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Abstract: For scientists and engineers, the Laplacian operator is a fundamental tool that has made it
possible to carry out important frontier studies involving wave propagation, potential theory, heat
conduction, the distribution of stresses in a deformable solid and quantum mechanics. Knowing,
understanding, and manipulating the Laplacian operator allows us to tackle complex and exciting
physics, chemistry, and engineering problems. In this paper, contained in the Special Issue “Mathe-
matics as the M in STEM Education”, we present an instructional derivation of the Laplacian operator
in spherical coordinates. Our derivation is self-contained and employs well-known mathematical
concepts used in all science, technology, engineering, and mathematics (STEM) disciplines. Our
lengthy but straightforward procedure shows that this fundamental tool in mathematics is not in-
tractable but accessible to anyone who studies any of the STEM disciplines. We consider that this
work may be helpful for students and teachers who wish to discuss the derivation of this vital tool
from an elementary approach in their courses.

Keywords: Laplacian operator; spherical polar coordinates; undergraduate mathematics

1. Introduction

The acronym STEM stands for science, technology, engineering, and mathematics.
Surprisingly, in STEM, math appears as a separate area and at the very end; this is possibly
because, that way, the acronym is easier to remember and sounds better. However, it is not
difficult to identify that, factually, mathematics is present in each discipline that makes up
the STEM acronym. It is complicated to imagine a programming specialist who does not
extensively use mathematics. The same is true for a physicist, a chemist, or any bachelor’s
degree in engineering.

The number of branches studied and investigated in mathematics is enormous and
continues to grow. However, a good part of the mathematics belonging to science, tech-
nology, and engineering (STE) is literally used as a tool to solve specific problems. In
this regard, there are mathematical tools that, due to their “generality”, are present in all
fields of STE, such as arithmetic, or basic algebra. Nevertheless, it is also possible to find
“more sophisticated” mathematical tools that, in the same way, are present in all science,
technology and engineering disciplines, such as in the case of the Laplacian operator.

The Laplacian operator is a differential operator that accepts one function and returns
another. Usually, we find the Laplacian operator in partial differential equations. In
fact, most of the time, we find it operating on the unknown function of the differential
equation in question. It is precisely for this reason that its applications are wide and varied.
Among these are fluid dynamics and heat conduction [1], electromagnetism [2,3], modern
physics [4-7], condensed matter [8], general relativity [9], structure of matter [10] and
quantum mechanics [11-14].
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When one faces the task of solving a partial differential equation, the first thing to
try is to propose a solution function composed of the multiplication of single-variable
functions. When that is possible, the partial differential equation can be decomposed into
a set of ordinary differential equations, which are more accessible to solve and whose
solutions constitute the solution of the original partial differential equation. On many
occasions, the above decomposition is NOT possible in a certain coordinate system, but
it is possible in another. Therefore, it is advantageous to know the forms this differential
operator (Laplacian) can take in different coordinate systems.

There are many spherical symmetries present in our universe; therefore, it is of
particular interest to the science, technology, and engineering disciplines to know and
understand the Laplacian operator’s form in spherical polar coordinates. Its correct use
has led to the generation of essential knowledge for humanity. For example, the quantum
mechanical interpretation of the periodic table would not have been possible without the
analytical solution of the Schrodinger equation for the hydrogen atom and the subsequent
self-consistent calculations proposed by Hartree for multielectron atoms [15-17]. The
Laplacian in spherical coordinates is also necessary for designing devices that involve
beams of charged particles and in various electrostatic problems [18,19].

With the above examples, the reader might not be wholly convinced of the ubiquity of
the Laplacian in STEM areas. However, talking purely about technology, it is imperative
to mention that the Laplacian operator is a fundamental tool for image processing, which
allows the quality of thousands of products worldwide to be controlled. In its discretized
form in spherical coordinates, the Laplacian operator can process images from fisheye
cameras [20], which would be very useful in video surveillance systems. The technological
applications do not end there. In atmospheric sciences, the Laplacian operator in spherical
coordinates is used to make models that allow us to determine how the shape of raindrops
changes. It is important to know these oscillations in shape because they can influence the
propagation of electromagnetic radiation used in telecommunications [21]. The list could
go on; however, what is evident is that knowing, understanding, and manipulating the
Laplacian operator provides scientists and engineers with a powerful tool that allows them
to tackle interesting problems related to the STEM disciplines. In our experience as teachers,
we have perceived that, although the tool is contained in multiple math software, graphing
calculators, and a plethora of math formula handbooks, knowing the guts of its origin
allows students to handle the operator with much more skill. Therefore, this paper presents
an instructional and full-fledged derivation of the Laplacian operator in spherical polar
coordinates starting from the Laplacian operator in rectangular coordinates. Although
the subject has been extensively treated within the literature, here, we present it with an
approach that attempts to reconcile the lack of detail with which most popular books on
mathematics and physics address it [22,23], with the “sophistication” of shorter derivations
that make use of non-trivial concepts such as the theory of complex variable [24], or the
total angular momentum operator [25]. The strategy we follow was developed over several
years of experience in teaching courses in mathematics, quantum physics, the structure
of matter, electron microscopy, computer-aided design, and resistance of materials. Our
self-contained procedure uses standard mathematical tools available from the second year
of undergraduate studies. In addition, detailed explanations are implicitly included to
attempt to solve doubts that recurrently appear during our courses. We believe that this
work could be helpful for the self-taught student and for academics who wish to present it
fully to students whose work involves using this important tool.

2. Discussion

We start by recalling the Nabla operator:

0. Jd. 0.
V—&lg k
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The above expression tells us that, if we apply the Nabla operator to a scalar function
f, we obtain a vector that indicates the direction of maximum increment of the function f.
Meanwhile, the Laplacian operator is the divergence of the gradient of a scalar function,
that is,
V?=V-V

If we apply the Laplacian to a scalar function, we have a scalar.

’f 9% 9
2
VH(xy,z) = 52 T a2 to = SCALAR

We should identify that, in this last expression, the unit vectors i, j, k no longer ap-
pear and the results of the three-second partial derivatives are added. Consequently, the
Laplacian operator in spherical polar coordinates also has to give us a scalar quantity.
Unfortunately, the Laplacian operator of a function that depends on “1, 8” and “¢” is NOT
obtained by applying the definition of the Laplacian in rectangular coordinates.

) Ff P Of
VO e

In order to derive the definition of the Laplacian operator in spherical polar coordi-
nates, it is necessary to apply some simple rules of differential calculus with which every
high school student is familiar.

In rectangular coordinates, we have that V?f (x, y, z) = aig + g;£ + a &f when f de-

// ”

pends on X, y, z; however, we should carry out a coordinate change when f depends on
“0” and “¢”, i.e., spherical polar coordinates. This change of coordinates can be treated
as a variable change in the function we seek to derive. Let us recall the chain rule using
Leibniz’s notation:

df df du
dx ~ du dx
The above rule tells us that, if, initially, f is a function of x and we make a change in
the variable from x to u, then we have to derive £ {5 “) and multiply by the derivative of u

d
with respect to x Z%.

When we change variables from X, y, z to 1, 6, ¢, we have to identify that each
rectangular variable is expressed using the three spherical variables. In other words, to
describe the x coordinate in spherical coordinates, one has to give a value for r, another
for 6 and another for ¢; the same occurs for y and z coordinates. Therefore, to find the
derivative of f(r, 0, ¢) with respect to x, we apply the chain rule three times. The same is
true for y and for z. Let us see that

of ofdr 0fo0 of op

Ox orox T 960x T 3¢ dx

o O O30 O o
dy ordy 363y 3 dy M

of ofor or of of 66 of o
dz drdz 000z 6(1) oz

Let us identify that the derivatives of the “new” variables with respect to the “old”

ones are nine quantities that we must calculate to obtain the Laplacian operator in spherical

: At .or 98 9 or 98 9d Ir 96 ¢
polar coordinates. Those derivatives are: 5., 5°, 3-, Sy’ dy s dy s 9z’ 9z and 3/
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To carry out this task, we must first express r, 6, ¢ in terms of X, y, z and vice versa, i.e.,
to pose the coordinate transformations. Figure 1 shows a point P in a three-dimensional
space where the coordinates X, y, z, and 1, 6, ¢ are indicated for the same point.

<
r 3
P
1
0/
1
(4
1
1
1
” > )
\./\\ : ,/
¢ \\: /x
_______ N
y

Figure 1. Spherical coordinates r, 6, ¢ and their respective Cartesian coordinates X, y, z for a point P
in a three-dimensional space.

We can relate the x, y, z coordinates with r, 8, ¢ using the different colored triangles
that appear in Figure 1. Using the same color code, we can redraw, in 2D, the triangles of
Figure 1, as indicated in Figures 2 and 3.

|

|

|

I
z I p=rsing | 7~ 5, X = pcos
Z =1 cos % :x y = psin

|

|

|

|

1

Figure 2. Triangles to express the rectangular coordinates X, y, z in terms of the spherical coordinates
1, 0, ¢.

Figure 3. Triangle formed by the projection of r in the x-y plane.
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From Figure 2, it is easy to identify that the change of coordinates from x,y,ztor, 6, ¢

is as follows:
X = rsin 0 cos ¢

y =rsin0sin ¢
z =rcos0

To express 1, 0, ¢ in terms of x, y, z, we can also use Figures 2 and 3. From Figure 2, it
is possible to identify that p? = x* + y* and, from Figure 3, one can observe that p” + z* = 1*;
consequently, we can write
r’= x2+y2+22

Using Figure 2, we can also write

1 Z

Z —
cos® =— — 0 = cos —_—
r (X2+y2+22)7

and
tanp = % — ¢= tan ™! (%)

We are now able to fully express the transformations from rectangular to spherical
coordinates and vice versa.

x=r sin O cos ¢ = /x2+y2+22

z

y=rsin 0 sin ¢ ; O=cos™ | —— )
(x2+y2+22)?
- —tan-1 (L
z=rcos0 d=tan (x)

With the coordinate transformations of Equation (2), we can calculate the nine deriva-
tives of the “new variables” (1, 0, ¢) with respect to the “old variables” (x, y, z). Let us start

with g—;
Jr d
5= ac(Veniiz)

. 9
Let us make a change of variable as follows: u = x?>+y?+z2, then we have (Sﬁﬁ ) %'
Ava) _1 -3 1 1
= =1 =
" 2a( 24y2+ %1)17 o
el Xy )
i ox = 2x
8(ﬁ) Ju _ _1 (2X) _ 2x X
Ju 0Jx 2/u 2\/X2+y2+zz \/X2+y2+zz
Therefore,
Jar X
X r

By symmetry, we can anticipate that the calculations for 2 y and ~ are exactly as the
previous one; therefore,
or y or z
r

dy rar
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Let us continue with %—2.
0 0 d
x = ax |5 1] ) =l (D)
X X (X2+y2+z2)§ X r
By implicit derivation, it is known that the derivative of the arc cosine is defined
as follows:
d ) d Eif )
g lcos (f))=——F==
dx 1- f 2
For our case, we have to perform the following:
d (z
d -1 (z)\ — Ix ( r )
ax(cos™ (7)) = — 225
i ' 1-(%)
2(z)= 2 ( 2 >
ox \r ox \/m
Let us make a change of variable as follows: u = x>+y?+2z?, hence we have to calculate
() o
Jou ox’ )
() 20 e
=7 = ——7ZUu 2 = ———+
du du 2 ous
We know that u? — r; then,
() b
du 2<u2 u%) <u%> 2r
a—;‘ = % (x2+y2+22): 2x
o &=
o) — () = -%
We insert this last result in the expression for the derivative of the arc cosine and we have
J _zXx
e (0 - AL )
X
1-(}) 1-(})

Negative signs cancel out and it results
w0_
ox 2
1-(3)

Remember that z = rcos 0 and x = rsin 0 cos¢$, while %: cos 0; thus,

(rcos ©)(r sin O cosd)

L
ox V1 —cos? 8
Since sin? 0 + cos?0 = 1, then sin?0 =1 —cos?0 and sin® =v/1 — cos2 0 ; therefore,
a£ B (rcos 6)(rr53in6cos b) ~ cos 0 cosd
ox sin © - r

00  cosOcosd

Therefore,
ax r
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Let us continue with g—e.

g—e = i |:COS_1 (Z) ] = i[cos_1 (Eﬂ
y dy \/m dy r

Using the definition for the derivative of the arc cosine, we have

d _ d
ay(cos (F=-—~=

Applying it to our case,

Lz a5 (3)
o 2)) - -

For % (%), we do not repeat the derivative because the procedure is exactly the same

as that for the variable x. We just have to substitute x for y. Therefore,

2()--%

Inserting this result into the expression for the derivative of the arc cosine, we have

icosfl z = — a%(%) = %
8y< (r)) \/1_( )2 \/1_(%)2

We know that z =rcos6; y = rsin0sind; 2

=N

2= cos0; sin® =v/1 —cos? 6. The last
expression we rewrite as follows:
aj B (rcos 6)(rrséin9 sin ) cos 0 sind
dy N sin 0 N r

Whereby,

aj __cosOsing
ay N r

Now, we carry out the corresponding procedure for %—2.

0 0 . z 0 4 (z
22l () | ke 0

Again, we use the definition for the derivative of the arc cosine.

d -1 dc(lzf)
&(COS (f)=- \/ﬁ

Applying it to our case, we have

(e ()=

1= ()

=N
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V4

We know that £= cos©; then the denominator is v'1 — cos? 0 . We know that

sin® =+v/1 — cos? 0; so, from now on, we can write
Jd (z
2 (cost (2)) = 22 ()
0z r sin 6
In the previous cases, z was a constant and left the derivative. Now, we have that
z is a variable, so we have to use the quotient rule for derivatives. Let us remember the

_ g h-g(l ()

quotient rule.
Let f(x) = % then its derivative is: %(f(x)) = b
So, for our case, we have
_ 9 2424 52
22y _ ()0 00) r=() [az (\/m”
oz\r/ r2 - 2y tz2

Let us perform separately the only partial derivative that appears in the numerator

d
2 24 52
3 <\/X Ty +z )

We use the following variable change: u = x>+y?+z2, then:

9 _ VW) au
aa(z _) du azl
u o 1..-1
ou_ — 24 2
?Tz: 2z
a(vu) 5 1,1
Yo — 1u-t (22)
9 2402452 _
az< X*t+ystzt | = Xz_fy2+zz ~r

We insert this last result in the quotient expression to have:
2

r-@##) _r-%

(%)=
oz\r/ r? o2
Remember that z = r cos 0; thus,
2 2 2
d (Z) Cr—%Z  r—rs8 b 1c0s?0
oz\r/ 2 2 - r?

Dividing the numerator and denominator by r, we have
E(E) 1 — cos2 0 B sin? @
oz\r/ r T or

We insert this last result in the expression for the original derivative of the arcsine and

we have: a 2
in” 0 .
i(cos_1 (E)) — 5(%) _ S _ _ sin®
9z r sin 0 sin 0 r
Which it turns out that:
00 _ sin®

dz r

Now we should perform a similar procedure for variable ¢ derivatives.

Let’s start with aa%
0 d _
3 = ol (3]

X
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We make a change of variable: u =2, then:

2= 2l (2)] - o]

Jx

For % [’can’1 (u)], let us remember that there is a formula for the derivative of the
tangent arc of a function, which is

d 1 1
e 0] =
So, in our case, it is applied directly.

d 1 1
3a [tan (u)} =21
Meanwhile 3—;‘ = % [£]= yaa—x(x—l) =—y(x7?) = *Xlz
Substituting both results in our original expression we have:

I¢ _ 9 -1(Y\] — 0 -1 Ju __ 1 y
3 = Flton (1)) = Al w) 3 = | oty | [
i y _ __Yy
ox 2 <l+%) xX2+y?
Recall again that y = rsin 0 sind and x = rsin 0 cos¢ , then we have:

a;p__ y rsin 0 sing
ox x2+y? (rzsin 626 cos? d)) +(r? sin? 0 sin?¢)
Factoring the denominator,

87(1) _ rsin 0 sing
ox

r2sin” 0 (COS2CI)+ sin2<1>)

where cos? ¢+ sin’p= 1

b _rsin@sing

2¢ _ sin ¢
o0x 2sin20  rsin®
So, we can write the following:
87(1) _ _sin¢
ox  rsin®
We continue now with %i’
= a et (L)
dy dy X
Again, we make a change of variable u = %, to have:
db _ 9 — __ 9 — o)
Y=% [t;n ' (Xl)] = 3u [f?n "(w] &
2 [tan" ! (u)] =
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Substituting both results in our original expression:

Multiplying by x numerator and denominator,
9% x
dy  xX2+y?

Recall again that y = rsin 0 sind and x = rsin 6 cos¢,

o L0) X rsin 0 cosd

dy X2 +y2 N (r2 sin? ecosztb) + (r2 sin? Gsinzd?)

Factoring the denominator,

8&) _ r sin 6 cosd
9  2sin20 (coszd)—i— sinzcb)

where cos? ¢+ sin$p= 1.
op rsin® cosp  cosd

dy  r2sin?9  rsin®
Therefore, we have
aid) _ cos
dy 1 sin0

Finally, for aai;, we have
5 = ol (7))

Since the variable z does not appear in the expression, then tan™1 (%) is constant;
therefore, we can write

o

3, =

So far, we calculated the nine derivatives of the “new” variables with respect to the
“old” ones. We present them together in Equation (3).

0

ar x oy ' or z
ox ’ oy r ’ oz r
00_1 R SRPURE: I DA
i (cosBcosd) dy T (cosO sind) ; S, T (sinB) 3)
op 1 ( sinq)) o0 1 (cosq)) _ ol
Ox  r\ sin® "9y r\sin® ’ dz

We should now use the nine equations presented in Equation (3) into the Equation (1).

Let us start with g—)f(.
of ofdr 0fdd of dp

ax arox a8ax ap oax
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Substituting g—; ; %—S ; %—i’, we have:

of xof 1 of 1/sin¢
M—r&+AwWwwhm—ng)%

Let us notice that, on the right side of the above equation, we still have one of the “old”
variables, which is x. Therefore, we need to replace it using the coordinate transformation

that we presented in Equation (2).

of - of of 1/singd
Fvi s1n6cosd)g + = (cose cos ¢) 20 (smﬂ) b

In the last expression for %, we derive f with respect to x. Now, we can express it as
an operator, so that it “operates” on whatever function appearing to its right. For this, it is

only necessary to remove the function f.
d 1sind 0

d Jd 1
&—smecoscb + CosE)cosd)ae rm%

Let us continue with g—}f,.

3 _afor A% oy
dy drdy 009y 0d dy

Substituting g—; ; ?T}e, ; aa%) , we have

of yof 1 of 1/cosd
dy ror ti (Cosesmd)>86+r(sin9)<9(j)

Let us replace y = r sin© sind.

of T smGsmc{)%_F 1(cose sing) 2L of 1 < cosd))ad)

oy r or 86 sin 0
Converting this last expression to an operator,
o . .. o 1 . lcosd 0
—= sm@smd)§—0—;cosesmd)£ r S0 3¢

dy

We repeat the procedure for g—é
of ofdr 0ofd0 of o

9z oroz 909z ¢ o9z

Substituting g—; ; %—2 ; %iz’, we have

of 290 109 1o

9z ror r 20
Replacing z with z = rcos 6, we have
of of 1 ., of

EZ Cosea— 9%

Converting expression to operator,

0 o 1., 9
55— o8 Gg — ;sme%
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e Jd . d .0
Now, writing the three operators 5 ; y 7 920

6__6 6+1 0 0 1sind o
x o cos o o cos 00 rsinO o

6__6. 6+1 Osi 6+1cosq)6 @)
By_sm qu)ar ro° qu’ae r sin® o

&=COSG 5T sin® 30

Let us recall the Laplacian operator in rectangular coordinates:

02 02 02
V= S +-5+=

ox2  dy? 922
The Laplacian operates “twice” on the scalar function. We can interpret it as a “multi-

plication” of two Nabla operators.
We use the same concept to obtain the Laplacian operator in spherical coordinates. To

make this procedure easily digestible, we divided it in sections.

Section corresponding to 8% (%) :

%(% = {sine cosdp 2 + 1cos® cosp-fy — 1ond %]
: 9 1 9 _ 1sing 3
sin® cosdp g + 1cos0 cosd 55 — 1 5o 99

We must operate term by term. Observe that since we have three terms, in each % we
will have nine terms at the end. Let us proceed.
9

First-term operating on the first term (for a% (a?) ) .

sin® cos¢ 9 sin® cos¢ 9
or or

sin® cos¢ are constant when “operated” by %. Therefore, the result is:

2

.2 2
sin“ 0 cos“d—
‘barZ

First-term operating on the second term (for aa—x (%) )

. d 1 d
<sm6 cosd)ar> (rcose cosd)ae>

Let us see that a % appears in the second term; therefore, we have to treat this second
term as a multiplication of functions, as follows:

0
cosO cos¢p 30

N[ =

T

T

Function Function
® @
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Accordingly, we will use the product rule in order to operate the first term on

the second.
(fg) =f-g+fg

. d[1 0
sin © coscbg [rcos 0 coso 86}
Let us perform just the derivative instruction % [%cos 0 coscb%} :

o1 0 1 o 1 02
— LCOSG Cosdaae] = K—rz>cose COSCP% + ;Cose cosd = 86}

or

We insert the result of our derivative in the original expression to have:
. 1 a1 >
sin® cos¢ { (rz) cos 0 coscb% + ;cos 0 cosd;arae]

Expanding, we have:
2

1 d 1
— = cosB cos’P sin® — + —cos B cos’ sin O
2 cos 0 cos“¢ sin ae—i— 1rcos cos“¢ sin 3 90

And finally factoring, we have that the result of the first term operating on the second

term for aa—x (%) is:

1 " . 0 0?
) cos 0 cos cbsme(ae —rarae>

First-term operating on the third term (for % (a%) ) .

sin 0 Coscl)2 7lsind)i
or r sin® d¢

Again, we have to treat the third term as a multiplication of functions, as follows:

1 sing 0
T sin® o
Function Function
0] @

sin 0 Cosd>2 —lﬂi
or| rsin6 dd

Performing just the derivative instruction:

a{ 1sin¢ 8]_[(1)Sin¢a 1sing 0?2 }
2

p — _ =

r sin® %

sin® db  r sin6 Jr dd

Inserting the result of our derivative in the original expression

. 1\sing 0 1sing o2
sin® cosd)[(r2> sin@ d¢p  rsind dr o

Expanding;:
2

1 . 0 1 .
2 cos® smcb% -7 cos ¢ sm(bm
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Factoring,

1 ) 0 02
2 cos® sind <a¢ — rE)chb)

Second-term operating on the first term <f0r aa—x (%) )

1 d . d
(rcose cosd)ad)> (smG cos¢>ar>

Please remember that at this moment, we are “operating” the second term on the first
term. In other words, in this particular case, the first term belonging to % appears to the
right of the second term belonging to %. Let us treat the first term as a multiplication of
functions, as follows:

sin@ cosd —

¢ or

Function Function
@ @

1 J | . d
;COSG cosd)% {sme COSd)BJ

Performing just the derivative instruction:

9 g 0 433 = 0 (bi-l- in 6 d)i
5g |5in0 cosdo | = |cosB cosdpo-+sind cosp o

Inserting the result of our derivative in the original expression

L 050 cosdy [cos O ¢3+'ne cpaz
1.COS CcOSs COSU COs or S1 COSs 20 or

Expanding,
2

00 or

1 Jd 1
= cos? 0 coszd)— + ~cos 0 cos’d sin O
r Jar r

Factoring,

1 ) o . 9
;cose cos d)(cosear—i—smeae ar>

Second-term operating on the second term (for a% (% )
1 ] 1 0
<rcos 0 cosd)ae) (rcos 0 coscbae)
In the second term, we have a multiplication of functions

1 0 0
- C0S cos 30

T

. Function
Function ®

@

1 Jd[1 d
;cos@ COS(D@ Lcose cosd)ae}
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Performing just the derivative instruction:
2

211 J 1. a1 d
3 [rcose cosd)ae} = [—rsme COS(I)% + ;cose Cosd’aez}

Inserting the result of our derivative in the original expression
1cos 0 cosd —lsin 0 cosd)i + 1cos 0 cosc])i
r r 0 r 00?

Expanding,

2

1
— r—zcose cos? [0) sinG% + 2 cos? 0 cos? ¢)@

Factoring,
1 » . 0 02
r—2cos 0 cos“ P (—smeae+ cos 9892>

Second-term operating on the third term (for % (%) )

1cose cosc])i _lsind)i
r a0 r sin® d¢

The third term is a multiplication of functions:

1 sind 0
T sin® 0¢

Function Function
@ @

1 0 1sind 9
;COSG COSCI)% |:_r51nead):|

Performing just the derivative instruction:

a{1m¢a]

90| 1sind %

Again, we have to use the product rule. However, for this, we have first to derive
d 1
do \ sin0 /*

Making a change of variable u = sin 6, we have

d (1)du
du\u/do

__1 du _ d(sin®)
)__? 30 = —ao = cosb

du 1 1
=~ (c0s0) = ————cos 0
10 = (cos ) 7o cos

1

i __cos6
do\sin8/)  gin26
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Going back to the derivative instruction, we have

i _lsing 9 d —lsind) _cose i_}sincb 92
020 r sin® d¢ r sin?0 /0 rsin® 009

0 _lsing 9 0 1smd>cosB d 1sing 92
20 r sinZ 8(]) T sin 0 000¢

r sin® d¢
Inserting the result of our derivative in the original expression

lcose cosd 1smd)coseiilsind) 92
r r sin?@ 0¢ rsin® 009¢

Expanding,

1 cos¢ s1nd> cos?0 9 1 cos ¢ sind cos® 92

2 sin2 0 9 12 sin 0 000¢

Factoring,

1 cos g sind cos @ (cos® 9 9?
r? sin 0 sin® d¢  009¢

Third-term operating on the first term (for a% (%) )

_lsing 0 o 4)3
r sin® o SIMY oSk,

The first term is a multiplication of two functions:

sinO cosd 9
or

Function Function
) @

_ 1sing d
r sin0 9

Performing just the derivative instruction:

{sme cosd BJ

2
{sme cos®d ar} = { sin 0 smd) J —|—sm9 cosp—— J }

b opor

Inserting the result of our derivative in the original expression

1sind 9 02
T sino [ sin 0 smcb +81r19 cosd)acba }
Expanding,
1.,,0 1 , 2
T sin d’g - cos P smd)m
Factoring,

1. .0 02
— rsmd)(—smcbar—i- Coscbad)ar)
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Third-term operating on the second term (for % (a%) ) .

r sin® d¢ r a0

The second term is a multiplication of two functions:

1 0 0
L €0S cosd 30
Function Function
@ @
1sing 9 [1 d
T 1 sing 99 Lcose Cosd)ae]
Performing just the derivative instruction:
0 [1 0 1 ., 0 1 02
% Lcose Cosd)ae] = [—rcose smd)% + ;Cose Coscbad)ae]

Inserting the result of our derivative in the original expression

I1sinp [ 1 .0 1 02
~ T eino [—rcose smd)% + ;Cose cosd)ad)ae]
Expanding,
1 cos® sin? ¢ i 1 cos ¢ cos B sing 92
2 sin®@ 90 12 sin @ d0$poo
Factoring,

l cos 0 sind

ittt S [ in¢i+ ¢ 0>
2 sin® S P3e T P00

Third-term operating on the third term (for a@x ( %) ) .

1sing 0 1sind 9
_;sineﬁ _;sineﬁ

The third term is a multiplication of functions:

1sind i
r sin® o)
Function Function
® @

7lsind)i 7lsinc[>i
rsin@ dd | rsind dd

Performing just the derivative instruction:

" rsin® dp  rsind g¢?

8[ 1sin¢ 8}:{ lcos¢ 0

3% | rsno s

lsing 9*
r sin6® d¢
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Inserting the result of our derivative in the original expression:

_1sind){ lcosp 0 1lsind 82}

rsin®| rsind o) rsin@@
Expanding,

1 cos ¢ sing i l sin? ¢ i

2 sin?@  9¢p  r?sin0 o>
Factoring,

1 sind 9 . . 92
rjsinz 5 (cos Cb%Jr SIHd)W)

(%)

d _ . . d 1 : d lcosd 9
W(W = {smG sing 4. + 1cos0 sind55 + ;556 %}

sin 6 sind)% + %cosG sind)% 4 leosd i:|

Section corresponding to

F)
dy

r sin® d¢

Again, we have to operate term to term. Since we have three terms for each aiy we
have nine terms at the end of this procedure section.

First-term operating on the first term (for % (%) )

<sin6 sind);r) (sinG sind)aar)

Both sinf and sin¢ are constant when operated by % ; thus,
2

0
.2 .2

) il
sin” 0 sin d)arz

First-term operating on the second term <f0r % ( a%) ) .

. . .0 1 . .0
<s1n6 s1nd>ar) (rcose smd)ae)

We treat the second term as a multiplication of functions:

1 0'si 0
" cos0 sin¢ 30
Function Function
® @

. ., 01 . d
sin 6 smd)a [rcose s1nd>ae]

Performing just the derivative instruction:

o1 .0 1 .0 1 .07
3 [rcose smd)ae] = [(—rz>cose smd)% + (r>cose smd)arae}

Inserting the result of our derivative in the original expression:

: . 1 .. 0 1 .02
sin 0 sind -z cos 0 smd)E—i- T cos 0 smd)arae
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Expanding,

2

1 d 1 d
1‘zcose sin 0 sin® d) + cose sin® sin’ cbm

Factoring,
1 . .2 d 02
r—zcos 0 sin O sin“¢ <_89+ 886)

First-term operating on the third term (for % (%) )

lcosd 9
(sme Sl“d)ar) <r sin © 8(1))

We treat the third term as a multiplication of functions:

1 cos¢ 0
T sin® 0

Function Function
® @

lcos¢ 9
r sin® o

Performing just the derivative instruction:

a{lcosd)a} B {(_1) cosd)i+ <1) cosp 02 ]
or|rsin® ap | r2 ) sin 0 d¢ r/) sin® dr o

Inserting the result of our derivative in the original expression:

sin 0 sind— - {

. . lcosp @ lcosdp o2
sin 0 SIHCP{ 2 sin0 9 + T sin® Jrdd
Expanding,
. 2
= cos ¢ smcbad) - cosd> smcba 9
Factoring,
1 : J A

Second-term operating on the first term <f0r % (%) ) .

1 ., 0 . ., 0
(rcose smd)ae) (sme smd)ar)

We treat the first term as a multiplication of functions:

sinO sinq)%

Function Function

O] @
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1 . 0. .0
;cos 0 smd)% {sme smc])ar]

Performing just the derivative instruction:

J in 0 ncpa = [(cos ) nd)a—i-(ne) ing—— 7
5 |0 sind= | = | (cos0) si sin0) sing oo

Inserting the result of our derivative in the original expression:

1cos 0 sing {cos 0 sm(b J + sin 0 sind—— ’ }

r 000r
Expanding,

1cos 0 sin’ d)a —|—1C059 sin® sin® ¢p——— ’

r 000r
Factoring,

1 0 0?
fcose sin’ d)(cosGa —l—smeaea)

Second-term operating on the second term (for % (%) )

1 ., 0d 1 . .0
(rcose smd)ae) <rcose smd)ae)

We treat the second term as a multiplication of two functions:

1 0 .. 0
- €S sin¢ 30
Function Function
® @

1 . Jd 1
;cose smd)a { cos smcbae}

Performing just the derivative instruction:

o1 d 1. .. 0 1 .. 02
et sy = [(ne) s (et) s

Inserting the result of our derivative in the original expression:
1 cos 0 sind 1 sin 0 sind)i + 1 cos 0sin d)a—z
r r 0 r 002

Expanding,
1 TR’ R S P:
— r—Zcosesme sin d>%+r—2cos 0 sin (1)@
Factoring,
1 . . 0 0>
r—zcose sin d)(— smG% + cos© 862>

Second-term operating on the third term (for aa—y (%) ) .

! cos 0 smcb 1 cos & i
00 r sin@ Jd¢
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We treat the second term as a multiplication of two functions:

1 cos¢p Kkl
r sin@ o)
Function Function
@ @
1 ., 0 [1lcosd 0
;COS@ Slnd)% L-sine a(b:|

Performing just the derivative instruction:

=

0 [1cosd 0 We will use the product rule. But first, we have
06 [r sind @ to obtain the derivative i( - )
do \sin 0

Makin a change of variable: u = sin, we have

d (1) du d (1) _ 1
a(a)@ = a(a) =@
d—g = 7‘1(229): cos 0
d 1 _d(1\du _ 1 _ 1 _ cos O
@(m)—*u(a)*e—_?(Cose)—_mcose__m

Going back to or derivative expression,

i lcosd)i B _lcosecos¢i+1cos¢ 02
00 |rsin0op| | r sin20 OJd rsin® 009d

Inserting the result of our derivative in the original expression:

1 . 1cosOcosd 0 lcosdp 02
eos® Sm“’[ r 20 9 | rsind 2094

Expanding,

_ l cos? 0 cosd sind i l cos0 cosd sing 02
r2 sin2 0 ad) r2 sin © aead)

Factoring,

1 cos6 cosp send (cos® i B 0?2
r2 sin @ sin® dp  900¢

Third-term operating on the first term (for aa—y (%) )

ECOS ¢ i sin 6 sind)2
r sin® d¢ Jr

We treat the first term as multiplication of functions:

. . 0
sin0 sin} _
or

Function Function

0] @
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lcoscbi
r sin® Jd¢

Performing just the derivative instruction:

[Sin 0 sind ;J

d d 0 02
S [sme sing— } = {sm@ Cosd) +81n6 smd)ad)a }

Inserting the result of our derivative in the original expression:

1 cos ¢ 0 02
T sin0 [sme cosc[) + sin® sindp——— apar ]
Expanding,
Leost 92+ Leossing 0
. cos? cosd s apar
Factoring,

1 N 02
rcosd)(cos(l) smc[)aq)a >

Third-term operating on the second term (for % ( aa—y) )

1cosc[>8 0 n¢a
r sin® o COS S1NP30

Let us treat the second term as a multiplication of two functions:

1 0 si i)

L 08 sind 30
Function Function
@ @
lcos¢ J [1 d
r sin® 8¢) [ cos0 sing 9}

Performing just the derivative instruction:

a1 0 1 9 1 .0
ad) [ cos 0 smd) ] = Lcose cosd)% + ;COSG smd)ad)ag}

Inserting the result of our derivative in the original expression:

1cosd 1 92
0 0
CSn0 [ cos cosd) + cos qu’aq;ae
Expanding,
l cos 0 cos’p i l cos 0 cosd sing 92
r2  sin® 90 2 sin 0 0§poo
Factoring,
1 cos® cosd 02
2 sino <C°S b5p 5550

Third-term operating on the third term (for % (%) )

lcosd 9 lcosd 9
(rsineacp)<r eaq;)




Mathematics 2021, 9, 2943 23 of 32

Let us treat the third term as a multiplication of two functions:

1cosd o
r sinO o
Function Function
@ @

lcoscbi lcoscbi
r sin® d¢d | r sind 9

Performing just the derivative instruction:

i lcoscbi B _lsincbi lcosd)ai2
op |rsin@dp| | rsin0ddp rsind g2

Inserting the result of our derivative in the original expression:

lcos¢p | 1sing 9 lcoscbi
rsin® | rsin®dp rsind 9>
Expanding.
_loossing 8 . 1cos’p &
2 sin?0 9 r? sin?0 9>
Factoring.

1 cos . .0 92
rjm <— Sim Cb% + COS(PW)

Section corresponding to - (E) .

Jd [0 J 1 . d d 1 . d
82(82) = [Cosear — rsmeae} [cosear — rsmeae]

We have to operate term to term. Now, we only have a couple of terms for each %.
Therefore, we will have four terms at the end of this section of the procedure.

First-term operating on the first term (for a% ( %) ) .

d d
(cosear ) (c:osear >

cos 0 is a constant function when operated by %.

Therefore,
82

2
cos“ 60—
or?

First-term operating on the second term (for aa—z (%) )
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Let us treat the second term as a multiplication of two functions:

! (3]
r sinf35
Function Function
® @

d 1 . d
Ccos 9§ {_r smeae}

Performing just the derivative instruction:

a1 ea 1 .ea 1 ea2
ar| "% 2 )sinf3g — ;sinf3 55

Inserting the result of our derivative in the original expression:

1. 90 1 02
cose{rzsmeae smearae]
Expanding,
— cos 0 sinE)i — 1 cosS sin 0 —— -
r? 00 drdo
Factoring,

1 0sin® —i+ri
2 COSPS 90 ' oroe

Second-term operating on the first term (pam a% (aa*z) )

1 5} d
(—smﬂae ) (cos 68r>

Let us treat the first term as a multiplication of two functions:

cos O i
ar

Function Function
@ @

1 ] d
- - sm 9% [ Ccos GBJ

Performing just the derivative instruction:

d 0 0 02
50 [cosear} = [ smea Jrc:osGaea }

Inserting the result of our derivative in the original expression:

1 . ) 02
-7 sme[ sm@a— + cos 6868}

Expanding,

1.,.0 1 02
— sin 6$—;cose smem
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Factoring,
1 0 2’
—sinf| sin@= — cos 0=——
_ sin (sm 5 0805 8r>

Second-term operating on the second term (for a% (%) ) .

1 d 1 d
(smeae) ( smeae>

Let us treat the second term as a multiplication of two functions:

in6 0]

S 20
\—'—l %—l
Function Function
@ @

1 d 1 d
—sm@ae{ rsmeae}

Performing just the derivative instruction:

o[ 1 9 1 0o 1 02
89[ rsmeae}—[—rcoseae sneaez}

Inserting the result of our derivative in the original expression:

1 o 1 0?
-7 sin® [— COSB% — smeae2]

Expanding,

— cos B sinei + = sin? Ga—z

r2 00  r? 002
Factoring,

2
rlz sin © (cos 9% + sin O 8862 )

At this moment, we have 22 terms, 9 of aax (ax) 9 of 3 2 <By> and 4 of aaz (az>

As we already discussed, the Laplacian in spherical coordmates is nothing more than
adding those 22 expressions, that is to say,

G2 D (D) D (2), (2
~ox \ 9x dy \ dy dz \ 0z

We organize our terms using a convention of colors and lines as presented in Figure 4.
Sum of the underlined terms. =—

92 92 2
sin? 0 cos d) CWRE sin0 sin d) CWRE cos’0— 52

Factoring,
2

52 sin? 0 Cosde— sin0 sin2¢+ 00526}
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The expression in brackets has power 2 trigonometric functions. Therefore, we can
use the following identities:

sin? A =1 — lcos(24)
cos? A =1 + lcos(24)

Let us apply these identities only to the first two terms enclosed in brackets.

aaTzz < [(; — ;cos(ZG)) (; + ;COS(2¢)):| + K; — ;cos(26)> (1 — ;cos(Zd)))} + {cos2 6])

2
Expanding,

{ H — 1 cos(20) + § cos(2¢) — § cos(20) cos(ZdJ)} + H — }cos(20) — § cos(24) + § cos(20) cos(2cb)} + [cos? 9]}

Simplifying,
? /1 1 )
32 {(2 ~5 cos(26)> + cos 6}

Now, let us remember that 1 — 1 cos(20)= sin?0. Therefore,

0
32 [sen®0 + cos® 0] = ——

2 2
2 or2

Sum of the underlined terms =

1 , , . [0 02 1 . 0 02 1 , 0 0?
— ;cosesmecos d)(ae _r8r86> =+ r—2cosesmesm c])(—ae +r8r86) — 1rzcosesme<—+r )

00 0droo
We can factor the operators in parentheses as follows:

1 ' _ 2 ) _d 02
<r2>(cosesm9)< 1+ cos“dp+ sin c]))( %_Hm

We expand the following multiplication:

(cosOsin6) (—1 + cos?p+ sinZdJ)
{— os 0 sin 0 + cos 0 sin 0 cos>dp+ cos 0 sin O sinzcb}

Again, we use the trigonometric identities of power 2 to rewrite the previous expression:

1 1 1 1
— cos0sin 0 + cos 0sin 0 (2 + 5 Cos(Zd))) + cos0sin6 (2 ~3 cos(Z(b))

Expanding:

—cos0sind + $cosOsin O + Lcos 0'sin 0 cos(2¢) + LcosOsind — Jcos Bsin O cos(24)
= —cos0sin® + %cosesine + %cos@sinﬁ =0

Therefore, we have

(%)(cosGsinG)(fl + cos? ¢ + sin? d) —% +r%) =0
B0 -ri)
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a(az) 35 oy) + 32 a2)

= leta20 cos? a1 getod cos? a2 i

= |sin“@ cos* ¢ = 1‘_cu:i.'s sinfl cos* ¢ 26 rﬂrd‘ﬂ
1 ) a a?

+F€OS¢SIR¢ d——rﬁ

= cash =¢.( ﬂ}+ a'}z)
'_C'U‘S COs cos sin FTT

+ = cosh cos? ( LA
r:cos cos= ¢ | —sin FT: co FTE

1 cosf cos dsing (unﬂ‘ d a? )

re sinf senfl dep B9

dz
—sllld: + cosg rhj'nir)

1 costising @ a* )

1 sing @<
Frisintg |\ dqb”*““'aqbz

. T '_}2+| 0 sind sin? f}+ a2
sin®@ sin’§ —— + — cost sin) sin®p | — o+ 71—

" 1 . d 2 a@?
= cosdsing 3 rﬂm

1 az
+- casﬂsm‘ casﬂ =+ sind
¢ ( nﬁ'dr)

1 i L
+r—2wsﬂsm ¢(—smﬂdﬂ +£mﬂﬂﬂz)

1 costicospsing (r:mﬂ i at )
Tl sind sinf d¢p a0

1 L a = a*
+rm.x¢| m.upﬂr .\lmpﬂ ;=

1 cosfcosg . a*
b —— —
r
1 cosg
===

risintd

dz
+ |costl—

1. a a2
+;sm9 (:.mﬂ-——w.sﬂ‘auﬂ )

. d :
(-sm:p.— + cosep —z)l

a¢

= casfsing

1 a*
-1-7.—25.1118 msﬂ + sin—s P

Figure 4. The sum of all the terms shown in this figure will be the Laplacian operator in spherical
polar coordinates. To organize the sums conveniently, we will be guided by the terms that contain
second derivatives. Terms that contain % are underlined with a single red line. Terms containing
% are underlined with a double red line. Terms containing % are underlined with a triple
red line. Terms that contain J 92 are underlined with a smgle green line. Terms containing aear are
underlined with a double green line. Terms containing m are underlined w1th a tnple green line.
Terms that contain ¢2 are underlined with a smgle black line. Terms containing &= ¢ a are underlined

with a double black line. Terms containing m are underlined with a triple black line.
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Sum of the underlined terms. —

1 . d 02 1 . 0 02

2 cos ¢ sin ¢ (3(13 — raradn) + 2 cos sin ¢ <_3d> + r8r8¢>
One term is positive and the other is negative; therefore, they cancel, = 0.
Sum of the underlined terms. s

1 ) . .0 0? 1 .5 Y 0? 1. o . 9
r—2cosecos d)(—smeae—i-coseaez) +r—2cosesm [0) —smeﬁ —i—coseﬁ —i—r—zsme coseﬁ—i-smeﬁ
In this case, we should expand the terms and organize them as follows:

aZ
202

aZ
002

aZ
202

1 0.0 1 : 249 1 . 249 1 2 2 1 20 ain2 1 o2
rfzcos@smeﬁfrfzcosesmecos <b%fr7cosesmesen 55 + z cos 0 cos“d + 2 cos 0 sin“¢ + 2 sin 0

The first three terms that are multiplying % can be factored as follows:

(r12> (cosBsin0) (71 + cos?p+ sin2¢) (886>

Let us recall that cos? ¢ + sin? ¢ =1, then,

(_r12> (cosBsinB)(—1+1) <aae> = (—:2> (cos0sin0)(0) (aae) =0

In the case of the second three terms that are multiplying %, they can be factored
as follows:

1 02 2 2 20 ain2 ia2
2 )\ 592 (cos 0 cos” ¢+ cos 0 sin“ P+ sin 6)

We use the trigonometric identities of power 2 to rewrite the previous expression

<r12> (;;) { (; + ;Cos(ze)) (; + % cos(Zd)))} + [(; + ;cos(26)> (; — ;cos(Zcb)) } + {sin2 6} }

Expanding:

(%2) (LZ){ [% + 1 c0s(20) + § cos(24) + 1 cos(26) cos(Zd))] + [% + 1 cos(20) — % cos(2) — 1 cos(20) cos(Zd))] + [sin® 0] }

(533 hmem) ]

Let us recall that 1 + 1 cos(20) = cos? 0, and cos? ¢ + sin? ¢ = 1; then

() eorm - ()3

Sum of the underlined terms. ==

We simplify:

T

. 2 . . 2
lcos 0 cos?¢p (cos 9%4— sin Gagar) + %cos 0 sin’¢ (cos 6%4— sin Gﬁ)

1.: : 0 92
+;s1n6(sm9$ —cosem)
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Again, we should expand the terms and accommodate them as follows:

L cos?0 COSZQJ% + %cos2 0 sinzd)% + % sin? 9%

T
1 ; 24 92 1 : 224 92 1 : 92
+ 1 cos 0sin 6 cos” ¢ 555 + 1 cos Osin O sin” ¢ 555 — 1 cos Osin O 555,

The first three terms that multiply % can be factored as follows:

%% [cos %0 cos?p+ cos?0 sin® P+ sin? 6]
We already reviewed; therefore, we are sure that the term
cos? 0 cosde— cos20 sinzd)—l— sin?0 = 1
So, for the first three terms, we have
19
r or

For the case of the second three terms that multiply %zar, they can be factored

as follows: )
1 . 2 . 2 a
(r) ((cosGsmG)( — 1+ cos“dp+sin d))) (E)Gar)

We already checked; therefore, we are sure that the multiplication

(cos 0sin0)( — 1+ cos’>d+ sinzd)) =0

Therefore, the sum of the terms that multiply %zar equals zero and the only term that
survives from the sum for is 13
ror

Sum of the underlined terms. ——

1cosecoszd)sin¢<cose 0 92 )_1cos6coscbsind)<cose 0 92 )

r2 sin 0 sinf op 909 r2 sin 0 sin® dp 009
One term is positive and the other is negative. Therefore, they are canceled, =0.

Sum of the underlined terms.

1 sind d ) 0? 1 cos ¢ . 0 02
rjsin2 5 (coscbad) + qu)W) + rjsinze <—s1nd>a¢ ~+ cos d)EW)

Expanding, we have

lsin¢cos¢i+lsin2¢8727lsindbcosd>i 1cos’d 9?
2 sin?0 9 ' r2sin?0 ap2  r? sinf@ 9P | 12 sin?0 9>
_ lsin®d @ | 1cos’dp 9%

T 12sin? 0 9¢p? 12 sin? 0 92

We can factor the previous expression in the following way:

1 (coszd)+sin2d)) [ 92 } B 1 92

12 sin® @ 2] r2sin20ag?
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Sum of the underlined terms. =———

1. .0 02 1 0?
—rSIHdD(—SlndJar—i-COSd)ad)ar> cosd)(cosd) —|—smch)a)

Expanding, we have

. 2
1s1r1 d)m—fsmd)coscba(bar—l- cos? d)ar fsmd)cosd)ﬁ

fsm ¢ar+ cos? cbar

Factoring,
1 .2 2 a _ 1 8
;(Sll’l d)+ COS Cb) a = ; a

Sum of the underlined terms. =——=

1 cos® sing . 92 1 cos® cosdp 0 . 02
T2 sing (_Smd’ +C°S¢aq>ae> T2 sing \O8PgpTsinbgaag

Expanding, we have

1 cosOsin®d 9 1 cosOcosbsing 9> + 1 cosOcos? d 9 + 1 cosOcospsing 9?2
r2 sin © 20 12 sin © 9 a0 sin © 00 r2 sin © EIOLL)
_lcosesin2d>i+lcosecos ¢ 9
2 sin O ] 2 sin O 00
Factoring,

1Y (cos6 d 1 cos® o
(r2) (sine) (sm ¢+ cos d’) (ae) ~ 25in0 90
Now, we can write the Laplacian, adding the results of the sums that we carried out.
d (0 d (0 d (0 02 l 9
R(8) 43 (%) +3(5) = 0+ 04 g 4 1540
1

1 cos 9
+ 12 sin 0

_1 9
+rzsm 0 Bd)z + r ar 90

Simplifying,

V2_62 20 1lcos600 19 1 5
6r2 ror r2 sin 0 00 1‘2592 r2smzea¢ ©®)

Finally, let us identify that the Laplacian in spherical coordinates that appears in the
literature is “slightly different” from the one obtained here and that we present in Equation
(5). Actually, there is no difference; the only thing that happens is that the operators for r
and for 0 are nested in order to only present three terms in the Laplacian. Let us briefly
review this.
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The Laplacian that commonly appears in the literature is

2 or\ or r2sin 0 00 20 ), 12 sin’ 0 9¢?

N,

In this case, the Here, the operator
operator % ai outside operates
operates on a on a multiplication,

multiplication of a functions
of 2 functions, sinf) and
2 and % aa—g

When expanding the operators, we have

12 rzg)
12 or or
9 (.29 | _ 9, .29
g[r g} = |2rg +r ﬁ}
so that
1 0 5 92 20 92
2= i
2|7 or or2 ror  or2
———
These two are
the first terms
of Equation (5)
1 J : o)
r2sin © 96 (Slne%)
% [sm 6%] = [cos 6%+ sin 9%}
Therefore, we have
71 c:os@i—i—sinea—2 = 7&56 i la—z
r2sin 0 00 902  r2sin000 12 9p?

These two are the terms 3
and 4 of Equation (5)
corresponding to the
operator of 6

With the above, we corroborate the equivalence between both expressions. Therefore,
we can also write the Laplacian in spherical coordinates as follows:

2_19(29 L9 (Gnel 1@
V=25 \"ar) T Zsn000 \5"%8 ) T enzo 90 ©)

3. Conclusions

In this paper, we present a full-fledged derivation of the Laplacian operator in spherical
coordinates. The mathematical concepts that we used for this purpose are available to all
STEM disciplines beginning in the second year of undergraduate. Therefore, this solution
is accessible for physics and science students and engineering and chemistry students. Our
referral procedure is completely self-contained; this allows the reader to work self-taught
with our document without resorting to a complimentary bibliography. This work can be
useful for students and academics whose studies and research make use of this important
mathematical tool.
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