. mathematics

Article

Basic Fundamental Formulas for Wiener Transforms Associated
with a Pair of Operators on Hilbert Space

Hyun Soo Chung

check for

updates
Citation: Chung, H.S. Basic
Fundamental Formulas for Wiener
Transforms Associated with a Pair of
Operators on Hilbert Space.
Mathematics 2021, 9,2738. https://
doi.org/10.3390/math9212738

Academic Editor: Francesco Mainardi

Received: 23 September 2021
Accepted: 25 October 2021
Published: 28 October 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Dankook University, Cheonan 31116, Korea; hschung@dankook.ac.kr

Abstract: Segal introduce the Fourier-Wiener transform for the class of polynomial cylinder functions
on Hilbert space, and Hida then develop this concept. Negrin define the extended Wiener transform
with Hayker et al. In recent papers, Hayker et al. establish the existence, the composition formula,
the inversion formula, and the Parseval relation for the Wiener transform. But, they do not establish
homomorphism properties for the Wiener transform. In this paper, the author establishes some
basic fundamental formulas for the Wiener transform via some concepts and motivations introduced
by Segal and used by Hayker et al. We then state the usefulness of basic fundamental formulas as
some applications.
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1. Introduction

Let X be a normed space and let T be a operator on X. In functional analysis theory
and algebraic structures, the homomorphism properties

T(f*xg)=T(f)T(g) ¢))

and
(T(f) = T(g)) = T(fg) 2

are very important subjects to various fields of mathematics for f, g € X, where * denotes
a corresponding convolution product of T.

In [1-3], Segal introduce the Fourier—Wiener transform for the class of polynomial
cylinder functions on Hilbert space. Hida then develop this concept via the Fourier analysis
on the dual space of nuclear spaces [4,5]. In addition, Negrin obtain an explicit integral
representation of the second quantization by use of an integral operator and hence the
Wiener transform [6] is extended. Later, Hayker et al. analyze and study some results and
formulas of them via the matrix expressions [7].

In [8,9], the authors establish the existence, the composition formula, the inversion
formula and the parseval relationship for the Wiener transform. But, they do not establish
homomorphism properties (1) and (2) for the Wiener transform.

In this paper, we shall establish homomorphism properties for the Wiener transform.
In addition, we obtain an integration by parts formula, and give some applications of it
with respect to the Wiener transform. Our integration by parts formula takes a different
form than in the Euclidean space. The reason is that the measure used in this paper is a
probability measure, unlike the Lebesgue measure.

2. Definitions and Preliminaries

In this section, we first state some definitions and notations to understand the paper.
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Let H' be a real Hilbert space and H be a complexification of H'. The inner product
on H is given by the formula

(x+iy, X +iy)u = (g + W )w +iy, e — il Y ) w

Let A and B be operators defined on H such that there exists an orthonormal basis
B = {ex}yeca of H (A being some index set) consisting of elements of H with

Aey = jigey, Bey = Ayeq 3)
for some complex numbers y, and A,. Then we note that for each x € H,

x = Z (x,ex)HEn

aeA
and so
Ax = Z (x, eq)Hpatn
xeA
and

Bx = 2 (x, e YA wC-
aeA

We now state a class of functions used in this paper.

Definition 1. Let f be a polynomial function on H' defined by the formula

Fx) = (x, €0 ) (X ey )i -+ (X e, ) )

where ny, - -+ ,n, € NU{0}. Let P be the space of all complex-valued polynomial on H'.

We are ready to state definitions of the Wiener transform, the convolution product
and the first variation for functions in P.

Definition 2. For each pair of operators A and B on H, we define the Wiener transform F a (f)
of f by the formula

Foan(NW) = [ f(Ax+By)dg(x) ©
where f is in P and the integration on H' is performed with respect to the normalized distribution

gc of the variance parameter ¢ > 0. In addition, we define the convolution product (f1 * f2) 4 of f1
and fo by the formula

(fi*f2)aly) = H/f1<y4\-/;X)f2(y?/§x>dgC(x> (6)

and the first variation 6 f of f is defined by the formula

Spf(xlu) = 2 F(x + kBu)

ok @)

k=0

where f, f1, fo € P if they exist.

3. Existence

In this section, we establish the existence of the convolution product and the first vari-
ation for function f of the form (4). Before doing this, we give a theorem for some formulas
with respect to the Wiener transform F, 4 g which are established by Hayker et al. [9].
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Theorem 1. Let A,B, A’,B', A” and B" be operators on H given by

i / ! li
Aey = ppey, Bey = Ayey, A'ey = pyeq, Blex = Ayey

1 " " "
Aey = pyeq, Bley = Ajey

where iy, i, i, A, Ay and A} are complex numbers. Then we have the following assertions.

(a)  (Existence): forany f € P,

r [ i 14
Fean(F)y) = (Z ey e TEE (D)) @
j=

and Foap(f) € P.
(b)  (Composition formula [9], Theorem 1):

Fearp (Fe,as(f)) ) = Fearp (f) )

if and only if
2 (Aa)? = (uy)? and Ahi = A]
fora € A.
(c)  (Inversion formula [9], Corollary 2):
Fearp (Fe,a8(f)) ) = fy) ©)
if and only if
W2+ (HpAe)® = 0 and A =1

fora € A.

(d)  (Parseval relation [9], Theorem 2):
/ Fea(f1) W) f2(y)dge(y / Feas(f2) () (y)dg:(v)

if and only if
p2 A2 =1

for a € A. Furthermore, they show that it can be extended to the Unitary extension.

We shall obtain the existence of the convolution product and the first variation. To do
this, we need an observation as below.

Remark 1. For any f1 and fy in P, we can always express f1 by Equation (4) and f, by
fa(x) = (x €0 )i (% €0 ) 1 - -+ (% e )l (10)

using the same nonnegative integer r and wj’s. Because, if f1(x) = (x,ex, ) (X, eas)f and
f2(x) = (x,ea, )i (X, €0y ) 32, then we can set

fl (x) = <x, eﬂt1>nH1 <x, elxz>?—l<xl e“3>r1?

and
f2(x) = (x,ea) 11 (% eay ) 172 (X, Ca )t

In addition, if f1(x) = (x,eqa)fy and f2(x) = (x,ep)fj for n # m, then we can set

filx) = <x1371>r11{1<xf‘372>?{
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and
fa(x) = <x/‘371>ﬁ1<x/€72>%

where y1 = o,y = B,y =n,np = 0,my = 0and my = m.

In Theorem 1, we obtain the existence of the convolution product and the first variation
for functions in P.

Theorem 2. Let f1 and f, be elements of P and A as in Theorem 1. Then the convolution product
(f1* f2) A of f1 and f exists, belongs to P and is given by the formula

(f1 *f2)A(yz) _

1 Aj N\ ujz- p
< (Jatvemim =) e =5 b

Furthermore, the first variation S 5 f of f exists, belongs to P and is given by the formula

Saf(xlu) = Zn]-)x,,(/.w,ea].)Hf]-(x) (12)
=1
where I
Fix) = (el X - x ()l R (e i

Proof. Using Equations (5) and (6), we have

(fi*f2)aly)
r 1 )\zx]- e | /\04]' m;
= /H’]-Ijl<ﬁ<yr€aj>H+\/§<X,eaj>H> (ﬁ@/emn ﬁ<x,eaj>H> dgc(x)

1\2 1 A \" (1 Aj \™ “j
_(27'(C> E[/IR(ZUj_‘_ﬁuj) (\ﬁvj—ﬁuj) exp{—zc}duj]

where v; = (y, e,x].>H forj=1,2,---,r. The last integral always exists because

: u?
__L
./Rp(u)exp{ o }du <

for any polynomial function p. In addition, it is a polynomial in the variables
(Yo ea ) (Y e )u-

We next establish Equation (12). From Equation (7), we have

0 .
(sAf(x‘u) = ﬁ 11(<xreaj>H + k)\a] <1/l, ea]'>H)n] k0
= =

— énj/\aj <u, eﬂl]‘>Hfj(x)-
j=

Finally, 64 f isin P since f; € P forallj=1,2---,r. [
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4. Homomorphism Properties and Basic Relationships

In this section, we establish some basic relationships among the Wiener transform, the
convolution product and the first variation.

Theorem 3 tells us that the Wiener transform of the convolution product is the product
of their Wiener transforms.

Theorem 3. Let fy, fo, A, Band A’ be as in Theorem 1. Then

Feap(f*f2)aly) = cAB(fl)(\%) c,A,B(fZ)(\%)- (14)
Furthermore, under the hypothesis of Theorem 1, we have
(Feap(f1)* Feap(fo))a(y) = Feas (fl(ﬁ)ﬁ(\/é)) (). (15)
Proof. Using Equations (2), (6) and (11), we have
Fea(f1* f2)a(y)
_ Ax+ By + Az Ax+ By — Az
= Hffl( )R st

_ /H /H (\f] i }:gw'e"‘ﬂ‘* * i\/’%<z,ea,~>H)nj
=1 (\;é(x, e+ P\I/I%W'EMH - i\g@,eaﬂﬂ)mdeC(x)dgC(Z)
= (2171’C> . / ]Irql(/\\f }\lgvij/\\/ﬂ%wj) j

ke ke
iy ) ol £ o

X
j

2 2
]
j=1 j=1
o . ’ M]er] ;] ujfwj- .
where v; = <y,e,xj>H forj = 1,2,---,r. Now let u; = =5+ and wp =~ forj =

1,2,---,r. Then we have

Feas(fi*f2)aly) )
~(ome) Lo T2 (remi+ m)

Ha i r (”j)2+(wj)2 -

(i B0) o 5 O
]':1 7 \/i] ]-:1 2C
r u

= (217_[C>2/r]11[()\ u + il[]v]>n exp{ i ’)z}dﬁ/

r

PNE o g M @
X(ch) /7]11<)\“jwj+ﬁv]> exp _;TC‘ dw

]

where v; =(y, e,x]> forj=1,2,---,r. Hence, using Equation (8), we can conclude that

Feap(fi*f2)aly) = Feap(fi) (\%)E,A,B(fz) (\%)
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In addition, using Equation (9), we have
Fea 5 (Fe,aB(f1) * Fea,8(f2) ar(y)
e Fontf) (35) Fopa(Fonn()) ()

()

which yields Equation (15) as desired, where F 4 p: is as in Theorem 1. [J

In our next theorem, we show that the Wiener transform and the first variation
are commutable.

Theorem 4. Let f be as in Theorem 1 and let A and B be as in Theorem 1. Let S be an operator on
H with Sey = yueq for & € A. Then

OsFeaB(f)(ylu) = Feap(0psf(-|u))(y)- (16)

Proof. Using Equations (5) and (7), we have

0sFe,a(f)(ylu)

= 2 Foan(f)u+ksu)

k=0

d
= /H,f(Ax+By+kBSu)dgc(x)

k=0

d r )
== [ E(Aaj<x, ey 1t + 0 a1 K 1 (3 0) e (3) |

,
= Z Njla;Ya; <u/etxj>H~Fc,A,B(f]'>(y)
=1

where f; is as in Equation (13). We next use Equations (5) and (7) again to get

Feap(dsf(-[u))(y)

d
= —f(Ax + By +kSu)| dgc(x)
/H’ ok k=0

9 r 0
= 5 o TT O (0 o) + g (9 o) + v (1, ) idge (x)
H i=1 k=0

T

Z Ve (s ea; )uFe,a,8(f;) (y)
where f; is as in Equation (13). Comparing two expressions, we obtain Equation (16)
as desired. O

From Equations (14) and (16) in Theorems 3 and 4, we have the following basic rela-
tionships.

Theorem 5. Let f1 and f, be as in Theorem 3. Let A and B as in Theorem 1 and let S as in
Theorem 4. Then we have

S(fi* f2)s(ylu) = (GACIu/V2) % f2)s(y) + (i f2(-u/V2))s(y), (17)
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Fea,8(0psf1(-[u) *opsfa(-lu))a(y)

= 05T apfr(y/V2\u)dsFeapfo(y/V2u),
FeaB(0ps(f1* f2)a(-[u))(y)

= 0s(Feapfi(-/V2) Foapfr(-/V2))(ylu) (19)
= 0sFc,a8(f1* f2)a(ylu)

(18)

and

(Fe,a,80Bsf1(-|u) * Fe,a,808sf2(+ 1)) a(2) = (0sFeapfi(-[u) *dsFe apfal-|u))a(y). (20)

Proof. We first note that Equation (17) follows directly from the definition of the first varia-
tion given by (7). Next we note that Equations (18) and (19) follow from Equations (14)—(16).
Finally we note that Equation (20) follows immediately from Equations (14) and (16). O

5. Integration by Parts Formula with an Application

In this section, we obtain an integration by part formula, and give an application with
respect to the Wiener transform.
Since the Lebesgue measure m; on R’ is an uniform measure and so we see that

/ h(it + 5)dmy () = / 1(@)dmy (@)
r ]Rr
by substitution for w; = u; +v; for j = 1,2,---,r if the integrals exist. It is called the

translation theorem for the Lebesgue integrals. However, the distribution measure g. used
in this paper is the Gaussian measure and hence, in generally,

/H, h(x +y)dge(x) # /H h(z)dge(z)

even if the integrals exist, see [10-14]. For this reason, a different form of formula is
obtained in this paper.

Lemma 1. Let s be a non-negative integer and let p be a function on H defined by the formula
p(x) = (x,e0)n (21)
for some e, € B. Then for all xy € H',
[ P+ x0)dge(x)

= exp{ =5 (ro.eh | [P expd Lxeodm o e (o). =
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Proof. We set v = (x¢, e4)n. Using Equations (8) and (21), we have

[, P+ x0)dge ()
1
(1 \? s u?
= (27’[6‘) A(U"‘U) eXp{—zc}du
R [ o=,
T \2me) Jr exp 2¢
1 12 2
_ 2 - S _wi -
—exp{ 57 }(2nc> /Rw exp{ E + va}dw

1 1
—exp{ = (ro.eo | [ p exp{ L (neodn o eadn (o).
Hence, we have the desired result. [

In Theorem 6, we obtain a translation theorem for H-integrals.

Theorem 6 (Translation theorem for H-integrals). Let f be as in Equation (4) and let xo € H'.
Then

[ £+ xo0)dge(x)
= exp{—zlc i%(xo,eaﬁl} /H/f(x) exp{i i (x, e,x] xo,eaj)H}dgc(x).
j= =1

(23)

Proof. First, by using fact that

[ Fdge() = [ (rew)idge(x) - [ (x e idge(x),

and Equation (22) in Lemma 1 we can establish Equation (23) as desired. [

The following theorem is one of main results in this paper.

Theorem 7 (Integration by parts formula). Let f be as in Theorem 6 and let S be as in Theorem 4.
Then

c [ o f (xlu)dge(x)

(24)
=c H/f( x)dge(x) Z'Y“] X, en;) m (1, Ca;) mAGC (X).

Proof. Using Equations (1) and (7), we have
|, osfxl)dge(x)

= %/Hlf(x+k5u)dgc(x)

k=0

— J kz a 2 2
= 2 lexpd —2- Y % (wek

=

X /H exp{ i (x, ea;)m (1, eaj>H}dgc(x)]

]:

k=0

r

= [ () + L ) Eym s e ),
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which yields Equation (24) as desired. O

Finally, we give an application of Theorem 7.

Theorem 8 (Application of Theorem 7). Let f and S be as in Theorem 7. Let A and B as in
Theorem 5. Then

cFeap(0af(-|u))(y)

= Foan(P)) + [ FOAX+By) Y- v, (o ot e a0
j=1

(25)

Proof. Using Equations (5) and (7), we have

FonsGafh)) = 5 [, F(Ax+ By + kAudge ()|

Now, let f,(x) = f(x+y) and f4(x) = f(Ax). Then
f(Ax + By +kAu) = (fg,) (x + ku)
and, hence, using Equation (24) by replacing f with (fg,)", we have
Fensaf(-[u))(y)
= o [ )+ g (o)

k=0
= [ Gr) A @dge) + 1 [ () zva]xea] (1,0, 1lge (x)
= Fan()) + & [ FAx+By) Y oo e, e ).
j=1

Hence, we have the desired results. O

6. Applications

In this section, we give some applications to apply our fundamental formulas obtained
in previous sections.

6.1. Application of Theorem 3

We first give an application to illustrate the usefulness of Equations (14) and (15) in
Theorem 3.

Example 1. Let r = 2. Let f1(x) = (x,eq,)% and let fo(x) = (x,eq,)%(x, €a,). Let A and B be
as in Theorem 3. From Equation (8) we have

Foas(f1)(y) = Az, (Y, €ay) s + 2013,
and
Fens(f2)(y) = (A2, (v, ea)) Tt + 203, 1 [Hay (Y, €0, ) 1)

Hence, using Equation (14), we have

Feap(fi*f2)aly)

f Moy

)\M A2, (26)
= <y,€“2> +2CV§¢2:| |:2<]/16041>%I+2C‘u02c1:| |:\f<]//e:x2> :|
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Furthermore, we note that

fl(x)fZ(x) = (x, ea1>2(x, erx2>3

Fe,AB <f1(ﬁ)f2(ﬁ)> )
A A Be(pi, + Ao
- [B e+ 208 | B e X2 .
Hence, using Equation (15), we have
(Fean(fi) * Feap(f2))a(y)

Az, A3 3c(p2, + Aay)
= [ Hy e )i +2014§1] [?(y,eaz>%+“2ﬁ”<y/eaz>n]-

These tell us that the Wiener transform of convolution product and the convolution product of
Wiener transforms can be calculated without concept of convolution product very easily.

and so

6.2. Application of Theorem 5

We next give an application of Equation (19) in Theorem 5.
Example 2. Let f1, f», A and B be as in Example 1. Using Equation (26), we have
dsFe,ap(f1* f2)a(ylu)

0
= ﬁfc,A,B(fl * f2) a(y + kSu)

k=0
_ J 362(( k > )2 2 2
=3\l Y, eay)H + kyay (U, €0y ) 1) + 20y,

AZ
| 5 (o b )P+ 292,

[%(W, ea,)H + k7a2<”rea2>ﬂ)] )

k=0
2

A A2
= (e | 2 e+ 20 | e 202, | |2 e

3‘2 2 2 Agﬂ
7@/ Cay )i + 201y, >

2

A
P\l/o% <u 6061>H {;2

Using this, we obtain that

Fe,a,8(0Bs(f1* f2)a(-|u))(y)

AZ
= )\iz <Ll, ea2>H |:§2

‘ =

A2 (o) [ VeV + wil} [ 2y, %h}

22
(v, eas)is + 261&2] [21

SE S

ien i+ 2002, || 12 (e

2

A
(v, ) +25P‘§2] [;1 E

(Y, ea )it + 26%31} [j;w, %>H}

2 AZ

22, e | 52 e 2002, || StV 2002, | | B2 vl
A2 A2

[L\l/oc%<u 6041>H {;2<yretxz>%{ +2C.u§c2} |:21<y’e“1 +2cﬂa1] [l/\lf y'eﬂlz ]

- (Ai2<u,ea2>H+Ail<u,eal>ﬂ+fj};w,em ) Fors(fi* £)a).
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6.3. Application of Theorem 7

We finish this paper by giving an application of Equation (25) in Theorem 7. Equation (25)
tells us that

o P45+ B9) Vv e e e -

= C.FC,A,B(§Af("u))(y) - CFC,A,B(f)(]/)'

The left-hand side of Equation (27) contains some polynomial-weight and so it is not easy
to calculate. However, by using Equation (27), we can calculate it very easy via the Wiener
transform and the first variation. We shall explain this as example.

Example 3. Let f1, f», A and B be as in Example 1. Then we have

]:C,A,B(éAfl('W))(y) = zyazAﬂz <]// eﬂt2>H
and
‘FC,A,B<fl)(y) = /\ﬁz <y’€“2>%{ + 2C‘u§é2'

Hence, using Equation (27), we obtain that

02 (02114 g (0, g Yt Py (5 )1 (1, e e ()
= chlxz)\ﬂéz <]// eﬂé2>H - C)Liz <]// €N2>%I + 2C2‘u§2 .

In addition, we have

Fens@afa(-[u))(y) = 2cp3, Ay (1, €0y (Y, €0y )1 + 205 AZ, (11, €0y )1 (Y, 0, )
+ ‘uO‘Z <u’ 6“2>H(CV§C1 + Ai] <y’ e‘Xl >%‘I)
and
]:c,A,B (fZ) (y) - [Ail <y, 2% >%—I + 2C.u§c1] [‘ulxz <]/, €a, >H} .
Thus, from Equation (27) we conclude that

/H’ [.ul’ll <x/ €y >H + Al’ll <y/ €y >H]2
2
x [,szz <x/ etxz>H + Aay <y/ ea2>H] 2 Va; <xr evéj>H<ur ellj>HdgC (x)
j=1

= 202#21 /\112 <u/ €y >H <yl 6“2>H + 20#21 /\uzq <M, €y >H <yl Cuy >H
+ Chhay <u/ 6062>H (C‘M,%] + )\gq <]// €a >%{)
— c[AZ, (s en Vi + 2003, 1oy (Y, €0, ) 1]

7. Conclusions

According to some results and formula in previous papers [1-3,7-9,15] and our results
and formulas in previous Sections 3-5, we note that all results can be explained by the
eigenvalue of operators on Hilbert space. As you can see from the results of the previous
Sections 3-5, we are able to obtain various relationships that are not found in the previous
research results. We also see in Section 6 that our results can be applied to various functions
in the application of various fields. Therefore, it can be seen that the results in this paper
are structured in a generalized form.
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