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Abstract: In this study, we address the topic of sustainable and responsible portfolio investments 
(SRI). The selection of such portfolios is based, in addition to traditional financial variables, on en-
vironmental, social, and governance (ESG) criteria. The interest of our approach resides in allowing 
socially responsible (SR) portfolio investors to select their optimal portfolios by considering their 
individual preferences for each objective and simultaneous definition of the degrees of acceptance 
and rejection. In particular, we consider socially responsible portfolio selection as an optimization 
problem with multiple objectives before applying interactive intuitionistic fuzzy method to solve 
the portfolio optimization. The robustness of our approach is tested through an empirical study on 
the top 10 Stocks for ESG values worldwide. 
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1. Introduction 
Portfolio selection is a research topic of primordial importance in financial markets 

[1]. It aims to optimally allocate limited resources to a set of assets in order to attain a 
targeted level of return. The first mathematical formulation of the portfolio selection prob-
lem was developed by Markowitz [2]. The latter defines efficient portfolios as those min-
imizing the risk for a given expected return or those maximizing the expected return for 
a chosen level of risk. Despite its several advantages, Markowitz’s model has been criti-
cized since it overlooks many other requirements beyond risk and return [3–5]. In order 
to help investors make sound decisions on portfolio selection, various extensions of Mar-
kowitz’s model have been developed over the last few decades. Nevertheless, most of 
them are still based on quantitative data [6,7]. 

In some cases, historical data are unavailable or are not accurate enough to predict 
the evolution of the market [5,8]. Thus, consulting financial reports and the judgements 
of expert and/or investor preferences may be an alternative solution. However, such in-
formation is often subjective, incomplete, uncertain, or qualitative in nature [7]. Fuzzy 
logic theory developed by Zadeh [9] is a valuable tool for dealing with the epistemic un-
certainty resulting from limited or vague information. The basic idea is to transform lin-
guistic variables into fuzzy sets via appropriate membership functions [10,11]. 

Gorzałczany [12] states that formal fuzzy set representation is not often adequate. It 
may be difficult for a decision maker (DM) to provide an exact value of the degree of 
membership of an element. Indeed, in many real-world issues, DMs may express their 
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opinions even when they are not certain about them, inducing a potential hesitation de-
gree between membership and non-membership [13,14]. To tackle this challenge, At-
anassov [15,16] introduces the intuitionistic fuzzy set (IFSs) as another extension of the 
fuzzy set. To handle uncertain and qualitative information in portfolio selection, many 
fuzzy decision-making approaches have been developed [3,7]. The introduction of fuzzy 
set theory and its extensions into portfolio selection methods have been an interesting 
topic of research, especially when it comes to dealing with uncertain parameters [17]. 

Tiryaki et al. [18] compared the performance of two fuzzy-AHP approaches for port-
folio selection in the Istanbul Stock Exchange (ISE). Pandey et al. [19] presented several 
applications of fuzzy logic in finance that included portfolio optimization. The authors of 
[20,21] incorporated fuzzy set theory and expert opinions regarding traditional allocation 
asset models such as modern portfolio theory (MPT). Rahiminezhad Galankashi et al. [1] 
investigated many other decision-making criteria beyond risk and return, and then they 
applied a fuzzy analytic network process (FANP) for portfolio selection. 

Portfolio selection is a multi-objective optimization (MOO) problem, where the ob-
jectives generally conflict with each other. In the real world, one investor may also be 
interested in choosing her/his preferences for each objective. 

Li and Xu [20] suggested a multi-objective fuzzy portfolio selection model based on 
a genetic algorithm. Mansour et al. [22] also proposed a fuzzy multi-objective portfolio 
selection method considering investor preferences regarding risk, return, and liquidity. 
Deep et al. [8] used a fuzzy interactive multi-objective optimization model for portfolio 
selection. Yu et al. [23] developed multi-objective linear programming for portfolio selec-
tion under an intuitionistic fuzzy environment. The goal was to consider the degrees of 
nonsatisfaction and the hesitation of DMs regarding different objectives. 

The participation of well-informed decision maker is usually required in order to 
solve a MOO problem [24,25]. Depending on his (her) participation in the solving process, 
MOO methods are generally divided into three categories [26–29]: a priori methods, pos-
teriori methods, and interactive methods. 

We talk about an a priori method when the DM’s preferences are expressed before 
the optimization phase. In a posteriori method, the DM provides his/her preferences after 
the optimization phase. The pareto front is first approximated, and then the DM has to 
make a choice among the generated solutions. The final category is the interactive method, 
where the DMs progressively provide their feedback during the optimization process. 

The main idea of interactive optimization methods is to dynamically involve the DM 
in the solving process. Meignan et al. [27] proposed the so called “human-in-the-loop ap-
proach for optimization”, that enables generating intermediate solutions that the DM 
could assess in order to bring out their biases. Consequently, the preferences are extracted 
so that the DM’s expectations are reinforced. After the update, the selected preferences 
are processed within the optimization framework. 

Various interactive MOO methods have been suggested over the years. However, no 
method has outperformed the others in all aspects, seeing that each one has its own pros 
and cons. The choice may depend on the features of the problem and the decision maker 
[28]. Interactive methods may differ from each other according to the type of information 
given by the DM during the optimization process [24,28,30,31]. A DM can express his/her 
preferences as aspiration levels, i.e., desirable values of the objective functions. The DM 
may also provide a classification of objective functions to specify which function value 
should be reduced, ameliorated, or preserved. The basic idea of this method is that only 
some objective values could be improved. An alternative approach is that the DM makes 
comparisons between several Pareto optimal solutions and then chooses the most appro-
priate one [25]. 

An interactive method usually comprises the following steps: 
1. Show the initial objective vectors to the DM; 
2. Ask the DM to give his/her preferences; 
3. Generate new solution(s) based on the updated preferences; 
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4. Go back to step 2 if the DM is dissatisfied or stop. 
Interactive approaches have shown their superiority in solving MOO problems com-

pared to many other approaches [29,31]. Adopting an interactive approach allows the DM 
to learn about the feasible solutions progressively and to gain a better understanding of 
the problem [25]. The DM can adjust his/her preferences adequately and may also have 
the ability to directly guide the solving process toward relevant solutions [27,29,30]. 

According to [25,29,32], coming up with new methods that better support the char-
acteristics of both the decision makers and the studied problem is always required. In 
many cases, deterministic optimization models are very limited and may not be able to 
correctly describe real-world problems Angelov [33]. 

Combining the desirable features of both fuzzy set theory and interactive multi-ob-
jectives methods may provide more chances to achieve a desirable solution, especially 
when the DM has fuzzy goals for each objective function [33,34]. Fuzzy logic can allow a 
better representation of vagueness and the impreciseness of a DM’s preferences. In a fuzzy 
environment, the aim of an optimization problem is to find a satisfying solution that max-
imizes the membership degree [35]. 

Garai et al. [36] emphasized that despite the advantages of fuzzy interactive multi-
objective optimization, it could be further ameliorated since other extensions of classical 
fuzzy set have appeared. Using a multi-objective interactive approach under an intuition-
istic fuzzy environment may be more practical, as it considers not only the satisfaction 
degree (membership) of objectives but the dissatisfaction degree (non-membership) as 
well [33,35]. The ultimate goal of an intuitionistic fuzzy interactive multi objective optimi-
zation approach is to find an optimal solution that maximizes the satisfaction degree and 
that minimizes the dissatisfaction degree [35]. The DM is progressively asked to update 
his/her reference level of both the membership and non-membership of a chosen objective 
function, as determined by Razmi et al. [35]. 

Besides risk and return, information about the social policies of companies has be-
come an important determinant of an investor’s decision. Socially responsible investment 
(SRI) is attracting more and more attention, both in practice and in academia. According 
to EuroSIF [37,38], SRI has increased in recent years, moving from being marginal in the 
market to being a highly attractive tool for individual investors. In the context of the 
worldwide growth of SRI worldwide, we have gathered and presented some articles that 
investigate different aspects of the portfolio optimization process. In particular, Hanine et 
al. [6] provide investors that seek to invest only in the ethical assets with a reference tool 
that meets their needs. The authors use a fuzzy interactive approach to solve a proposed 
portfolio selection problem. Finally, they prove that investors who are interested in SRI 
must be ready to pay a minimal financial cost in exchange for ethical goals. 

Hallerbach [39] suggested a multi-criteria decision framework for managing an in-
vestment portfolio in which the investment opportunities are described in terms of a set 
of attributes, and part of this set is intended to capture the effects on society. Calvo et al. 
[40,41] suggested a fuzzy multi-criteria model for mean-variance portfolio selection by 
considering the social responsibility of the portfolio as an additional secondary non-finan-
cial goal. Gasser et al. [42] revisited Markowitz’ portfolio selection theory and proposed a 
modification allowing the incorporation of a social responsibility measure into the invest-
ment decision making process by proposing a three-objective model based on return, risk, 
and ESG scores. The authors found that ethical investors prefer to maximize the social 
impact of their investments when facing a statistically significant decrease in the expected 
returns. Landi et al. [43] tried to identify a direct causal relationship between the ESG 
rating and financial performances, but no evidence was found. 

The aim of this study was to suggest a fuzzy intuitionistic interactive approach in 
order to solve a socially responsible portfolio selection problem and then to compare the 
finding results with a fuzzy interactive approach [6,8]. So far, a very small number of 
studies have investigated optimal ways to construct socially responsible portfolios by em-
ploying optimization methods. This study covers this gap by suggesting an alternative 
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approach that simultaneously maximizes the degree of satisfaction and that minimizes 
the degree of dissatisfaction of each objective function. The proposed approach allows an 
investor to control the search direction during the solution procedure and, as a result, to 
achieve his/her most preferred compromise solution. In addition, if an investor is not sat-
isfied with the obtained portfolio, more portfolios can be generated by updating the lower 
(upper) bounds of the objective functions. Thus, an investor may have greater confidence 
in the obtained solution. To the best of our knowledge, this study is the first of its kind, 
seeing that it uses the interactive intuitionistic fuzzy approach to solve an SR portfolio 
selection problem. 

The remainder of this paper is organized as follows: Section 2 presents the mathe-
matical model. Section 3 presents the methodology and research approach. Section 4 car-
ries out an empirical study applied to the top 10 Stocks for ESG values worldwide and 
compares the results of the proposed approach with the fuzzy interactive approach. Sec-
tion 5 summarizes the main features and findings of the proposed approach and suggests 
some directions for future research. 

2. Mathematical Model 
In this section, we formulate a portfolio selection problem as an optimization prob-

lem with multiple objectives. 

2.1. Notations and Definitions 
𝑒𝑒𝑖𝑖: The ESG score of the i-th asset; 
𝑟𝑟𝑖𝑖: The expected rate of return of the i-th asset; 
𝑥𝑥𝑖𝑖: The proportion of the total funds invested in the i-th asset; 
𝑟𝑟𝑖𝑖12: The average performance of the i-th asset during a 12-month period; 
𝑛𝑛: The number of assets in a portfolio; 
𝛼𝛼: The minimal acceptable degree of objective(s) and constraints; 
𝛽𝛽: The maximal degree of rejection of objective(s) and constraints. 

2.2. Preliminaries 
Definition 1. A MOO problem is defined as follows: 

Minimize 𝑓𝑓(𝑥𝑥) = {𝑓𝑓1(𝑥𝑥), 𝑓𝑓2(𝑥𝑥), … , 𝑓𝑓𝑘𝑘(𝑥𝑥)}𝑇𝑇  
Subject 𝑥𝑥 ∈ 𝑆𝑆 ⊂ 𝑅𝑅𝑛𝑛 
Where 𝑓𝑓𝑖𝑖(𝑥𝑥):𝑅𝑅𝑛𝑛 → 𝑅𝑅 are objective functions, 𝑆𝑆 ⊂ 𝑅𝑅𝑛𝑛 represents a set of constraint func-

tions, and 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛)𝑇𝑇 is a decision vector. It also worth noting that maximizing 𝑓𝑓𝑖𝑖 is 
equivalent to minimizing−𝑓𝑓𝑖𝑖. 

Definition 2. [15,16] Let 𝑋𝑋 be a nonempty set. An intuitionistic fuzzy set 𝐴𝐴 drawn from 𝑋𝑋 is 
defined as 

𝐴𝐴 = {〈𝑥𝑥, 𝜇𝜇𝐴𝐴(𝑥𝑥), 𝛾𝛾𝐴𝐴(𝑥𝑥)〉: 𝑥𝑥 ∈ 𝑋𝑋}  

where the functions 𝜇𝜇𝐴𝐴(𝑥𝑥), 𝛾𝛾𝐴𝐴(𝑥𝑥) ∶ 𝑋𝑋 → [0,1] define, respectively, the degree of membership and 
degree of non-membership of the element 𝑥𝑥 ∈ 𝑋𝑋 to the set 𝐴𝐴, which is a subset of 𝑋𝑋, and they 
satisfy the following conditions: 

0 ≤ 𝜇𝜇𝐴𝐴(𝑥𝑥) + 𝛾𝛾𝐴𝐴(𝑥𝑥) ≤ 1,∀𝑥𝑥 ∈ 𝑋𝑋  

Definition 3. [24] Let 𝐴𝐴 ∈ 𝑋𝑋 be IFS, then: 
1. 𝜋𝜋𝐴𝐴(𝑥𝑥) = 1 − 𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝛾𝛾𝐴𝐴(𝑥𝑥) is called the degree of hesitation of the element 𝑥𝑥 ∈ 𝐴𝐴; it ex-

presses the lack of knowledge of whether x belongs to IFS A or not; 
2. 𝜕𝜕𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥) + 𝜋𝜋𝐴𝐴(𝑥𝑥)𝜇𝜇𝐴𝐴(𝑥𝑥) is called the degree of favour of 𝑥𝑥 ∈ 𝐴𝐴; 
3. 𝜂𝜂𝐴𝐴(𝑥𝑥) = 𝛾𝛾𝐴𝐴(𝑥𝑥) + 𝜋𝜋𝐴𝐴(𝑥𝑥)𝛾𝛾𝐴𝐴(𝑥𝑥) is called the degree of against of 𝑥𝑥 ∈ 𝐴𝐴. 

Where 𝜋𝜋𝐴𝐴(𝑥𝑥) expresses the lack of knowledge of whether 𝑥𝑥 belongs to IFS 𝐴𝐴 or not. 
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Definition 4. [12,44,45] A triangular intuitionistic fuzzy number (TIFN) is a special IFS on the 
real number set ℜ, whose membership function and non-membership functions are defined as fol-
lows: 

𝜇𝜇𝑘𝑘(𝑍𝑍𝑘𝑘(𝑥𝑥)) =

⎩
⎪
⎨

⎪
⎧ 1,               𝑖𝑖𝑖𝑖  𝑍𝑍𝑘𝑘(𝑥𝑥) ≥ 𝑈𝑈𝑘𝑘 ,
𝑍𝑍𝑘𝑘(𝑥𝑥) − 𝐿𝐿𝑘𝑘
𝑈𝑈𝑘𝑘 − 𝐿𝐿𝑘𝑘

,      𝑖𝑖𝑖𝑖 𝐿𝐿𝑘𝑘  < 𝑍𝑍𝑘𝑘(𝑥𝑥) < 𝑈𝑈𝑘𝑘 ,

0,             𝑖𝑖𝑖𝑖 𝑍𝑍𝑘𝑘(𝑥𝑥) ≤ 𝐿𝐿𝑘𝑘 .

 

 

𝛾𝛾𝑘𝑘(𝑍𝑍𝑘𝑘(𝑥𝑥)) =

⎩
⎪
⎨

⎪
⎧ 1,  if 𝑍𝑍𝑘𝑘(𝑥𝑥) ≤ 𝐿𝐿𝑘𝑘 ,
𝑈𝑈𝑘𝑘 − 𝑍𝑍𝑘𝑘(𝑥𝑥)
𝑎𝑎.𝑈𝑈𝑘𝑘 − 𝐿𝐿𝑘𝑘

,  if 𝐿𝐿𝑘𝑘 < 𝑍𝑍𝑘𝑘(𝑥𝑥) < 𝑈𝑈𝑘𝑘,

0,  if 𝑍𝑍𝑘𝑘(𝑥𝑥) ≥ 𝑈𝑈𝑘𝑘 .

 

 

Remark 1. [6] Let 𝑥𝑥𝑘𝑘, 𝑘𝑘 = 1,2, . . . , 𝑝𝑝 denote the optimal solutions obtained by solving the optimi-
zation problem as a single objective problem. We calculate 𝑈𝑈𝑘𝑘 and 𝐿𝐿𝑘𝑘, respectively, by: 

𝑈𝑈𝑘𝑘 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝑍𝑍�𝑥𝑥𝑘𝑘�, 𝑘𝑘 = 1,2, … ,𝑝𝑝�  

𝐿𝐿𝑘𝑘 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝑍𝑍�𝑥𝑥𝑘𝑘�, 𝑘𝑘 = 1,2, . . . ,𝑝𝑝�   

where Z is the objective function. 

Remark 2. [12] The degree of hesitation is 0, and when 𝑎𝑎 = 1, the degree of hesitation tends to 
1 − 𝜇𝜇𝐴𝐴(𝑥𝑥) when 𝑎𝑎 → +∞; in general, 1 ≤ 𝑎𝑎 ≤ 3. 

2.3. Objective Functions 
• The expected return: The short-term return of the portfolio is expressed as: 

𝑍𝑍1(𝑥𝑥) = �𝑟𝑟𝑖𝑖12𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 (1) 

where 𝑟𝑟𝑖𝑖12 = 1
12
∑ 𝑟𝑟𝑖𝑖𝑖𝑖 , 𝑡𝑡 = 1,2, … 𝑛𝑛;  𝑟𝑟𝑖𝑖𝑖𝑖12
𝑡𝑡=1  is determined from the historical data. 

• Ethicality: The ethical investing objective function using the ESG scores is expressed 
as 

𝑍𝑍2(𝑥𝑥) = �𝑒𝑒𝑖𝑖𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 (2) 

• Risk: The portfolio risk using semi-absolute deviation measure is expressed as 

𝑍𝑍3(𝑥𝑥) = �
|∑ (𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖𝑛𝑛

𝑖𝑖=1 | + ∑ (𝑟𝑟𝑖𝑖 − 𝑟𝑟𝑖𝑖𝑖𝑖)𝑥𝑥𝑖𝑖𝑛𝑛
𝑖𝑖=1

2𝑇𝑇

𝑇𝑇

𝑡𝑡=1

=
1
𝑇𝑇
�𝜃𝜃𝑡𝑡(𝑥𝑥)
𝑇𝑇

𝑡𝑡=1

 (3) 

2.4. Constraints 
• Capital budget: The capital budget constraint on the assets is expressed as 

�𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= 1 (4) 

• No short selling: No short selling of assets is expressed as 

𝑥𝑥𝑖𝑖 ≥ 0, 𝑖𝑖 = 1,2, . . . ,𝑛𝑛 (5) 
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2.5. Decision Problem 
In order to reduce the computational burden, we used semi-absolute deviation as a 

risk measure after the elimination of the absolute-valued function. We formulate the prob-
lem into the following form: 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧𝑀𝑀𝑀𝑀𝑀𝑀 𝑍𝑍1(𝑥𝑥)         = �𝑟𝑟𝑖𝑖12𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

  

𝑀𝑀𝑀𝑀𝑀𝑀𝑍𝑍2(𝑥𝑥)           = �𝑒𝑒𝑖𝑖𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

    

𝑀𝑀𝑀𝑀𝑀𝑀𝑍𝑍3(𝑥𝑥)           =
1
𝑇𝑇
�𝑝𝑝𝑡𝑡   
𝑇𝑇

𝑡𝑡=1

  

 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡   

  𝑝𝑝𝑡𝑡 ≥ −�(𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖 ,   𝑡𝑡 = 1,2, . . . ,𝑇𝑇,
𝑛𝑛

𝑖𝑖=1

 

  𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 5 −  7  
  𝑝𝑝𝑡𝑡 ≥ 0,    𝑡𝑡 = 1,2, . . .𝑇𝑇,  
   

 (6) 

3. Materials and Methods 
In order to achieve the aims of this study, we provide a detailed flowchart Figure 1 

that summarizes the approach’s main steps. As such, this work has implications for both 
researchers and practitioners who are interested in portfolio selection problems, especially 
as they relate to SRI. 

 
Figure 1. Research steps (Source: authors’ elaboration). 

Proposed Interactive Intuitionistic Fuzzy Multi Objective Optimization Problem 
We propose an intuitionistic fuzzy interactive approach to solve the problem (6). That 

approach is identified in the following steps: 
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• Step 1: Solve Problem 1 as a single-objective problem corresponding to each objective 
function; for the expected return 𝑍𝑍1(𝑥𝑥) 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑀𝑀𝑀𝑀𝑀𝑀 𝑍𝑍1(𝑥𝑥)         = �𝑟𝑟𝑖𝑖12𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

  

 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡  

  𝑝𝑝𝑡𝑡 ≥ −�(𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖 ,   𝑡𝑡 = 1,2, . . . ,𝑇𝑇,
𝑛𝑛

𝑖𝑖=1
  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 5 −  7
  𝑝𝑝𝑡𝑡 ≥ 0, 𝑡𝑡 = 1,2, . . .𝑇𝑇,
   

 (7) 

For ethicality 𝑍𝑍2(𝑥𝑥) 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑀𝑀𝑀𝑀𝑀𝑀𝑍𝑍2(𝑥𝑥)           = �𝑒𝑒𝑖𝑖𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

  

 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡  

  𝑝𝑝𝑡𝑡 ≥ −�(𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖 ,   𝑡𝑡 = 1,2, . . . ,𝑇𝑇,
𝑛𝑛

𝑖𝑖=1
  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 5 −  7
  𝑝𝑝𝑡𝑡 ≥ 0, 𝑡𝑡 = 1,2, . . .𝑇𝑇,
   

 (8) 

For risk 𝑍𝑍3(𝑥𝑥) 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑀𝑀𝑀𝑀𝑀𝑀𝑍𝑍3(𝑥𝑥)           =

1
𝑇𝑇
�𝑝𝑝𝑡𝑡   
𝑇𝑇

𝑡𝑡=1

  

 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡  

  𝑝𝑝𝑡𝑡 ≥ −�(𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖 ,   𝑡𝑡 = 1,2, . . . ,𝑇𝑇,
𝑛𝑛

𝑖𝑖=1
  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 5 −  7
  𝑝𝑝𝑡𝑡 ≥ 0, 𝑡𝑡 = 1,2, . . .𝑇𝑇,
   

 (9) 

Let 𝑥𝑥1, 𝑥𝑥2, and 𝑥𝑥3 denote the optimal solutions obtained by solving the single ob-
jective problems in respect to each objective function; if all of the solutions, i.e., 𝑥𝑥1 = 𝑥𝑥2 =
𝑥𝑥3 (𝑥𝑥1, 𝑥𝑥2, . . . , 𝑥𝑥10) are same, we obtain the preferred solution and stop; otherwise, go to 
step 2. 
• Step 2: Evaluate the objective functions at all of the obtained solutions. Determine 

the worst lower bound and best upper bound for each objective functions; 
• Step 3: Define the linear membership functions 𝜇𝜇𝑍𝑍1(𝑥𝑥), 𝜇𝜇𝑍𝑍2(𝑥𝑥), 𝜇𝜇𝑍𝑍3(𝑥𝑥) and non-member-

ship 𝛾𝛾𝑧𝑧1(𝑥𝑥), 𝛾𝛾𝑧𝑧2(𝑥𝑥), 𝛾𝛾𝑧𝑧3(𝑥𝑥) for each objective function (i.e., return, ethicality and risk); 
• Step 4: Develop the fuzzy multi-objective optimization model for the portfolio selec-

tion problem using the obtained fuzzy membership and non-membership functions 
as follows: 
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⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧
𝑀𝑀𝑀𝑀𝑀𝑀  α − β  
𝑠𝑠𝑠𝑠𝑠𝑠 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 𝑡𝑡𝑡𝑡  

 α ≤ 𝜇𝜇𝑍𝑍1(𝑥𝑥),α ≤ 𝜇𝜇𝑍𝑍2(𝑥𝑥),α ≤ 𝜇𝜇𝑍𝑍3(𝑥𝑥)

   β ≥ 𝛾𝛾𝑧𝑧1(𝑥𝑥), β ≥ 𝛾𝛾𝑧𝑧2(𝑥𝑥), β ≥ 𝛾𝛾𝑧𝑧3(𝑥𝑥)

 𝑝𝑝𝑡𝑡 ≥ −�(𝑟𝑟𝑖𝑖𝑖𝑖 − 𝑟𝑟𝑖𝑖)𝑥𝑥𝑖𝑖 , 𝑡𝑡 = 1,2, . . . ,𝑇𝑇,
𝑛𝑛

𝑖𝑖=1

 �𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= 1

 𝑥𝑥𝑖𝑖 ≥ 0, 𝑖𝑖 = 1,2, . . . ,𝑛𝑛
 𝑝𝑝𝑡𝑡 ≥ 0, 𝑡𝑡 = 1,2, . . .𝑇𝑇,
 α ≥  β, 0 ≤ α + β ≤ 1 
  

 (10) 

• Step 5: Stop if the investor is satisfied with the obtained portfolio; otherwise, more 
portfolios can be generated by updating the lower (and upper) bounds of the objec-
tive functions (go to Step 2 and re-iterate the solution process). 
In order to test the robustness and pertinence of the proposed approach, an empirical 

case study will be applied to the top 10 Stocks for ESG values worldwide in the section 
that follows. 

4. Results and Discussion 
In this section, we present the results of an empirical study to show the feasibility 

and practicability of the approach that are proposed. We selected the top 10 Stocks for 
environmental, social, and governance values worldwide [46]. The list of selected assets 
is presented in Table 1. Based on the historical monthly prices of our asset’s sample from 
1 January 2020 to 31 December 2020, we computed the monthly returns for each asset. 

Table 1. List of selected assets (Source: authors’ elaboration). 

 Assets ESG-Score Normalized Scores Return 
A1 Abbott Laboratories 86 0.102870813 0.027128614 
A2 Acciona, S.A. 90 0.107655502 0.021284185 
A3 ANA Holdings Inc. 81 0.096889952 −0.038078907 
A4 Arcelik Anonim Sirketi 79 0.094497608 0.035430269 
A5 ASE Technology Holding Co., Ltd. 89 0.10645933 0.004094391 
A6 Atos SE 85 0.101674641 −0.012127323 
A7 Bancolombia S.A. 89 0.10645933 −0.025844861 
A8 Banpu Public Company Limited 75 0.089712919 −0.010364046 
A9 Bayerische Motoren Werke Aktiengesellschaft 80 0.09569378 −0.003364407 

A10 BillerudKorsnas AB (publ) 82 0.098086124 0.023092891 

In order to find an optimal asset allocation, we used the proposed approach dis-
cussed above: 
• Step 1: We formulated the model (6) using the input data from Table 1. To determine 

the worst lower (upper) bounds and best upper (lower) bounds for return, ethicality, 
and risk objective functions, respectively, we solved the models corresponding to 
each objective function (7,8,9). The obtained results are shown in Table 2. 
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Table 2. The proportions of the assets in the obtained portfolio corresponding to single objectives 
function. 

 Allocation 
 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 
𝑥𝑥1 0 0 0 1 0 0 0 0 0 0 
𝑥𝑥2 0 1 0 0 0 0 0 0 0 0 
𝑥𝑥3 0 0 0.2081 0 0.2642 0 0 0 0 0.5277 

• Step 2: We evaluated both the objective functions at the obtained solutions, i.e., 𝑥𝑥1,𝑥𝑥2 
and 𝑥𝑥3. Table 3 shows the objective function values of return, ethicality, and risk at 
the obtained solutions. 

Table 3. Objective function values of return, ethicality, and risk at the obtained solutions. 

Assets 𝒙𝒙𝟏𝟏 𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 
The expected return  (𝑍𝑍1(𝑥𝑥)) 0.0354302690984352 0.0212841845487723 0.005343049848417 
Ethical Performance  (𝑍𝑍2(𝑥𝑥)) 0.0944976076555024 0.107655502392345 0.100049446411483 

Risk  (𝑍𝑍3(𝑥𝑥)) 0.061023262500000 0.045374146666667 0.020317244933333 

Now, the worst lower (upper) bounds and best upper (lower) bounds of both the 
objective functions were obtained as follows: 

 0.0053 ≤  𝑍𝑍1(𝑥𝑥) ≤ 0.0354  

 0.0945 ≤ 𝑍𝑍2(𝑥𝑥) ≤ 0.1077   

 0.0203 ≤ 𝑍𝑍3(𝑥𝑥) ≤ 0.0610   

• Step 3: We constructed the membership functions of return, ethicality, and risk as 
follows: 
The linear membership function of the objective of expected portfolio return is 

𝜇𝜇𝑍𝑍1(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧

1, 𝑖𝑖𝑖𝑖 𝑍𝑍1(𝑥𝑥) ≥ 0.0354,
𝑍𝑍1(𝑥𝑥) − (0.0053)

0.0354 − (0.0053)
, 𝑖𝑖𝑖𝑖 0.0053 < 𝑍𝑍1(𝑥𝑥) < 0.0354,

0, 𝑖𝑖𝑖𝑖 𝑍𝑍1(𝑥𝑥) ≤ 0.0053.
 

  

The linear non-membership function of the objective of expected portfolio return is 

𝛾𝛾𝑍𝑍1(𝑥𝑥) =

⎩
⎨

⎧
1,  if 𝑍𝑍1(𝑥𝑥) ≤ 0.0053,

0.0354 − 𝑍𝑍1(𝑥𝑥)
0.0354 − 0.0053

,  if 0.0053 < 𝑍𝑍1(𝑥𝑥) < 0.0354,

0,  if 𝑍𝑍1(𝑥𝑥) ≥ 0.0354.

  

Respectively, using the definition 4, we defined the linear membership functions 
𝜇𝜇𝑍𝑍2(𝑥𝑥), 𝜇𝜇𝑍𝑍3(𝑥𝑥) and non-membership 𝛾𝛾𝑧𝑧2(𝑥𝑥), 𝛾𝛾𝑧𝑧3(𝑥𝑥) for each objective function. 
• Step 4: We formulated the model (10) using the obtained fuzzy membership and non-

membership functions. Then, we solved the model, and the computational results are 
summarized in Tables 4 and 5. 

Table 4. Summary results of portfolio selection. 

𝜶𝜶 𝜷𝜷 Return ESG Score Risk 
  𝑍𝑍1(𝑥𝑥) 𝑍𝑍2(𝑥𝑥) 𝑍𝑍3(𝑥𝑥) 

0.6287 0.1852 0.0243 0.1052 0.0279 
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Table 5. The proportions of the assets in the obtained portfolio. 

 Allocation 
 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 

Portfolio 0.5092 0.4908 0 0 0 0 0 0 0 0 

• Step 5: We supposed that the investor is satisfied with the obtained preferred com-
promise solution, then stop and select the current solution as the final decision. 

Comparison of the Models 
First, based on the simple fuzzy interactive process proposed by [6], we solved the 

model (6). Then, we solved the same model (6) with the proposed approach. Finally, we 
compared the obtained results of both approaches (see Table 2). 

For the sake of comparison, we demonstrated the investment proportions and objec-
tive function value: the differences between the fuzzy interactive approach and the pro-
posed approach in the form of a histogram (see Table 2, Figures 2 and 3). From Table 2, 
we can see that the selected assets differ from one approach to the other. 

Moreover, from the comparative results in Table 2, Figures 2 and 3, we can notice 
that the capital is allocated more to assets A1, A2, and A5, whose ESG scores are high in 
both approaches. However, in the fuzzy interactive approach, for a one degree of ac-
ceptance of 0.6, only one optimal solution set {𝑍𝑍1(𝑥𝑥) = 0.0273,𝑍𝑍2(𝑥𝑥) = 0.1024,𝑍𝑍3(𝑥𝑥) =
0.0255} is obtained. Nevertheless, in the proposed approach, for the same degree of ac-
ceptance of 0.6, we can generate different optimal solution sets corresponding to different 
rejection degrees (see Table 6). Thus, the practitioner (investor) may select the solution 
that best fits his/her aspiration level of satisfaction and dissatisfaction of each objective 
function. 

Table 6. Summary result of portfolio selection a comparison (Source: authors’ elaboration). 
 𝜶𝜶 𝜷𝜷 𝝅𝝅(𝒙𝒙) 𝝏𝝏(𝒙𝒙)  𝜼𝜼(𝒙𝒙)  Return ESG Score Risk Allocation 
      𝒁𝒁𝟏𝟏(𝒙𝒙) 𝒁𝒁𝟐𝟐(𝒙𝒙) 𝒁𝒁𝟑𝟑(𝒙𝒙) A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 

Fuzzy Portfolio 0.6 - - - - 0.0273 0.1024 0.0255 0.5053 0.2785 0 0.2163 0 0 0 0 0 0 
IFS Portfolio 0.6 0.1 0.3 0.78 0.13 0.0193 0.1063 0.0260 0.2269 0.5807 0 0 0.1924 0 0 0 0 0 

  0.2 0.2 0.72 0.24 0.0217 0.1050 0.0250 0.2961 0.4850 0 0.0797 0.1392 0 0 0 0 0 
  0.3 0.1 0.66 0.33 0.0243 0.1037 0.0250 0.3523 0.4015 0 0.1644 0.0817 0 0 0 0 0 

 
Figure 2. Comparison of the investment proportions (Source: authors’ elaboration). 
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Figure 3. Objective function value (Source: authors’ elaboration). 

5. Conclusions 
In summary, we have presented an interactive intuitionistic fuzzy approach to solve 

the SR portfolio selection problem. Besides financial performance, the adopted approach 
considers the ethical goals of investors as well. Furthermore, it allows DMs to progres-
sively further their understanding of the problem. They will be asked to adjust both their 
degree of satisfaction and dissatisfaction during the solving process until they reach a 
preferred compromise solution. In this work, a sample of the 10 top socially responsible 
stocks was selected to test the robustness of our approach. We compared our approach 
with the interactive fuzzy approach (one). The results show that the selected assets differ 
from one approach to another. However, we deem the interactive intuitionistic fuzzy op-
timization to be more reasonable since it provides a more practical representation of the 
DM’s uncertainty. For the same degree of acceptance, several optimal solutions could be 
generated according to the investor’s hesitation. Thus, an investor may have greater con-
fidence in the obtained solution. 

This study, however, is not without its limitations; the DM needs to make more effort 
compared to when using other existent techniques. Additionally, the DM needs to have 
insight into the problem, be able to adequately express his preferences, and make a com-
parison between solutions or objectives when necessary. Otherwise, the outcome(s) of the 
final solution may be undesirable. 

Future work should focus on advanced techniques such as deep learning and rein-
forcement learning that can be used to predict the future returns of stocks [47]. Predicted 
returns and past returns could be used together to construct the SRI portfolio. When quan-
titative data are not available, further research on how to include qualitative evaluation 
from investors and experts is needed [7]. 
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Finally, it is worth pointing out that research on intuitionistic fuzzy portfolio selec-
tion is only at an early stage. Therefore, we believe that a great deal of future work re-
mains. 
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