < [@1(@2(llxo — 2« lIx0 — xx[])
. H
(T = @o(@2(llxo = x:l) lx0 — x4[1)) (1 = @o([[xo — x[))
x@2(|lxo — x«])
< @3(lxo — 2l [x0 — x| < [[xo — xl,

for H = (go([lxo — x:[[) + h1(llxo — x«ll, @1 (llx0 — x«l[)l[xo = x|, p2(llx0 — x4l 0 —

1 . .
xc[1)) Jo w(Oa(llxo — x:[|)[|xo — x+[1)d6. Simply, switch xo, o, Zo, X1 by Xk, Yk 2k X1, TE-
spectively, in the preceding calculations to get

vk — xell < @r(lloeg — x|k — x| < [Jxx — xf| <R (43)

1z = xll < @a(llxx — 2 D [[xx — 2] < g — x| <R (44)
and

11— %]l < @a(llxx — 2l [[2x — x| < [k — 2x4]]- (45)

Then, from the estimation
121 = 2| < dlff o — x| <R, (46)
where d = @3(||xx — x«||), we get x411 € B(xs,R) and limy__, o X = x. O

A uniqueness result is given next.

Proposition 2. Suppose:
(i) Point x, is a simple solution of equation F(x) = 0.
(ii)
1
/ @o(6R,)d0 < 1, for some R, > R. (47)
0

Set D1 = B[xy, Ri] N D. Then, x is unique in Dj.
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Proof. Consider & € D; with F() = 0.Set S = [ F/(x, + 6(% — x.))d6. Using (H1) and
(47), we obtain

IF/ () (5~ Pl < [ 900l —x)d0 < [ go(@R,)a0 <1,

so X = x, follows by S~! € L(Ey,E) and S(% — x.) = F(¥) — F(x,) =0—-0=0. O

5. Numerical Experiments

We consider four examples with A, = B, = I (Multistep Newton method). Here,
@o(t) = aot, ¢(t) = at,w(t) = aytand h(t, t) = hi(t,t,t) = @o(t).

Example 1. Define function
q(t) = 0pt + 01 + dp sindst, tg =0,

where (5]-, j = 0,1,2,3 are numbers. Then, for é3 large and 6, small, %0 is arbitrarily small and
0.
a

Example 2. IfE = E; = C[0,1], D = B[0, 1], consider Q : D — E; given as

QM) (x) = p(x) — 5 /0 " xoA(0)3db. 48)

We obtain .
Q' (A(&))(x) = &(x) — 15/0 x0A(8)%E(6)d6, foreach & € D,

so for x, =0, wesetay =75a=a,=K=15,a1 = % Then, the radii:
2
r1 = 0.066667 = r, r; = 0.109818, and pr = 3K = 0.0667.

Example 3. Consider the motion system
Nj(wq) = e“, Ny(wp) = (e — D)wy + 1, Nj(w3) =1

with N1(0) = Na(0) = N3(0) = 0. Let N = (Nj, Np, N3). Let E = E; = R3,D = B[0, 1], x, =
(0,0,0)T. Let function N on D for w = (wq,wy, w3)" given as

-1
N(w) = (e =1, 5= wf + wy, ws)".

Then, N' is given as

1
Then, we can set ag = (e —1),a = e= 1T = a4,a1 = ”70 and K = e. Then, the radii:

2
r1 = 0.382692 = r, rp; = 0.417923, and pr = 3K~ 0.2453,

where K is the Lipschitz constant in D given in [26,30].
Example 4. Consider E, E1 and D as in the second Example. Then, the (BVP) [13]
p(0) =0,p(1) =1,

p'=—p—op?
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can be also given as
1
ps) = s+ [ Gl (1) +op?(D)at
where o is a constant, Consider F : D — V, as

[F(x)](s) = x(s) —s — /Ol G(s, t)(x3(t) + ox®(t))dt.

Let us set po(s) = s and D = B(po, po). Then, clearly B(po, po) C B(0, 00 + 1), since || po|| = 1.
Suppose 20 < 5. Then, conditions (A) are satisfied for

20 +3pp + 6 o+ 600 +3
ap = 3 , 4= 4 ’

ap = Fand p = 51:“2‘; Notice that ap < ay.

6. Conclusions

We have provided a single sufficient criterion for the semi-local convergence of three
step schemes. Upon specializing the parameters involved we show that although our
majorizing sequence is more general than earlier ones: Convergence criteria are weaker
(i.e., the utility of the schemes is extended); the upper error estimates are more accurate
(i.e., at least as few iterates are required to achieve a predecided error tolerance) and we
have an at least as large ball containing the solution. These benefits are obtained without
additional hypotheses. According to our new technique we locate a more accurate domain
than before containing the iterates resulting to more accurate (at least as small) Lipschitz
condition.

Our theoretical results are further justified using numerical experiments. In the future
we plan to extend these results by replacing the Lipschitz constants by generalized functions
along the same lines.
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