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Abstract: In this work, the thermo-diffusions interaction in an unbounded material with spherical
cavities in the context dual phase lag model is investigated. The finite element technique has been
used to solve the problem. The bounding surface of the inner hole is loaded thermally by external heat
flux and is traction-free. The delay times caused in the microstructural interactions, the requirement
for thermal physics to take account of hyperbolic effects within the medium, and the phase lags
of chemical potential and diffusing mass flux vector are interpreted. A comparison is made in the
case of the presence and the absence of mass diffusions between coupled, Lord-Shulman and dual
phase lag theories. The numerical results for the displacement, concentration, temperature, chemical
potential and stress are presented numerically and graphically.

Keywords: finite element analysis; dual phase lag model; thermo-diffusions

1. Introduction

The classical thermoelastic theory [1] depends on the Fourier hypothesis of heating
conductivity. Biot [2] presented the solution to this paradox by introducing the new idea
of the coupled thermoelastic model. Diffusions can be defined as the random process of
a set of particles moving from the region of highest concentration to a region of lower
concentration. Generalized thermoelasticity, a new milestone in the various theories of
thermo-elasticity, prevails over the significant imperfections of classical theories of ther-
moelasticity. Lord and Shulman [3] are the two pioneers who contributed most to coupled
thermo-elasticity by introducing the generalized theory of thermo-elasticity through al-
teration of the parabolic nature of the heat conduction equation to a hyperbolic nature.
They made this revolutionary change in the nature of the heat conduction equation by
incorporating a relaxation time parameter in Fourier’s law of heat conduction and, in doing
so, the unrealistic phenomenon of the infinite speed of thermal wave propagation was
replaced by practical observation of the finite speed of propagation of thermal waves. The
study of diffusions became increasingly important, mainly due to its multiple application
in industrial applications and geophysics. In integrated circuit manufacturing, diffusions
are used to introduce “dopants” in controlled quantities in the semi-conductor substrates.
First of all, the theory of thermo-elasticity arose during the discussion of the coupled and
decoupled theory, which has no compatibility with physical experiments. The theory
of thermoelastic diffusion for elastically deformable solid bodies was first proposed by
Nowacki [4-6], in which he derived very important corollaries, results and governing field
equations for coupled thermoelastic diffusion. The coupled thermoelastic diffusion theories
predict an unrealistic infinite speed of thermal wave propagation. Surpassing this impracti-
cal generalized thermoelastic diffusion theory, the Lord-Shulman model was first proposed
by Sherief, et al. [7], introducing a diffusion relaxation parameter into the well-known
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Fick’s law of mass diffusion. The dual-phase lag theory of thermal conduction has been
proposed by Tzou [8]. Abbas and Seingh [9] used the finite element method to investigate
the effects of rotating thermo-elastic half-space with diffusion. Villani, Aurélien, et al. [10]
studied the numerical implementation, analytical validation, and the effects of plasticity
on equilibrium for a fully coupled diffusional-mechanical formulation. Abbas et al. [11]
discussed the responses of thermal sources in a transversely isotropic thermo-elastic plane
with mass diffusion by finite element schemes. Sharma et al. [12] studied the thermodiffu-
sion interaction in an unbounded medium with a cylindrical hole. Abbas and Marin [13]
studied the analytical solution of a 2D generalized thermoelastic diffusion problem caused
by the laser pulse. Abouelregal et al. [14] studied fractional thermo-elastic diffusion models
with four thermal delay times. The vibrations of an orthotropic double-layered graphene
sheet upon the hygrothermal condition were studied by Sobhy using the trigonometric
shear deformations plate model [15]. Othman and Eraki [16] have discussed generalized
magneto-thermo-elastic diffusion in a half-space under initial stress. Lotfy [17] investi-
gated the effects of variable thermal conductivity through the photothermal diffusion
processes of semi-conductor material. Kumar et al. [18] studied the effects of thermal and
diffusion phase-lags in a plate with axisymmetric heat supply. Abbas and Kumar [19]
used the finite element method to study the deformations caused by the thermal sources
in a micropolar generalized thermoelastic plane. Bezzina and Zenkour [20] studied the
thermo-elastic diffusions of a solid cylinder under the modified Green-Naghdi model.
Madureira et al. [21] presented numerical analysis for thermo-diffusion problems in moving
boundaries. Zenkour [22] studied the thermodiffusion of an infinite solid with a spherical
hole via refined three-phase-lag GN models. Singh and Yadav [23] discussed the effects of
diffusions on propagations and reflections of waves in a thermo-microstretch solid plane.
Elhagary [24] investigated fractional thermoelastic diffusion problems for an infinitely
long hollow cylinder under Caputo-Fabrizio definition. Molla and Mallik [25] presented
the variational principles, uniqueness and reciprocity model for higher-order fractional
four-phase-lag generalized thermodiffusion models. Eremeyev and Pietraszkiewicz [26]
studied the nonlinear resultant theory of shells accounting for thermodiffusion. Over
recent decades, several problems have been raised by generalized thermoelastic models as
in [27-40].

The aim of this investigation is to introduce e dual phase lag thermo-diffusion formu-
lations instead of Fick’s classical diffusions model by using two diffusion lags. The finite
element method is applied to study the thermo-diffusion in an infinite medium with a
spherical cavity. The physical explanations are presented sequentially corresponding to the
distribution of the considered physical variables obtained in this investigation. Numerically
calculated results are represented graphically. The effects of thermal lags are shown in the
different components.

2. Mathematical Model

Following Sherief et al. [7,18], the basic equations for an isotropic, elastic soled with
the thermo-diffusions under a dual phase lag model at uniform temperature T, in the
absence of heating sources and body forces, can be expressed as:

The equations of motion as in [7] are

%u;
pug i+ (A +p)ujjj— BT — BeCi = pﬁ. )

The heat conduction equation is

0 d 92
Kjj <1 + Tlat> T;i= <at + Tzat2> (pceT + BrToeyy + aT,C). 2
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The mass diffusion equation is

0 d 92
D <1 +13 ﬁ) (bC i — Beekrii —aTii) = (5 +7 W) C. 3)

The constitutive equations are

0ij = 2peij + (Ae — (T — Tp) — BcC)dij, 4)
P=—Beeg +bC—a(T—-T,), (5)

1
eij = 5 (i + 1js)- (©)

This model can be reduced to:
(i) (DPLD) refers to the dual phase lag thermo-diffusion model

T, T2, 3, s # 0.

(ii) (LSD) refers to the Lord and Shulman thermo-diffusion model

T1=173=0,T,17 #0.

(iii) (CTD) refers to the classical thermo-diffusion model

T1:T2:T3:T4:0.

where the delay time T is interpreted as that caused by the microstructural interactions and
is called the phase lag of temperature gradient, the delay time 1, denotes the relaxation time
required for thermal physics to take account of hyperbolic effect within the medium, 73 and
T4 are the phase lags of chemical potential and diffusing mass flux vector, respectively, p is
the density of the material, A, y are the Lame’s constants, P is the chemical potential, 0jj are
the components of stress tensor and §;; is the Kronecker delta symbols, T is the temperature,
C is the concentrations of diffusion material in the elastic medium, u; are the displacement
vector components, B = (3A + 2p)ac and By = (3A + 2u)ay, ar and a, are the coefficients
of thermal expansions and linear diffusions, respectively, ey are the components of strain
tensor, c. is the specific heat at constant strain, Kjj is the thermal conductivity, T, is the
reference temperature and 4 is the measure of thermo-diffusions effect, b is the measures of
diffusive effects and D is the coefficient of diffusions. Let us consider a homogenous and
elastic unbounded medium containing a spherical cavity occupying the region 1 < r < o
as in Figure 1.

Figure 1. The sketch of an unbounded medium containing a spherical cavity.
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Due to the symmetry, all functions will be given in terms of time f and the radial r
variable. In the system of spherical coordinate (7,6, ¢), the displacement components can
be given by

ur = u(r,t), ug =0, uy = 0. (7)

The non-vanishing strain components can be defined as

u

u u
Crr = 51399 = Py Cpp = » ®)
Thus, the basic equations can be written as
du
Orr :Zﬂg‘F)\e_,Bt(T_To) - BcC, )
u
09 = Tpg :2y;+/\e—,3t(T— To) — BcC, (10)
P=0bC—pBee—a(T—T,), (11)
ou  2u
= g — (12)
de oC 0%u
(A+ ZV) ﬁt E)r .Bcg = PW, (13)

0\ (0®T 20T 0 0?
K<1+Tlat) (ar2+ rar) (at +Tzat2>(pCeT+‘BtToe+aToc), (14)

J 9*C  20C d%e  20e 9*T 20T 0 0
D(“%) (b(ﬁ + ;a) ‘ﬁf(ﬁﬁa) _“(W * ;§)> <at +T4at2>c (15)
By using the following non-dimensional variables to the above equations
(', u") = cw(r,u), (t’, T, T, Th Ty, t’) = 2w (t, Ty, Ty Ty Ty Tp), P = ﬁﬁ,

__BC _ BT-T,) _ (9r99.749)
CI“(A+ZFV T= bﬁiﬂ) (U”’q”’aé¢)'_ (AiZH?)’

(16)

. A2
where w = %andc: Atap

Using Equation (16) in Equations (9)—(15), and after that suppressing the primes, can
take the forms

0
aﬂ:air‘ua%—T—c, (17)
UGQZU(qu:aa +(1+ )f—T C, (18)
P=0C—e—{§T, (19)
Ju 2u

Fr TR T P Tk =
9\ /2T 29T ] 92
<1+r1 )(az +rar> —( +rzat2>(T+%e+%C), (22)
92C  20C % 209e 2T 29T ] )
(g (53 5) - Garra) —a(Ge o 5r)) =5(a *’%ﬂ)c @)
_ A o ﬁzTo _ aBT, A+2;4) _a(A+2p) _ (A2p)
where & = (A+2u)’ "= pce(/t\+2;4)’ Te = pCetﬁc be = = BtBc Gs = Dwp?
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3. Initial and Boundary Conditions
This problem can be solved subject to the initial conditions
ou oT aC
U C=0,=-=0 = =0, == =0,t=0 (24)

/LM—T 1472
W or ot

The boundary conditions can be given by the inner surface of the cavity are due to
heat flux with the exponentially decaying pulse [41].

t
AT(r,t) 2¢ "
— =go—— h,t) =0, P(h,t) = t 2
ar :n qO 16t% 7 UTV( 7 ) 0/ ( 4 ) 0/ > 0/ ( 5)

r

where t), is the pulse heat flux characteristic time and g, is a constant.

4. Numerical Scheme

In this section, the formulation of thermoelastic diffusion based upon thermal delay
times 71, T2, 13 and 14 in an unbounded medium with spherical cavity is abbreviated
by employing the finite element method (FEM). This technique is a powerful approach
primarily advanced to obtain the numerical solution of a complex problem, and the finite
element method is the selected method for linear/non-linear systems in several fields.
The finite element scheme is applied here to obtain the solution of Formulas (19)—(21)
under the initial condition (22) and the boundary (23) conditions. Abbas et al. [42—45]
presented the solutions for various problems under deference generalized thermoelasticity
models. The finite element formulation of thermoelastic diffusion can be obtained by using
the standard procedure. The non-dimension weak formulations of dual phase lag model
are derived. The set of independent test functions, to consist of the temperature ¢T, the
displacement du and the concentration 6C, are specified. The governing formulations are
multiplied by independent weighting functions and then the boundary conditions are
used to integrate over the spatial domain. The applications of integration by parts and
the use of the divergence theorem to decrease the order of the spatial derivative paves
the way for the application of the boundary condition. Using the Galerkin procedure, the
unknown variables and the corresponding test functions are approximated by the same
shape functions.

T=Y . NT(t)u=Y " Nu(t),C=Y " NCjt), (26)

n n n
6T = 2].:1 N;6Tj, 0u = 2].:1 N;éu;,6C = Zj:1 N;6C;, (27)

where N points to the shape function and #n refers to the node numbers per element. The
quadratic element with three nodes is used. In this problem, the one-dimension quadratic
element is used and we suppose that the local coordinates in the range [—1, 1] are used for
the master element which can be defined by

Ni=1(x*-x), Ni=1-x% N3=31i(2+x) . (28)

Furthermore, the unknown variables’ time derivatives should be determined by the
implicit approaches. Thus, the weak formulations for the finite element scheme correspond-
ing to the basic equations can be written as

L L
/ OT (u  2u . - dr+/ 5T d —oT a”Jrz—u—T C (29)
n o or \ or r or h
. 3 R a 9\ 29T a\or|"
dr+/ oT JrTzatz (T + yie +v.C) — + 155 ) 7 or dr =0T 1+Tlg ah/ (30)
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hioc(e(G+mude)C—2(F+md) (G55 - % —a3) )ar+ fy BE(1+0g) (c96C— g -0 )ar =

(31)

sc(1+ ) (¢%c— %) :

5. Numerical Result and Discussion

In this part, the copper material was taken for purposes of numerical calculation and
the parameters of the problem were chosen as in [46]

p = 8954(kg) (m*3), D = 0.85 x 10~8(kg)(s) (m*3), ae =198 x 1074 (kg_l) <m3>, R=1,

a =12 x 10* <m2> (k*l) (s—2), b =09 x 10° (m5> (kg*l) (5—2), =178 x 10~ (k*l),

Ce = 383.1(m2) (s*z) (k‘l), K = 3.68 x 102(kg) (s*3) (k_l)(m), T, = 293(k), T = 1,

1 = 3.86 x 10" (kg) (mfl) (5*2), A =776 x 101 (kg) (m71> (sfz).

The computations are performed for the estimations of time (+ = 0.2), presence and
absence of different time delay parameters. The finite element method is employed to
obtain the natures of the radial displacement, the temperature, the concentration, the
chemical potential with the radial and the shear stresses distribution with respect to the
radial distance r. The grid size has been refined until the values of considered fields
stabilize. Further refinement of mesh size over 20,000 elements does not change the values
considerably. Thus, the grid size 20,000 has been used for this study. Figure 2 shows the
variation of radial displacement along the distance r. It is noted that the radial displacement
has maximum negative values at the internal surface of hole r = h. The magnitude of
radial displacement increases from the negative values to positive values. In these values,
the radial displacements have peak values that depend on the type of model. Figure 3
represents the variations of temperature with respect to the distance r. It is observed that it
always starts from the difference of certain values according to the values of heat flux with
the increasing of the radial distance to reach zero values. Figure 4 represents the deviation
of radial stress with respect to the radial distance r for different models. It is easy to see
the radial stress decreases from zero which satisfy the problem boundary conditions to
maximum negative values, and after that increases quickly as the radial distance * increases,
then the stress decreases to zero. Figure 5 displays the variations of hoop stress versus
the radial distance r for three different models. It is observed that the magnitude of hoop
stress starts from maximum values which depend on the type of model, then increases
with the increase of the distance r to close to zero. Figure 6 displays the distribution of
concentration versus the radial distance r. It is clear that the concentration has maximum
values at the internal surface of the cavity after which it decreases with the increase of
distance r. Figure 7 shows the variations of chemical potential versus the redial distances.
From Figure 6, it is observed that the chemical potential begins from zero value, which
agrees with the boundary condition, and increases with the rising of the radial r. The
chemical potential has peak values that depend on the value of the type of model.
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Figure 2. The redial displacement variations u versus the redial distance  for three models.
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Figure 3. The temperature variations T via the redial distance r for three models.
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Figure 4. The redial stress variations ¢, along the redial distance r for three models.
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Figure 5. The shear stress variations oy versus the redial distance r for three models.
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Figure 6. The concentration variation C versus the redial distance r for three models.

x1073

10

Figure 7. The chemical potential variations P via the redial distance r for three models.

6. Conclusions

This work aimed to mathematically analyze the effects of four thermal relaxation
times. Based on the dual phase lag thermoelastic diffusion model, the radial displacement,
the temperature change, the concentration, the chemical potential with the radial and the
shear stresses distributions in the thermoelastic-diffusion medium have been presented.
The finite element method has been used to obtain the numerical solutions for all physical
quantities. The change in relaxation times (in the three models: DPLD, LSD and CTD)
has significant effects and plays an important role in of the behavior of deformations
of the various component of physical/chemical fields. Then, the parametric analysis
has been completed to agree on the appropriate procedure to select important design
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variables to understand the basic characteristics of the new models of thermal conduction
in thermoelastic-diffusion material.
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