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Abstract: Most of the coil designs for wireless power transfer (WPT) systems have been developed
based on the “single transmitter to a single receiver (S-S)” WPT systems by the empirical design
approaches, partial domain searches, and shape optimization methods. Recently, the layout op-
timizations of the receiver coil for S-S WPT systems have been developed using gradient-based
optimization, fixed-grid (FG) representation, and smooth boundary (SB) representation. In this
paper, the new design optimization of the transmitter module for the “single transmitter to multiple
receivers (S-M)” WPT system with the resonance optimization for the S-M WPT system is proposed
to extremize the total power transfer efficiency while satisfying the load voltage (i.e., rated power)
required by each receiver and the total mass used for the transmitter coil. The proposed method
was applied to an application model (e.g., S-M WPT systems with two receiver modules). Using
the sensitivity of design variables with respect to the objective function (i.e., total power transfer
efficiency) and constraint functions (i.e., load voltage of each receiver module and transmitter coil
mass) at each iteration of the optimization process, the proposed method determines the optimal
transmitter module that can maximize the total power transfer efficiency while several constraints
are satisfied. Finally, the optimized transmitter module for the S-M WPT system was demonstrated
through comparison with experiments under the same conditions as the simulation environment.

Keywords: layout optimization; wireless power transfer; wireless charging systems; transmitter coil
design; resonance setting

1. Introduction

Wireless power transfer (WPT) systems have been developed for various commer-
cial products, such as consumer electronics [1–5], electric vehicles [6–9], and biomedical
implants [10–12]. Recently, to enhance product competitiveness of the WPT systems, it
has been required for them to change from “single transmitter to single receiver (S-S)
WPT systems” to “single transmitter to multiple receivers (S-M) WPT systems”. In order
to successfully develop S-M WPT systems with the predetermined commercial receiver
modules (e.g., fixed coil shape and required rated power), the design of the transmitter
module is very important because the transmitter coil, input power (or voltage), and
compensated capacitances are directly related to the inductances and reactive power for
the power transfer capacity and efficiency. Especially because the S-M WPT system has
very complex mutual inductances between coils (or modules), the proper design of the
transmitter coil for the S-M WPT system is a key to satisfying all required performances of
the S-M WPT system with the fixed receiver coils (or modules).

In the literature, the conventional coil designs for S-S WPT systems have been mainly
conducted through empirical design approaches [13–19] and partial domain searches [20,21].
In the empirical design approaches, the S-S WPT systems with a bigger air gap and higher
efficiency were developed by introducing a new coil topology [15,17] and changing the
dimension and position of the transmitter coil and receiver coil [19]. Through introduction
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to the intermediate resonant coils, the S-S WPT systems with more improved air gap [13,14]
and transfer efficiency [16,18] have been developed. In the partial domain searches, through
the exploration of one or two design variables among some design variables selected for
designing S-S WPT systems in the limited partial domain, the optimal value of the design
variables was determined. Then, the remaining design variables among the selected design
variables are repeated in the same process to improve the performances (i.e., power transfer
efficiency [20,21] and reduction of magnetic flux leakage [21]) of the S-S WPT systems.
However, the conventional methods cannot simultaneously consider the coupling effects
among all selected design variables. It is difficult to determine the optimal transmitter coil
layout in the feasible design domain that can satisfy all of the required design constraints
(i.e., performances and regulations) for more complex S-M WPT systems.

Recently, as more efficient coil design methods were created, the design optimization-
based coil design methods for S-S WPT systems were developed, which compensated for
the drawbacks of the conventional methods. They are largely categorized into the shape
optimization method [22,23], which can optimize the size and shape of the coils, and layout
optimization [24–26], which can optimize the layout as well as the size and shape of the
coil. The shape optimization was used to determine the optimized coil and ferrite of the
transmitter and receiver for S-S WPT systems with no load to minimize the thickness of the
receiver coil while satisfying all constraints (i.e., induced voltage and electromagnetic field
intensity) [22]. Another case of the shape optimization for designing the coil and ferrite was
to minimize the mass of the coil and ferrite of the receiver for S-S WPT systems (i.e., railway
wireless charging systems) with a ferriteless transmitter module while satisfying the same
electrical performances of the S-S ferrite-based railway wireless charging systems [22]. The
existing coil layout optimization for S-S WPT systems have been developed to optimize
the receiver coil layout by using the fixed grid (FG)-based coil representation [24] and
smooth boundary (SB) coil representation [25,26]. The method in [26] can determine the
optimal receiver coil layout for S-S WPT systems that can maximize the power transfer
efficiency while satisfying all of the selected constraints (e.g., mass of the receiver coil and
rated power required by a receiver module) under the given conditions. However, these
above layout optimization methods can optimize only the receiver coil layout for S-S WPT
systems under the given conditions with fixed transmitter coils based on the well-known
analytical resonance equation for S-S WPT systems. Recently, the need for the S-M WPT
systems with the commercialized receiver modules (i.e., the fixed layout of the receiver
coils) is dramatically increased to improve the effectiveness of WPT products. As indicated
in Figure 1, unlike the S-S WPT system (Lt, Lr1 , Mr1

t , Ct, Cr1 , and er1), the S-M WPT
system is much more complex and has many main considerations to determine the optimal
S-M WPT systems: (1) inductances (Lt, Lri , Mri

t , and Mri+1
tri

, i is the number of the receiver
module), (2) rated power required by each receiver module (eri ), and (3) compensated
capacitances (Ct and Cri ). Note that it is very difficult to set the compensated capacitances
for S-M WPT systems that can maximize the power transfer efficiency while satisfying
the rated power of each receiver through the existing well-known analytical resonance
equation for S-S WPT systems. Therefore, it is necessary to develop a more systematic and
effective mathematical design method that can optimize the transmitter module for the
much more complex S-M WPT systems compared with the S-S WPT system.

In this paper, a new transmitter module optimization (Figure 1) is proposed to de-
termine the optimal transmitter module, including the optimized transmitter coil, input-
voltage, and compensated capacitances for S-M WPT systems with several given receiver
modules. Note that the proposed method can determine the optimal compensated capaci-
tance through the new integration between the transmitter coil layout optimization and
the numerical sensitivity-based resonance settings introduced for S-M WPT systems. The
proposed method is to maximize the objective function (e.g., total power transfer efficiency
in this paper) while satisfying all constraints (e.g., total coil mass used for the transmitter
coil and the load voltage required by each receiver module) by using the structural and
electrical design variables. The proposed method was applied from a “single transmitter
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to two receivers” WPT system with two air gaps of 10 mm and 30 mm. The transmitter
module optimized by the proposed method was validated through the experiments under
the same conditions.
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2. Theoretical Framework of Transmitter Module Optimization for S-M WPT Systems
2.1. Structure of the Proposed Framework

As depicted in Figure 1, the proposed optimization framework for designing the
transmitter module consists of an optimization module and an analysis module. The
procedure of the proposed method is the following:

1. In the optimization module, the optimizer gives an initial value of the design variables
(i.e., the number of relative turns (nt(u,v)) and reference turns (Nto) for transmitter coil,
the number of physical turns for each receiver coil (Nri ), and the input voltage (Vt)) to
the analysis module. Note that the u and v are the row number and column number
of the FG in the discrete design domain for transmitter coil, as described in Figure A1
in Appendix A.

2. In the analysis module, firstly, the optimizer makes a layout of the transmitter
coil based on the transferred design variables (i.e., nt(u,v) and Nt). Secondly, self-
inductances and mutual inductances (between the generated transmitter coil and
receiver coils) are evaluated. Then, the compensated capacitances (Ct and Cri ) are
set based on the concept of the resonance optimization for S-M WPT systems pro-
posed by the author [27], which is newly introduced to the coil layout optimization.
Determining the optimal compensated capacitances for S-M WPT systems that can
minimize the reactive power and maximize the power transfer efficiency is crucial
due to the very complicated mutual inductance among a transmitter and several
receiver modules in S-M WPT systems. Finally, the electrical and structural perfor-
mances (e.g., load voltage of each receiver module (eri ), total power transfer efficiency
(η), and total transmitter coil mass (mtotal

t )) are calculated by the determined design
parameters for S-M WPT systems. The resonance optimization for S-M WPT systems
is not equal to the conventional resonance setting for S-S WPT systems [28–32].

3. In the optimization module, the objective function (e.g., total power transfer efficiency
in this paper), constraint functions (e.g., the load voltage of each receiver module
and coil mass), and sensitivities are evaluated from the performances calculated in
the analysis module. Then, if the convergence criteria are satisfied, the values of
the design variables at the last iteration are determined as the optimal value of the
design variables for the S-M WPT systems. If not, this process is continuous by using
the design variables updated based on the sensitivities until the convergence criteria
are satisfied.

Through this process, the optimizer determines the optimized transmitter module
(e.g., transmitter coil layout, input voltage, capacitances, etc.) for S-M WPT systems
that can maximize the total power transfer efficiency (i.e., sum of the power transfer
efficiency transferred to each receiver in this paper) while satisfying all the constraints
(i.e., rated power required by each receiver and total mass used for the transmitter coil). The
optimization algorithm used for this work was based on the method of moving asymptotes
(MMA) that has been well proven.

2.2. Mathematical Derivation of the Proposed Method
2.2.1. Representation of the Transmitter Coil Layout

The layout of the transmitter coil for the S-M WPT systems can be expressed in terms
of the threshold interpolated relative turn (ñc

t ) induced by composing of the relative coil
turn (nt(u,v)) and physical coil turns (Nt) at the FG at (u, v) in the design space for the
transmitter coil, as indicated in Figure 1. The detailed description of the interpolated layout
of the transmitter coil is explained in Appendix A.

As shown in the analysis module in Figure 1, with a determined threshold value (ñc
t ),

the shapes made by coil segments interpolated in the FGs are divided into three patterns:
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triangular, rectangular, and pentagonal. Then, the length of the coil segments interpolated
at each FG (lt(u,v)(ñc

t )) can be calculated as follows:

lt(u,v)(ñ
c
t ) =



√(
l1(u,v)(ñc

t )
)2

+
(

l2(u,v)(ñc
t )
)2

f or triangular√∣∣∣l1(u,v)(ñc
t )− l2(u,v)(ñc

t )
∣∣∣2 + (2l3)

2 f or rectangular√(
2l3 − l1(u,v)(ñc

t )
)2

+
(

2l3 − l2(u,v)(ñc
t )
)2

f or pentagonal

(1)

where l1(u,v)(ñc
t ) and l2(u,v)(ñc

t ) are the lengths from the intersection between the
interpolated coil segment and the sideline of an FG to the closest nodes inside the effective
area (i.e., black area in the FG).

The effective area (At(u,v)(ñc
t )) according to the three patterns in each FG can be

derived as:

At(u,v)(ñ
c
t ) =


(l1(u,v)(ñ

c
t )×l2(u,v)(ñ

c
t ))

2 f or triangular
(l1(u,v)(ñ

c
t )+l2(u,v)(ñ

c
t ))

2 (2l3) f or rectangular

(2l3)
2 − (l3−l1(u,v)(ñ

c
t ))×(l3−l2(u,v)(ñ

c
t ))

2 f or pentagonal

(2)

2.2.2. Electromagnetic and Structural Performance

Assuming that a current flows along the fixed coil of each receiver module (ri) of the S-
M WPT system, the magnetic field intensity (Hri

j (x, y, z, t)) at a certain field point P (x, y, z)
in the design space of the transmitter coil induced by the coil in ith receiver module can be
derived according to Biot_Savart’s law when the receiver coil is represented to interpolate
the smooth boundary coil by applying the previous concepts (see Section II.A of our
previous paper [24] and Section II.B of our previous paper [25]). Using the sum of the
magnetic field intensity at the point P provided by the jth finite coil segment (including
the information of the starting point (xs, ys, zs) and the ending point (xe, ye, ze)) virtually
represented for the practical receiver coil to calculate the magnetic field intensity between
the receiver coils and transmitter coil, the total magnetic field intensity at the point in the
transmitter module can be derived as:

Hri
total(x, y, z, t) =

segment

∑
j=1

Hri
j (x, y, z, t) (3)

The mutual inductance in the FG at (u, v) in the design area for the transmitter (Mri
t(u,v))

is calculated as:

Mri
t(u,v) = µ0Nt(u,v)Nri

d
(∫

AFG
t(u,v)

Hri
total(x, y, z, t)·ds

)
dit(t)

(4)

where µ0 is the magnetic constant or the permeability of free space, Nt(u,v) is the physical
value of the coil turn of the FG at (u, v), Nri is the winding turn of the ith receiver coil,
AFG

t(u,v) is the surface area in each FG at (u, v) in the design area for the transmitter coil, and
ds is a surface vector for the infinitesimal area. Furthermore, assuming that the magnetic
field intensity at any point in each FG is nearly constant due to the fine discretization of the
FGs, the approximated mutual inductance can be calculated as:

Mri
t(u,v) = µ0Nt(u,v)Nri

d
(

Hri
t(u,v)(t)·A

FG
t(u,v)

)
dit(t)

(5)
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where Hri
t(u,v)(t) is the total strength of the magnetic field of the FG at (u, v) provided

from the ith receiver module. When the design domain is changed from the FG to the SB
representation, the total mutual inductance (Mri

t (ñ
c
t )) between the transmitter coil and the

receiver coil in the ith receiver module can be represented as the summation of the effective
area ratio at each FG multiplied by its mutual inductance:

Mri
t (ñ

c
t )

∼= ∑
u

∑
v

(
At(u,v)(ñc

t )

AFG
t(u,v)

)
Mri

t(u,v) (6)

In this paper, it is assumed that the mutual inductances between receiver modules are
relatively small, which can be ignored. Therefore, using Kirchhoff’s law and the resonance
by matching the compensation capacitances (Ct and Cri ) for S-M WPT systems [27], the
input power (Pri

t ), load voltage (eri ), load power (Pri ), and total power transfer efficiency
(η) of the S-M WPT systems can be formulated. The input power (Pri

t ) supplied to each
receiver module, and the total input power (Pt) are:

Pri
t (ñ

c
t ) =

(
(Rri + Rpri )

(Rri + Rpri )
(

Rt + Rpt
)
+
(
ωMri

t (ñ
c
t )
)2

)
Vt

2Pt(ñc
t ) = ∑

i
Pri

t (ñ
c
t ) (7)

where Rpri is the parasitic resistance of the receiver coil in each receiver module, Rpt is the
parasitic resistance of the transmitter coil, Rri is the load resistance in each receiver module,
Rt is the input resistance, ω is the angular frequency, and Vt is the input voltage. The load
voltage (eri ) of each receiver module becomes:

eri (ñc
t ) =

(
jωMri

t (ñ
c
t )

(Rri + Rpri )
(

Rt + Rpt
)
+
(
ωMri

t (ñ
c
t )
)2

)
VtRri (8)

The load power (Pri ) of each receiver module results in:

Pri (ñc
t ) =

 −
(
ωMri

t (ñ
c
t )
)2(

(Rri + Rpri )
(

Rt + Rpt
)
+
(
ωMri

t (ñ
c
t )
)2
)2

Vt
2Rri (9)

The total power transfer efficiency (η) for S-M WPT systems is obtained as:

η(ñc
t ) = ∑

i
ηri (ñc

t ) = ∑
i

Pri (ñc
t )

Pt(ñc
t )

(10)

The total mass of the transmitter coil (mtotal
t ) is the sum of the mass of the coil segment

(lt(u,v)(ñc
t )) interpolated at each FG in the space for designing the transmitter coil:

mtotal
t (ñc

t ) = ∑
u

∑
v

ρNt(u,v)lt(u,v)(ñ
c
t ) (11)

where ρ is the density of the coil line.
For the layout optimization, the gradients of the major performances (i.e., eri , η, and

mtotal
t in this paper) with respect to the design variables (i.e., nt(u,v), Nri , Nto, and Vt)

can be mathematically derived using Equations (8), (10), and (11) with the chain rule of
differentiation.

3. Application: S-M WPT Systems with Two Receiver Modules

To improve the convenience and competitiveness of wireless charging systems, the
single transmitter to multiple receiver (S-M) WPT systems have been recently researched
in various areas (e.g., consumer electronics and electric vehicles). In the application, the
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proposed framework was applied to optimize the transmitter module for an S-M WPT
system (i.e., with two receiver modules) with two different air gaps.

3.1. Model Description

As presented in Figure 2, the application model is composed of an unknown part
(i.e., transmitter coils that will be made in the given design space) and the known part
(i.e., two receiver modules with one fixed receiver coil, respectively). The proposed method
optimizes the transmitter module to extremize (i.e., maximize or minimize) the objective
function (e.g., maximization of the power transfer efficiency) while satisfying all constraints
(e.g., required performances and regulations) under the given conditions. The detailed
information of the model is provided in Table 1. Each air gap (G1) between the transmitter
module and the receiver module was given as 10 mm and 30 mm in the two application
cases, respectively.
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Table 1. Detailed information on the application model.

Design Constants Values

Resonance frequency (kHz) 100.00
Density of the coil (g/mm3) 0.00896

Cross-section area of the Litz wire (mm2) 0.22
Distance between the coils of two receiver module [G2] (mm) 28.00

Side length of each fixed grid [2l3] (mm) 5.00
Diameter of the receiver coils [l4] (mm) 52.00

Length of the design domain for the transmitter coil [l5] (mm) 200.00
Width of the design domain for the transmitter coil [l6] (mm) 200.00

3.2. Optimization for the Application Model

The maximization of the total power transfer efficiency (η) defined in Equation (10)
was set as the objective function to enhance product competitiveness. To enhance portability
in a lightweight package, a constraint (g1) was set to keep the total transmitter coil mass
(mtotal

t ) below the available mass (m0 was set to be 120 g in this paper). For clarification
of the presence or absence of material (i.e., coil), black and white filtering (g2) was added
as a constraint. This constraint produces a presence (black)-absence (white) design in the
FG by using the penalization with a threshold value (α was 0.02 in this paper) for any
intermediate values (0 < nt(u,v) < 1) except 0 (white) and 1 (black). The four constraint
functions (g2(i+1)−1 and g2(i+1)) were additionally added to the load voltages (eri ) of each
wireless charger (i.e., receiver module) to maintain 5 V (e0), within a 2% margin (ε was set
to be 0.02 in this paper). The load resistance was 5 Ω to apply 5 W to the load. The design
variables were selected as follows: relative turns (nt(u,v)), reference turns (Nt), physical
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turns of the receiver coil (Nri ), and input voltage (Vt). The total number of design variables
was 1604. The optimization formulation for the model was set as follows:

Maximize f (nt(u,v), Nt0, Nri , Vt) = η

subject to g1(nt(u,v), Nt0, Nri , Vt) =
mtotal

t
m0

− 1 ≤ 0 (g)

g2(nt(u,v), Nt0, Nri , Vt) =
∑u ∑v nt(u,v)(1−nt(u,v))

α(u·v) − 1 ≤ 0

g2(i+1)−1(nt(u,v), Nt0, Nri , Vt) = 1 − eri (t)
(1−ε)e0

≤ 0 (V)

g2(i+1)(nt(u,v), Nt0, Nri , Vt) =
eri (t)

(1+ε)e0
− 1 ≤ 0 (V)

0 ≤ nt(u,v) ≤ 1,

1 ≤ Nt0 ≤ 18,

1 ≤ Nri ≤ 15,

0 ≤ Vt ≤ 1,

i = 1 and 2

(12)

The sensitivities of the functions (i.e., all the constraints and objective function) with
respect to the design variables were analytically derived by the chain rule of differentiation,
as described in Appendix B.

The proposed method was applied to the application model with an air gap of 10 mm
and 30 mm. Through the optimization process described in Figure 3, the total power
transfer efficiency of each case (i.e., objective function) was respectively maximized up to
91.50% and 66.13% while satisfying all constraint functions for the mass of the transmitter
coil, black and white filtering, and load voltage required by each receiver. As would
be expected, the transmitter coil layouts, input voltage, and compensated capacitances
were continuously changed through the iterations to optimize the S-M WPT systems that
can extremize the objective function while all constraints are satisfied. Table 2 shows the
optimized value of the self-inductances (Lt and Lri ), mutual inductances (Mri

t and Mri+1
ri ),

compensated capacitances (Ct and Cri ), and input voltage (Vt) for the S-M WPT systems,
which are determined by the design variables optimized by the proposed method. Note
that the compensated capacitances (Ct and Cri ) for the S-M WPT systems were calculated
to minimize the reactive power (i.e., to maximize the power transfer efficiency) under the
updated coil layout at each iteration. Appendix C shows the resonance optimization that
determines the optimal compensated capacitances (Ct and Cri ) for the S-M WPT systems at
the last iteration for two cases.

Table 2. Optimization results of the inductances, capacitances, and input voltages for two cases.

Air Gap
(mm)

Lt1
*

(uH)
Lt2

**

(uH)
Lr1

(uH)
Lr2

(uH)
Mt2

t1
(uH)

Mr1
t1

(uH)
Mr2

t1
(uH)

Mr1
t2

(uH)
Mr2

t2
(uH)

Mr2
r1

(uH)
Ct

(nF)
Cr1

(nF)
Cr2

(nF)
Vt
(V)

10 38.48 38.48 25.45 25.45 0.99 12.10 0.54 0.54 12.10 0.37 42.53 131.6 131.4 18.41
30 98.08 0 25.45 25.45 0 4.24 4.24 0 0 0.37 26.14 117.2 120.6 10.15

Lt1
∗ and Lt2

∗∗: self-inductance of the first and second coil in the transmitter module, respectively. Note that the connection between the
transmitter coils is in series.
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In the second case, the proposed method tried to improve the power transfer efficiency
from the iteration of 75 in the feasible design area that satisfied all constraints. However, it
was difficult to increase the efficiency because the load voltage of the receiver module was
not satisfied at the iterations of 80, 81, 83, 85, etc. The main reason why the efficiency was
not improved more can be that the physical strength of the magnetic flux according to the
distance between the transmission coil and receiver coil cannot increase the efficiency while
maintaining the required rated powers, although the change of the transmitter module
was tried.

3.3. Experimental Validation

As indicated in Figure 4, the determined optimal transmitter coils were transformed to
the experimental coil for experimental validation. Figure 5 shows the experimental setting
for the experimental validation. A low-power AC signal with 100 kHz was produced by
a waveform generator (Agilent 33500B). Then, the low-power signal was changed to a
high-power AC current by the power amplifier (NF HAS 4014). The AC current operates
the S-M WPT systems.
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As explained in Table 3, there were errors between the optimization results and exper-
imental results caused by the handmade manufacturing and abovementioned assumptions.
The error of the total power transfer efficiency (8.12%) is the sum of the power transfer
efficiency for each receiver. As indicated in Equations (8)–(10), because the error of the
power transfer efficiency is bigger when the load voltage has an error, the amount of
the total power transfer efficiency for S-M WPT systems (8.17%) was more than the load
voltage (0.41~2.65%). Although the maximum percentage error between them was near
8.17%, it can be validated that the proposed method be used to systematically design the
optimal transmitter coil layout for S-M WPT systems that can maximize the total power
transfer efficiency while all given constraints are satisfied.
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Table 3. Comparison between the proposed optimization and experiment.

Air Gap
(mm)

er1 (V) er2 (V) mtotal
t (g) η (%)

Op * Ex ** Er *** Op Ex Er Op Ex Er Op Ex Er

10 5.10 4.99 2.20 5.07 5.01 1.19 46.34 50.25 7.79 91.50 86.24 6.10
30 5.04 4.91 2.65 4.92 4.90 0.41 50.64 54.78 8.17 66.13 71.51 8.12

* Op: optimization, ** Ex: experiment, *** Er: error between.

4. Conclusions

A new transmitter module optimization for S-M WPT systems was proposed to
maximize the total power transfer efficiency while satisfying the constraints (e.g., the load
voltage required by each receiver module and total available mass for the transmitter
coil). The proposed method is a mathematical optimization method for designing S-M
WPT systems based on the analytical (for transmitter coil layout) and numerical (for
compensated capacitance for resonance setting) sensitivities for the structural (e.g., mass)
and electrical performances (e.g., rated power and power transfer efficiency). The proposed
method was applied to the single transmitter to two-receiver WPT systems. Through the
comparison of the optimization results and the experiment results, the potential of the
proposed method for optimizing the transmitter coil of the S-M WPT system was validated.
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Appendix A

Based on the concepts described in Section II.B.1 in our previous research [26], to min-
imize the gray zones and zig-zag patterns made by the FG-based coil representation used
for transmitter coil layout, the discrete relative turns (nt(u,v)) in the FGs for representing
the coil layout are converted to the continuous interpolated relative turn ñt(x, y) in the SB
with an introduction to the nodal relative turns and shape function matrix [25]. As shown
in Figure A1, the process for converting from FG to SB is followed as:

(1) Convert the continuous design domain for the transmitter coil into the equivalent
discrete design space that is composed of a set of FGs with the same current flow (I), size,
and shape, as depicted in Figure A1.
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(2) Assign a relative coil turn (0 < nt(u,v) ≤ 1) and a reference coil turn (Nt0) to each
FG. Then, the physical coil turns (Nt(u,v)) of the FG at (u, v) can be described as:

Nt(u,v) = nt(u,v)Nt0 (A1)

Note that the relative coil turn and reference coil turn are the design variables, which
are updated at every iteration during optimization.

(3) Calculate the relative nodal turn (nd
t ) of each node through the assumption that the

relative coil turn of each FG is decomposed into four nodes of each FG. The relative nodal
turn (nd

t ) is defined as the average of the relative turn in all FGs that share the target node
(d) as:

nd
t =

nt(u,v) + nt(u,v+1) + nt(u+1,v) + nt(u+1,v+1)

4
(A2)

(4) Express the shape function vector (N) for a bilinear quadrilateral element (FG in
this case) composed of four nodes, as follows:

NT =

 (l3−x)(l3−y)
(2l3)

2
(l3+x)(l3−y)

(2l3)
2

(l3+x)(l3+y)
(2l3)

2
(l3−x)(l3+y)

(2l3)
2

T

(A3)

where x and y are the local coordinates centered in the FG and l3 is half of the side length
of each FG. The shape functions can be used to interpolate a target physical field based on
the discrete nodal values [25].

(5) Convert to the linearly (or smoothly) interpolated relative turn (ñt(x, y)) in each
FG in the SB representation from the discrete relative turns (nt(u,v)) of each FG in the
FG-based representation, as follows:

ñt(x, y) = NTnd
t (A4)

where nd
t is a vector of the relative nodal turns. Thus, if one of the values of the interpolated

relative turn (0 < ñt(x, y) ≤ 1) makes the electrical performance in FG equal to SB, it is
determined as a threshold value, and a smooth layout of the transmitter coil in the SB
representation can be constructed. For example, if the electrical performances in SB are
the same as those in FG when the threshold value (ñc

t ) is 0.3, the threshold value of ñc
t is

determined as 0.3, and the smooth coil layout is made, as shown in Figure 1.

Appendix B

Then, the analytical sensitivities of all functions for optimization ( f , g1, g2, g3, and g4
in Equation (12)) with respect to the relative turns of the transmitter coil (nt(u,v)) can
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be calculated by the chain rule of differentiation on Equations (A4), (8), (10) and (11),
as follows:

∂ f
∂nt(u,v)

= ∂η

∂M
ri
t (ñc

t)
∂M

ri
t (ñc

t )
∂ñc

t

ñc
t

∂nt(u,v)

∂g1
∂nt(u,v)

= ρNt0
m0

∂lt(u,v)(ñ
c
t )

∂ñc
t

ñc
t

∂nt(u,v)
∂g2

∂nt(u,v)
=

−2nt(u,v)+1
α(u·v)

∂g2(i+1)−1
∂nt(u,v)

= − 1
(1−ε)e0

∂eri

∂M
ri
t (ñc

t)
∂M

ri
t (ñc

t )
∂ñc

t

ñc
t

∂nt(u,v)

∂g2(i+1)
∂nt(u,v)

= 1
(1+ε)e0

∂eri

∂M
ri
t (ñc

t)
∂M

ri
t (ñc

t )
∂ñc

t

ñc
t

∂nt(u,v)

(A5)

Furthermore, the sensitivities of all functions with respect to the reference turns of the
transmitter coil (Nt0) can be expressed as:

∂ f
∂Nt0

= ∂η

∂M
ri
t (Nt0)

∂M
ri
t (Nt0)
∂Nt0

∂g1
∂Nt0

= mtotal
m0 Nt0

∂g2
∂Nt0

= 0
∂g2(i+1)−1

∂Nt0
= − 1

(1−ε)e0

∂eri

∂M
ri
t (Nt0)

∂M
ri
t (Nt0)
∂Nt0

∂g2(i+1)
∂Nt0

= 1
(1+ε)e0

∂eri

∂M
ri
t (Nt0)

∂M
ri
t (Nt0)
∂Nt0

(A6)

Similarly, for the physical turns of the coil in each receiver (Nri ),

∂ f
∂Nri = ∂η

∂M
ri
t (Nri )

∂M
ri
t (Nri )
∂Nri

∂g1
∂Nri = 0
∂g2

∂Nri = 0
∂g2(i+1)−1

∂Nri = − 1
(1−ε)e0

∂eri

∂M
ri
t (Nri )

∂M
ri
t (Nri )
∂Nri

∂g2(i+1)
∂Nri = 1

(1+ε)e0

∂eri

∂M
ri
t (Nri )

∂M
ri
t (Nri )
∂Nri

(A7)

Finally, for the input voltage (Vt),

∂ f
∂Vt

= 0
∂g1
∂Vt

= 0
∂g2
∂Vt

= 0
∂g2(i+1)−1

∂Vt
= − 1

(1−ε)e0

∂eri
∂Vt

∂g2(i+1)
∂Vt

= 1
(1+ε)e0

∂eri
∂Vt

(A8)

Note that, in Equations (A7) and (A8), the sensitivities of the coil mass constraint (g1)
and black-and-white filtering constraint (g2), with respect to the physical turns of the coil
in each receiver (Nri ) and the input voltage (Vt), are zero. This means that these design
variables (Nri and Vt) are not relevant to the constraints (g1 and g2). By contrast, in Equation
(A5), the sensitivities with respect to the relative turns of the transmitter coil (nt(u,v))
are non-zero, which means that the design variable (nt(u,v)) affects all of the functions
( f , g1, g2, g3, and g4 in Equation (12)) by the number of sensitivities during optimization.

Appendix C

In order to minimize the reactive power and maximize the power transfer efficiency,
while the rated powers required by the receiver module are satisfied, the optimal com-
pensated capacitances can be determined by the resonance optimization for S-M WPT
systems [27] based on the electrical design parameters as indicated in Table 2. As design
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variables, the compensated capacitance (Ct) in the transmitter module and two compensated
capacitances in the receiver module (Cr1 , and Cr2 in Figure 1, respectively) were selected.

The objective function was set to maximize the efficiency of the power transfer (η). The
constraints were set as the maintenance of the induced voltage required by each receiver
(i.e., e0 (5 V) in this paper) with a margin of ε (0.2%). The optimization formulation for the
resonance determination was formulated as follows:

Maximize f (Ct, Cr1 , Cr2) = η

subject to g1(Ct, Cr1 , Cr2) = 1 − er1 (t)
(1−ε)e0

≤ 0 (V)

g2(Ct, Cr1 , Cr2) =
er1 (t)
(1+ε)e0

− 1 ≤ 0 (V)

g3(Ct, Cr1 , Cr2) = 1 − er2 (t)
(1−ε)e0

≤ 0 (V)

g4(Ct, Cr1 , Cr2) =
er2 (t)
(1+ε)e0

− 1 ≤ 0 (V)

10−9 ≤ Ct, Cr1 , Cr2 ≤ 10−6

(A9)

Through optimization, the optimal value of the compensated capacitances for the
S-M WPT system was determined, as indicated in Table 2. Figures A2 and A3 show the
optimization history and reactive power, respectively.
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