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1. Introduction

In a very recent article [1], Liu and Zhang introduced the Hajtasz—Sobolev spaces on
an infinite connected graph G and established the boundedness for the Hardy-Littlewood
maximal operators on G and its fractional variant on the above function spaces and the
endpoint Sobolev spaces. The main purpose of this paper is extending the above results to
the multilinear setting. More precisely, we introduce two kinds of multilinear fractional
maximal operators on G and to establish the bounds for the above operators on the Hajtasz—-
Sobolev spaces and endpoint Sobolev spaces on G. Although our arguments are greatly
motivated by [1], our methods and techniques are more delicate and direct than those in [1].
Particularly, some technique details need to be overcome.

We firstly recall some necessary backgrounds. The centered Hardy-Littlewood maxi-
mal operator M is often defined by

1
=sup —=——7

dy, f e LL (R"),
r>0 |B<xrr>| B(x,r) |f(y)| y f loc( )

Mf (x)
where the ball B(x,r) C R”", x is the ball center and r is the ball radius. The uncentered
maximal function Mf can be defined similarly. A famous result of harmonic analysis
is the Hardy-Littlewood-Wiener theorem, which states that M is of type (p, p) for 1 <
p < oo and of weak type (1, 1). An active topic of current research is the investigation of
the regularity properties of maximal operators. About the regularity theory of maximal
operators, LF —bound is one of the basic questions often considered: for 1 < p < oo,
whether the following inequality holds

IVMFfllp@ny < CIIVFllp@ny, f €W R, D

where W17 (R") is the Sobolev space defined by W'?(R") = {g¢ : ¢ € LF(R"),Vg €
LP(R™)}, where Vg refers to the weak gradient. The first work was due to Kinnunen [2] in
1997 when he established the inequality (1) and showed that M is bounded on W7 (R")
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forall 1 < p < co. It was noticed that the W'P-bound for the uncentered maximal operator
M also holds by a simple modification of Kinnunen’s arguments or ([3], Theorem 1). Since
then, Kinnunen's results were extended to a local version in [4], to a fractional version in [5]
and to a multisublinear version in [6,7]. Other interesting works related to the regularity of
maximal operators in Sobolev spaces and other function spaces are [8,9].

Due to the lack of reflexivity of L!, the Wl!-regularity for M is certainly a more
delicate issue. The endpoint regularity of maximal operator has been an active topic of
current research. A crucial question related to this topic was posed by Hajtasz and Onninen
in [3]:

Question 1. ([3]) Is the map f +— |VMf| bounded from W1 (R") to L' (R")?

In the references [10-14], Question 1 in dimension # = 1 has been completely solved,
and in [15,16], partial progress has been made on this issue for the general dimensionn > 2.
In 2002, Tanaka [14] first observed that if f € W1 (R), then Mf is weakly differentiable and

IME) Ny < 20F |11 my- (2)

Tanaka'’s result was later sharpened by Aldaz anc~1 Pérez Lazaro [10]. The above authors
proved that if f is of bounded variation on R, then Mf is absolutely continuous and

Var(Mf) < Var(f), 3)

where Var(f) denotes the total variation of f on R. This yields
IME) gy < IF N wy (4)

if f € WV1(R). Notice that the constant C = 1 in inequalities (3) and (4) is sharp. Inequality
(2) was recently extended to a fractional setting in ([17], Theorem 1) and to a multisublinear
fractional setting in ([18], Theorems 1.3-1.4). Very recently, Carneiro et al. [19] proved that
themap f — (Mf)' is continuous from W' (R) to L' (R). In the centered setting, Kurka [12]
showed that if f is of bounded variation on RR, then inequality (3) holds for M (with constant
C = 240,004). It was also shown in [12] that if f € WU1(R), then Mf is weakly differentiable
and (2) holds for M with C = 240,004. It is currently unknown whether inequality (4) holds
for M and the map f + (Mf)’ is continuous from W1 (R) to L' (R). Recently, Beltran and
Madrid [15] extended Kurka’s result to the fractional version. Other interesting works can
be found in [11,13,20-27], among others.

Next, we introduce the basic knowledge of graphs and the regularity properties of
maximal operators on the graph settings. We assume that G = (V, E¢) is the undirected
combinatorial graph, where V; denotes the set of vertices and E¢ denotes the set of edges.
Two vertices u, v € V; are said to be neighbors if they are connected by anedgeu ~ v € Eg.
We define Ng (1) as the the set of neighbors of u € V. The graph G = (V, E¢) is said
to be finite (resp., infinite) if |Vg| < +oo (resp., |Vg| = +o0). The graph G = (V, Eg) is
said to be connected if there exists a finite sequence of vertices {u;}*_, k € N'\ {0}, so that
u=ug~uy~ -~ u=v,forany distinct u, v € Vi, where N is the set of {0,1,...}.

In this paper, we always suppose that G = (V;, Eg) is an infinite connected graph. We
use dg to represent the metric induced by the edges in Eg, that is, for the given u, w € V;,
we define the distance d (1, w) by the number of edges in a shortest path connecting u
and w. Bg(u,t) represents the ball whose center is u and whose radius is ¢, i.e.,

BG(M, t) = {ZU eVg: dG(u,w) < t}.
For instance,

[ Au}, fo<t<l;
BG(”’”{ (4} UNg(u), if1<t<2.
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Set Sg(v,r) = {u € Vg : dg(u,v) = r}, and the notation |A| means the cardinality of
A C V.

Then, let us introduce two types of multilinear fractional maximal operators on the
infinite connected graphs G = (Vg, Eg).

Definition 1. Suppose that & > 0, x > 1, m > 1 and the vector-valued function f =(f1,- -, fm)
with each f; : Vg — R, the multilinear fractional maximal operator associated with fonGis
defined by
m
= 1
K — B t ® . .
D(,G( )(u) Sup| G(u' )| H|BG(M,Kt)‘ Z |f]<0)|

>0 =1 0€Bg (u,t)

Another version is given by

—»

(f - SuP taH ‘BG M Kt)l Z ‘f](v)l

£>0 veBg (u,t)

Obviously, dg(u,v) can only be natural numbers. Then, the above two types of
operators can be defined as follows; just take MY - ( f) as an example:

—»

(f _SupttxH‘B M Kt)| Z ‘f](v)l

teN veBg (u,t)

If « = 1, we denote zmglc =M, cand §JVTZG = ﬁa,G~ If m = 1, we denote Z).TIZ,G = M;G
and %Z,G = ]\Z;G. When x = 1, we denote M{;G = M, cand ]\7I§/G = sz,G- These operators
M, ¢ and ]\ch were firstly introduced by Liu and Zhang [1].

When & = 0, the operators M, ¢ and ]\71,,(,@ reduce to the usual Hardy-Littlewood
maximal operator on G, which is denoted by M. This type of maximal operator has been
studied by many authors (see [28-32]), and the auhtors obtained a lot of wonderful results.
See the literature here; we will not describe them one by one.

In fact, one can find the root of M ; in the discrete harmonic analysis. Let m > 1,
0 <a <mand k = 1. Assume that G = (VGI,Ecl) where Vg, = Zand Eg, = {j ~j+1:
j € Z}. My 5, is actually the usual one-dimensional discrete centered multilinear fractional
maximal operator My, ie.,

ma(f)(”)zsup(zerlm“HZ filn+k)|, neZ.

reN

When a = 0, the operator M} - means the usual one-dimensional discrete centered
multilinear maximal operator 9, i.e.,

=,

M(f)(n) = sup (2r+1 m]’[ Y Ifi(n+k)|, nez

reN

Many authors have investigated the regularity properties of 9t and 9, (for more
details, see [33,34]).

In order to generalize results on R" and its discrete setting to the graph setting,
Liu and Xue [35] introduced the first-order Sobolev spaces on graphs and studied the
Sobolev regularity of the Hardy-Littlewood maximal operator on a finite connected graph.
Let us recall some definitions.

Definition 2. For 0 < p < oo and G = (Vg, Eg), the Lebesgue space LF (Vi) consists of the
functions f : Vg — Rsatisfying || fl|1r(vy) = (Luevg |f(u)|P)V/P < oo forall 0 < p < coand
£l (ve) = suPuevyg f ()]
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Definition 3. Denote W'* (V) the first-order Sobolev space on G = (V, Eg), it can be defined
as follows for 1 < p < oo:

WP (Vo) = {f : Vo = R Iflwir(vg) = IFllrvey + IV Alln(vg) < oo},

1/2
where|Vf|(u)::( v |f(v)—f(u)|2) , foru e Vg.

vENG (1)

It is not difficult to get that

1fller vy < IIf

if the graph G is a finite connected graph.

According to (5), one can note that the space W7 (V) is acctually the Lebesgue space
LP (V) with an equivalent norm. The relationship between Wl? (V) and LP (V) (LF (Vg) C
WP (Vg)) is obvious, if G = (V;, Eg) is an infinite connected graph. However, generally
speaking, the inclusion relation L7 (V) C WLP(V;) is not valid. As a matter of fact, we
can cite a counterexample to illustrate this fact. Set Vg = N, Eg = {0 ~i:i € N\ {0}}
and f(k) = xqoy(k), k € N. Itis easy to know || f||»(v,) = Land |[[Vf]||Lr(v,) = +oo for
all 1 < p < oo; then, one can have

1p < CIVel = Dllfllpvg), 1<p <o (5)

LP(Vg) = W"(Vg), 1<p<oo, (6)

if
Ag := sup |Ng(v)| < +oco, (UBD)
veVg
where the condtion (UBD) is called the uniformly bounded degree conditon (for the
proof of (6), see [1]). Therefore, under the (U/BD) condition, the boundedness of maximal
operators on W7 (V) is equivalent to the property of maximal operators on LF (V).
Recently, one of the authors and Xue [35] showed

|HVMGf|HLV(VG) < Cp,n

IV lllrvg)y 1<p<oo,

when G = (V, Eg) is a finite connected graph with n vertices. When G = (Vg, Eg) is
an infinite connected graph, in [1], the authors studied the endpoint Sobolev regularity
of the fractional maximal operator on G. More precisely, if G satisfies certain geometric
conditions, they showed that

max{[|| VM6l vy I1VMa6fll ey} < CIAI ve)-

The motivation of this paper is to develop the above results for the multilinear setting.
More precisely, we shall prove that

=, =,

o m
max{[[[VO 6 (F) 1 (v, VI 6 (Al ve)} < CT TSl vy
j=1

provided that G satisfies certain geometric conditions. These results and their proofs can

be found in Section 3. In Section 2, we give the proof of L? boundedness of the multilinear

maximal operator on graphs and its fractional variants on graphs. These together with (6)

will lead to the bounds for the above operators on the Sobolev spaces. In Sections 3 and 4,

for the multilinear maximal operator and its fractional variants on graphs, we establish their

boundedness on endpoint Sobolev spaces and on the Hajtasz-Sobolev spaces, respectively.
In this article, we often use the following notation

1
fBZEZf(U)

vEB
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for any arbitrary function f : Vo — R and any subset B of V5. Throughout this article,
letters C or C, g ... will denote positive constants that may change from one instance to
another and depend on parameters «, 3, - - - involved.

2. Boundedness on Lebesgue Spaces

Firstly, in this section, we want to study the bounds of the multilinear fractional maxi-
mal operators on Lebesgue spaces. We begin with some geometric conditions on graphs.

Definition 4. Let G = (Vg, Eg).
(i) G is said to be doubling condition if

|Bg(x,2t)]
|Bg(x,t)]

(ii) G is said to satisfy the lower bound condition if there is a constant Q > 1, such that

D(G) := sup{ s x eV, tGN} < c0.(D)

: |BG (:’C, t) |
B Q= nf — 7 >0.(LB-Q
L xe€ VcrlteN\{O} 1Q > ( )

(iii) G is said to satisfy the upper bound condition if there is a constant Q > 1, such that

By = sup W < o0.(UB— Q)
xeVg, teN\{0}

(iv) Set0 < ¢ < 1. G is said to satisfy the é-annular decay property if

|Bg(x,t)| — [Bg(x,t —s)|
Bss = su
o= Bo(x,1)]

s, teN\{0},s<t

(é)é < 00.(ADP — o)

(v) G is said to satisfy the upper bounded sphere condition if there is a constant ¢ > 0, such that

Byg:= sup M < 00.(UBS — ~)
xeVg, tenfoy  f

It was pointed out in [1] that the following facts are valid.

Remark 1.

(i) IfAg < Byg, (UBS — ~) can deduce (UBD), but (UBD) cannot deduce (UBS — ~).

(i) (UBS — ~) may imply (UB — Q) with Q = ¢+ 1and By o < %84,,:, as well as the
condition (UB — Q) means (UBS — ~) where § > Q and Byz < By o.

(iii)  Obviously, if 0 < &y < 9 <1, (ADP — oy) means (ADP —o1) .

(iv) There exsits some 6 € (0,1] satisfying By s < 2° so that (ADP — o) means (D) with

2(5
D<G) S 25,33,5 :

When the graph G = (V;;, Eg) satisfies (D), it is easy to check that
D(G) 8 M cf (0) < Myof(0) < Mucf(0), Vo € Vo,

D(G) 18I My 6 f (v) < My 6f (v) < Mo f(v), Vo€ Vo,

In [1], the authors established the boundedness of the fractional maximal operator M, g
and M, ¢ on L”. This together with the above estimates implies the following theorem.

Theorem 1. Suppose that k > 1,1 < p < coand G = (Vg, Eg) satisfies (D).
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(i) If0<a<1/pandq=p/(1— pa),thenfor f € LF(V;) we have

Mg cfllLacvey < Cllfllereve)

where C depends on a, p, D(G).
(i)  Assume that G = (Vg,Eg) satisfies (LB—Q), Q > 1,0 < a < Q/pand q =
pQ/(Q — ap), then for f € LP(Vg) we have

IM e fllagve) < CllFlr g

where C depends on a, p, Q, D(G), By .
Applying above theorem, we can obtain the following result immediately.

Theorem 2. Assume thatx > 1, f = (f1,..., fu) with each fj € L¥i(Vg) for 1 < p; < oo and
G = (Vg, Eg) satisfies (D).
(i) Suppose that 0 < a <Y, 1/p;, 1/q=Y1"11/p; —a <1, we have

-,

Hm (f)HM (Vo) = < Gy 1 H ”f]HLV] (Vo)

(i) Let Q > 1and G satisfy (LB— Q). If0 < a <Y, Q/piand 1/q = Y"1 1/p;i —
a/Q <1, then

=,

m
||§JJI (f) ||L17 VG — Clx,pl,...,pm,Q,Bl’Q,D(G) H |‘f]HLp](VG)
j=1

Proof. Let1/q=1/q1+ -+ 1/qm, wherel < ¢q; <o0,1/q; =1/p; —a;, 0 < a; < 1/p;
and v =)' ;. Forall x € V; and k > 1, apparently, we have

m
x) < HMZ]_,G]CJ'(X), Vx € Vg.
This together with Holder’s inequality and Theorem 1(i) implies that
- m m
190%, 6 (F)llLa(vg) < 11 M, 6 fill i ve) < CapryeepnD(G) 11 I fillLr(ve)s
j= =

which proves part (i).
It remains to prove part (ii). Let1/9 = 1/g1 +--- 4+ 1/qm, where 1 < g; < oo,
1/qi=1/pi—ai/Q,0 < wa; < Q/pjand « = Y/* ; a;. For all k > 1, it is easy to check that

m

H tX] Gf] Vx € VG,
j=1

which together with Holder’s inequality and Theorem 1(ii) implies the conclusion of
part (if). O

Applying Theorem 2 and (6), we have the following regularity properties for the
multilinear maximal operator and its fractional variant.

Corollary 1. Let k > 1, f = (fy,..., fu) with each fi € LPi(Vg) for 1 < p; < oo and
G = (Vg, Eg) satisfy (D) and (UBD).
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(i) Suppose that 0 < a <Y, 1/p;, 1/q=Y1"11/p; —a <1, we have

-,

m
198 Dl < Comeo TS i

(i) Let Q > 1and G = (Vg, Eg) satisfy (LB— Q). If0 < a < Y, Q/pjand 1/q =
Yiii1/pi—a/Q <1, then

=

m
Hg‘n (f)”Wl’? VG S C‘X'plf“"p""Q'Bl/Q’DE Hfj”wllpj(vc)‘

3. Endpoint Sobolev Regularity of Two Classes of Maximal Operators

Compared with the results of Section 2, this section is devoted to establishing the
endpoint Sobolev regularity for the multilinear maximal operator and its fractional variant.
Let us firstly introduce the following result.

Theorem 3. Aussme that G = (Vg,Eg), Q > 1,k > 1,0 < 5 < 1,0 < a < mand
0 <& < Q(m—uw)+0—1. If the graph G satisfies (D), (LB — Q), (ADP —6) and (UBS —¢),
we have

11992 6 (Dl ve) < CTTIAN L v
j=1

which holds for allf = (f1,.--, fm) with each f; € LY(Vg), and C depends on a, Q,5,m, &, D, Bi,o,
Bz, Byg.

-

Proof. From the definotion of 9" -(f), we know that there must be a positve integer r,,,
such that

;,G(]?)( ) |BG U, 1y | H |BG u, KT’u)| Z |f](ZJ)|

weBg (u,ry)

for fj € L'(Vg) and any v € V. Apparently by the definiton of [V f|, for fixed x € Vg,
we can write

VI G(H@ < X 19 e(f)(x) =M ()

YENG(x)

Y M (A =MD+ X M6 (Fy) — My ()]
yeh(x) yeh(x)
— I + D,

where we set

I(x) = {y € No(x) : 0 6 (F)(x) > M () ()},

h(x) = {y € No(x) : M o (f) (x) < M6 (F) ()}

We first analyze I1;. Fixing y € I;(x), we have

;d3<>>Wd%u+1WIIWd s

Y. Ifiw)

Y, K (Vx + 1))| weBG (y,rx+1)

|Bg (x, k1) " 1

[Bo(y, k(rx +1)) H|ch1€rx)| Y, i)

wEBG (x,rx)

> [Bg(x,7x)[*

Belrrr)” o
- |BG(]/(3K(V,(—|—1))‘W tx,G( )(x),
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which gives

56 () () =M ()

Bolorr)l”  \oox s
('~ oty 1 177 ) e (D

< Bl x(n + 1)1 = Bolomr)l” [Bolur) 1 g I

- [Bg(y,x(rx +1))|™ |Bo (k1) 1™ -7 e Bt

By (ADP — §) and (D), we have

B (y, e (rx + ))I’” B (x, k7)™

B (y, x(rx + 1)) |™
< [Bo(x, k(1 + 2)) " =~ |Bg (x, k) "
- Be (y, x(rx + 1)) |™

_ IBo(x,x(rx +2))| — |Bo (x, x72)|
B (y, x(rx +1))|™

X (|Bg (%, % (rx +2)) "~ + [Bg (x, k(rx +2))|"~?|Bg (x, k1) | + - - - + | Bg (x, ) |71 (7)
2 \%|Bg(x,x(re +2))"
B
<m 3,5<rx;r2>5||gcgy, Erxiém*m”
< B G ]// Vx
< B () [Ba (y <(re + D)
2(_ =
< mBs,5D(G) (rx+2) .
Applying (LB — Q), one has
|BG (x,x7x)| > max{By o(krx)2,1} > By o(2+ By o) xry +1)<. (8)
In view of (7) and (8), we have that for any y € I;(x),
ME () (x) — ME L (H)(y)
< mBss DG (—2=) (Buo@+ Bro) e + 10)" ' T If; ()|
= s (m) ( o 9 e ) 11 Bz(xr) f] ¢ (9)
< mBs s D(G)*2° BY 5" (2 + By,g) 2= (ry + 1)) 51‘[ Yo fi(w)l.
j=lweBg(x,rx)
For I, similar to I, we obtain
M o (F)(y) — M () (x)
m
< mBssD(GY2BL" (2 + Br g) 2 (r, + DM ¥ [fi(aw)].  (10)

j=lweBg(y,r

y)
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From (9), (10) and the inclusion relation I;(x) C Ng(x),i = 1,2 and Remark 1 (i),

we have
m
|V9ﬁ§,G (f)(x)| S Ca,Q,J,m,D,BLQ,B3,5 ( Z (rx + ]. 5 H Z |'f](w)|

]/611( ) ]:1w€BG( )

+ Z (Vy +1)Q(afm)*51—[ Z |f](w)|>

yek() j=TweBglyn)
< Ca,Q,tS,m,D(G)rBLQ,BM ((Tx + 1 —0 H Z |f](w)|
j=1weBg(x,ry)
5 m

+(ry+1)Qem2T] Y |fj(W)|)

J=1weBg (x,ry+1)
m
< C“,Q,é,m,D G),B1,0,B3, H ”f]'HL](VG) ((rx + 1)Q(1x—m)—5 Z |f1(w)]

j=2 wEBG (x,rx)

+ (ry +1)REm=e Y Ifl(w)|).
wEBG (x,ry+1)

It follows that
V9% 6 (Al v < CanSmD(G))BlQBSAHHf]HLl V)
]_
(L8 1)+ 1m0 "
XEVG ZUEBG(X,)’X)
+ Y L A@Iery 1R,
xeVg WGBG(x,rerl)
Notice that

YYD A (1)

XGVG wEBG (x,rx)

2 Z |f1 ‘Xdc (w,x) <rx( )(l’x + 1)Q(067m)75

XEVC weVg

S 2 |f1(W)| Z (dc(w,x)_Fl)Q(Dcfm)fJ

weVg x€Vg

< fillrvg) sup Y (do (e, x) +1)%0m=2,

weVg xeVg

On the other hand, one has

Y L A@Iey+ Qe

xeVe weBg (x,ry+1)

< Y Y A Xagum ra @)y + 12

weVg xeVg

Y 1fi(w)] Y dg(w,x)Qa-m=0

weVg xeVg

< Hf1HL1 (Vo) SUp Z de (w, x)QE—m=3

weVg xeVg

IN

Hence, we get from (11) that

199 6 () s v
—m)— 12
< Cp(c )065QmBlQBS§H||f]”L1 (Ve) SUp Y dg(w, x)Qa=m)=6 (12)

weVg xeVg
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Fixing w € Vg, by (UBS — ¢) and the fact that Q(m —a) +5 > ¢ +1,
Y. dg(w,x) Q=
xeVg
<y ke (13)

k= OXEVG A (w,x)=k

<B4erQ(’X ) §+é<c 0m,Q,6,8 B
k=0

Combining (13) with (12) implies that
]_
Theorem 3 is complete. [

We then give the following theorem.

Theorem 4. Assumethatk > 1,Q0>1,0<6<1,0<a<mand0<t<Qm+é—a—1
Suppose that G = (Vg, Eg) satisfies (D), (LB — Q), (ADP — ) and (UBS — ). Then,

m
11999 6 (Dl vg) < CTTIAN L v
j=1

holds for allf =(f1,..., fm) with eachfj € Ll(VG), and C dependson «, Q,8,m, T, D, B1,g, B3 5,
By .

Proof. The proof of Theorem 4 is similar to Thereom 3. Here, we just give a partial

derivation for completeness. From the definotion of ﬁz ol f ), we know that there must be
a positve integer r,,, such that

ank —1’ ()],
160 =4 ey B O

for f; € L' (V) and any v € V. We can write by definition

-, =,

VI (A () < Y 1908 o () (x) — ME . (F) ()]

yENG(x)

= Y Mc(NE-Ms(HW)+ L O c(Hy) — My 6(F(x)
yeli(x) ye(x)

= Jh+]],

where for fixed x € V, we denote

-

Ji(x) = {y € Ng(x) : My ¢ (F) (x) > My () ()},
Ja(x) := {y € N (x) : 05 o (F) (x) < D5 6 (F) ()}
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We first analyze J];, and for fixed y € J;(x), we have

-

o0 > 00 gy, B 150

(yrx+1)

o |Ba(x Ky Im

> At o U ot L o)

weBg (x,rx)

Bo(x,xr)|" o
N |BG(yG,K(rx+1))|m 06 (f)(x),

which leads to
NE,G(f)(x) - 9775,(;(]?) (v)

Bolrmrl” \ oo 7
< (U Bouontrn + 1y ) e N

B (y, x(rx +1)|" = |Bg(x,xr)|" 1% m "
eI el L i@l

In view of (7) and (8), we have that for y € J;(x),

M) = Mo (FW) )
< mBs DGR (25 (Buo@+ Bug) C(ere +102) AT L Ifiw)]

re+2 j=1lweBg(x,rx) (14)

m
<mBssD(GY 2B (24 Big)?" (e + 1) " T Y. Ifi(w)l.
j=lweBg(x,rx)

Similar to J],, we obtain that

M & (F)(y) — M o (F) (x)

< mBs sD(G)?2 By (2 + By,g) " (ry + 1)~ 5H Y lfi(w)l. (15)
j=1weBg(y.ry)

By using (14) and (15) and the arguments similar to those used for the proof of
Theorem 3, we can obtain the conclusion of Theorem 4. The details are omitted. [

From (iv) of Remark 1 together with the above two theorems, we have

Corollary 2. Assume that G = (Vg,Eg),« > 1,Q0>1,0<wa <m, 0 < <1, and assume
that G satisfies (LB — Q), UBS — 1) and (ADP — ) with Bz s < 2°. Then,

(i) When0 <1< Q(m—a)+6—1,forall f = (f1,..., fm) with each f; € LY(Vg), we have

[V o (f Mg < CTTIA v
=1

where C depends on a, Q,8,m, T, D, B1,g, B3 s, Ba,r.
(i) When0<T<Qm+d6—a—1,forall f = (f,..., fn) with each f; € LY(Vg), then

m
V9% 6 (Dl ve) < CTTIA (v
j=1

where C depends on «, Q,8,m, T, D, B1,g, B35, Ba,r.
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4. Boundedness on Hajlasz—Sobolev Spaces

In this section, we want to study whether there are certain smoothing properties about
the multilinear fractional maximal operators on Hajtasz—Sobolev spaces defined on graph.
Let us now introduce the definition of the spaces.

Definition 5. Assume the function g defined on Vg and s > 0. The set D°(g) consists of all
generalized s-Hajlasz gradients of g. A nonnegative function h is said to be h € D*(g) if

8(x) =g < dc(x,y)*(h(x) +h(y)), Vxy € Ve

For1 < p < oo, we say that a function § € LP (V) belongs to Hajltasz—Sobolev space M*¥ (V) if
there exist functions h € LP (V) NID*(g) and their norms satisfy

/p
gl psr(vg) = (HgHU’ Vo) "y, }Dr;f HhHU’ Vc)) <

We establish the following theorem.

Theorem 5. Let k > 1, Q > 1and 0 < § < 1. Let G satisfy (D), (UB — Q) and (ADP — ).
Let f = (f1,..., fm) witheach f € LPi(Vg) for1 < pj <ooand §/Q < a < Y3Z,1/p;. Then,
B;;’/QQ(mZ‘SBMD(G)Z +1)mr 510, G(f) is a generalized 5-gradient of My - (). That is,

By (m2° B sD(G)2 + 1)IME_y 0,(f) € DX (M (). (16)

Proof. We first choose two fixed and unequal points x,y € V;, and set dg(x,y) =
To prove (16), we only need to prove that

[ L (F) (%) — M & (F) ()] ) )
< By S (m2°BssD(G)* +1)a’ (M5 _y 0 o (F)(x) +ME_s 0 ().

In general, one can suppose that inequality 27 - ( A(x) > 0 f)(y) holds. By the
definition of M, -~ ( ), for given e > 0, there must be positive integer r such that

() < BeE@IP Iy p ) e, (18)

|BG X, KT |m I=1weBg(x,r)

We consider two cases:
Case 1: (r > a). In view of (18) and Bg(y,r + a) D Bg(x,r), we have

-

W () () — 9 6 (F) ) )
< reeml] Tl et TT L A e

1weBg(xr) B (y,x(r +a)) I=1weBg(y,r+a))

1 1 n
< |Bg(x,r — w)|+ €.
| G( )’ (|BG(X,K7’)|m |BG(% (r—l—a |m)HzU€l§x,r) ‘fl( |
(19)
A computation similar to (7) shows that
|BG(y, x(r+a))|" — |Bg (x, xr)|™ 2f_2a \°
< .
|Bg(y,k(r+a))|™ < mBs,D(G) (r+2a) (20)

By (UB — Q), we see that

r > (B, 1Ba(x,n)) /2, vre N\ {0}. (21)
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In view of (19)—(21), one sees that

M (F) (x) =M o (F)(y) .
< m22a By ;D(G)2 (B |Be (x, 1)) "/ QS 1Bo(x,7) — H Y |fi(w)] +e
’ |Bg(x, kr | 1T webotnr)

Bo(x,7)|*9/Q
ey | S DIV TCOIET:

I=1weBg(x,r)
5 o
< m2%a ‘55’3 5B, /QD(G) Z_g/Q,G(f) (x) t+e

We obtain (17) in this case by letting e — 0.
Case 2: (r < a). In view of (18) and (21), one has

=

M () (x) — My ()
Bl Py p) e

|BG X, Kr |m 1w€BG(x r)
s/0|Bg(x,1) =
< [Bg(x,7)] —mH Y, fi(w)|+e
|Bg (x, xr)|™ 4
weBG( )
5 Be(x,r)|x9/Q
<B/Q6|G( ‘ — H 2 |fl(w)\+e
|Bg (x, xr)|[™ 13
€Bg(x,r)

<B, /Q” ME 5,06 (x) +e

Thus, we obtain (17) in this case by letting ¢ — 07. This completes the proof of

Theorem 5. [
Theorem 6. Let k > 1, Q > 1,0 < 6 < land 6 < < m. Letj? = (fi,- -, fm)
with each f € LFI(Vg) for 1 < p; < oo and G satisfy ( ) and (ADP — ). Then, (1+

25m83,5D(G)2)ﬁ§751G (f) is a generalized 5-gradient ofim c(f). That is,

(1+2'mBs,sD(G)*) My _s (f) € D (3 (f))- (22)

Proof. In order to prove (22), it is enough to obtain

-,

19985 6 (f) (x) = 6 (F) ()| < (14 2'mBssD(G)?)a’ (M5 _s 6 () (x) + Iy _5.6(F) (w))- (23)

In general, one can suppose inequality {DV?ZG (f)(x) > ﬁ;c( £)(y) holds. By the definition
of ﬁ;c ( f ), for given € > 0, there must be positive integer r such that

Y, i) +e (24)
weBg(x,r)

We consider two cases:
Case (1): (r > a). By (24) and the fact that Bg(y, 7 +a) D Bg(x,r), we have

<l LA - ot |mﬁ Y lfw)te

I=1webg(x) [Ba (y,x( 1=1 weBg (y,r-+a)) (25)
o 1 . 1 m
=7 (|BG(X,KT)|’” |Bc(y,,<(r+a))|m)l_[ Y, fiw)]+e.

I=1weBg(x,r)
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Combining (25) with (20) implies that

My (F) (x) - ﬁﬁ,c(f)(y)é .
< mmBs,(sD(Gﬁ(riaza) IBc T EWEBGZW) |fi(w)| +e

rtx—&

< 2°mBs ;D(G)?a° ——— lm"[ Y. filw)| +e

| B (x, 5cr) ™ - 1weBg (x,r)
< 2°mBs s D(G)*a® My _s ¢ (f)(x) +e.

This proves (23) by making € — 07 in this case.
Case 2: (r < a). In view of (24), one has

Ty (7)) - T () < i [T L Vi) e

I=1 weBG(x r)
=0

<a<r)5|BGx,Kr H Z fi(w)l +e

=1weBg(x,r)

-,

< a®My_s 6 (F)(x) +

Thus, we get (23) by making € — 0T in this case. This theorem is now complete. [

Next, we establish the boundedness of the multilinear fractional maximal operators
on the Hajtasz—Sobolev spaces.

Theorem 7. Let f = (fi,..., fm) with each f; € LVI(Vg) for 1 < pj < oo. Let 0 < a <
M1/ piand1/q =Y 11/p;i —a <1 If G = (Vg, Eg) satisfies (ADP — 1) and (D) with
D(G) € (1,2), then

=

19,6 (Dl s ve) < CapG)mp,- p,,,BMHIIfJII MY (V) (26)

Proof. Let f = (fi,..., fn) with each f; € MYi(Vg) and let gj € LPi(G) ND(f;). Without
loss of generality, we may assume thatall f; > 0. Leta = Z]m:l aj with a; € (0,1). It suffices
to show that there exists a constant C > 0 such that

=,

CZMﬂézcgl H sz nyE]D( a,G( )) (27)

1<p<m,
Al
In fact, once (27) was proved, then (26) follows easily from (27), Theorem 1 (i) and
Theorem 2 (i).
We now prove (27). Let us choose two fixed and unequal points x,y € V, and set
dg(x,y) = a. In order to prove (27), just prove that there exists a constant C > 0 such that

|Dﬁac(f)() My, (f) ()]
<C(2Malcgl [T My, cfulx +2Ma,cgl v T1 M%ny(y)). (28)

1<u<m, 1<p<m,
u#l u#l

-, -,

In general, one can suppose M, (f)(x) > M, c(f)(y). Given € > 0, there must be a
positive integer r such that

Mo (F)x) < BTN Ty ye (29)
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In view of (29) and Bg(y, 7 +4a) D Bg(x,r), we have

m |B(; y,7‘+-ﬂ |a m
< = w) — — w)+e
ot L & O eyl L A
m

B
< |Bc<x,r)|“(n<ﬁ>gc<x,r> —11j1<ﬁ>BG<y,r+a>) +e
x,r |4x Z' fl Bg(x,r) — (fl)BG(y,rJru)l

m

(lj fH Be( yr+a)>( H fv Ba( xr)) + €.

(30)

We consider two cases:
Case 1: (r < 3a). Fix] € {1,2,...,m}. Since g; € D(f;), we have

i) = fi(0)| < 2dG(u,0) (g1 () +1(v)) < 4(r +a)(&1(u) + g1(v)) < 16a(gi(u) +8i1(v)),

forallu € Bg(x,r) and v € Bg(y,r + a). This yields that

|(fl)BG(1xﬂ’) - (fl)B(;l(y,rJra)‘
: |Be(x,7)| |Bg(y, v +a) ) Y. i) = fi()] (31)

weBg (x,r) vEBg (y,r+a)
< 16”((gl)BG(x,r) + (gl)BG(y,rJra))'

From (D) and r < 34, one has

[Bo(x,r +2a)| _ |Bs(y,r +3a)| _ |Bs(y,6a)|
1Bo(y,r+a)l = [Bs(y,r+a)l = [Bg(y,a)l

Leta = ] 1o with a; € (0,1). In view of (30)~(32) as well as Bg(x,r +2a) D
Bg(y,r + a), we have

< D(G). (32)

-,

M, 6 () (%) = Mo (F)(¥)
(81)

—1
< 16{1|BG X, r ’ Z 1)Bg(x,7) (gl Bg (y,r+a) (H f}l B (y,r+a) )(
l H=

m

H (fU)BG(x,r)) te

v=I+1

|Bg(x, 7+ 2a)|
< 16a|Bg(x,1)[" Z ( 81) Bg(x,r) +W(gl)BG(xr+2a)>
|Bg(x,r+2a)\ i
X ( H W(fﬂ)BG(x,r+2a)) (Vgrl(fv)BG(x,r)) te
< 16a|Bg (x,7)|* Z (8o (xr) + DG (81 Bo(x420))
I=
(HD fﬂ B ( xr+2a))( H (fV)BG(x,r)) te
v=I+1
<32a(1+D(G Zsz, c81(x) [T Ma,cfulx)+
1<u<m,
u#l

This proves (28) in this case by letting € — 0.
Case 2: (r > 3a). It was shown in the proof of ([1], [Theorem 4.3]) that

Bex VPl Ui ~ | < eam ot Mpcaly), ()
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forany p > 0and! € {1,2,...,m}. By (D) and the assumption r > 34, one has

Bo(y,r+a) _ |Bo(x,r+20)] _ |Bo(x,27)]
B = 1Benl = [Ben)] = PG

This together with B;(y,r +a) D Bg(x,r) implies that

Bg(y,r +a)|l~%
|BG(x/r)|IXV(fV)BG(x,r) S | |GB(Gy(x,T')|1)|‘XV |BG(y/r+a)|av(fV)BG(y,r+u) (34)

< D(G)" " My, cfu(y).

Combining (34) with (33) and (30) implies

muci,ﬁ;(f)(x) - mzx,G(f) (]/)
< 2 |Bc (x, ") (f1) Bo(x,r) — (fD)Bo(yr+a)|

I=
<H|BGX7’ fy BGyr+a)< H |Ber fV)Ber)>+€

v=I+1
51201D( )8831 1-a,
< Tm2-wp(G) & Mues®) TT (1+P(G) )My, cfuly) +e

1<p<m,
u#l
512aD(G)8Bs L
< 7 m
— ln2 _ h’lD(G) (1 + D(G)) 1221 M&],Gg(y) 1}2”1/ MD(;UGf]‘» (y) + €
n#l

Then, it gives (28) by letting e — 07. O

Theorem 8. Let f = (fi,..., fu) with each f; € LVi(Vg) for 1 < p; < co. Let Q > 1,
0<a<Yy!" Q/piand1/q =YY" 11/pi—a/Q < 1. If G = (Vg, Eg) satisfies (D) and
(LB — Q), then

=,

. m
||ma,G (f) ||M1‘7 VC S CD(,D(G),p],...,pm,BS/l,B]’Q ZI:!: H.f]‘”Ml'p(VC)‘ (35)

Proof. The proof is similar to that of Theorem 7. Let f = (f1,..., fm) with each f; €

MYPi(Vg) and let gj € L¥I(G) ND(f;). Without loss of generality, we may assume that all

fj > 0. Leta = Z}":l o with a; € (0,1). We want to show that there exists a constant C > 0,
such that

C ZMm 681 1 Ma,cfu € D(Muc(f))- (36)
1=1 1<u<m,
u#l

In fact, once (36) was proved, then (35) follows easily from (36), Theorem 1 (ii) and
Theorem 2 (ii).

We now prove (36). Let us choose two fixed and unequal points x, y € V;, and set
dg(x,y) = a. In order to get (36), we must prove there exists a constant C > 0 satisfying

— -

|90, G(HJ:)() Mo, (F)(y)] ;
< (Z 0,681(0) TT My, cfu(x)+ Y Mycai(y) T1 Mtxy,Gf]/l(y))‘ (37)

1<u<m, 1=1 1<u<m,
u#l u#l
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- — -

Without loss of generality, we may assume that 0, ¢ (f)(x) > M, c(f)(y). Given
€ > 0, there exists r > 0, such that

—~ —

() < ﬁ Y fiw) te (38)

|BG T ‘m 1weBg(x,r)

In view of (38) and the inclusion relation of Bg(x,7) C Bg(y, 7 + a), we have

—~ —

M, 6 () (%) = Mo (H(y) oy
" m rta m
SBep il B A pogrrapl] B )t
<r llj[fl Bg(x,r) Hfl chr+a>+€ (39)
<r i fl Bg(xr) — Gy r+a) (I—[l fﬂ B ( yr+a>< ﬁl(fv)gc(x,r)>+€.
=1 U= v=

We consider two cases:
Case 1: (r > 3a). It was shown in the proof of ([1], [Theorem 4.4]) that

512aD( ) 831 ~

”’3|(fl)B( (fl) B(y,r+a) | = 2-InD(G) Mg,c81(y) (40)
forany p > 0and ! € {1,2,...,m}. Notice that % < D(G). This together with
Bg(y,r+a) D Bg(x,r) implies that

Be(y, v+ a —
gt < PO (i S DO cfly) (1)

[Bo(x,7)]

It follows from (39)—(41)

ﬁzxf (F)(x) = Mo () (v)
< ;r“]‘(ﬁ)BG(x,r) - (fl)Bc(y,r+a)|

X(ﬁr"‘y(fﬂ)Bc y,r+a)( H r fv ch,)+€
U=

v=I+1
512aD( )BBsq " N
< m ZMaz cgy) TT (1+D(G))My,cfuly) +e

1<u<m,
u#l

Then, gives (37) in this case by letting € — 0.
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Case 2: (r < 3a). In view of (39), (40), (42) and the inclusion relation of Bg(x, 7+ 24) D

Bg(y,r + a), we have
Mo, (F) () = Mo () (y) -
S 16aralzl((gl)BG(x") + (gl BG(y,r—ka (1—[1 f]l BG y,i’-l—ﬂ )( ql(fV)BG(x,r)) +€
— u= V=
i |Bg(x, 7+ 2a)|
< 14
< 16ar 1:21 ((gl)BG(x,r) + Bo(y,r +)] (81 )Bc(xr+2a))
=1 [Bg(x,7 +2a)] -
X T /.. . . NI X,r a 14 X,r +
(yr—[l Botur +all e ( L] Bscien) e

m

<1607 Y ((81)Bo(xr) + PG (8D)bo(xr+20) )
l 1
m

(HD fy Bg( xr+2a)) < H (fV)BG(x,r)) te
u=1 v=I[+1
<32a(1+ D(G Z Ma,681(x) TT Ma,cfu()-
1<u<m,
uAl

Making € — 0T, we prove (37) in this case. Theorem 8 is now proved. [
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