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Abstract: This paper addresses the fusion estimation problem in tessarine systems with multi-sensor
observations affected by mixed uncertainties when under Tj-properness conditions. Observations
from each sensor can be updated, delayed, or contain only noise, and a correlation is assumed
between the state and the observation noises. Recursive algorithms for the optimal local linear filter
at each sensor as well as both centralized and distributed linear fusion estimators are derived using
an innovation approach. The Ty-properness assumption implies a reduction in the dimension of the
augmented system, which yields computational savings in the previously mentioned algorithms
compared to their counterparts, which are derived from real or widely linear processing. A numerical
simulation example illustrates the obtained theoretical results and allows us to visualize, among
other aspects, the insignificant difference in the accuracy of both fusion filters, which means that the
distributed filter, although suboptimal, is preferable in practice as it implies a lower computational
cost.

Keywords: centralized fusion estimation; delayed observations; distributed fusion estimation;
multi-sensor systems; tessarine signal processing; Ty-properness; uncertain observations

1. Introduction

In the scientific community, there has recently been increasing interest in approaching
different estimation problems in systems with observations proceeding from multiple
sensors. Evidently, this availability yields better estimations, since the information supplied
from several sensors may compensate for the possible adverse effects of some faulty sensors,
communication errors, or defects when using a single sensor. According to the way that
information is fused, the estimation techniques can be categorized into two large groups:
centralized and distributed methods. In the former group, all the observations from all the
sensors are directly sent to the fusion center to be processed in a single fusion estimator.
In the latter, the observations at each sensor are independently processed, providing a local
estimator, and, afterwards, in the fusion center, a single distributed fusion estimator is built
from these local estimators. Both fusion “architectures” have strengths and weaknesses,
meaning that they can be used alternatively in practice, depending on the problem at hand.
As is already known, the centralized method provides a theoretical, optimal solution to
the estimation problem; in contrast, this may imply a heavy computational burden, and a
high bandwidth may be required. Moreover, the architecture cannot be changed [1-4].
In contrast, the situation with the distributed fusion method the opposite. This method
has great advantages over the centralized one due to the fact that it requires a lower
computational load and communication costs, and is more robust in terms of failure and
flexibility. However, the disadvantage of this method is that the optimality condition of
the estimators is lost [2,5,6]. Nevertheless, this weakness is acceptable when considering
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the advantages that this methodology presents, accounting for the slight difference that
there may be in practice between the estimators obtained by both methods.

Furthermore, in data transmission problems, random delays, packet dropouts, or miss-
ing measurements frequently occur. These problems are caused by limited communication
capabilities or some failures in transmission components. In the real domain, there is
a wide-ranging literature on signal linear processing under uncertain outputs based on
both centralized (see, e.g., [7-9], among others) and distributed fusion methods (see,
e.g., [10-14]). In all of them, different scenarios concerning the initial state-space model and
the characteristics of the observations from the sensors are considered. More specifically,
by considering these three mixed uncertainties, the centralized fusion linear optimal estima-
tion problem has been solved in [8]. In multi-sensor systems with missing measurements,
the centralized and distributed fusion estimators have been obtained in [9] and [11,12],
respectively, by assuming different conditions for the noise variances and updating the
state at each sensor. An analysis of the effects of these packet losses has been developed
in [15] for the centralized Kalman filtering and [12,16] for the distributed fusion filtering
problem. Moreover, the distributed fusion estimation problem has also been studied in
networked systems, for a class of uncertain sensor networks with multiple delays [7,10],
and assuming correlated noises [13,14]. In the above references, the situations referring to
the uncertainties in the observations are usually modeled by Bernoulli random parameters
with known probabilities. Indeed, this is the most common probability distribution to
describe the different types of uncertainty.

In the last two decades, the interest in hypercomplex domains has considerably
grown due to their adequacy in describing a high number of physical phenomena. Their
usefulness lies in the fact that they operate in higher-dimensional spaces, and are thus
able to explain the relationships between the dimensions. As an example, we can mention
the use of hypercomplex domains in virtual reality [17,18], acoustic applications [19,20],
communication [21,22], image processing [23,24], seismic phenomena [25,26], robotics [27,
28], materials [29,30], avionics [31,32], etc.

At the same time, the need to address, among other aspects, the signal processing
problem by using 4D hypercomplex algebras arises. To date, quaternion algebra has
been the most commonly used type of algebra in signal processing, since it is a normed
division algebra. Specifically, in the optimal signal estimation problem, under the so-called
widely linear (WL) processing, the signal quaternion and its three involutions have to be
considered. Nevertheless, the processes involved in the model can present some properties
that lead to a reduction in the dimension of the model by considering the quaternion
signal itself, called strictly linear (SL) processing, or a two-dimensional vector given by the
quaternion signal and its involution over the pure unit quaternion, named semi-widely
linear (SWL) processing. This reduction in the dimension of the model entails a major
decrease in the computational burden. In this framework, the WL estimation problem has
been studied in [17,19,31] for different real problems, and algorithms based on the Kalman
filter have been proposed in the quaternion field. Moreover, in multi-sensor systems,
the WL distributed fusion estimation problem has been addressed in [33-37]. In addition,
for systems with missing observations, WL and SWL filtering, prediction and smoothing
algorithms have been designed in [38] and [39], respectively, with correlation hypotheses
on the state and observation noises considered in the latter. Additionally, the WL estimation
problem in multi-sensor systems with random delays, packet dropouts, and uncertain
observations has been studied in [40]. It should be highlighted that quaternion processing
is not always the most appropriate methodology. In fact, the use of tessarine signals can
bring, under certain conditions, a better performance of the estimators, as has been tested
in [41-43].

However, the signal estimation problem in the tessarine domain has hardly been
studied at all. This is due to the fact that the set of tessarine random variables does not
have a Hilbert space structure; therefore, it is difficult to calculate the LS linear estimator.
Recently, in [41], a metric has been defined in the tessarine domain that satisfies the
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properties necessary to guarantee the existence and uniqueness of the projection. Moreover,
by making an analogy with the quaternion domain, the authors define T;-properness,
and prove that the tessarine widely linear (TWL) estimation error coincides with that of T+,
which yields a considerable reduction in the computational cost of obtaining the optimal
solution. Later, the Ty-properness definition is established in [42], obtaining the same
result for the TWL and T, estimation errors. These types of Ty-properness have been used
in [43] to approach the LS linear centralized fusion estimation problem of signals from
multi-sensor observations with random delays.

Considering these benefits for the Ty-properness, in this paper, we address both dis-
tributed and centralized fusion LS estimation problems in tessarine systems with mixed
uncertainties of randomly delayed and missing observations proceeding from multiple
sensors. At each sensor and instant of time, each tessarine component can be updated,
delayed, or contain only noise, independently of the remaining sensors. We have also
assumed a correlation between the signal and observation noises, which is a very desir-
able property for multi-sensor systems, since the observations act as output feedback [14].
By using an innovation approach, recursive algorithms are derived to compute the LS
distributed and centralized fusion filters. These have been characterized for both Ty-proper
scenarios, where the reduction in the system dimension is clearly reflected. A decrease in
the computational burden can also be observed by using the distributed filtering algorithm
instead of the centralized one and, although the distributed algorithm provides subopti-
mal estimators, a simulation example shows that the differences between them may be
insignificant in practice.

The rest of the paper is organized as follows. In Section 2, the notation that will be
used throughout the paper is established, as well as a revision of the main concepts and
results in the tessarine domain. Next, in Section 3, the tessarine state and observation
equations (both the real and available ones) are established, as well as the hypotheses on
the processes involved. The different mixed uncertainties are modelled by using Bernoulli
random variables with known parameters, whose values of one or zero determine if an
observation is updated, delayed, or contains only noise. Then, the augmented model
(by considering the three conjugations) is presented in Section 4, and the conditions for
the processes which guarantee Tj-properness are studied. The reduction in the model
under these Ty-properness conditions is shown and, in this scenario, a recursive algorithm
is proposed to obtain the local optimal LS linear filtering estimators. Subsequently, in
Section 5, by considering the compact model, that is, the observations from all the sensors,
a recursive algorithm is devised to obtain the optimal LS linear centralized fusion filter
under Ty-properness conditions. Adittionally, a method for the recursive computation of
the Ty distributed fusion filter as the LS matrix-weighted linear combination of the optimal
local LS linear estimators is proposed in Section 6. Afterwards, a numerical simulation
example in Section 7 illustrates several items: (i) the superiority of both fusion filters over
the local ones, (ii) the performance of the fusion filters increases as the updating and delay
probabilities become greater and by comparing the same probability that the observation
is updated or delayed; (iii) the accuracy of the centralized fusion filter is better than the
distributed one, but the difference is almost insignificant. Finally, a section of conclusions
(Section 8) and two appendixes with the proofs of all the results in the paper have been
included.

2. Preliminaries

In this section, we introduce the basic notation that will be used in this paper. Matrices
will be written in bold, upper-case letters, column vectors in bold, lower-case letters,
and scalar quantities in lightfaced letters. We will use the superscripts “*”, “T” and “H”
to represent the tessarine conjugate, transpose and conjugate transpose, respectively. For
0/, xm, we will denote the n x m zero matrix, I;; the identity matrix of dimension n, and 1,
and 0, the column vector of dimension #n with all its elements 1 or 0, respectively. Letters
Z, R and T will represent the set of integer, real and tessarine field, respectively. Moreover,
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A € R"" (respectively, A € T"*"") means that A is a real (respectively, tessarine) n x m
matrix. Similarly, r € R" (respectively, r € T™) means that r is a m-dimensional real
(respectively, tessarine) vector.

In addition, E[-] and Cov(-) will denote the expectation and covariance operators and

“u_ 1

diag(+) is a diagonal matrix with the elements specified on the main diagonal. Finally, “o
and “®” denote the Hadamard and Kronecker products, respectively, and d;s, the Kronecker
delta function. We will use the following property of the Hadamard product:

Property 1. If A € R"*" and b € R", then diag(b)A diag(b) = (bb”) o A.

Throughout this paper, and unless otherwise stated, all the random variables are
assumed to have zero-mean. Next, we present a review of the tessarine domain.

Definition 1. A tessarine random signal x(t) € T" is a stochastic process of the form [41]

X(t) = % (£) + x5 (£) 4 1750 (£) + 17" % (1), 1)

where x, (t) € R, forv =r,n,7',1", are real random signals and the imaginary units {n,n’, 1"}
satisfy the identities:

" " /

' =", w'n" =, q'n=—n, pP=q"?=-1 y?=1

These properties of the imaginary units guarantee the commutative property of the
product, implying a great advantage over the quaternion algebra, in which that property is
not met. In contrast, the involutions defined in the quaternion domain cannot be defined
in the tessarine one because they are auto-involutive. The conjugate of the tessarine signal
given in (1) is defined as

X*(8) = xp (1) — 1y (£) + 11" () — 17"x (1),
and the auxiliary tessarines as

X1(t) = x (1) + 1y (1) — 1'%, (£) — 17" % (),
X1 () = x (£) — 11y (£) — 17"%, (£) + 17" (£).
It is also defined the real vector formed with the components of x(t) in (1), X" (t) =

T
{xf(t),x';;(t),x;,(t),xg,,(t)} , and the augmented tessarine signal vector constituted by

" T
the tessarine signal x(t) and its conjugations, i.e., X(t) = [xT(i,‘),x*T(t),x’7T(t),x’7 T(i,‘)} .
The relationship between both vectors is given by the following expression

(t) = 2T X (1),

where T, = 3 A ® 1, with

1 17 71/ 71//

R O A
A_ 1 7’] _17/ _17//
1 717 717/ 17//

This property is satisfied: 757, = Iy,.
As in the quaternion field ([38]), we define the following product between tessarines,
which will be crucial to model the intermittency and delay in the observations.
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Definition 2. The product x between two tessarine signals x(t), y(s) € T" is defined as
x(8) < y(s) = xr(£) 0 yr(s) + 1%y () 0 yy (5) + 17'%y (£) 0 yyr (5) + 1"xy (£) 0y (s).
The following property of the product « is easy to check.

Property 2. The augmented vector of x(t) x y(s) is x(t) x y(s) = D*(t)y(s), where D*(t) = T »
diag(x"(+))TE.

Definition 3. The pseudo autocorrelation function of the random signal x(t) € T" is defined
as Tx(t,s) = E[x(t)x#(s)], Vt,s € Z, and the pseudo cross-correlation function of the random
signals x(t) € T" and y(t) € T™ is defined as Txy(t,s) = E[x(t)y¥(s)], Vt,s € Z.

The concept of T; and T,-properness we next define, was recently introduced in [41]
and [42], respectively, and consists of the vanishing of some of the pseudo correlation
functions of the signal with its conjugations, in an analogous manner to what was in the
quaternion domain.

Definition 4. A random signal x(t) € T" is said to be T1-proper (respectively, Tp-proper) if,
and only if, the functions Txx (t,s), with v = *,11, 1" (respectively, v = n,n"), vanish for all
t,s € Z. Similarly, two random signals x(t) € T" and y(t) € T™ are cross T1-proper (respectively,
cross To-proper) if, and only if, the functions Txyv (t,s), with v = *,1, 11" (respectively, v = 1,1"),
vanish for all t,s € Z. Finally, x(t) and y(t) are jointly Tq-proper (respectively, jointly To-proper)
if, and only if, they are T1-proper (respectively, To-proper) and cross T1-proper (respectively, cross
T,-proper).

Note that, in TWL processing, the fact that Ty-properness is satisfied, causes a consid-
erable reduction in the dimensions of the processes involved, with the consequent decrease
in the computational cost. More specifically, in the most general case, TWL processing
uses the augmented vectors formed by the process and its three conjugations. However,
if tessarine linear processing is applied by considering only the process or the process
and its conjugate, then they are denominated T; and T, linear processing, respectively.
In [41], the authors prove that, in general, the TWL estimation error is lower than that of T+,
but under T;-properness conditions, both the TWL and T estimators coincide. Analogous
considerations about T, processing are shown in [42]. Moreover, both papers propose
statistical tests to experimentally check if a signal is Ty-proper, for k = 1,2, and prove that,
under certain conditions, the tessarine processing can obtain better estimators than the
quaternion one. The statements above justify that the Tj-properness conditions are very
desirable in practice. In this sense, it will be of great interest to determine under what
conditions Ty-properness is guaranteed.

3. Model Formulation

Consider a tessarine state x(t) € T" satisfying the following state equation:
x(t+1) = F1(H)x(t) + Fa()x" () + B ()X (£) + By (X7 (1) +u(t), t>0, (2)

where F;(t) € T"*" fori = 1,...,4, are deterministic matrices and u(t) € T" is a tes-
sarine noise.

We also assume that R sensors exist, providing each of them with a real observation,
z()(t) € T", satisfying the following equation:

W) =x()+vD@), t>1, i=1,...,R, )

with v())(t) € T" a tessarine noise.
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As it occurs in multiple practical situations, due to failures in communication channels,
network congestion or some other causes, the available observations can suffer delays and
even contain only noise in an intermittent manner. This fact can be modelled by the follow-
ing equation for the available observation in each sensor, y(i) (t) e T, fori=1,...,R:

y (1) = (1) % 2008 + 45 () % 29 (¢ 1)
+ (10— () = (0) s v (1), £ 2; @
y@ (1) = 20 (1).

For each sensori =1,...,Rand forj = 1,2, 'y](i)(t) = ['y](f)(t),...,'y](j)(t)]T e T"is
a tessarine random vector whose components are composed by independent Bernoulli
random variables 'y() (t), withm = 1,...,n, v = r,n,7,1" with known probabilities

p](.m) 1/( ), respectively. Values of one or zero for these Bernoulli variables indicate if the

corresponding component of the available observation is updated, one-step delayed or only
contains noise. These variables must satisfy that, foreachi =1,...,R, m=1,...,n, v =

r,n,1q,n", 'Viijm(t) + ’yg:m(t) =1lor 'yﬁ)uv(t) + 7&2,1/(1}) = 0 at each instant of time; that

is, if one of them takes value 1, the other one is 0, or both are 0; moreover, pg?l V(t) +

py) () < 1. In this sense, if 7| (£) = 1, then y{p),(£) = zii),(1); that is, it contains the

updated observation component; if 'y( 0 (f) =1, then y,(qi?v( t) = zg,?v(t — 1), the available
observation component is that delayed one instant of time and, finally, if ’Yﬁ)l,v(t) =

'Yéi,),,v(t) =0, then y%?v( f) = vﬁn)v( t); that is, it contains only noise. Observe that the initial
available observation is updated.
We assume the following hypotheses for the model defined in (2)-(4):

Hypothesis 1 (H1). {u(t);t > 0} and {vU)(t);t > 1}, i = 1,..., R are white noises with
pseudo variances Q(t) and R ()(t), respectively. Moreover, they are correlated at the same instant

of time, with E[u(t)v@”( )} S()(f).
Hypothesis 2 (H2). v()(t) is independent of vU) (t) fori,j =1,..., R, withi # j.

Hypothesis 3 (H3). For each sensori=1,...R,andj=1,2, the Bernoulli variables in 'y](.i)(t)
are independent of those in 'y ( ), for s # t. The same hypothesis for 'y ( t) and 'y](.l) (t) withi # 1.

Hypothesis 4 (H4). The initial state, x(0), (whose pseudo variance is denoted by Py) and the
noises {u(t);t > 0}, {v\0(£);t > 1} and {'y](-l)(t);t > 2}, forj=1,2,i=1,...,R, are
mutually independent.

An example of the above scenario can be found in the problem of dynamic targeting
tracking (see, e.g., [13]) and, in particular, in the problem of tracking the rotations of an
aircraft [35,36].

4. Local Ty-Proper LS Linear Filtering Problem

In this section, the local LS linear filtering problem is studied for the tessarine model
described above; that is, for each sensori =1, ..., R, the optimal lineal estimation problem
of the signal x(t) is addressed from the observations provided by that sensor i. For this
purpose, firstly, the model is formulated at each sensor, by considering both delays and the
internittency in the avilable observation equation. Moreover, due to the great computational
advantages, the conditions on the processes involved to ensure Ty-properness are proposed.
Once the model has been formulated, a recursive algorithm is presented to obtain the
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optimal local LS linear filters. In Section 6, this algorithm will be necessary to address the
distributed fusion LS linear filtering problem.

4.1. Local Ty-Proper Model Formulation
For each sensor i = 1,..., R, the augmented version of the model defined in Equa-
tions (2)—(4) is as follows

W, ©)

where
Fi(t) Fa(t) Fs(t) Fa(t)
_ | E() F(t) Fit) F()
®O=1 F) El F Ee |

Fl (1) El(t) El(t) E(t)

with D'Yf('l) (t),forj=1,2,and ’Dl—'ygl)—vé’) (t), defined in Property 2. Moreover, the pseudo
variances of the augmented white noises @(t) and ¥() (¢) are denoted by Q(t) and R()(¢),
respectively, E [ﬁ(t)v(i)H(s)} = S0 (t)8;5, and E[%(0)xH(0)] = Po.

Next, conditions for the processes involved in (5), which guarantee a Ty-properness
scenario, are given in Property 3.

Property 3. Consider the model described in Equation (5):
1. Ifx(0) and u(t) are Tq-proper, and ®(t) is a block diagonal matrix of the form

®(t) = diag(F (1), F{ (1), F] (1), F] (1)),

then x(t) is Ty-proper. If additionally p(i),r(t) = p(i) (t) = p](;i MORS p](‘Z,n”<t) =

jm jma
p](;z (£), Y, j,m,i, v\ (t) is Ti-proper, and u(t) and v\ (t) are cross Ty-proper, then x(t)
and y) (t) are jointly Ty-proper. In this scenario,

(i)
i

() i(0)
() :E[DW (t)] =L®I (t), i=1,...,R j=12,
with " 4 ‘

1 () = diag(ply, (1), ., pfu, (D), i=1..,R j=12

(i) () (i) _, (i) () (i)
Moreover, II1™" ~72(t) = E ['Dl_71 T (f)] = Iy, — TN (t) —TI72 (1)

2. By substituting in the last item Ty by T, and the matrix ®(t) by this other

B(t) = diag (@ (1), @} (1)), with @y(1) = { 28 1%8 ] ©)

and assuming that the Bernoulli parameters now satisfy that P](Z At = p](;z ﬂ(t) and

pj(;z U’(t) = p](.:’z,ﬂ,,(t), Vt,j,m, i, an identical property can be established for the joint T-
properness of x(t) and y\!) (). In this case, the expectation of the multiplicative noises are

given by
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with

and

(,) . . . . . . .

) (1) = d1ag(p](,37(t) Pl (B i (8) + p](;),,],(t)), i=1,...,R j=1,2
.(]) . o o l o i .

1 (t) = d1ag(p](.3r(t) — Py (B P, () - p](;)lﬂ,(t)), i=1,...,R j=12

Note that these Ty-property conditions allow us to reduce the dimension of the
available observations; that is, ygl)(t) 2 y()(t) and yél) (t) = [y(l)T(t),y(l)H(t)] , for Ty
and T-proper scenarios, respectively, and hence, the observation equation given in (5) is
now expressed in the following terms:

) (i) ) () .
vy () =Dy ()20(5) + D ()20 (t 1)

o 7)
1ot () , . i (
+D, V), 122 3 (1) = (Lo O] 29 (1),

where
Wfi) . (i) Ho. .
D, (t) = de1ag('yj (t))Tn, i=1,...,R, j=1,2,
1)) ' . . .
Dy "% (1) = Tidiag(1a, — 21 () — ) (1) TH i=1,.. R,
with i
Tk = §Bk ® I, (8)

and

1

1w 7 g _
[1 g - | fork = 2.

Moreover, under Ty-properness, fori =1,...,Randj = 1,2,

1 n v 7", fork=1
By =

(i) (i) .

vj Vi i(@)
Hk] (t) =E [Dk] (t)‘| = {I‘[L (t),Oan(4k)n},
9)

(1) _, () (1) _, () X .
1=97 v 1=y —v (i) (i)
w0 = [ 0] = [l 11 0 - 10,0604,

i)
where the matrices H?{ (1), for k = 1,2, are defined in Property 3.

Remark 1. Let us observe that the Ty-properness also causes a dimension reduction in the remaining
processes and matrices involved in Equation (5). More specifically, in the T1-proper scenario, X(t),

/)
ﬁ('t) Z(i)(t), \‘/(i)(t) and ®(t), are substituted by x,(t) = x(t), uy(t) = u(t), zgi)(t) = z(i)(t),
vgl)(t) 2 vO(t) and <I>1(t)' £ Fy(t); and, in the Tz—frop?r scenario, by xa(t) = [xT(t),xH(t)] ,
w(t) 2 [u), ()], 4'(1) 2 [20(0),20° ()], v (1) 2 [vO(),v0"(1)] " and @a(t)
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(given in (6)). The corresponding pseudo variance matrices of the noises u(t) and v](:) (t) as well as its

pseudo cross-covariance matrix, will be denoted by Qi (t), R,(j) (t), and S,(Ci) (t), respectively; moreover,
Py, = E[x(0)xf(0)].

4.2. Local LS Filtering Estimators

Given the model described in (5), with the available observation equation in (7) for the
Tj-proper scenarios, a recursive algorithm to calculate the local LS filtering estimators is
presented in this section. This estimator, denoted by () (t|t), represents at each sensor i,
the optimal LS linear estimator of the signal x(t) from the observations {y,(ci) 1),..., y,(ci) (1) }
Note that this estimator can be obtained by projecting x(t) over the linear space spanned by
the observations {y]((i) (1),..., y]((i) (1) } At the tessarine domain, the existence and uniqueness
of this projection is guaranteed ([41]). To derive this algorithm, the innovations are used,
instead of the observations, defined as el(:) (t) = y,({i) (t) — y,(j) (t|t — 1), with 9,(5) (t|t —1) the
optimal LS linear estimator of the observation y]((i) (t) from the observations until the previous
instant, that is, {y,((i) 1),... ,y,(f) (t—1) }

Theorem 1. For each sensori = 1,...,R, the optimal filter, (D) (t|t), is obtained by extracting

the first n components of )?,(ci) (t|t), which satisfies this expression

gl =2 -+ 1) 0 (1), 121, 10

where f(,(:) (t +1|t), can be recursively calculated as

g (¢4 110 = @05 (1) + B (e (1), 11, v

with initial conditions f(,(ci) 1]0) = )A(,(f) (0]0) = 0y, L,(Ci)(t) = ®(i)(t)Q,(ci)7] (t) and H,(Ci)(t) =
i () i1
(1) (1l — 12" (1) ) (o).

The innovations, e,({i) (t), satisfy this relation

P

i i i) A (1
el (t) =y (1) - (D&t - 1)

i i i i (12)
- () () —1 -+ 6 -1)e (1 - 1)), 122,
with initial condition e]((i) (1) = y]((i) (1) and G,((i)(t) = R,((i)(t) (Ikn - 1'[,%“) (t))ﬂl(j)i1 (t).
Moreover, the matrices @,ii) (t) are obtained by this expression
o (t) = P (tlt — )" (1) + @t - D (¢ 1t - IR (1)
i i i i B o)
- (et -1+ G (-0 (- 1) I (1) .
+ (80— - et - et -6 (1 - 1)) (1), t>2
0, (1) = Dy(1),
with
_ T
D (1) = {Iknroknx(él—k)n} D(1) {Iknroknx(él—k)n} ; (14)

and D(1) given in (16).
; ; NE
The pseudo-covariance matrix of the innovations, Q](;) (t)=E [el({l) (t)e,(cl) (t)} , is calculated
as follows
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i i i i i i
SHORS WORS SHORR SRR SUORR 0

1 e el — 1 () + Y (30 - e )

1" (3" - om0+ 12 (1) (PP (k- 1) - 1) )

~ef(t- 16" (t 1) -6t - el (t-1)
~6-naf -6 -0 e), 1>2

0!’ (1) = De(1) + R (1),

with the matrices ‘I’ ( ), for1 =1,2,3,4, given by

‘I’S{) t) = Tk(COV<’)/§Z (t) ) T”D( )TH))T{({,

¥ (1) = Ti(Cov (i (1), (1) o { TH(®(t —1)D(t — 1) + 8t = 1)) T } ) TL,

(1) = Te(Cov (1« ) (TED(t—1)T)) TE,

10 =T (1= 0) (1= 0) | o (TERO0T,) ) T

+ Ty (E [ﬁ”'(t)«yg’)’ (t)} o (TARO(t - 1)7,1))7,3,
and ],(ci) (t), by this other relation
10 (1) = @utp (1] - 1Y (e (1) — @8y ()G (1)
+si ) -1 (o 6! ().

Moreover, D(t) satisfies the following recursive formula

D(t) = ®(t—1)D(t—1)®"(t—1)+0Q(t—1), t>1; D(0) = P,. (16)

Finally, the pseudo covariance matrices of the filtering errors, PU) (t| t), are obtained from
P]((l) (t|t), which satisfies the following recursive formula

v = et - -0 (e (el (), t=1, (17)
with P,gi) (t + 1|t), calculated by this other equation

PU (¢ +11t) = @ ()P (1@ (1) — dr(n@) (HH (1)

18
~H' e el -H ol mH () +Qup), t=1, "

and initial conditions P (O|O) = P, and P (1|0) Dy (1).
The proof is deferred to the Appendix A.

Remark 2. Notice that, similarly to QWL processing, TWL processing is isomorphic to the real
processing;thus, any WL algorithm could be equivalently expressed through a real formalism.
In other words, the three approaches (QWL, TWL and R*) are completely equivalent. However, this
equivalence vanishes under properness conditions.

Effectively, under Ty, for k = 1,2, properness conditions, the dimension of the observation
vector is reduced 4/k times, which leads to estimation algorithms with a lower computational load
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yx(t)

— DI (1)Z(t) + DI (1Z(t —

with respect to the ones derived from a TWL approach (see [44] for further details). Specifically, this
computational load is of order O(64n®) for the TWL local LS filtering algorithm, whereas this is of
order O(k>n®) for the Ty, for k = 1,2, algorithms.

Similar comments can be applied to the following Ty centralized and distributed fusion
filtering algorithms.

5. Tx-Proper Centralized Fusion Linear Filtering Problem

In this section, we approach the centralized fusion LS linear filtering problem, that
is, by using the observations from all the sensors jointly. For this purpose, we con-
sider the augmented vector for both real and available observation, denoted by Z(t) =

T T
{Z(l)T(t),...,Z(R)T(t)} ,and y(t) = {y(l)T t),...,y®" (t)] , respectively. In this way,
the observation equations now are given as follows
(t)
y(t) = DT ()2(t) + D ()2t -

N!

Ex(H) + (1), t>1,

PRI . . (19)
D+D TRV, =2 §(1) =Z(1),

where B, = 1z ® Ly, DV (t) = Y, diag(ﬂ(t))YE, forj = 1,2, and DU =y,

diag(Laxs — 35(6) = SOV, with () = [V 0. ] - ke T
Moreover, R(t) = E[v(t)¥(t)] = diag (R(l)(t), L RE)(¢ )) and E[a(t)

with the matrix S(t) given by S(t) = [S(l)(t),. e S(R)(t)}.

However, as previously commented on in Section 4.1, under Ty-properness conditions,
it is possible to reduce the dimension of the available observation equation, which can be
expressed as follows:

D+DI (05, 22 yi(1) = A1), (20)

where D (£) = Y, diag(* (t ))YH Dy 2 (1) = Y diag(lagy — 75 (£) — 75 (£)) Y2, with
Y, =1z ® Tk/ Tk given in (8), and A =Ir® {Iknr 0kn><(4—k)n} . Moreover,

R
v

, M (R)
ﬁZ/() E[TDZ()}:diag(HZ] (t),...,10, (t)),

T, . 1 _ @ (R)_(R)
=17 — N . 11—y — 11—y —7
1 AT () :E[’Dk @ 7Z(t)] :dlag(nk VTR, T (t)),

. ’Y@ 177('.)77(1') . . .
with IL/ (t)and IT, "' " (t),fori=1,...,R, givenin (9).

Note that the centralized fusion LS linear filter under Tj-properness conditions,

Tk (t|t), is the optimal LS linear estimator of the signal x(t) from the observations {y(1),
.., yk(t)}. This optimality condition is harmed by the computational complexity, espe-
cially as the number of the sensors increases.

The next corollary contains a recursive algorithm to determine the centralized fusion
linear filter, for the state equation in (5), and the real and available observation equations
described in (19) and (20), respectively, which can be derived by following an analogous
proof to that used in Theorem 1.

Corollary 1. For previously described model, the optimal centralized fusion filter, X"k (t|t), is
obtained by extracting the first n components of Xy (t|t), which are recursively calculated as follows

K (H]E) = X (t|t = 1) + Le(tex () =1,
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where X (t + 1|t) satisfies this formula
Si(E+10t) = (D)X (t]t) + Hy(Hex(t) t>1,
with initial conditions %,(1/0) = %¢(0|0) = 0k,. Moreover, Ly(t) = O(t ) _1(t),
. 1 R
Hi(t) = Si(t) (Tur — TE2()) QL (£), where Si(t) = [ (1),..., 8N (1)), with ST (1), for
i (1) i(R)
i=1,...,R, defined in Remark 1, and H{((t) = diag(l‘[}(1 (1),.. .,1'[{( (t)),for] = 1,2, with
10
I, (t) given in Property 3.
The innovations, € (t), are obtained as follows

ex(t) = yi(t) — T (1) Exk(t]f — 1)
(=1t —1) + Gt — Dex(t—1)), t>2,

with e, (1) = yk(l), Ek = 1R @ Iy, and Gi(t) = Ry(t )(IknR—ni(t))Q,;l(t), with
Ry (t) = d1ag( (t), ( )) and R ( ), fori=1,...,R, defined in Remark 1.
The matrices O (t) satlsfy this relatzonsth

O (t) = Pr(t]t — DELII(E) + @it — 1)Pe(t — 1]t — DETT
— Hi(t = 1) (@t = 1) + Gyt~ N (£~ 1))"
+ (Sk(t—1) — (t = 1)O(t — G (t — 1)) IIF(t),
©(1) = 1z @ Dx(1),
with Dy (1) given in (14).
The pseudo covariance matrix of the innovations, Q) (), is obtained from this expression
SHOER HOER SHORR SAORS SAORS MO
+ I () EP(Ht — 1)E{TI () + T (5] (f — DIt
+ IR (0 (t = DIT(t) + TR (6) (ExPe(t — 1]t 1)
— &0 (t—1)GH(t—1) — Gy (t —1)0f(t —1)&]
— Gr(t— 1) (t - )GE(t —1))IIE(t), t>2;
O (1) = Ig @ Di(1) + Re(1),

)
K

—
=)
Nl

¥,,(t) = Yi(Cov (i (1)) o (YAZD(DEIY,)) YL,

¥, (1) = Ye(Cov (1), %5() o { YEEa (®(t = 1)D(t — ] +8(t 1)) Yu } ) Y,

¥3,(1) = Yo (Cov(3(1)) o (YAZ,D(t ~ )EIY,) YL,

%4, (1) = i (E[ (Larn — 75(0) (Lan — 75(6) 7] o (YER(D)Y, ) ) ¥/
+Ye(E[75(07 (0] o (YER(t = 1)Y, ) ) Y,

with D(t) computed in (16), and Ji(t) given by
Je(t) = Ei{ (@u(t)Pe(t]t) — Hk () OF (1)) & — @k (1) Ok (H)G{(1)
+ Si(t) — He(H (1) GE (1) }.

Finally, the filtering error covariance matrices, Pk (t|t), are calculated from Py (t|t), which
satisfy the following equation
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Py(t]t) = Py(t]t — 1) — @4 (1) (HOF (1),

where Py(t + 1|t) can be recursively obtained from this relation

Pi(t 4 1[t) = Dp(t)Pr(t[t) D () — Dy (t) Ok () H (1)
— Hi(H)OF (1) ®f (t) — H () Qi ())HE (1) + Qi(t),

with initial conditions Pr(0|0) = Pg,, and Pr(1]0) = Dy(1).

6. Ty-Proper Distributed Fusion LS Linear Filter

Our aim in this section is to address the distributed fusion LS linear filter under
ey DTk . . . . .
Ty properness conditions, X” “(¢|t), which in turn is calculated by extracting the first
n-components from X2 (#|t). This last estimator is a linear function of the local filters
{9(,(3) (t¢),..., )A(]((R) (t|t) }, calculated in Section 4, whose weights are those minimizing the
mean squared error, and as is known, is of the form

%P (1) = E[x (0%t E[G 0= (0] Feltle),

- T
where X(t|t) = {f(l((l)T (te),..., f(,(cR)T (t|t)] . Moreover, taking into account Theorem 3 in [41],
the matrices of the above expression are computed as follows
] 11 RR
| = [, 0],

E[xe(HRE(t]1)
R 2 1 = (K7 0)]

EF(k(t|t)§ (t|t):

ij=1,..,R’

where K (t) = E[ﬁ,ﬁi>(t|t)f<,§f)‘*(t|t)

. Moreover, the distributed fusion linear filtering

T
error covariance matrices under Ty properness conditions, PP *(t|t), are obtained from
PD(t|t), which satisfies the equation

PP (tt) = Dy(t) — [zc}j”(t),. ..,IC,((RR)(t)} KK (t) [K,Ell)(t), . ..,K,ER“(t)}H,

— T — . .
with Dy(t) = [Iknroknx(zx—k)n] D(t) [Ikn,oknx@—k)n] ,and D(t) given in (16).

Then, it will be necessary to calculate these matrices Kll((l] )(t), fori,j =1,...,R,
to obtain %P (¢|t). With this purpose, a recursive formula is proposed in Lemma 4, which
involves the computation of another intermediate matrices through Lemmas 1-3, as well
as some of the matrices defined in Theorem 1. The proof is deferred to the Appendix B.

Note that, in contrast to the centralized fusion LS linear filter, the distributed fusion
filter presented here loses the optimality condition; however, it does considerably reduce
the computational burden. Moreover, in many practical situations, the difference in perfor-
mance is so insignificant that this fact, in conjunction with the lower computational cost,
makes the distributed filter preferable to the centralized one.

Lemma 1. For the model described in Section 4.1, the following expressions are satisfied for the
defined expectations

(i) eV(t—1,6)=E [xk(t - 1)e,<j)”(t)}, t>2.

@),Ei)(f _1p— (Dk(t - K}({ii)(t B 1))A,(f)ﬁ(t . @l((i)(t — l)B]((i)H(t —-1), (21)
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NG (@)
wmeM> ﬁmmeHJ mﬁmmeHA,&kw=nia+n¢ww+

¢ +1), B () = m (t+ DHP (1) + 127 (¢t + 1)G (1), and 1K) (t) is given
in (29) .
(i) O (t) = E[vk@(t)e,ﬁ” (t)], F> 1

o) =rY () (I,m — 2’ (t))(sij, t>2; o) =rV)s;. @)
(iii) L) (t 1) = E[v" (t 1)e,(<j)ﬂ(t)}, t> 2.

07 (t—1,1) = s (t— ym” (1) + RV (¢t — )2’ (1)5
. (23)
—o (-1 (AP~ DL (- 1)+ B (1))

Lemma 2. Let us consider the model described in Section 4.1. Then, the matrices E,((ij ) (t) =E
{ﬁlgi)(tﬁ - 1)e,£j)ﬁ(t)} Jfori,j=1,...,R, satisfy this relationship
() = (e -1) -k (1,0 - 1) (1)
n ‘Pk(t 1) (K(ii)(t 1) - ’C(ij)(t _ 1))11%(;) )
~n(ef (-1 - NP -1) " ()
(C(l (t—1)0Y (t—1) - £,§”>(t,t —ne (-, 1>

(24)

with the initial condition £ (1) = 0pyy, g, and where Nt (£) = £ (#) + L () MID (1),
C,Ei)(t) = ¢k(t)L,Ei)(t) + H,((i)(t), with M,((ij)(t) =E {e,({i)(t)e,(cj)y(t)} recursively computed as
indicated in Lemma 3, and £,((ij) (t,t—1)=E [J?I(Ci) (]t — 1)e£j)y(t - 1)} is obtained as follows

it t—1)=at—1)Pt—1)+ct—1)MPD(t-1), t>2.  (25)
Moreover, L',,({ij ) (t—1,t)=E {92,(( 2 (t—1t—1)e; 28 (t )} is calculated from this expression
e -1,0= (K1) -t - 1)al (- 1)
+0P ¢t —1HY (- m” (1) + L ¢ — 1)y (1 — 1)m” (1) (26)
N —1B (1), t>2

Lemma 3. Considering the model described in Section 4.1, the matrices M ,((ij ) (t)=E [e,(:) (t)e](cj )H(t)} ,
fori,j =1,...,R, are obtained from this equation

ij 0 ‘ ij 0 ij
M) =1 (1) (e (t) - £ () + (T — 1" (1)) @) (1)
+m" () (e (t-1,6) + ) (t—1,t) - £ (- 1,1) (27)
G (t-MP(E-1n), t>2,

with initial condition M,(:j) (1) = Di(1) + R,(ci) (1);;. Moreover, the following recursive formula
allows us to compute the matrices M,(fj) (t—1,t)=E [e,(f) (t— 1)el(cj)ﬂ(t)} ,
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M (-1, = 0 (¢~ AP (1 - 1)
+ (- ns - 1) - £ (e - 1)m ()
+ (00 (t—1) - NP (1 1)

M- 1)6V (¢ - 1))11{” ), t>2

(28)

Lemma 4. For the model described in Section 4.1, the pseudo-cross-covariance matrices of the local
g . iy
filters, denoted by IC]((Z]) (t)=E [f(,((l) (t|t)§(,((]) (t|t)} fori,j=1,...,R, are calculated as follows

KDty =1t —1) + N L (1) + LI (1) £V (1), £>1, (29)
(if) _ rl® () Fioa thi :
where IC," (t +1,t) = E (X’ (t + 1|t)X." (t + 1[t) | satisfies this equation

K (41,1 = @) (K7 (@ (1) + M (ED (1) 0)
+B0ef (1), 121,

with initial conditions KK\ (1,0) = K7 (0) = Opyy et

7. Numerical Simulations

Our aim in this section is to show the performance of the proposed centralized
and distributed fusion linear filters algorithms in several situations: on the one hand,
in comparison with the local LS filters obtained at each sensor; on the other, focusing on
the proposed fusion algorithms, to analyze the accuracy of the estimators by supposing
different probabilities of updating, delay, and uncertainty in the observations from the
sensors. In all of these situations, T-properness conditions were assumed, which entails a
considerable reduction in the computational burden.

For this purpose, let us consider the scalar tessarine model with delayed and uncertain
observations produced by five sensors, described by the Equations (2)-(4), with F; (t) = 0.5
—0.1y 4+ 0.075" + 0.8y € T. Hypotheses (H1)-(H4), established in Section 3, are also
assumed to be satisfied. Moreover, the pseudo-covariance matrices of the noises and the
initial state were defined with a general structure, differentiating between both T and
Ty-proper scenarios. More specifically, the covariance matrices of the real state noise is
given as follows:

0 g 0 T, -proper case: { ZE i 82; =009,
0 0 3.
£ [ur(t)urT (S)} - q(z)z q(1)3 Ots, g1 = 1.9,
q13 q11 T . -
2-proper case: < g2 = 1.6,
0 g3 0 42
g13 = 0.3.

Moreover, the other matrices in hypothesis (H1), R‘(i) (t)and SO (t), fori =1,...,5,
are given by the following relation between the noises v(*) () and u(t):

oD () = au(t) + w? (1),

with a; scalar constants (a; = 0.4,a, = 0.8,a3 = 0.5,a4 = 0.6,a5 = 0.2), and w?)(¢)
tessarine zero-mean white Gaussian noises, independent of u(t), with real covariance
matrices, RU) () = diag(b;, by, b;, b;), where by = 3,by = 7,b3 = 15,by = 13, b5 = 11.
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To complete the initial conditions of the model, the variance matrix of the real initial
state is given as follows:

Poyy = Poyp = 1,

po, O po, O T4 -proper case:{

Po., = —15.
O I R rou =
Poss Poy Ta-proper case: { poy, =4,

0 Poss 0 Pox po,; = —1.5

13 ~

All these assumptions in each of the Ty-proper scenarios, as well as the values consid-
ered in the parameters of the Bernoulli random variables (detailed below, in accordance

with the conditions established in Property 3), guarantee that x(t) and y?) () are jointly
Ti-proper. These parameters are assumed to be constant in time, that is, p](lv) (1) = p](?,
2o
forallv=r,4,4',4",j=1,2,i =1,...,5; and, in the T,-proper scenario, p](»,ir) = p](,i,; and

forj=1,2,v=rmn,4'y",andi =1,...,5 (Note that in the T;-proper scenario, p

@ _ @) - i
pm,—pjln,,,for]—1,2,1—1,...,5). |
(@)
jv
the error variances of the local filters are compared with those of the centralized and
distributed ones. These probabilities differ at each of the sensors, which allows us to make
an initial attempt to contrast the three situations referred to the model, that is, the updated,
delayed and uncertain observations. In this sense,

Firstly, taking fixed values for the probabilities p:’’ for each of the Ty-proper scenarios,

e Inthe T;-proper case:

—  Sensor 1: piV) = 0.9, p{!) = 0.05,

- Sensor 2: pgz) =07, pgz) = 0.05,

- Sensor 3: p§3) = 0.05, pé‘o’) =0.9,

- Sensor 4: p§4) = 0.05, p§4) =07,
)

- Sensor 5: p;” = pés) = 0.05.
e In the T,-proper case:

- Sensor 1: pglr) =0.9, p(l) =038, p(l) (W 0.05,

1y = 2r = Poyy =
- Sensor2: py) =07, pi, = 0.6, py;) = py), = 0.05,

- Sensor 3: pﬁ) = pﬁ?, = 0.05, pfr) =0.9, pg, =038,
- Sensor 4: pﬁlr) = pﬁ?, = 0.05, pg;) =07, pg}’;, =0.6,
- Sensor 5: p](i) =0.05 forj=1,2and u =r,7’.

The results are displayed in Figure 1. The superiority of both centralized and dis-
tributed fusion filters over the local ones at each sensor can be observed, as well as the fact
that these fusion filters have practically the same effectiveness, since their error variances
are very close. Moreover, the local filtering error variances reflect the previously described
three situations, considering the fact that the observations from sensors 1 and 2 are more
conducive to being updated, those from sensors 3 and 4, delayed, and the most unfavorable
case is for those from 5, since there exists a greater probability that they contain only
noise. As before, the local error variances increase; then, the performance of the local filters
becomes poorer as the situation of the updated, delayed and uncertain observations is
more likely. Analogous results can be obtained by considering other different values of the
Bernoulli parameters.
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Figure 1. Filtering error variances in the Tq-proper scenario (top) and T-proper one (bottom).

Our attention is focused on analyzing the accuracy of both centralized and distributed
fusion filters in different situations concerning the observations produced by the sensors
and in both T¢-proper scenarios. For this purpose, we have considered the following cases
with different values for the Bernoulli parameters:

e In the T-proper scenario:
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—  Cases in which updating probabilities vary at each sensor i:
« (@ py) =03,py) =005, p!" =005, forj=1,2and [ #;
« @) =05,p)) =005, p!" =005, forj=1,2and [ #;

« Orp =07,p)) =005, p!" =005, forj=1,2and | #;

o @ pt) =09,py) =005, pY) =005 forj=1,2and I £ ;
—  Cases in which delay probabilities vary at each sensor i:
(5): py) = 0.05,py =03, pl) = 0.05, forj =1,2and I # i;
e (@) pi) =0.05,p)) =05, p!) =005, forj=1,2and | £ ;
o @ pt) =0.05,p)) =07, p!) =005, forj=1,2and | £ ;
e @) pt) =0.05,p) =09, pl!) =005, forj=1,2and | £ ;

*

e  In the Ty-proper scenario:
- Cases in which updating probabilities vary at each sensor i:

1 . .
(1): (p“,pﬁy) (03,02), pll), = pli) = 0,05, for j =1,2and | # ;
1 . .
(2): (pl ” pgzl ) = (0.5,04), p](; = p](r) =0.05forj=1,2and ! # i;
1 . .
G): (pl Ly ) = (07,0.6), pi}) = p!l) = 0.05, for j =1,2and I #

(4): (pl i ) = (09,0.8), pj}) = p!l) = 0.05, for j =1,2and I #

—  Cases in which delay probabilities vary at each sensor i:

G): (er, pzzi) = (03,02), p!l), = pli) = 0.05,for j =1,2and I #;

%

*

*

*

*

]77
(6): (p2 ” p21)7 ) = (0.5,04), pm = p](.,lr) =0.05 forj=1,2and [ # i;
(7): (Pz ” pzl)7 ) = (0.7,0.6), pm = p}/lr) =0.05forj=1,2and! # i;
£ (8): (p2 L p), ) = (09,0.8), p{) = p!!) =005, for j =1,2and I # i;

Note that the cases (1)-(4) in both scenarios allow us to contrast the performance
of the filters by varying the probability that the observations are updated. Moreover,
the cases (1)—(4) are sorted in ascending order of the update probabilities. We will start
with case (1), in which there exists a low probability that the observations are updated
(that is, they will most probably contain only noise), and this probability increases until
case (4), in which it is more likely that the available observations are the updated ones.
Analogous consideration about delayed observations in cases (5)—(8). Note that (5) is the
most favorable case regarding uncertain observations and (8) is the most unfavorable case
regarding uncertain observations. The error variances of both centralized and distributed
fusion filters in all the situations described above for sensors 1, 2 and 5, are displayed in
Figures 2—4, for the T1-proper scenario, and in Figures 5-7, for the T-proper one. In view
of these figures, by first comparing the cases (1)—(4), it can be observed that the error
variances of both fusion estimators decrease and, hence, the accuracy of the filters is better,
as the probability that the observations at each sensor are updated increases. This is also
true for cases (5)—(8), with delayed observations. Secondly, we compare, in both scenarios,
the cases in pairs (1)—(5), (2)—(6), (3)—(7), (4)—(8). Note that each of these pairs represents
the situations of updated and delayed observations with the same probability. From these
figures, it can be observed that the error variances of the fusion filters are smaller when
the observations are updated than when they are delayed. Finally, in all the cases and
in both scenarios, these figures show that the filtering error variances of the centralized
fusion estimators are lower than that of the distributed fusion ones, but the difference
between them is insignificant, and this is even more acceptable in practice if we analyze
the computational advantages of the calculus of the estimators by means of the distributed
fusion filtering algorithm.

*

*
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Figure 2. T;-proper fusion filtering error variances for updating probabilities: (1): pgl) = 0.3,
Y — 0.05; and
delay probabilities: (5): pi" = 0.05,p{") = 03; 6): p{") = 0.05, p{") = 0.5;@): p") = 0.05, p")
®: p" = 0.05,p{! = 0.9.
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Sensor 2 (Updated observations)
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Figure 3. T;-proper fusion filtering error variances for updating probabilities: (1): pgz) = 0.3,
p? =005 @: p? =05,p =005 @) p? = 0.7,p? =005 @: p¥ =09,p) = 0.05; and
delay probabilities: (5): p\% = 0.05,p%) = 03; 6): p|?) = 0.05, p{?) = 0.5;@): p{¥) = 0.05, p

®: p? = 0.05,pi = 0.9.
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Figure 4. T;-proper fusion filtering error variances for updating probabilities: (1): p§5) = 0.3,
P = 0.05; @ p¥ = 05,p% =005 @) p® =07, =005 @: p¥ =09, = 0.05; and
delay probabilities: (5): p\* = 0.05,p5) = 03; 6): p|” = 0.05,p{” = 0.5;@): p|> = 0.05,p{” = 0.7;
®: p® = 0.05,p = 0.9.
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Sensor 1 (Updated observations)
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Figure 5. T,-proper fusion filtering error variances for updating probabilities: (1): ( pt), pg) -
(03,02); @ (pi}, i) ) = (05,04); @ (p1]), pl) ) = (07,06);@: (p{), p}) ) = (09,08);and
delay probabilities: (5): (pél,),pél,sl) = (0.3,0.2); (6): (Pgr)'ijg,;zf) = (0.5,0.4); (7: (Pzr)'pglfz) -
(0.7,0.6); (8): (Pz r) , pg 73 ) = (0.9,0.8). In each case, the remaining probabilities are 0.05.
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Sensor 2 (Updated observations)

40 T T T T T T T T T
***************************** (1)
Centralized filtering error variances
Distributed filtering error variances | |
oo5+- [ @0 == - (@)
o
c
o
IS ]
o I 3)
o
L 4
******************************************** (4)
0 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
t
40 Sensor 2 (Delayed Observations)
*************************** —| (5)
Centralized filtering error variances |
Distributed filtering error variances
***************************** (6)
q) —
2
8 | | e (7)
IS ]
>
S
0 e i )

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

t
Figure 6. T-proper fusion filtering error variances for updating probabilities: (1): (pgzr) , pgzg,) =
(03,02); @ (p2,p%)) = (05,04 @ (12, pl}) ) = (07,06);@: (p2, pi’)) = (09,08);and
delay probabilities: (5): (ng,pég) = (0.3,0.2); (6): (pgr),p;g,) = (0.5,0.4); (7): (pgr),pg,) =
(0.7,0.6); (8): (pz ) p) ) = (0.9,0.8). In each case, the remaining probabilities are 0.05.
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Sensor 5 (Updated observations)
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Figure 7. Ty-proper fusion filtering error variances for updating probabilities: (1): ( Piyo Py

(5)

) = (05,04 6): (p1%,p0)) = (07,0.6); @: (), pP) ) =
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Finally, the performance of the proposed fusion filtering estimators is analyzed for
different numbers of sensors, specifically, 3, 4 and 5 sensors in the T;-proper scenario. It is
considered that the observations from all the sensors are modeled by the same observation
equation; that is, they have the same updating or delay probabilities, as well as the same
variance and covariance of the noises. For the case of updated observations, three situations
were analyzed: pgl) =03,0.6,09foralli =1,...,5, and the remaining ones, 0.05; another
analogous situations for delayed observations: pg) =0.3,0.6,09foralli =1,...,5, and the
remaining ones, 0.05. In Figures 8 and 9, the T;-proper centralized and distributed fusion
filtering error variances are displayed for the cases of updated and delayed observations,
respectively. This was identitcal to that expressed in the above figures, but a better per-
formance of both centralized and distributed filters was observed when the number of
sensors increased.

i Centralized fusion filter (Updated Observations)

T

—+—— Centralized filtering error variances from 3 sensors
—=©&— Centralized filtering error variances from 4 sensors
—Pb—— Centralized filtering error variances from 5 sensors

©
T
-cr—\
i
©
w
-o/\
i
o
o

Error variance

6l A
4l |
-------------------------------------------------------- )
pi=0.9
0 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
t

i Distributed fusion filter (Updated observations)

Error variance

2 ¥ —+—— Distributed filtering error variances from 3 sensors | |
——&— Distributed filtering error variances from 4 sensors
—+&—— Distributed filtering error variances from 5 sensors

O 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

t

Figure 8. T;-proper fusion filtering error variances from updated observations with 3, 4 and 5 sensors.
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. Centralized fusion filter (Delayed Observations)
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Figure 9. T;-proper fusion filtering error variances from delayed observations with 3, 4 and 5 sensors.

8. Conclusions

In the last few decades, the scientific community has shown great interest in studying
the signal estimation problem from multi-sensor observations, since better estimations are
obtained with this method. The fact that there are several sensors reduces the number
of possible failures in the communication channels as well as the adverse effects of some
faulty sensors. Two methods have traditionally been used to build the fusion estimator
from the observations of all the sensors: centralized and distributed methods. The first
one has the advantage that it provides the optimal estimator whereas, with the distributed
one, suboptimal estimators are obtained. However, the distributed method presents great
advantages over the centralized one, such as flexibility, robustness, and a major reduction
in the computational load (which is more significant with a large number of sensors),
which make it preferable in practice, especially when considering the fact that in many real
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problems, the difference in performance between the estimators obtained by both methods
may be almost insignificant.

The study of the signal estimation problem in hypercomplex domains has also consid-
erably grown, since these domains allow for many real problems to be modeled in a better
way. To date, most of the estimation problems have been addressed in the quaternion do-
main since it is a normed algebra. However, the tessarine signal processing can yield better
estimators depending on the characteristics of the signal. Recently, it has been possible to
endow the tessarine domain with a metric space structure that has the properties necessary
to guarantee the existence and uniqueness of the orthogonal projection [41] which is a
way of obtaining the LS linear estimator. Therefore, the signal estimation problem was
addressed in the tessarine domain in different scenarios, and properness conditions were
defined that are analogous to those existing in the quaternion domain. This obtained a
considerable reduction in the augmented system, and it led to a consequent decrease in
computational cost.

In this paper, under Ty-properness conditions [41,42], the LS linear centralized and
distributed fusion filtering problems of tessarine signals from multi-sensor observations
have been studied, and recursive algorithms have been proposed to calculate them. The ob-
servations at each sensor and instant of time can be updated, delayed or contain only noise,
independently from the other sensors. A correlation has also been assumed between the
signal and observation noises. The Ty-properness conditions cause an important computa-
tional reduction in the calculus of the Ty-proper fusion filters in comparison with the TWL
estimators, which makes these conditions desirable in practice. The theoretical results are
illustrated in a numerical simulation example, in which the performance of the estimators
calculated by using both fusion algorithms is compared by taking different values of the
Bernoulli parameters modeling the updating, delay, or uncertainty in the observations.

Future research is planned to explore the signal estimation problem in other hyper-
complex algebras, as well as to address the decentralized fusion estimation problem under
Ty-properness scenarios and different hypotheses on the observations.
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Appendix A. Proof of Theorem 1
Appendix A.1. Preliminary Result

Property Al. For the model described in (5) with the available observation equation in (7) and the
hypotheses assumed, the following properties are satisfied:

(1*72(i>)”

1. E[ﬁ(t)e,((i)ﬂ(s)} - <S(i)(t)Hk (t))ét,s, t>s.

2 E[s0nel(s)] = (R<i>(t)n,§1”Z(i))ﬂ(t))at,s(si,j, >

Appendix A.2. Proof of Theorem 1

As it is known, the optimal LS linear filter X(!)(t|¢) is the orthogonal projection of
x(t) onto the linear space spanned by the innovations {el((l) (1),..., e]((l) (1) }, and it can be
expressed in the following way:

‘ t ) -1 ;
(1) = Y 6 ()0 (s)el’ (5), (AD
s=1

5D () — rlsned ) g) — (i) () ()" :
where @, (s) E|x(t)e,’ (s)|, and Q" (s) Ele,’(s)ey’ (s)|. The existence and
uniqueness of this projection in the tessarine domain is guaranteed in [41].
Firstly, from (A1), it is had that

0 (1)) = 20 (¢t — 1) + LD (el (1), (A2)

(i _(; -1

with L]((l) (t) = ®,({l)(t)ﬂl((l) (t). Then, Equation (10) is immediately derived from (A2),
taking into account the characteristics of both Ty-proper scenarios. Moreover, from the
Theorem 3 in [41], the state equation in (5) and Property Al.1, it is obtained that

%0 (¢ 1)) = d(OXO (1)) + B (el (1), (A3)

-1

_(; . EPRON
with H]((l)(t) = S(l)(if)l'[,E1 ") (t)Q,(cl) (t). Then, by characterizing (A3) for both Tj-
proper scenarios, Equation (11) is easily obtained.
Next, to derive Equation (12), we use the Theorem 3 on [41] and the observation

equation in (7) to obtain the following expression for yéi) (Lt —1),

A~ (1) - 75”) 2 (i)
(e —1) = (HKD(Et —1)
k k ) (Ad)

(i . » ,
FI02 (1) (ﬁ(l)(t —1)t=1)+ GVt —1)el(t - 1)),

i)\ o
with G,(cl) (t) =RO (t)H]EPWz( ) (t)ﬂ,((l) 1 (t), and where Property A1.2 and the hypotheses
on the model (H1-H4) have been used. Then, Equation (12) is easily deduced from the
definition of the innovation, and by characterizing (A4) for both Ty-proper scenarios.
In order to obtain expression (13) in an easier way, we will express the innovation
as follows
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(i) (0) (0) i
el (1) = (Dzl (t) -1 (t)))‘((t)—i- (DZZ (t) —1? (t)))‘c(t—l)
e (1) el (1)
1=y ) 7y 7y _ (i)
+D, (¥ (t)+ ( D> (t) —IL2 (t) )9 (t—1)
—_—
(i) ,
Ea €t (A5)

where X (s|t — 1) = x(s) — X (s|t — 1), fors = t,t — 1, and ¥ (¢|t) = v (£) — ¥ (¢|t).
Then, from (A5), and taking into account the hypotheses on the model, the only non null
members in @,((’)(t) = E {)‘((t)e,((l)ﬂ(t)] are those ones corresponding to the terms e,((l)(t)

e,((l}(t) and el(:;(t) More specifically, denoting by (st — 1) = E[ ) (st — 1)% ( |t — 1)}

H
for s = t,t — 1, we obtain that E [)‘((t)e,(clzﬂ(t)} = PO (¢t — 1)1'[;(rl (t); and, from the state
equation in (5), the hypotheses on the model (H1-H4) and Property Al, it is obtained that

E[x( )e};}“( )} (<I>(t—1)13< (t—1lt—1)—B) (- 10! (t—1))1’IZg)H(t),
E[x(t )e,((’;()}f(sﬂ(t—l) ®(t—1)0 ,§>(t—1)c‘; (t—1)
—A (=)o (- 16 (¢ - 1))y 5

Then, by reordering these terms and using the characteristics of both Ty-proper
scenarios, Equation (13) is derived. Its initial condition is immediately obtained from
y,((l) (1) in Equation (7) and the hypotheses on the model.

Next, to derive the expression (15) for the pseudo covariance matrix of the innovation,
we have used Equation (A5) and as before, we will focus on the non null terms under the

hypotheses on the model. So,

E[el) (el (] =¥ (1),
Elef) (el (0] + E[ell el (] = (1),
Elely(Defy (0] =5 (),
Elef)(t)el) (0] + Elel)(hel) (] =¥ () - Te({EmMIEM®I o (a6)

(TERO (- 1)T,)) TH,
D e ] — @ e e
e (el (t)}_nk (PO (et — 1) (1),

Elel) (el (1)] = " ()P (e — 1)t — 2" (1),
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Moreover, from the following expression (easily obtained from (A2) and the state
equation in (5)),

Ot —1) =@t —1)RO (-1t —1) +a(t—1) —A) (t-1)el (t-1), (A7)

and Property Al, under the hypotheses on the model, we have that

Elef) el (¢ )| = HZY)(t) (®(t—1)PO(t - 1]t —1)

y o (i)
—al¢-1)e (t—l))HZZ (t),

H (@) _ . _ _ (i _ (i)H
Elef)Bey (0] = (1) (89(t—1) - &(t - 1)@ (t - 1)G (1 - 1) -
_ l l — iH (i)H
- -0 ¢ -6 ¢ —1)mE @),
i )i (0 _ (i _ (i\H (i)
E{e,({}(t)e,((g (t)} — 2 et —1)6 ¢t —nm? (1),

(@)

. ~H ()"
Elel}(hel) (1] =11}

B (ROt -1) - 6t -0 (t - )G (- 1) (o).

Then, by using (A6) and (A8), the resulting expression is characterized to both T-
proper scenarios, and so, (15) is derived. Its initial condition is immediately deduced from
the model and the hypotheses assumed, as well as the recursive formula for D(t) = E

[x(£)xH(t)] in (16).
Finally, to derive the Equation (17) for P (t|t) we have used the following expression,
immediate from (A2),

D (t)t) = xD (¢t —1) — G),(ci)(t)ﬂ(")fl(t)e,((i)(t), (A9)

which leads to the following equation

P (t|r) = PO (et — 1) — 6 () (He!" (¢). (A10)

Then, (17) is obtained by characterizing (A10) for both Ty-proper scenarios. In an
analogous way, from (A7), the recursive formula (18) for P(i)( t 4+ 1]t) is deduced. Their
1r11t1a1 conchtlons are immediately derived taking into account that x ~( ) (010) = x¢(0),
and xk (1|0) = x(1).

Appendix B. Proof of Lemmas 1-4
Appendix B.1. Proof of Lemma 1
(i) From (A4), the matrices (:),(f) (t—1,t)=E {)‘((t - 1)61((i)H(t)] are expressed as follows

0l (t—1,1) = E[x(t—ny,ﬂ")“(t)} E[x(t— 1% (t|t—1)]n”1) (t)
(i)H

_ (;‘dfi)(t ~1)+0/ -1 (- 1))1122 (t),

(A11)

where I_C(ii)(t) =E {)‘A((i)(t|t))£((")H(t\t)}. Now, taking into account the observation
Equation (7) and using (A3), it is easily deduced that
E[x(t- 1)y(i)H(t)] =D(t- 1AM (t-1),

) Al2
E[x(t—l)i‘ (t|t—1)] =KD -1)@tt—1)+ 00 ¢ —1a (t-1), A
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with D(t) computed in (16) and Al((l)(t) = Hzg ) (t+1)d(t) + HZ§> (t+1).
Then, by substituting (A12) in (A11), reordering terms and characterizing for both
Ti-proper scenarios, (21) is derived.

(ii) From (A4) and the hypotheses on the model, we obtain that

. \H . - % !
oy (1) = E[vO e (] = I_‘(’)(t‘)Hk(1 ) ()0, t=2, (AL3)

g , T

with @S,Z)(l) =RO(1) {Iknroknx(él—k)n} dij. Equation (A13) is characterized for both

Ty-proper scenarios to obtain (22).
(iii) Again, from (A4), the next expression for @)‘(,Z) (t—1,t) = E[ Ot — 1) (t)}

obtained

y , , Ok
O (t-1,1)=E [v (= y" ()] = E[e9t = DR ¢t - )] II] (1)
[ (t— 1) t—1|t—1)} (A14)
()"
6L (t- 16! (- 1)) (1),

Moreover, from (7), the hypotheses on the model, Equations (A2) and (A3), and Prop-
erty Al.2, the following equations are obtained

nH iH

l] 7

(A15)
E[v0 =120t~ 1)t = 1)| = 60 (¢t~ 1)L (¢ 1),

Hence, Equation (23) is derived by substituting (A15) in (A14), grouping terms and
characterizing for both Ty-proper scenarios.

Appendix B.2. Proof of Lemma 2

~

From (A4), the matrices Z,(fj )( H)=E [)‘( (¢t — 1)e; G)" (t)} can be expressed as follows

() = E[$01 — 50" (0] - £ g, -l (0 o
_( [x (tt — 1)x0" (t—1|t—l)]+E,(f7)(t,t—l)(_;,(j)ﬂ(t—1))Hzg> (f).

Now, by using (7), the hypotheses on the model, Equations (A2) and (A3), and
Property Al1.2, we have that
. ; o (o)A
E[§<l>(t|t—1)yg>“(t)} =KD (-1 (1)
+ (<i>(t — DD (1)

, _ oM
+a (=18 (t- 1)) (1) (A17)

~H

Lol (),
D(t -

E[x0 (e — DR (1 -1 -1)] = DED (1= 1)+ AP (¢t — DA (1 - 1),
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References

where C(t) = &L (1) + AV (1), and N (1) = 23 (1) + T () M (8), with
M,(cl])(t) =E {e](;)(t)e,((]) (t)} Then, Equation (24) is obtained from (A16) and (A17),
by using the characteristics of the Ty-proper scenarios.

Secondly, Equation (25) is easily derived by using the following expression, obtained
from (A2) and (A3),

Ot —1) =@t — 1)&KO (-1t —2) + CV (¢ —1)el (¢ — 1),

and characterizing for both Ty-proper scenarios.
Finally, by following an analogous reasoning to that used before in the derivation of

Z,((ij) (t)=E [,ﬂ((i) (t—1t — 1)61((]')1{ (t)} , Equation (26) is deduced from the expressions below

£ (=10 = E[Z0 (-1t -1y ()]
R i

—E[x0 (- 1]t = 1)z (t|t—1)]n71 (t)—Kl(ij)(t—l)Hzg (1)

, 4 o (¥
—E [sz(l)(t —1ft—1)el (¢ - 1)] GV (-1 (1),

where, by using (7), the hypotheses on the model, Equations (A2) and (A3), and Property A1,
it is obtained that

E[x0( = 1)t -1y (1] = ROt - 1A (- 1)
"

. ~\H (
+00 ¢ — A" ¢ -y (1)
(7

+ L (- el (- nm (1),
E[XD(t— 1]t~ 1)ef G (t-1)] =AMt -1).

(A18)

withE[ £0 (¢ — 1]t — 1)&0) (t|t—1)] given in (A17).

Appendix B.3. Proof of Lemma 3
Equations (27) and (28) can be easily derived by using (A4), the hypotheses on the

model, Property Al.2, and the T-properness characteristics.
Appendix B.4. Proof of Lemma 4

From (A2) and (A3), the expressions below for &7 (t) = E[ )([)RU (t|t)} and
K9 (t+1,t) = E{ Ot 416%™ (£ + 1|t)} can be obtained

K1) = KD (et —1) + M (1)L <>+L“<>Z:,iﬁ>“<t>,

RO (t+1,8) = &(1) (R (99" () + M7 (8] (1) + B (E (£+1,1).

Therefore, by characterizing these equations to the Ty-proper scenarios, Equations (29) and
(30) are obtained.
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