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1. Introduction

For nearly sixty years now, there has been a lot of research activity regarding the
fixed point theory of nonexpansive (that is, 1-Lipschitz) and contractive mappings. See,
for example, Refs. [1-14] and references cited therein. This activity stems from Banach’s
classical theorem [15] concerning the existence of a unique fixed point for a strict contraction.
It also concerns the convergence of (inexact) iterates of a nonexpansive mapping to one
of its fixed points. Since that seminal result, many developments have taken place in
this field including, in particular, studies of feasibility, common fixed point problems,
nonlinear operator theory and variational inequalities, which find important applications
in engineering, medical and the natural sciences [13,14,16-19]. In particular, the study
of nonexpansive and contractive mappings on complete metric spaces with graphs has
recently become a rapidly growing area of research. See, for instance, Refs. [9,10,20]. In
the present paper we establish fixed point, stability and genericity theorems for strict
contractions on complete metric spaces with graphs (see Sections 3 and 4 below).

2. Preliminaries

Let (X, p) be a complete metric space and let G be a (directed) graph. Let V(G) be the
set of its vertices and let E(G) be the set of its edges. We identify the graph G with the pair
(V(G), E(G)).

Denoted by M, is the set of all mappings T : X — X such that for each x,y € X
satisfying (x,y) € E(G), we have

(T(x), T(y)) € E(G) and p(T(x), T(y)) < p(x,y)- (1)

A mapping T € M, is called G-nonexpansive. If T € M,,, « € (0,1) and for each
x,y € X satisfying (x,y) € E(G), we have

e(T(x), T(y)) < ap(x,y), (2)

then T is called a G-strict contraction.
Fix 0 € X. For each x € X and each r > 0, set

Bo(x,7):={y € X: p(x,y) <r}.
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We may assume without loss of generality that if x,y € X satisfies (x,y) € E(G), then
(v, x) € E(G).

In this paper, we assume the following assumption:
(P) For each x,y € X, there exist an integer ¢ > 1 and points x; € X,i =0,...,q,
such that
xo =%, X3 =Y, (x;,xi11) € E(G), i=0,...,g—1.

Thus, V(G) = X and the graph G is connected.

Let T € M, be a G-strict contraction. It is known [20] that under certain mild
assumptions, the mapping T has a unique fixed point which attracts all the iterates of T.
In the present paper we provide a very simple proof of this fact by using a certain metric
on X which is defined below (see Theorem 1). Then we establish (see Theorem 2) uniform
convergence of the iterates of T on bounded subsets of X and show that this convergence
is stable under small perturbations of these iterates (Theorems 3 and 4). All these results
are stated and proved in Section 3. In Section 4, under certain assumptions, we show that a
typical G-nonexpansive mapping has a unique fixed point which attracts all its iterates,
uniformly on bounded subsets of X.

For each x,y € X, define

q—1
p1(x,y) :==inf{}  p(x;,xi11) : q > 1isan integer,
i=0
xi€X,i=0,...,q9, X0 =x, xg =Y, (xi,xi+1) €E(G),i=0,...,g—1}. (3)

It is easy to see that for each x,y,z € X, p1(x,y) is finite,
p1(x,y) > p(x,y), (4)

p1(x,y) = p1(y, x),
pl(x,z) < Pl(x/y) +p1(ylz)’

and if p1(x,y) = 0, then x = y. However, p; is a metric only if (x,x) € E(G) forall x € X.
This pseudometric p; plays an important role in this paper because it turns out that if a
mapping T is G-nonexpansive (respectively, a G-strict contraction), then it is nonexpansive
(respectively, a strict contraction) with respect to the pseudometric p1.

Given a mapping S : X — X, we define S = I, the identity self-mapping on X,
Sl =G, and §i*t1 = So Si for all integers i > 0. For each x € X and each r > 0, we set

Bo (x,7) :=={y € X: p1(x,y) <r}.

3. Strict Contractions

In this section, we are concerned with mappings T € M, which are G-strict contrac-
tions. For such a mapping T, we establish the existence of a unique fixed point and show
that the (inexact) iterates of T converge to this unique fixed point, uniformly on bounded
subsets of the space (X, p).

Theorem 1. Let T € My, « € (0,1) and assume that for each x,y € X satisfying (x,y) € E(G),
inequality (2) holds. Then for each x,y € X, we have

p1(T(x), T(y)) < ap1(x,y).
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If T is continuous as a self-mapping of (X, p), then there exists a unique point x, € X
satisfying T(x.) = x, and for each x € X,

lim T?(x) = x, in (X, p).

oo
Proof. Assume that x,y € X, g is an integer, and that
xi€X,i=0,...,9, x0=x, xg =Y, (xi,%41) €E(G),i=0,...,9—1. (5)
By (2) and (5), we have
T(x) = T(x0), T(y) = T(xq), (T(xi), T(xiy1)) € E(G), i =0,..., =1,

and
p(T(xi), T(xit1)) < wo(xi,yi), 1=0,...,4—1.
When combined with (3), these relations imply that

q—-1 q—1
p(T(x), T(y)) < ;}p(T(xi), T(xi11)) < g p(xi, Xit1)-

Since the above inequalities hold for each integer 4 > 1 and every finite sequence
{xi}?:() satisfying (5), we conclude that

p1(T(x), T(y)) < ap1(x,y). (6)

Assume now that T is continuous, x € X and consider the sequence of iterates
{T"(x)}$2,- By (6), for each integer i > 0, we have

p1 (T (x), T2 (x)) < apy (TH(x), T (x))

and
[ee)

Y o1 (T (x), T (x)) < oo.

i=0
When combined with (4), this implies that

p(T!(x), T (x)) < o0

e

i=0

and that {T'(x)}%, is a Cauchy sequence in (X, p). Thus, there exists

X, = lim T'(x)
1—00

in (X, p). Since T is assumed to be continuous, it follows that T (x,) = x.. If a point y, € X
also satisfies T(y+«) = y«, then in view of (6),
pr(xey) = pr(T (), Tys)) < apr (s, y)
and
p1(xs, ) = 0.

When combined with (4) this equality implies that x, = y.. This completes the proof
of Theorem 1. O
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Theorem 2. Let all the assumptions of Theorem 1 hold, let the mapping T be continuous as a
self-mapping of (X, p) and let x, € X be as guaranteed by Theorem 1 and satisfy

X = T(xy).

Suppose that the following assumption holds.
(A1) For each My > O, there exists My > 0 such that for each point x € B, (6, My), we have

P1 (x, 9) < Ml-
Then Ti(x) — x. asi — oo in (X, p), uniformly on all bounded subsets of (X, p).

Proof. Let €, My > 0 be given. By (Al), there exists M; > 0 such that
B,(6, My) C Bp, (6, My). (7)
We may assume without any loss of generality that
X, € By(6, My). (8)
Choose a natural number ng such that
2Mpa™ < e. 9)
Next, assume that

X € By(6, My). (10)

By (8) and (10),
p1(x,0) < My, p1(x,0) < My,

p1(x, x:) < 2My. (11)

It now follows from Theorem 1, (2), (9) and (11) that for all natural numbers n > ny,
we have
o(T"(x), x5) < p1(T"(x), x4) < a”p1(x,x4) <22"™M; < €.

This completes the proof of Theorem 2. []

Theorem 3. Let all the assumptions of Theorem 2 hold and let x. € X be as guaranteed by
Theorem 1 and satisfy
xe = T(xy).

Suppose that T is uniformly continuous and bounded on bounded sets as a self-mapping of
(X, p) and let €, M > 0 be given. Then there exist § > 0 and a natural number ng such that for
each integer n > ng and every finite sequence {x;}}'_, C X satisfying

Xp € BP(G, M)

and
o(xiv1, T(x;)) <6,i=0,...,n—1,

the inequality p(x;, x+) < € holds for all i = ny, ..., n.

Theorem 3 follows from Theorem 2 and Theorem 2.65 of [12], which was obtained
in [21].

Denoted by M is the set of all mappings S € M, which are uniformly continuous
and bounded on bounded sets as self-mappings of (X, p). We equip the space M with the
uniformity which has the base

E(e,M) ={(51,52) e M x M : p(51(x),S2(x)) < eforallx € B(6, M)},
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where M,e > 0. It is not difficult to see that the uniform space M is metrizable and
complete (by a metric d).

Our next theorem follows from Theorem 2 and Theorem 2.68 of [12], which was
obtained in [21].

Theorem 4. Let all the assumptions of Theorem 2 hold and let x, € X be as guaranteed by
Theorem 1 and satisfy
X = T(xy).

Suppose that T € M and that e, M > 0 are given. Then there exist a neighborhood U of T
in M and a natural number ng such that for each C € U, each x € B,(68, M) and each integer
n > ngy, we have

p(C(x),x.) <e.

4. Generic Results

In this section, we assume that X is a closed subset of a complete hyperbolic space
(Y, p, M), the definition of which we now recall.

Let (Y, p) be a metric space and let R! denote the real line. We say that a mapping
c: R! — Y is a metric embedding of R! into Y if p(c(s),c(t)) = |s — t| for all real s and ¢.
The image of R! under a metric embedding will be called a metric line. The image of a real
interval [a,b] = {t € R! : a < t < b} under such a mapping will be called a metric segment.

Assume that (Y, p) contains a family M of metric lines such that for each pair of
distinct points x and y in Y, there is a unique metric line in M which passes through x and
y. This metric line determines a unique metric segment joining x and y. We denote this
segment by [x, y]. For each 0 < t < 1, there is a unique point z in [x, y] such that

p(x,z) =to(x,y) and p(z,y) = (1 —t)p(x, ).

This point will be denoted by (1 — t)x & ty. We will say that Y, or more precisely
(Y, p, M), is a hyperbolic space if

1 1 1 1 1
— — — — < —
p(z'x@ Zy’ zx@ 22) — ZP(.‘//Z)

forall x,y and z in Y. An equivalent requirement is that

1 1 1 1 1
- )< = w) +
p(zx@ zy,ZW@ 22) < Z(P(x, ) P(%Z))

forall x,y,zand win Y. A set K C Y is called p-convex if [x,y] C K for all x and y in K.

It is clear that all normed linear spaces are hyperbolic. A discussion of more examples
of hyperbolic spaces and, in particular, of the Hilbert ball can be found, for example,
in [4,22].

Now let X be a closed subset of a complete hyperbolic space (Y,p, M), let § € X
and let assumption (A1) hold. In addition, we assume in the sequel that the following
assumption also holds true.

(A2) For each x € X, each (y,z) € E(G) and each 7y € (0,1), we have

YD (1—7y)xeX

and
(Y0 (1—7)y,v0® (1-7)z) € E(G).
Let T € Mand vy € (0,1). Define

T,(x) = (1—)T(x) B8, x € X. (12)
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Clearly, T, € M and for each x,y € X such that (x,y) € E(G), we have

o(Ty(x), Ty (y)) < (1= 7)p(T(x), T(y)) < (1 = 7v)p(x,y). (13)

By (12), for each x € X, we have
p(Ty(x), T(x)) < vp(, T(x)).
In view of the above inequality, the set
{T,: TeM, ye(0,1)}
is an everywhere dense subset of (M, d).

Theorem 5. There exists a set ' C M, which is a countable intersection of open and everywhere
dense sets in (M,d) so that for each C € F, there exists a unique point xc € X such that
C(xc) = xc and C'(x) — xc in (X, p) as i — oo, uniformly on bounded subsets of (X, p).

Proof. Let T € M, v € (0,1) and let n > 1 be an integer. Theorem 1 and (13) imply that
there exists a unique point x7,, € X such that

Ty(x;r,v) = xT,y. (14)

By Theorem 4, there exist an open neighborhood U(T,y, n) of T, in M and a natural
number p(T, v, n) such that the following property holds:
(a) for each C € U(T,y,n), each x € By(6,n) and each integer k > p(T,,n), we have

p(CH(x), x1,4) < 1/n.

Define
F =Ny U{U(T,v,n): Te M, ye(0,1)}. (15)

Clearly, F is a countable intersection of open and everywhere dense subsets of (M, d).

Assume now that
CeF, (16)

x € X and that n is a natural number such that
B(0,x) < n. (17)
By (15) and (16), there are T € M and v € (0,1) such that
C e U(T,,n). (18)
Property (a), (17) and (18) imply that for each integer k > p(T, v, n), we have
p(Ck(x),xTW) <1/n. (19)

Since 7 is any natural number satisfying (17), we conclude that {C’(x)}$, is a Cauchy

sequence and there exists '
lim C'(x) in (X, p).

i—00

In view of (19), we have

p(lim Ci(x),xT”) <1/n. (20)

i—o0
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Since n is any sufficiently large natural number, we infer that

lim Ci(x) = lim C(y)

i—00 i—0c0

for each y € X. Next, set

xc = lim Ci(x). (21)
Obviously,
C(xc) = xc.

In view of (20) and (21), we have
p(xc,x1,) <1/n. (22)

It now follows from (17) and (22) that for each point x € B(6,n) and each integer
k> p(T,v,n), we have
o(CH(x),xc) < 2n° 1,

Since n is any sufficiently large natural number, this completes the proof of
Theorem 5. [

Author Contributions: Formal analysis, S.R. and A.J.Z.; Funding acquisition, S.R.; Investigation, S.R.
and A.J.Z. All authors have read and agreed to the published version of the manuscript.

Funding: The first author was partially supported by the Israel Science Foundation (grant number
820/17), by the Fund for the Promotion of Research at the Technion and by the Technion General
Research Fund.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The first author was partially supported by the Israel Science Foundation (Grant
No. 820/17), by the Fund for the Promotion of Research at the Technion and by the Technion General
Research Fund. Both authors are grateful to three anonymous referees for their useful comments and
helpful suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Betiuk-Pilarska, A.; Dominguez Benavides, T. Fixed points for nonexpansive mappings and generalized nonexpansive mappings
on Banach lattices. Pure Appl. Func. Anal. 2016, 1, 343-359.

2. deBlasi, ES.; Myjak, J. Sur la convergence des approximations successives pour les contractions non linéaires dans un espace de
Banach. C. R. Acad. Sci. Paris 1976, 283, 185-187.

3. Goebel, K.; Kirk, W.A. Topics in Metric Fixed Point Theory; Cambridge University Press: Cambridge, UK, 1990.

4. Goebel, K.; Reich, S. Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings; Marcel Dekker: New York, NY, USA;
Basel, Switzerland, 1984.

5. Jachymski, J. Extensions of the Dugundji-Granas and Nadler’s theorems on the continuity of fixed points. Pure Appl. Funct. Anal.
2017, 2, 657-666.

6.  Kirk, W.A. Contraction mappings and extensions. In Handbook of Metric Fixed Point Theory; Kluwer: Dordrecht, The Netherlands,
2001; pp- 1-34.

7. Kubota, R.; Takahashi, W.; Takeuchi, Y. Extensions of Browder’s demiclosedness principle and Reich’s lemma and their applica-
tions. Pure Appl. Func. Anal. 2016, 1, 63-84.

8.  Ostrowski, A.M.The round-off stability of iterations. Z. Angew. Math. Mech. 1967, 47, 77-81. [CrossRef]

9.  Petrusel, A.; Petrusel, G.; Yao, ].C. Multi-valued graph contraction principle with applications. Optimization 2020, 69, 1541-1556.
[CrossRef]

10. Petrusel, A.; Petrusel, G.; Yao, ].C. Graph contractions in vector-valued metric spaces and applications. Optimization 2021, 70,
763-775. [CrossRef]

11. Rakotch, E. A note on contractive mappings. Proc. Am. Math. Soc. 1962, 13, 459-465. [CrossRef]


http://doi.org/10.1002/zamm.19670470202
http://dx.doi.org/10.1080/02331934.2019.1633652
http://dx.doi.org/10.1080/02331934.2020.1713130
http://dx.doi.org/10.1090/S0002-9939-1962-0148046-1

Mathematics 2021, 9, 2774 8of8

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Reich, S.; Zaslavski, A.]. Genericity in nonlinear analysis. In Developments in Mathematics; Springer: New York, NY, USA, 2014;
Volume 34.

Zaslavski, A.]. Approximate solutions of common fixed point problems. In Springer Optimization and Its Applications; Springer:
Cham, Switzerland, 2016.

Zaslavski, A.J. Algorithms for solving common fixed point problems. In Springer Optimization and Its Applications; Springer:
Cham, Switzerland, 2018.

Banach, S. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fund. Math. 1922, 3,
133-181. [CrossRef]

Censor, Y.; Zaknoon, M. Algorithms and convergence results of projection methods for inconsistent feasibility problems: A
review. Pure Appl. Func. Anal. 2018, 3, 565-586.

Gibali, A. A new split inverse problem and an application to least intensity feasible solutions. Pure Appl. Funct. Anal. 2017, 2,
243-258.

Takahashi, W. The split common fixed point problem and the shrinking projection method for new nonlinear mappings in two
Banach spaces. Pure Appl. Funct. Anal. 2017, 2, 685-699.

Takahashi, W. A general iterative method for split common fixed point problems in Hilbert spaces and applications. Pure Appl.
Funct. Anal. 2018, 3, 349-369.

Jachymski, J. The contraction principle for mappings on a metric space with a graph. Proc. Am. Math. Soc. 2008, 136, 1359-1373.
[CrossRef]

Butnariu, D.; Reich, S.; Zaslavski, A.J. Asymptotic behavior of inexact orbits for a class of operators in complete metric spaces.
J. Appl. Anal. 2017, 13, 1-11. [CrossRef]

Reich, S.; Shafrir, I. Nonexpansive iterations in hyperbolic spaces. Nonlinear Anal. 1990, 15, 537-558. [CrossRef]


http://dx.doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.1090/S0002-9939-07-09110-1
http://dx.doi.org/10.1515/JAA.2007.1
http://dx.doi.org/10.1016/0362-546X(90)90058-O

	Introduction
	Preliminaries
	Strict Contractions
	Generic Results
	References

