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Abstract: Context: In this study, we report on a Systematic Mapping Study (SMS) for attraction
basins in the domain of metaheuristics. Objective: To identify research trends, potential issues,
and proposed solutions on attraction basins in the field of metaheuristics. Research goals were
inspired by the previous paper, published in 2021, where attraction basins were used to measure
exploration and exploitation. Method: We conducted the SMS in the following steps: Defining research
questions, conducting the search in the ISI Web of Science and Scopus databases, full-text screening,
iterative forward and backward snowballing (with ongoing full-text screening), classifying, and data
extraction. Results: Attraction basins within discrete domains are understood far better than those
within continuous domains. Attraction basins on dynamic problems have hardly been investigated.
Multi-objective problems are investigated poorly in both domains, although slightly more often
within a continuous domain. There is a lack of parallel and scalable algorithms to compute attraction
basins and a general framework that would unite all different definitions/implementations used
for attraction basins. Conclusions: Findings regarding attraction basins in the field of metaheuristics
reveal that the concept alone is poorly exploited, as well as identify open issues where researchers
may improve their research.

Keywords: attraction basin; systematic mapping study; systematic review; metaheuristics

1. Introduction

The concept of attraction basins has been used in many fields, such as Economy [1-3],
Mathematics [4-6], Biology [7-9], Physics [10-12], Computer Science [13-15], etc. Their
definitions may vary in different degrees (even within the same field), although the under-
lying idea stays the same. For example, to analyse far-sighted network formation games in
Economy, Page et al. [2] define attraction basin informally as “... a set of equivalent networks
to which the strategic network formation process represented by the game might tend and from
which there is no escape” . To analyse the dynamical behaviour of different Steffensen-type
methods in Applied Mathematics, Cordero et al. [5] define attraction basins as follows:
“If a fixed point p of R is attracting, then all nearby points of p are attracted toward p under the
action of R, in the sense that their iterates under R converge to p. The collection of all points whose
iterates under R converge to p is called the basin of attraction of p.” To study the environmental
robustness of biological complex networks, Demongeot et al. [7] describe an attraction
basin as “the set of configurations that evolve towards an attractor ...”. Similarly, in Physics,
Isomiki et al. [10] describe attraction basins as “the sets of initial conditions approaching partic-
ular attractors when time approaches infinity”. In this paper, we are interested in attraction
basins used in the field of Computer Science related to metaheuristics [16]. Informally,
the common general definition may be stated as follows. The attraction basin consists of
initial configurations that are “attracted” to its attractor. The definition allows arbitrary
configurations, an arbitrary attraction mechanism, and arbitrary attractor, as long as it is
reachable by the attraction mechanism from the initial configuration(s). The concept of
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attraction basins helps the users to structure the space under consideration, and, thus, it is
applicable to almost any field.

In the field of metaheuristics, the space under consideration is composed of many
feasible solutions (configurations) to the optimisation problem. Then, the metaheuristics,
such as Evolutionary Algorithms, [17-20] are used to find the (sub-)optimal solution(s).
The definition of optimality depends on the needs of a concrete user. During the run,
the metaheuristic itself structures the problem space to find the (sub-)optimal solution(s).
This structuring depends on the internal mechanisms of a metaheuristic, user-defined
parameters (if they exist), and the problem to be solved. Therefore, each metaheuristic
(with all its user-defined parameters) solving some problem can be analysed with its own
attraction basins [14]. However, as these attraction basins would be stochastic and hard to
analyse, researchers mostly do not use metaheuristics for their construction. Researchers
rely on a deterministic local search algorithm, usually Best or First Improvement, that
operates on some predefined neighbourhood. In this way, each optimisation problem
has its attraction basins independent of the metaheuristics used to solve it. For example,
see Figure 1, where a landscape (Figure 1a), heatmap (Figure 1b), and attraction basins
(Figure 1c) are shown for a two-dimensional Rastrigin function (see Equation (1)).

100 — _ 70

f(xl,xz)

(b) (c)

Figure 1. Two-dimensional Rastrigin function. (a) Landscape; (b) Heatmap; (c) Attraction basins.

D
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In Figure 1c, the neighbouring points (i.e., solutions and configurations) that belong
to the same attraction basin have the same colour, and all points in a particular attraction
basin are attracted by the same local optimum. Colours are chosen randomly, however
different colour combination classes may have some impact on noticeability in map-based
information visualisation as found in [21]. Here, the attraction basins were computed by a
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Best Improvement local search that operated on eight neighbours per each point (we used
grid sampling). Attraction basins for Split Drop Wave (see Equation (2)) are not so simple
and regular as for the Rastrigin function. Its attraction basins are harder to compute with
the previous algorithm, due to thin circular plateaus.

f(x1,x2) = cos(x? +x3) + 2% e 103 3 <y x, <3 ()

Figure 2 presents a landscape, heatmap, and attraction basins computed correctly with
the algorithm from [22].

-3 0 3
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Figure 2. Two-dimensional Split Drop Wave function. (a) Landscape; (b) Heatmap; (c) Attraction
basins.

Attraction basins are used, for example, to characterise the fitness landscapes (see, e.g.,
in [23,24]), or analyse the metaheuristic (e.g., researchers in [22,25] measure exploration). A
fitness landscape is an important concept, which was borrowed from biology [26] to analyse
the optimisation problems and the relation of their characteristics to the performance of
metaheuristics [27-30]. For example, characteristics such as the modality, distribution of
attraction basin sizes, global and largest attraction basin ratio, global and largest attraction
basin distance, barriers (optimal fitness value needed to reach one optimum from another
using an arbitrary path [29]), ruggedness, etc. were compared with the performance of
metaheuristics, to find out which metaheuristic was more suitable for certain characteristics
of problems [31-34]. Moreover, Machine Learning algorithms were used for automatic
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selection of metaheuristics based on these characteristics [35,36]. Therefore, the character-
istics (e.g., attraction basins) should be computed and understood accurately, otherwise
such analysis could be misleading. The same holds for the exploration and exploitation,
two distinct phases of each metaheuristic that are found to be crucial to understand and
use metaheuristics efficiently [37-41]. In [22], attraction basins were used to measure
exploration and exploitation directly. For example, in Figure 3, attraction basins are de-
noted with different colours, solutions given by a certain metaheuristic are denoted with
red circles, and the sequence of solutions is ordered by the white arrows. The first two
arrows represent the exploitation phase. The next two arrows represent the exploration
phase. Then two arrows represent the exploitation phase again, and, finally, the last arrow
represents the exploration phase.

Figure 3. Unique colour squares represent attraction basins. Red circles represent solutions. White
arrows denote the movements of solutions within the search space.

It is obvious that the metric requires unambiguously computed attraction basins, so
the exploration and exploitation phases can also be identified unambiguously. Otherwise,
the results of the metric may be meaningless.

During our previous work, where we measured the exploration and exploitation
of metaheuristics based on attraction basins [22], we noticed the inconsistencies in the
definitions, lack of implementations, and generally the lack of literature that deals appropri-
ately with the attraction basins in the field of metaheuristics, especially within continuous
(real-valued domain) problems. To overcome this, we decided to conduct a Systematic
Mapping Study (SMS) [42]. To the best of our knowledge, no SMS, or Systematic Literature
Review (SLR) for that matter, exists on this topic in the field. We believe this study could
provide a good start and point out open issues to the newcomers, as well as experienced
researchers. The main contributions of this work are overviews of

*  optimisation problem types where attraction basins have been used,
®  topics and contexts within attraction basins have been used,

. definitions of attraction basins,

¢ algorithms to compute attraction basins, and

e trends.

The rest of the paper is organised as follows. Section 2 reviews SMSs and meta-
heuristics briefly in general. The research method is described in Section 3. Results are
aggregated and discussed in Section 4. Findings are summarised and some directions are
provided in Section 5. Finally, algorithms that are of secondary importance are included
in Appendix A.

2. Related Work
2.1. Systematic Review
Primary studies provide original records of some research, while secondary studies

aim to synthesise information about primary studies. A secondary study conducted on
the secondary studies is known as a tertiary study. If a secondary study is done in a
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systematic manner, it is often called a Systematic Review (SR) in a broader sense. However,
this term is sometimes used as a synonym for SLR. For example, Petersen et al. use SR
interchangeably with SLR [43], while Kosar et al. consider SR as a higher-order category
that includes SMS and SLR [44]. Evidence-based secondary studies in Software Engineering
were popularised in the early 2000s by Kitchenham, Dyba, and Jorgensen borrowing the
methodology from medical sciences [42,45-47]. These studies aim to identify all relevant
evidence on the topic/area or research question. Up to now, many such studies were
published in Computer Science journals or conferences [48-51]. They are found to be useful
for educational purposes as well, providing a good starting point for a PhD work [52]. This
was also confirmed more recently by Felizardo K. R. et al. in [53]. Generally, two types of
studies, either secondary or tertiary, are distinguished:

* A Systematic Literature Review: Very specific research goals with emphasis on quality
assessment, usually done by experienced researchers, closely defined by research
questions [54].

* A Systematic Mapping Study: Usually broader research goals to discover research
trends without any quality assessment, can be done by inexperienced researchers as
well, defined by topic area [43,54].

Although a rigorous methodology is needed for an SMS as well, Wohlin et al. found
that two studies performed by two independent groups addressing the same topic had
a number of differences [55]. Adding to this classification by inexperienced researchers,
the problem of replication, the usability of SMSs has been questioned [44]. By contrast,
the authors of [56] introduced the method of random sampling and margin of error, thus
reducing the amount of effort, and obtained similar results as before when they examined
each study. It seems that it is a problem specific question whether to use as many publi-
cations as possible, or some subset. Initially, in SMSs database searches were conducted
to aggregate studies, although, Wohlin later provided guidelines for snowballing [57]. In
these guidelines, Wohlin introduces backward snowballing and forward snowballing as a
new approach to gather publications, where “backward snowballing means using the reference
list to identify new papers to include” and “forward snowballing refers to identifying new papers
based on those papers citing the paper being examined” [57]. This procedure requires a starting
set of papers, the so-called seed. A seed can be formed by a database search or by some ex-
perienced researcher. Once a seed set is formed, Mourdo proposes the different snowballing
procedures [58] presented in Figure 4. The first one is called iterative snowballing, because
it is performed exhaustively. This means forward and backward snowballing is conducted
on the papers obtained by forward and backward snowballing until no new papers are
found [57,58] (Figure 4a). Parallel snowballing means papers obtained by forward snow-
balling are not subject to backward snowballing, and vice versa [58] (Figure 4b). Sequential
backward and forward snowballing denotes the procedure where forward snowballing
is run only after finishing all iterations of backward snowballing [58] (Figure 4c). Last,
sequential forward and backward snowballing means the backward snowballing is run
only after finishing all iterations of forward snowballing [58] (Figure 4d). Dieste O. et al.
in [59] define precision and recall as follows: “A search’s sensitivity is its ability to identify all
of the relevant material. On the other hand, precision is the amount of relevant material there is
among the material retrieved by the search.” Recently, Mourdo et al. compared the performance
of different hybrid strategies that include snowballing and found out that a combination
of database searches from the Scopus database with parallel or sequential snowballing
achieved the most appropriate balance of precision and recall [58]. Nevertheless, strong
claims about a good searching strategy should be tested in different (sub)fields and with
different research questions.

Due to the increasing number of SMSs and SLRs, guidelines and methodology are
being updated. However, the most commonly applied guidelines are still from Kitchenham
and Charters [60] and Petersen et al. [43,61]. Recently, the emphasis has been on speeding
up the screening process when performing SR [62]. Some SLRs and SMSs are conducted
including grey literature beside published academic (formal) literature, a so-called Multi-
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vocal Literature Review (MLR), with their own guidelines [63]. Examples of grey literature
are, e.g., presentations, videos, news articles, blogs, tweets, websites, emails, and so on.
Kamei et al. propose using different shades of grey to categorise them [64]. Recently, there
have been concerns about performing guidelines updates frequently, and it is reasoned
that updates should be made only if necessary and with a good justification [65].

Backward Backward Backward
snowballing zeed set snowballing
Seed set : [ Seed set ]
Forward Forward seed Forward
snowballing set snowballing

: Backward Backward . |Forward seed Forward
seed set snuwballing] set snu'-;.'balling]

until it i finished until it is finished

h 4 ¥
Forward seed Forward Backward Backward
set snowballing seed set snowhalling
c) d}

Figure 4. Snowballing diagrams. (a) Iterative snowballing. (b) Parallel snowballing. (c) Sequential
backward and forward snowballing. (d) Sequential forward and backward snowballing

2.2. Metaheuristics

Metaheuristics are approximate methods used mainly for solving so-called intractable
problems, problems that are not solvable by a polynomial-time algorithm [66]. They are
found to be successful on many difficult combinatorial and/or real-valued problems. The
problem space is enormously big [67,68]; thus, a good metaheuristic should navigate
through the space intelligently, that is, spend as few resources as possible to find good
enough solutions. To develop these metaheuristics, researchers usually find use of some
phenomena observed from nature. For example, it has been observed that when an ant goes
from a nest to a food source it deposits pheromones. Consequently, on shorter paths ants
leave more pheromones than on longer ones. Therefore, paths with higher concentrations
of pheromones are more likely to be chosen by ants. This behaviour increases the efficiency
of ants while seeking food. This observation helped researchers to develop the Ant Colony
Optimisation algorithm for travelling salesman problems, as ants and salesmen share the
same goal, seeking the shortest path [69,70]. Similarly, researchers incorporated the concept
of evolution into the widely used group of metaheuristics, the so-called Evolutionary
Algorithms, that model genetic inheritance and natural selection [71]. Nowadays, there are
at least one-thousand metaheuristics, and the problem of the development of metaheuristics
is replaced by the problem of the analysis of metaheuristics. This is due to the proof that
no single metaheuristic outperforms all other metaheuristics on all possible problems
(the no free lunch theorem) [72]. Researchers in [73] found out that some state-of-the-art
metaheuristics that outperform all other metaheuristics on a set of benchmark functions
perform surprisingly poorly on real-world problems. Therefore, the question becomes
which metaheuristic will perform sufficiently well on the set of real-world problems (this
is only a subset of the set of all possible problems). To tackle this question, different
approaches were used; although, for this work, the relevant ones are those that make use of
attraction basins. In this respect, the most popular approach is based on Fitness Landscape
Analysis [74]. For example, the number of attraction basins, distribution of their sizes,
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ratios of the global attraction basin and the biggest local attraction basin, and the centrality
of optima have been used as indicators of problem difficulty (see, e.g., in [11,23,24,75]).
Attraction basins were used as features for automated algorithm selection as well [35].
Recently, attraction basins have received some attention for delineation of the exploration
and exploitation phase [22,25,76,77]. This topic is found to be one of the key topics in
the field of metaheuristics [37,39]. Due to the wide presence of attraction basins in the
field, and its importance on the analysis of exploration and exploitation, this SMS is an
indispensable step towards a better understanding of metaheuristics.

3. Method

In this work, we used guidelines similar to those presented by Kitchenham in [60],
Petersen et al. in [61], and Wohlin in [55]. Besides the usual database search, we decided
to use iterative snowballing to gather as many publications as possible, because, in the
preliminary search we found that the evidence on the topic is limited. In general, our study
consists of the following phases:

*  Defining research questions.

*  Conducting a search for studies (constructing a seed set).

*  Full-text screening based on inclusion/exclusion criteria.

e  Iterative snowballing (each study is full-text screened prior to the next iteration).
¢ C(lassifying the studies.

*  Data extraction and aggregation.

3.1. Research Questions

The main goal of this study was to obtain a first brief overview of research on attraction
basins in the field of metaheuristics in the form of SMS. An SMS requires a set of research
questions that mark the goals more precisely. Therefore, we set six main research questions
related to metaheuristics:

*  RQI: What terms (synonyms) have been used for attraction basins?

®  RQ2: For which problem types (discrete, real-valued, static, dynamic, single-objective,
and multi-objective) have attraction basins been used? Which search spaces are
investigated on the topic better?

e RQ3: Which definitions have been used for attraction basins?

*  RQ4: Which algorithms have been developed to compute attraction basins?

*  RQb5: For what topics have attraction basins been used? What is the most popular topic?

*  RQ6: Which journals and conferences publish the papers on the topic, and how
often? Which authors investigate attraction basins more in-depth and which type
of problems?

3.2. Search, Screening Criteria, and Classification

To conduct a search, first, it is important to decide on the inclusion/exclusion criteria.
To include a study we check if

¢ thestudy is in the field of Computer Science and related to metaheuristics,
® the study deals with attraction basins, and
e the study is published in a journal or conference.

To exclude the study we used the following criteria:

¢ The study is not presented in English.

®  The study is not in a final publication stage.

*  The study is not accessible in full-text.

®  The study is a duplicate of another study.

®  The study only mentions attraction basins without any further elaboration.

It is obvious that the last exclusion criteria can be used only after a full-text read.
Therefore, full-text screening needs to be performed prior to any snowballing. We used
two popular databases to form a seed set: ISI Web of Science (https:/ /www.webofscience.
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https://www.webofscience.com/wos/alldb/advanced-search
https://www.webofscience.com/wos/alldb/advanced-search

Mathematics 2021, 9, 3036

8 of 25

com/wos/alldb/advanced-search, accessed on 25 May 2021) and Scopus (https://www.
scopus.com/search/form.uri?display=advanced, accessed on 26 May 2021). The search
strings are formulated as follows:

e ISI Web of science: TS = (“attraction basin*” OR “basin* of attraction”) AND TS =
(“optimi*ation” OR “metaheuristic*” OR “heuristic*” OR “evolutionary algorithm*” OR
“evolutionary computation” OR “genetic algorithm*” OR “swarm intelligence” OR “swarm
algorithm*” OR “search algorithm*” OR “local search”), and then refined by RESEARCH
DOMAINS: (SCIENCE TECHNOLOGY) AND DOCUMENT TYPES: (ARTICLE) AND
LANGUAGES: (ENGLISH) AND RESEARCH AREAS: (COMPUTER SCIENCE), and

e Scopus: TITLE-ABS-KEY (“attraction basin*” OR “basin® of attraction”) AND TITLE-ABS-
KEY (“optimi*ation” OR “metaheuristic*” OR “heuristic*” OR “evolutionary algorithm™*”
OR “evolutionary computation” OR “genetic algorithm*” OR “swarm intelligence” OR
“swarm algorithm*” OR “search algorithm*” OR “local search”) AND LANGUAGE(english)
AND (LIMIT-TO(PUBSTAGE, “final”)) AND (LIMIT-TO(SUBJAREA, “COMP”)) AND
(LIMIT-TO(DOCTYPE, “cp”) OR LIMIT-TO(DOCTYPE, “ar”))

Figure 5 presents the overall procedure used in this SMS.

Table 1 shows the number of publications in the seed set. Afterward, using iterative
forward and backward snowballing, we aggregated additional publications (available at
https:/ /lpm.feri.um.si/projects/attraction-basins-sms.txt, accessed on 28 October 2021).
To find citations, we used Google Scholar (https:/ /scholar.google.com/, accessed on 27
May 2021). If we found new terms used for attraction basins, we repeated the process as
indicated in the diagram from Figure 5.

defining a search string &
inclusion/exclusion criteria
¥

Scopus and Web of Science
database search

¥

| duplicate elimination |

identification of primary studies &
full-text screening

backward . el
snowballing forward snowhalling

new papar yes

found?

{iterative backward and
i forward snowballing no

classification and
aggregation of
results

new synonym

found? defining a search string —

reporting results

Figure 5. SMS procedure.
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Table 1. Total number of publications and number of publications used as a seed for iterative forward
and backward snowballing.

Databases Total Number of Publications Full-Text Screening
Web of Science 105 18
Scopus 201 50
Total 306 68
After removing duplicates 57
Iterative forward and backward snowballing 80

Total = 137

4. Results and Discussion

This section presents and discusses the results obtained by classification of all studies
that passed the full-text screening phase.

Many articles did not pass the full-text screening phase because of only mentioning
attraction basins without any further elaboration. Scopus found more relevant articles than
Web of Science in our case, although the overall number was still small. Therefore, we used
iterative forward and backward snowballing to widen our corpus. Eighty new articles
were identified in the snowballing phase, in a total of 137 publications. It is intriguing that
we found more articles by snowballing than by database search. Does this indicate that
snowballing is necessary for some areas? First, we have to investigate why the database
search missed so many relevant articles. The reasons for this are presented chronologically
in Figure 6. We missed one paper from 2014 because we assumed the paper was a duplicate
(Duplicate suspicion row). One paper was added to the database in the meantime (Added
recently to Scopus row). Two articles were omitted because they were not found in the
database to belong to the field of Computer Science (Refinement: Research area Computer
Science row). Surprisingly, the most papers were missed because of the first part of the
search string, that is TITLE-ABS-KEY (“attraction basin*” OR “basin* of attraction”) (A problem
with the first part of the search string row). Only two papers were missed because of the
second part of the search string, that is, TITLE-ABS-KEY (“optimi*ation” OR “metaheuristic*”
OR “heuristic*” OR “evolutionary algorithm*” OR “evolutionary computation” OR “genetic
algorithm*” OR “swarm intelligence” OR “swarm algorithm*” OR “search algorithm*” OR “local
search”) (A problem with the second part of the search string row). Ten articles were missed
because of their non-existence in the databases (Scopus and WoS did not have the article
row). Obviously, the problem was in the search string, as some synonyms for attraction
basins were omitted (see Figure 6). However, a newcomer to the field is not supposed
to know all subtleties in advance, and, thus, some snowballing in some research areas
may be still necessary. During this section, we will compare conclusions derived from the
database search and conclusions derived from the snowballing. Only then will we know
how necessary snowballing was in this particular work.

Duplicate suspicion (author's mistake) o1
Added recently to Scopus ¢1
Refinement: research area computer science o1 o1

Problem with both parts of the search string ¢1 ¢1 O1 o1 @2

Reason

Problem with the second part of the search string L 4

2_6
Problem with the first part of the search string 0192 o1 0:0 § 0:0 ¢

w
o
W
Py
v,
o
Vo
a
W,
a
.
PS
¢
N

Scopus, and WoS didn't have the article Q201 @2 @1

Figure 6. Reasons why the database search missed some papers that snowballing found.
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4.1. RQ1: Attraction Basin Synonyms

Figure 7 presents the different terms used in exchange with attraction basins in relation
to publication year. Basin of attraction was far the most used term, followed by attraction
basin. These two terms were part of the search string, and thus it is not surprising they
were the only terms found in the database search. As Figure 7b suggests, the finding
about the most frequent terms did not change after performing snowballing. However,
new, but not so frequent, terms were found during snowballing. To see what impact this
had on our conclusions, we included these new terms in the search string and perform
iterative forward and backward snowballing again. The answer to this question will be
part of the answer to the first question posed, that is if the snowballing was necessary.
As we will see at the end of this section, this had some important impact. Interestingly,
some publications never mentioned attraction or similar, but only basin. However, as we
found later, including only “basin” in the search string increased sensitivity, but abnormally
reduced precision. To help future researchers find our articles that deal with attraction
basins easily, we recommend to authors of new manuscripts using either “basin of attraction”
or “attraction basin”.

basin 1

basins of landscape -

attractive basin

attractor basin

Term

attraction basin et o3 et 01 92010: Q3@ @010

basin of attraction | 8201010161 0201019$303036:02:0:0:0: QP+

region of attraction -

o P O © £ D P OO DD DO D DO D D
P PSS PSPPI I PFE PR
TR A A AT A AR A A A A A AT AT AT AT AT AT AT AT AT AT AT AR
Year
(a)
basin 4 ot 01 @2
basins of landscape &1
attractive basin - L
€ . o
5 attractor basin S 1
@
6 6 _6
attraction basin | &1 01 010301 0109 QG- 0:P @ @ o>
basin of attraction {— 818181+ 82 62 82 01 830161 0:8:0: O DB 0 S O O OLOL ¢
8908000000,
region of attraction 1
R T S R T T W T TN VR Y S TN S S S-SR S
P P P TP I LTS LRI FITIXNRDPOQ
LTSS T LT LT LTSS
Year

Figure 7. Terms used as synonyms for attraction basins per year of publication. (a) Without
snowballing; (b) With snowballing.

4.2. RQ2: Problem Types

The number of publications per problem type is visualised in Figure 8. Note that the
sum of numbers does not necessarily need to be equivalent to the number of included
primary studies, as some publications include multiple problem types. This is the case in
other bubble charts as well. Single-objective static discrete problems were the most frequent
problems in the literature that dealt with attraction basins. Multi-objective problems were
less investigated, although continuous domains were slightly better. Research on dynamic
problems is almost non-existent. Multi-objective and dynamic problems are more complex,
and thus it is understandable that there is a lack of literature on this. We believe that
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the reason for the lack of literature on multi-objective functions is the not so apparent
notion of fitness landscapes. Generally, the fitness landscape is composed of a solution
space, an objective space, and the definition of the neighbourhood [24]. In the single-
objective functions, the objective space consists of scalars, while in the multi-objective
functions, the objective space consists of the vectors of scalars [78]. Therefore, the difficulty
in extracting attraction basins in multi-objective functions follows directly from the fact that
the attraction basins are derived mainly from fitness landscapes. Interestingly, Figure 8a
implies continuous domains are better investigated, but, using the snowballing procedure,
this changes. Findings about multi-objective and dynamic problems did not change
fundamentally after snowballing.
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Figure 8. Number of publications per problem type. (a) Without snowballing; (b) With snowballing.

The numbers of publications regarding the number of objectives and fitness function
are presented in Figure 9. Note that we classified the papers which dealt with multi-
objectivisation of single-objective problems to both classes (single-objective, and multi-
objective). Most of the papers that did not specify the problem type exclusively we classified
to single-objective static problems. Such types of problems are easier, and, thus, as Figure 9
suggests, better investigated. Multi-objective dynamic problems were not investigated at
all. Including the snowballing procedure or not, this did not have an important impact.
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Q Q
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single-objective multi-objective single-objective multi-objective
Objective Objective
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Figure 9. Number of publications considering the number of objectives (single-objective, multi-
objective) and fitness function (static, dynamic). (a) Without snowballing; (b) With snowballing.
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Figure 10 introduces three new classes: An algorithm to compute—meaning the paper
provide in some form the algorithm to compute attraction basins; definition—meaning
the paper provided a formal definition of attraction basins to some degree; and in-depth—
meaning the paper investigated attraction basins more deeply, not just using them. The
plot shows the number of publications in relation to the domain of problems (continuous,
discrete) and to these new classes. The data show that discrete domains are investigated
better. We find this reasonable as it is easier to compute and define attraction basins on
discrete problems. Within continuous domains, we rely heavily on discretisation and
possibly on a floating-point error. If we choose a better sampling step we risk running out
of memory very quickly. Otherwise, it is not easy to obtain sufficient neighbours, while
this is quite straightforward within discrete domains. That is, some important neighbours
may be missed that lead to another attraction basin. On the other hand, if we decide to
sample more neighbours, we risk exceeding the time limit. Nonetheless, attraction basins
need to be explored better, especially within continuous domains. As Figure 10 suggests,
snowballing only pointed out the differences better.
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Figure 10. Number of publications considering problem types and contents of publications.
(a) Without snowballing; (b) With snowballing.

4.3. RQ3: Definitions Used for Attraction Basins

We found many informal and a few formal definitions of attraction basins that are
(dis)similar to various degrees. Here, we list only those that we found fundamentally
different from each other (the listing is ordered chronologically):

1. Ref. [79]: “A local optimum’s region of attraction is the set of all points in S [search space]
which are primarily attracted to it. Regions of attraction may overlap. A local optimum’s strict
region of attraction is the set of all points in S which are primarily attracted to it, and are not
primarily attracted to any other local optimum. Strict regions of attraction do not overlap.”

2. Ref. [80]: “Goldberg (1991) formally defines basins of attraction to a point x* as all points x
such that a given hillclimber has a non-zero probability of climbing to within some € of x* if
started within some d-neigbhorhood of x.”

3. Ref. [81]: “A basin of attraction of a vertex vy is the set of vertices By(vy) = {vg € Vi, |3
V1, oy Up—1 € Vpwithvi 1 € Ny(v;) and f(vigq) > f(v;) (or f(vip1) < f(v;)
if minimising) foreachi,0 < i < n}”, where V, is the set of vertices, Ny is the neigh-
bourhood obtained by operator ¢, and f(x) is the objective function to be optimised.

4. Ref. [82]: “The attraction basin of a local optimum m; is the set of points { X1, ..., Xy } of the
search space such that a steepest ascent algorithm starting from X; (1 < i < k) ends at the
local optimum m; (©(X;) = m;).”

5. The previous definition is generalised, i.e., the steepest ascent algorithm is replaced
with the so-called pivot rule (any algorithm can be used, including a stochastic
one) [83],

6. Ref. [84]: “[Attraction basin] ... the set of points that can reach the target via neutral or
positive mutations.”
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7. Ref. [85]: “Given a deterministic algorithm A, the basin of attraction B(A |s) of a point s, is
defined as the set of states that, taken as initial states, give origin to trajectories that include
point s.”

8. Ref. [86]: “The basin of attraction of the local minima are the set of configurations where the
cost of flipping a backbone variable is less than the penalty caused by disrupting the associated
block cost and cross-linking cost.”

9. Ref. [87]: “The basin of attraction of a local minimum is the set of initial conditions which
lead, after optimisation, to that minimum.”

10.  [88]: “The basin of attraction of a local optimum i is the set b; = {s € S| LocalSearch(s) = i}.”

11.  Ref. [32]: “An attraction basin is a region in which there is a single locally optimal point and
all other points have their shortest path to reach the locally optimal point.”

12.  Ref. [89]: “The basin of attraction of the local optimum i is the set b; = {s € S| p;(s) > 0}.”,
where p;(s) is the probability that s will end up in i.

13.  Ref. [29]: “Simply put, they are the areas around the optima that lead directly to the optimum
when going downhill (assuming a minimisation problem).”—authors distinguish strong
(points that lead exclusively to a single optimum), and weak attraction basins (points
that can lead to many optima).

14.  Ref. [90]: “The attraction basin is defined as the biggest hyper-sphere that contains no valleys
around a seed.”

15.  Ref. [91]: “The basin of attraction of a local optimum is the set of solution candidates
from which the focal local optimum can be reached using a number of local search steps (no
diversification steps are allowed).”

16.  Ref. [14]: “An attractor associated with an optimisation algorithm is the ultimate optimal
point found by the iterative procedure. When the algorithm converges to an answer, the
attractor of the algorithm is a single fixed-point, the simplest type of attractors. Otherwise, it
is not a fixed-point attractor. The union of all orbits which converge towards an attractor is
called its basin of attraction.”

17.  Ref. [92]: “Each point in an attraction basin has a monotonic path of increasing (for maxima)
or decreasing (for minima) fitness to its local optima.”

18.  Ref. [15]: “The basin of attraction of the Pareto local solution p, is the set of solutions for
which B(p) = {s’ € S| p € maxPLS(s")}”, where maxPLS is the maximal Pareto local
search algorithm from [15].

The listed definitions are essentially different from each other because of

® the domain they cover (discrete, real-valued or both),

e the number of objectives in the optimisation problem (single-objective, multi-objective,
or both),

® the attraction mechanism they use (steepest ascent, local search, hill-climbing, stochas-
tic algorithm, deterministic algorithm, monotonic increasing/decreasing, any optimi-
sation algorithm, shortest path, etc.),

* the distinguishing between different types of basins (weak or strong, strict or non-
strict), or

¢ the degree of generality.

The main problem with some definitions (e.g., Definitions 3-5, 10, and 17) is that
they do not take into account the possibility that the attraction mechanism may reach
multiple local optima, e.g., steepest ascent can reach multiple local optima if it finds
several neighbours with the same maximum fitness on its way (in this case the algorithm
must select a neighbour randomly or in a predetermined order; this, in turn, can lead
to different local optima). This problem is solved by introducing two types of attraction
basins: strict or non-strict (Definition 1), i.e., weak or strong (Definition 13). Although
most of the definitions appear to be general in respect to the type of search space (discrete
and real-valued), this is not the case in practice. Definitions do not handle the neighbours
and the number of neighbours (sampling) in real-valued domains and the impact this
may have on resulting attraction basins. However, this may be regarded as a problem
of computation and not a problem of definitions. Definition 2 alleviates this problem by
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introducing parameters € and J. Some definitions handle plateaus (or saddles) differently,
e.g., Definition 17 views the plateau as a single point (solution or configuration), and,
consequently, escapes each plateau if possible, and therefore sees the plateau as part of an
existing attraction basin, that is, each plateau does not define a new attraction basin. This
is not the case with, e.g., Definition 10, where plateaus are not escaped, and the algorithm
(local search) stops at the plateau (local optimum), which means a new attraction basin
must be defined. We identify the lack of a general theoretical framework of attraction
basins that will unite different views/definitions in a meaningful way, and investigate
all domains and problem types better. Only then, can the concept be exploited fully. We
found that, without snowballing, many important definitions of attraction basins would be
missed (Definitions 1, 2, 13, and 14).

4.4. RQ4: Algorithms Used for Attraction Basins

Considering that relatively many definitions have been used so far, we would expect
to find efficient algorithms to compute attraction basins, but this is not the case. Only a few
algorithms have been developed and are often described poorly. The simplest and most
popular algorithm is based on exhaustive enumeration of a search space, where a local
search procedure is run for each candidate solution. The most used local search procedures
are Best Improvement, and First Improvement (see Algorithm Al in Appendix A), e.g.,
in [89]. The only difference is that Best Improvement selects the best neighbour, while First
Improvement selects the first neighbour better than the current solution, encountered on
its way to the optimum. Once all local searches reach their optima, it is easy to determine
attraction basins, for example, each candidate solution could be labelled by its optimum.
However, this algorithm, without additional sophistication, handles plateaus poorly. Once
it reaches a single point from the plateau it will stop and create a new basin if this point
is not reached by other runs. This means multiple points on the same plateau may create
multiple basins. If we are within the real-valued domains, the number of basins may
increase due to the thinner sampling step. Even if we solve this problem, for each plateau
we will have one basin, as the algorithm cannot escape the plateau. This may be correct
behaviour for some definitions of attraction basins (e.g., Definition 10), but not for others
(e.g., Definition 17). In terms of the time complexity, the efficient technique to compute
attraction basins comes from T. Jones and G. Rawlins [93] in 1993 (see Algorithm A2 in
Appendix A). The idea is based on depth-first search and so-called reverse hill climbing,
where, starting from the optima, the algorithm builds its attraction basins recursively using
the lookup table. This algorithm must be run for each optimum. This is a drawback for
problems where it is impossible to know all the optima in advance (real-valued domains).
S.W. Mahfoud [79], in the same year, published the algorithm which returns the set of
local optima to which a point is closest, even in the case of large plateaus (see Algorithm
A3 in Appendix A). Once the algorithm finds one or more optima, the result could be
used in a similar manner as before, that is, each candidate solution could be labelled by its
local optima (notice the plural). M. Van Turnhout and F. Bociort, in their optical system
optimisation [87], report on the use of an algorithm that starts with following the gradient
downwards by solving Equation (3), where the vector x is a point in the two-dimensional
solution space, and ds is the arc length along the curved continuous path.

dx VMF
_—_—— = = 2
L ||VMFH’X (co,c3),ds =/ ||dx|| 3)

The input to the algorithm is the grid of equally spaced starting points in the plane
(c2,¢3). Depending on which local minimum the algorithm obtains, the starting point is
coloured with the corresponding colour for that minimum. Using the same input, the
authors of [22] computed attraction basins for real-valued domains in three steps (see
Algorithm A4 in Appendix A). First, the potential borders of the attraction basins are
obtained (lines 2-7), followed by a boundary fill step (lines 8-11), and, last, removal of the
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false borders (lines 12-18). We found that, without snowballing, two algorithms would be
missed: Algorithms A2 and A3 from Appendix A.

Estimation/approximation algorithms have also been used to compute attraction
basins. They are based on clustering [94,95], the detect-multimodal method followed by
hyper-spheres [90], sampling and area division [96], tabu zones of different forms and sizes,
and with different locations in relation to the corresponding optima [97], and based on
sampling along each dimensional axis until finding a slump in fitness and then creating a
hyper-rectangle [98]. Most of these algorithms assume real-valued domain problems, but,
still, there is a lack of exact and efficient algorithms to evaluate them. Therefore, we did
not examine them more closely in this work.

4.5. RQ5: Most Popular Topics for Attraction Basins

Table 2 lists the contexts/purposes where attraction basins were investigated. They
are used mostly for Fitness Landscape Analysis (i.e., Exploratory Landscape Analysis,
search space analysis). Note that attraction basins within the continuous domain were
often used for clustering and niching. Different clusters and niches were often considered
as approximated attraction basins [99,100]; however, this is in contrast with the usual
definition. Therefore, we found the “usual” attraction basins to be less investigated within
the continuous domain. Recently, attraction basins have received attention for analysis of
exploration and exploitation. Moving between different attraction basins was perceived as
exploration, and moving within the same attraction basin as exploitation [22,76,101]. Some
works altered the inner workings of metaheuristics to control moving between attraction
basins, such as the detect multimodal and radius-based methods [90,102]. A lot of works
used attraction basins to measure problem difficulty, e.g., the number and distribution of
attraction basins sizes, ratios between global optima attraction basins sizes, and local optima
attraction basins sizes [30,75,94,103,104]. We recognised the lack of a general framework
that would organise all such approaches within the field in a systematic manner. The only
topic found after performing the snowballing was automatic algorithm selection, however,
with only one publication. Automatic algorithm selection means, instead of analysis and
experimentation with optimisation algorithms, we let software select the best algorithm
for concrete problems by learning (e.g., using Machine Learning), based on the features
such as number of attraction basins, distribution of their sizes, etc. [35]. Although, as this
SMS reveals, the attraction basins were used for many important topics and purposes in
the field of metaheuristics, we found no study that investigates the influence of different
definitions and algorithms on the attraction basins and their usability on the topic. The
authors of [87,89] investigate only the influence of local search algorithms on the resulting
attraction basins in certain domains. However, their impact on the purpose for which
attraction basins are used is never discussed. This work emphasises the importance of this
investigation by highlighting the different definitions and algorithms to compute attraction
basins, and the different contexts where attraction basins have been used.

Table 2. Contexts and purposes for which attraction basins were used.

Fitness landscape analysis, problem difficulty e.g., [28,32,105]
Clustering, niching associated with attraction basins e.g., [94,99,100]
Exploration, exploitation, diversification, intensification e.g., [22,76,77]
Problem generation [106]
Problem visualisation e.g., [78,107,108]
Comparison, performance, analysis of metaheuristics e.g., [31,79,109]
Basins within the metaheuristic to enhance the search e.g., [96,97,110]
Local Optima Networks e.g. [88,111,112]

Automated Algorithm Selection [35]
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4.6. RQ6: Demographic Data of SMS

The most prolific authors are Ochoa G., Tomassini M., Verel S., and Chen S. as Figure 11
suggests. Ochoa G., Tomassini M., and Verel S., usually in a group, published the most
papers on Local Optima Networks [113], while Chen S. on threshold convergence and
exploration [25,114]. It seems that Local Optima Networks have received a lot of attention
in the research community. A local optima network is a graph where each node represents
a local optimum, and each edge between two nodes represents the probability to pass from
one attraction basin to another [115].
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Figure 11. Authors and the problem types they investigate. Only authors who have published more
than 3 papers are shown.

Next, we show the most popular venues that publish articles relevant to our topic.
Figure 12 shows the publication count per journal. We merged journals that published
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less than two studies to the category “other” due to space limitations. The Evolutionary
Computation journal published the most papers (13), followed immediately by IEEE
Transactions on Evolutionary Computation (8).
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Applied Sciences
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IEEE Transactions on Evolutionary Computation 010101010191 Q1 &1
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Years

Figure 12. Number of publications per journal and year of publishing. Journals that published only
1 article are merged into the category “other”.

The Genetic and Evolutionary Computation Conference (GECCO)—19, and the IEEE
Congress on Evolutionary Computation (CEC)—18, published the most conference papers
on the topic of attraction basins (see Figure 13). Conferences publish more papers on the
topic than journals, as Figure 13 suggests. In the Figure 13, we merged conferences that
published less than two studies to the category “other”.
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Figure 13. Number of publications per conference and year of publishing. Conferences that published
only 1 article are merged into the category “other”.

Publication count by year is shown in Figure 14. Note, only papers accepted before
July 2021 were considered. The usage of attraction basins increased in the last decade. One
of the reasons behind this is the exploitation of high computing capabilities, as the search
spaces are too enormous to compute attraction basins exactly.
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Figure 14. Number of publications per year.
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4.7. Necessity of Snowballing

As indicated earlier in this section, we investigated what happens to the results after
the inclusion of new synonyms in the search string, together with iterative forward and
backward snowballing. As expected, the number of papers increased enormously, from
201 to 1574 in Scopus, and from 105 to 966 in the Web of Science database. However,
only 38 articles remained after screening. This is due to the imprecise term basin, which is
responsible, e.g., for including the papers that deal with rivers and lakes (e.g., geology).
Strangely, refinement/filtering did not exclude these papers during the database search.
Demographic data followed almost the same distribution as before including the new
synonyms. Only one new journal with more than two articles was identified (Journal
of Global Optimization). This journal mainly published papers on the important topic
of the filled functions. Filled functions are the auxiliary functions that help algorithms to
escape local minima by optimising these new functions. This important topic would not be
identified without changing the search string. Interestingly, using the snowballing on the
article that deals with filled functions, we followed the track back to 1987, where attraction
basins were mentioned. Again, the topic was filled functions, which may imply that this
is the first context where attraction basins were used. During the full-text read we found
that in the paper [116], the authors wrote: “The idea about the basin appeared in the 1970s
(Dixon et al., 1976)”; however, we did not find this manuscript available in the full-text.
Conclusions about problem types stays the same, although the numbers went slightly
higher for continuous domains. Almost all these new papers that dealt with continuous
domains had filled functions as their topic. For some reason, the frequency of papers that
deal with this newly identified topic dropped in last decade. During the extraction of data,
surprisingly, we found the new synonyms as well, although not so often used, “attraction
area”, “attraction region”, “basin of convergence”, “region of convergence”, and “catchment basin”.
The frequency of the term “basin” increased again, because of the topic of filled functions.
After adding the latest new synonyms to our search string, we did not find any new
relevant articles (all of them were from other fields). Overall, we estimate that, in this work,
snowballing was important and necessary. Otherwise, some important definitions and
algorithms would have been missed. Terms other than “basin of attraction” and “attraction
basin” would not be found. The important topic of filled functions wouldn’t be identified
at all. We found it only after including the new synonyms (first time) and performing
snowballing. We would not have found that the idea of attraction basins traces its roots
back to the 1970s according to the work in [116].

5. Conclusions

In this study, we were limited to Computer Science, although the study is useful
to other areas as well, such as physics and mathematics, where the attraction basins are
examined in the context of dynamical systems. Only two databases—Scopus and ISI Web
of Science—were used to construct the seed set. We omitted the papers published in
workshops, dissertations, and the rest of the grey literature. Our SMS included categories
that are of a similar level of granularity. Specific categories, such as dimensionality of the
problem or specific types of discrete spaces (combinatorial, permutation, binary), are not
considered in this SMS.

In this paper, we presented the first SMS on attraction basins in the field of metaheuris-
tics. We believe this study will help newcomers, as well as those who are experienced, to
dive into the topic more quickly, and therefore enhance the improvement in the field. The
main findings on the topic are as follows:

*  Discrete domains were investigated far better than continuous.

*  Single-objective static problems dominated. Multi-objective problems were investi-
gated better within the continuous domain, although still very weakly.

e  Different definitions of attraction basins were used, while the most frequent one was
based on a local search. Within the continuous domain researchers often use clusters
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or niches as approximated attraction basins. There is a lack of a general framework of
attraction basins in the field of metaheuristics.

¢ Only a few “exact” algorithms were found, exhaustive enumeration with local search,
reverse hillclimbing, and the primary attraction algorithm. No parallel and scalable
algorithm was found to compute attraction basins.

¢  Attraction basins were used for many purposes, such as fitness landscape analysis,
clustering and niching, comparison of metaheuristics, exploration and exploitation,
and analysis of metaheuristics, to enhance the search, problem generation, filled
functions, etc. Local Optima Network is the topic that received the most attention in
the area regarding the attraction basins.

®  The notion of attraction basins first appeared in the 1970s.

Regarding the question of whether is it necessary to perform snowballing, we answer
"yes’ for some works (it holds for this work).

We encourage researchers to develop efficient, parallel, and scalable algorithms to
compute attraction basins that can run on a cluster [117-121]. However, an unambiguous
definition of attraction basins is needed to design an algorithm. Unfortunately, often weak
definitions are provided that do not take into account all specificities. This is especially
a problem within the continuous domain. Attraction basins on the continuous domain
are understood poorly. These specificities include the settings, such as the neighbourhood
definition, order of neighbours, specific local search variant, and sampling. The bigger
impact of these settings on the resulting attraction basins could have huge repercussions
on the attraction basin’s applications. Therefore, as our future work, we will investigate
the impact of these different settings on the resulting attraction basins. We will investigate
the impact of shifting, rotating, and adding more dimensions to problems on attraction
basins. Further, we will analyse the influence of different settings on the exploration and
exploitation metric proposed in [22]. If we find out a significant influence, the metric will be
revised in one of our future works. Therefore, we encourage researchers to experiment with
different definitions/algorithms, and provide a general framework that is independent of
an attraction mechanism, attractor, and initial configurations. In this way, the power of the
concept may be exploited better.
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Appendix A

Algorithm A1 Local Search Algorithms: Best Improvement and First Improvement

1: procedure FIRSTIMPROVEMENT(initialSolution)
2 repeat
3 for neighbor in GetNeighbors(initialSolution) do
4 if neighbor is better than initialSolution then
5: initialSolution <— neighbor
6 break
7 until initialSolution did not change
8 return initialSolution
9: procedure BESTIMPROVEMENT (initialSolution)
10: incumbent < initialSolution
11: repeat
12: for neighbor in GetNeighbors(initialSolution) do
13: if neighbor is better than incumbent then
14: incumbent <— neighbor
15: initialSolution < incumbent
16: until initialSolution did not change
17: return initialSolution

Algorithm A2 Reverse hill climbing

1: procedure REVERSEHILLCLIMBER(P)
2 if P not in table then

3 table < table U P

4: L <= P’s neighbors less fit than P

5 for Qin L do

6 if Q not visited then

7 ReverseHillclimber(Q)

Algorithm A3 Primary attraction to local/global optima

1: procedure PRIMARYATTRACTION (initialSolution)

2 CurSet «+ {initialSolution }

3 OldSet < @

4 while true do

5: j < Find an element in CurSet with highest f value

6 CurSet <— CurSet — — — (CurSet N OldSet)

7 Eliminate all points from CurSet with f value less than f(j)
8 if any point in CurSet is local optimum then

9: return CurSet

10: OldSet < OldSet U CurSet

11: CurSet < Get neighborhood of all elements of CurSet
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Algorithm A4 Algorithm to compute attraction basins in real-valued domains

1: procedure DETECTBORDERSFILLSMOOTH(grid)
2 for non edge point in grid do
3 pairs <— GetDiametricallyOppositeNeighborPairs(point)
4: for pair in pairs do
5: if FitnessOfEachPointIn(pair) < FitnessOf(point) then
6: grid <— MakeBoundaryPoint(point)
7 break
8 basinld < 0
9: for non basin point in grid do
10: grid <— RunBoundaryFill Algorithm(basinld)
11: basinld <+ basinld + 1
12: for non edge point in grid do
13: if IsBoundaryPoint(point) is true then
14: pairs < GetDiametricallyOppositeClosestNonBoundaryPairs(point)
15: for pair in pairs do
16: if BothPointsInSameBasin(pair) is true then
17: point < BasinldOf(pair)
18: break
19: return grid
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