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Abstract: We consider the predictor-corrector numerical methods for solving Caputo-Hadamard frac-
tional differential equations with the graded mesheslogt; = loga + (log ™) (£)", j=0,1,2,..., N with
a>T1andr > 1, whereloga =logty < logt; < --- <logty = logT is a partition of [log g, log T].

We also consider the rectangular and trapezoidal methods for solving Caputo-Hadamard fractional

differential equations with the non-uniform meshes log ¢ = loga+ ( log %N) I\JTEJNT;) ,j=012,...,N.
Under the weak smoothness assumptions of the Caputo-Hadamard fractional derivative, e.g.,
cuDay(t) ¢ Clla, T] with « € (0,2), the optimal convergence orders of the proposed numerical
methods are obtained by choosing the suitable graded mesh ratio » > 1. The numerical examples are
given to show that the numerical results are consistent with the theoretical findings.

Keywords: predictor-corrector method; Caputo-Hadamard fractional derivative; graded meshes;
error estimates

1. Introduction

Recently, fractional differential equations have become an active research area due to
their applications in a wide range of fields including mechanics, computer science, and
biology [1-4]. There are different kinds of fractional derivatives, e.g., Caputo, Riemman—
Liouville, Riesz, which have been studied extensively in the literature. However, the
Hadamard fractional derivative is also very important and used to model the different
physical problems [5-11].

The Hadamard fractional derivative was suggested in early 1892 [12]. More recently, a
new derivative which involved a Caputo-type modification on the Hadamard derivative
known as the Caputo-Hadamard derivative was suggested [8]. The aim of this paper
is to study and analyze some useful numerical methods for solving Caputo-Hadamard
fractional differential equations with graded and non-uniform meshes under the weak
smoothness assumptions of the Caputo-Hadamard fractional derivative, e.g., cyDj ,y(t) ¢
Cla, T] with & € (0,2).

We thus consider the following Caputo-Hadamard fractional differential equation,
with & > 0 [8]

culay(t) = f(ty(h), 1<a<t<T, 1)
ofy(a) = ygk), k=0,1,...,[a] -1,
where f(t,y) is a nonlinear function with respect to y € R, and the initial values yt(zk) are

givenandn —1 <a <n,forn=1,2,3,.... Here the fractional derivative CHDg,t denotes
the Caputo-Hadamard derivative defined by

5@(5)%, t>a>1, )

cuDay(t) = m /at (IOgé) [a]—a—1
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with 6"y(s) = (s&)"y(s), and where [a] denotes the smallest integer greater than or equal
to a [8].

To make sure that (1) has a unique solution, we assume that the function f is continuous
and satisfies the following Lipschitz condition with respect to the second variable y [7,13]

If(t,y1) — f(ty1)] < Llyy —y2| for L >0, y1,y2 €R.

For some recent existence and uniqueness results for Caputo-Hadamard fractional
differential equations, the readers can refer to [14-16] and the references therein.

It is well known that the Equation (1) is equivalent to the following Volterra integral
equation, with &« > 0, [5]

t

[a]-1 v _
_ (v) (log 7) 1t £ya-1 ds
v = L v e L, (os )" foyeN T )

V! S

Let us review some numerical methods for solving (1). Gohar et al. [7] studied
the existence and uniqueness of the solution of (1) and Euler and predictor-corrector
methods were considered. Gohar et al. [13] further considered the rectangular, trapezoidal,
and predictor-corrector methods for solving (1) with uniform meshes under the smooth
assumption of the fractional derivative, e.g., ;D% ,y(t) € C?[a, T] with a € (0,1). There
are also some numerical methods for solving Caputo-Hadamard time fractional partial
differential equations [7,17]. In this paper, we shall assume that ;D% ,y(t) ¢ C?[a, T] with
a € (0,2) and assume that ;D2 y(t) behaves as (log £)” with ¢ € (0,1) which implies
that the derivatives of -; Dj ,y(t) have the singularities at loga. In such case, we can not
expect the numerical methods with uniform meshes have the optimal convergence orders.
To obtain the optimal convergence orders, we shall use the graded and non-uniform meshes
as in Liu et al. [18,19] for solving Caputo fractional differential equations. We shall show
that the predictor-corrector method has the optimal convergence orders with the graded
meshes logt; = loga + (log %N) (%)r, j=0,1,2,...,N for some suitable r > 1. We also
show that the rectangular, trapezoidal methods also have the optimal convergence orders

with some non-uniform meshes log t; = loga + (log %N) I\]IE]I\IE)l) ,7=0,1,2,...,N.

For some recent works for the numerical methods for solving fractional differential
equations with graded and non-uniform meshes, we refer to [17,20-22]. In particular,
Stynes et al. [23,24] applied a graded mesh on a finite difference method for solving
subdiffusion equations when the solutions of the equations are not sufficiently smooth. Liu
et al. [18,19] applied a graded mesh for solving Caputo fractional differential equation by
using a fractional Adams method with the assumption that the solution was not sufficiently
smooth. The aim of this work is to extend the ideas in Liu et al. [18,19] for solving Caputo
fractional differential equations to solve the Caputo-Hadamard fractional differential
equations.

The paper is organized as follows. In Section 2 we consider the error estimates of
the predictor-corrector method for solving (1) with the graded meshes. In Section 3 we
consider the error estimates of the rectangular, trapezoidal methods for solving (1) with
non-uniform meshes. In Section 4 we will provide several numerical examples which
support the theoretical conclusions made in Sections 2 and 3.

Throughout this paper, we denote by C a generic constant depending on y, T, &, but
independent of t > 0 and N, which could be different at different occurrences.

2. Predictor-Corrector Method with Graded Meshes

In this section, we shall consider the error estimates of the predictor-corrector method
for solving (1) with graded meshes. We first recall the following smoothness properties of
the solutions to (1).
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Theorem 1 ([25]). Let & > 0. Assume that f € C?*(G) where G is a suitable set. Define
6 = [1] — 1. Then there exists a function ¢ € C'[a, T] and some constants c1,ca,...,c5 € R
such that the solution y of (1) can be expressed in the following form

o

y(t) = p(t) +r (log 1)+ ex (tog )" -+ co (tog )

An example of this would be when 0 < a < 1, f € C?(G). We would have 9 =
1-1>1and

t 14
y= c(log E) + smoother terms.

This implies that the solution y of (1) would behave as (log £)*, 0 < a < 1. As such
the solution y ¢ C[a, T].

Theorem 2 ([25]). Ify € C™[a, T] for some m € Nand 0 < « < m, then

a

7

m=la]=1  sl+[a] a]—a+l
N _ y(a) t [4]
DLy =0+ L ey Vo (108 )

where ® € C"[1[a, T) and 6"y(s) = (s%)”y(s) withn € N.

With the above two theorems, we can see that if one of y and - Dg ,y(#) is sufficiently
smooth then the other will not be sufficiently smooth unless some special conditions have
been met.

Recall that, by (3), the solution of (1) can be written as the following form, with
a€(0,1)and y, = y(o)

4 a 7
ds

y(t) =ya+ 1"(104) /at (logt - logs)a_1 [CHDZC,sy(S)} — @)

Therefore it is natural to introduce the following smoothness assumptions for the

fractional derivative - D ,y(t) in (1).

Assumption 1. Let 0 < o < 1and « > 0. Let y be the solution of (1). Assume that - Df 1y(t)
can be expressed as a function of log t, that is, there exists a smooth function G, : [0,00) — R
such that

Ga(logt) := cyDjy(t) € C*(a, T). ®)
Further we assume that G, (-) satisfies the following smooth assumptions, with1 < a <t < T,
|Gl (logt)| < C(logt —loga)’1, |G!(logt)| < C(logt —loga) 2, (6)

where G, (-) and GJ/(-) denote the first and second order derivatives of G,, respectively.
Denote

Qa(t) == Ggy(logt), 1 <a<t<T.
We then have

d

ga(t) 1= (t5;)8a(t) = Gi(logt),
5 d.2 d,, dga. I
Paalt) = (1) alt) = (£3)(:°82) = Gl (log ), )

Hence the assumptions (6) is equivalent to, with1 <a <t < T,
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gl < ¢ (log2)" ", 18] < C (10g 1) ®)

which are similar to the smoothness assumptions given in Liu et al. [18] for the Caputo fractional
derivative -Df ,y(t).

Remark 1. Assumption 1 gives the behavior of g,(t) near t = a and implies that g,(t) has
the singularity near t = a. It is obvious that ¢, ¢ C2?[a, T]. For example, we may choose
ga(t) = (log L) with0 < o < 1.

Let N be a positive integer and leta = ty) < t; < --- < ty = T be the partition on
[a, T]. We define the following graded mesh on [log(a),log(T)] with

loga =logty <logt; < --- <logty =1logT,
such that, withr > 1,
logt; —loga _ ( j )r,
logtn —loga
which implies that

]’ r
logt; = loga + (logty —loga) (N) .
When j = N we have log t5 = log T. Further we have

logtjy1 —logt; = logt];1 = logg K]_FTl)r - (%)r}

Denote yx ~ y(tx), k=0,1,2,...,N the approximation of y(t;). Let us introduce the
different numerical methods for solving (3) with « € (0, 1) below. Similarly we may define

the numerical methods for solving (3) with @ > 1. The fractional rectangular method for
solving (3) is defined as

k
Vi1 = Yo+ Y bia f(t, 7). )
j=0
where the weights b; 1 are defined as
P B\ (oe BE1)Y |
b],kﬂ—“_’_l (log ; ) (log tj+1) , j=012,...,k (10)

The fractional trapezoidal method for solving (3) is defined as

k+1

Vi1 = Yo+ Y a1 f(ty)), (11)
j=0

where the weights ajk+1 forj=0,1,2,...,k+1 are defined as

1 H
log%AOI ] — Or
1 L_A; LB, j=12,...,k
. — T ] 7 jr ] AR Y]
Ajk+1 I"(a+2) log%jl logjt—]_l (12)

(logt’;—:l)a, j=k+1,
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=) - o) ) ) 01
J+ ] ] ]
B, :(logtﬁ;l)aﬂ - <log?;j)a+l + (a+1)(1ogtjtjl) <log?;j>a, =12,k

The predictor-corrector Adams method for solving (3) is defined as, witha € (0,1),k =
01,...,N—1,

{]/II:JF] = Yo+ Z;‘(:() bj,kJrlf(tj' y])' (13)
Yirr = Yo+ Zio a1 f (5, 5) + Ak jer f (b, YE ),
where the weights b; ;1 and 4,1 are defined as above.

If we assume that g,(t) := CHDz"ty(t) satisfies Assumption 1, we shall prove the

following error estimate.

Theorem 3. Assume that g,(t) := -y Dj 1y (t) satisfies Assumption 1. Further assume that y(t;)

a

and y; are the solutions of (3) and (13), respectively.
1. If0 < a <1, then we have

CN-7(o+a), ifr(c+a) <1l+a,
Or2ja<>§\] ly(t;) —yjl < CN7"H0) og(N), ifr(c+a)=1+a,
o CN—(1+a), ifr(c+a)>1+a.

2. Ifa > 1, then we have

CN—+9),ifr(140) <2,

Dy < -2 i —_
Ogg;v\y(t]) yjl <{CN2logN, ifr(l+0) =2,
CN—2, ifr(1+0)>2.

Proof of Theorem 3

In this subsection, we shall prove Theorem 3. To help with this we will start by proving
some preliminary Lemmas. In Lemma 1 we will be finding the error estimate between
ga(s) and the piecewise linear function P;(s) forboth 0 < @ < 1 and a > 1. This will be
used to estimate one of the terms in our main proof.

Lemma 1. Assume that g,(t) satisfies Assumption 1

1. If0 < a <1, then we have

CN~"@+)  ifr(o+a) <2,

£ t a—1 d
[ (105 1) ™ (ga(s) = Pi(s) | < { CN“2og N, ifr(or+a) =2,
’ CN72, ifr(c+a)>2.
2. Ifa>1, then we have
CN-—"(1+0) ifr(1 2
s gyl ds DA y‘r( +0) <2,
[ (105 ™2) " (gu(s) — Pu() | < A ON2log N, ifr(1+0) =2,
a
CN72, ifr(1+0) > 2,
where Py (s) is the piecewise linear function defined by,
log £~ log
Py(s) = ],;1 8t + —78(tjpa), s € [t byl

log t]? log T
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Proof. Note that, withk =0,1,2,...,N —1,

/ (1ogt"7“)“<gu< )= Py(s)

s
t1 /,+1 /t:k+1 tk+1> (24(5) — Py(5)) is

211+12-|-I3.

For I, we have

Note that, with s € [a,t1],

8a(s) = Pi(s)
— guls) — [logs —logt (a) logs —loga (t )}
8a loga —logt; ‘ logt; —loga ol

— BB (50(s)  8(0)) + o B (ga(s) — gat))

loga —logt; logt; —loga
_ logs —logt; /S / logs —loga '
= loga —Togts Jo G,(logT)dlog T+ log fy —loga /s, G 2(logT)dlogT,

which implies that, by Assumption 1,
s 1
84(5) = P1(s)| < [ |Gl(log™)|dlogT+ | |Gy (log)|dlog
Ja JS
S T o—1 T tl T o—1 T
< _ _ - _
_C/u (loga) dloga—i—C/s <loga) dloga
S\7 f1\7
_C(loga) —l—C(log;) .
Thus we have, by (14),
il <c [" (10 51) " (10g ) " s [ (10g K1) (10g 1)L
1= a g S gﬂ S a g S g S
Note that there exists a constant C > 0 such that
logtk“ > log <t1 k“ > Clog ;1, k=1,2,...,N—1,

which follows from

1 tre (kil) )
1< lzitkﬂ:(k]t]l)rN—(llj)r:1+(k+1l)r_1§1+2’—]SC‘

Thus we have, for0 < a <1,
i< (s 52) [ (1os3) " (o 52) (o)

Sc(log%)afl(logti)wrl C(l gtk+1):x l(log%>a+1

a

(14)

(15)

<C(log%k)“ (lg )a+1 ( ) ( )r(a 1)<log£)a+l<%)r(0+l)

:C(kr(afl)N r(uc+(7)) <CNT r(a+ )
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(10g51) = (10 ) ((j + 1)~ )N

]

For &« > 1, we have

s is2)" [ ()" (s ) (s
<o ()" () < (s (1)
(1

o) ()" ) )

C(kr(tx 1)N a+0)) < CN—Y(l-HT).

C

For I, we have, with §j € (t]-,t]-H), j=12,...,k—landk=2,3,...,N—1,
=21 [ (10g51)" 02g,() (105 5 ) (10g - ) &
- a 7
! tj t]+1 S
where we have used the following fact, with s € (t]-, tii1 ),
logs —logtj 1 logs —log t;
8als) = {log ti —logtit1 &a logtj11 —logt; gal ]H)}

1
= 5;9°84(Gj)(logs —logt;)(logs — log t;1),

which can be seen easily by noting ¢,(s) = G,(logs) and (7).
By Assumption 1 and by using [24] (Section 5.2), we have, with k > 4,

ol <€ & (102 ) (10 2) 7 [ (10 h22)"

S

j=1 j j
SNCICH R
= ]
k-1 fiiqn2 fNo—=2 ot -1
+Cj_(zk‘;q (log%) (loggjy /tjm (logtkgl)“ %
=In + I,

where ["_711 defines the ceiling function defined as before. For each of these integrals we
shall consider the cases when 0 < &« < 1 and when a > 1.
For I,;, when 0 < & < 1, we have, with k > 4,

k11 ¢

I <C ]; (logz—;l)Z(logaj)a 2(10gt1::>a1< gt];_1>

<c T (gt (rog ) (rom )

i=12,..

Note that, with {; € [j,j +1], L -

T =g INT < Cr(j+ 1) TINT < GTINT, (16)
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/N
I~
aQ
~
B
£
—
N—
2
|
I

a—1 r 1-a
Fi (Tos t7N> ((k+1)r1\i (j+1)’)
a—1 r 1—-a

g(log%\’) ((k+1)rN [kgl]r)

<C(N"(k+1)"""" < C(N/k)y (-9,
Thus, with k > 4,

(17)
-1
Iy

IN

C (jrlefr)B(]-/N)r(o'fﬁ(N/k)r(lfa)
=1

)1 k-1
—-C Z jr(uc+(7)—3N—r(tr+a)(j/k)r(l—a) _ CN—r((T-Hx) jr(oc+17)—3‘
= =
Case 1, If r(0 + &) < 2, we have

M54
1'21 < CN—V(U-HX) Z
j=1

1
jr(t7+oc)—3 < CN_r((H_lX).
Case 2, If r(0 4+ a) = 2, we have

-1
Iy<CN? Y jl< CN’Z(H— L l) < CN2logN.
= 2 N
Case 3,If r(0 4+ ) > 2, we have

[4-1
121 < CN—V(O’-HX) Z
j=1

]-r(0+zx)—3 < CN—r(U+4x)kr((7+a)—2 — C(k/N)r(U-s-a)—ZN*Z < CN~2.
Thus, we have that for 0 < a <1

CN—+0),ifr(o +a) < 2,
Ly < {CN~2logN, ifr(c+a)=2,
CN~72, ifr(c+a)>2.
Next we will take the case for when &« > 1, we have, with k > 4,

B s ) (o '52) (')
e o () ()

[it-1
<C

(]rlefr)3(j/N)r(¢772) (k/N)r(zxfl)
j=1

5-1
<CN 17 Z ]-r(1+(7)—3‘
=1

Thus, we have that fora > 1,
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CN+9) ifr(1+0) < 2,
Iy < {CN—2 logN, ifr(14+0) =2,
CN72, ifr(1+0) > 2.

For I», we have, noting that with [k%l] <j<k—-1k>2,

(g 2)7 = (1og2)" i

which implies that

k-1 t a—1
Y KINTREN ke [T (10g %41 ds
k 1 t: S S
]:’—T I
<Ckr(772N71’(7 fi ( IOg tki
- fisty s
2

Iy <C

iy
)

Note that
f tr1\*tds 1 terr \* ter1\©
/tm(logs) S Ta <1°gtm) = (1o7)

2

<o) < ()

« _ T a
M54

o

we get, withk > 2and a > 0,

I §Ckm*2N7"‘7(k/N)m _ CNfr(aﬁx)kr(athx)fz

CN—"+) if r(o 4 a) < 2,
CN72, ifr(c+a) > 2.

For I3, we have, with §; € (#,ty1),k=1,2,...,N—1,
k+1 t
= [ (108 "2 ) (5u(6) ~ D
tk1 t s s \ds
J (10g %)5%@(10% i) (o —) )

tr

By Assumption 1, we then have, with &« > 0,

15| <C (log k“) (logZ()UZ/:H (1ogtkT+1)“*l%
~C (log "“) (logZ‘)g_zi(logt’:l)“
—C (1ogt%1) +"‘(bg%k)”_z
<C(1og %N)M(kHNr)M (10g %N)H(k /N)r7=2)

:Ckr(a+0)—2—sz—r(a+U)

CN~H) if (o + o) <2 +a,
CN~2+) if r(o 4+ a) > 2+ a.

o-2) _ <10g %\1) (N/]')r(Zfa) < C(N/k)r(Zfa),

:1(10g %N)“((k +1)/N)™ < C(k/N)™,

(18)
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Obviously the bound for I is stronger than the bound for I,;. Together these estimates
complete the proof of this lemma. O

In Lemma 2 below, we state that the weights ;1 and b; ;1 are positive for all values

of j.

Lemma 2. Let &« > 0. We have

1 ajp > 0,j=0,1,2,...,k+ 1 where Aj k41 are the weights defined in (12),

2. bjg1>0,7=0,1,2,...,k+1where a1 are the weights defined in (10).

Proof. The proof is obvious, we omit the proof here. O

For Lemma 3, we are attempting to find an upper bound for a; 1 j11. This will be
used in the main proof when addressing the aj1 ;4 term.

Lemma 3. Let « > 0. We have, withk = 0,1,2,...,N —1,

A1 h+1 < CN—7ok(r=be,

where ay 1 k41 is defined in (12).

Proof. We have, by (12), with §; € (k,k+1),

1 b1\ ® EN\* Nr—ra r r\
< < = _
Tt k1 _F(oc+2)< o8, ) —C(k’g a) N7 (ke +1)" = k)

:CN—m(rér;—l)a — CN_m(T(k+ 1)(;’—1))0( — CN—mk(r—l)zx.
O

In Lemma 4 we will be finding the error estimate between g,(s) and the piecewise
constant function Py(s) for both 0 < &« < 1 and a > 1. This will be used to estimate one of
the terms in our main proof.

Lemma 4. Assume that g,(t) satisfies Assumption 1.

1. If0 < a <1, then we have

W et g [ONTE o) <1t

k+1 - S

A1 k41 /a (log ks“) (8a(s) — Po(S))S‘ < {CN " logN, ifr(c+a) =1+a, (19)
CN-1-%, ifr(c+a)>1+a

2. Ifa > 1, then we have

(20)

e b\ ! p
a log —/— s s <
k+l,k+1/ﬂ ( &5 ) (8a(s) — Po(s)) CN-1-# ifric+a) >1+a,

ds {CN’(‘7+“), ifric+a) <1l+a,
S| =

where Py(s) is the piecewise constant function defined as below, with j = 0,1,2, ...,k

Py(s) = gu(t]'), s € [i’j, t]‘+1].
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Proof. The proof is similar to the proof of Lemma 1. Note that
tri tk a—1 ds
ﬂk+1,k+1/ (108 TH) (8a(s) — Po(s)) -
fl j+1 tk+1 t ds
= i ( / +[7) (108 1) (gals) — o(s) =
0 ty S
=L+L+1
For I], by Assumption 1, we have
S\
8a(s)| = [Gallogs)| < C(log>) ", [Po(s)] = [ga(a)| = 0.
Hence we get
h t o= 1 t ds
/< / tep1 / k+1 ds
1 <o () (log ™) lga()| T NGk
t t a—1 U'ds t1 t a—1 dS
< —rap(r—1)a / k+1 2y = / Zk+1 o>
steNTReI ([ (leg 7t ) (loga) s, (en) o)

e [ g %),

If0 <o <1, wehave

1] <(CN—rk(r=1a <log tk+1)”‘ 1<log%)a+l
<(CN-Tlr=1a (10g tk+1>"‘ 1(1 gtal)wrl
I

=(CN~"kr=D%) (1og ) (k-f—l)V(“—l)<log§)‘7+1(%)7(0+1)

(CN mk(r 1)a )(CN r(a+o) ) _ (k/N)mk (CN—r(tx-Hr)) < CN_r(‘H_U).

If « > 1, we have
! —rap(r—1)a tk;l a—1 ti o+1
L] <(CN"™k )(log p ) <loga>

:(CN—mk(r—l)a) (log %)tx—l (HTl)r(tx—l) (log g)a—kl (%)r(g+1)

S(Cmek(rfl)rx)(CNfr(lﬂf)) < C(k/N) Dang—a p—r(140)
<CNT(H0)—e < N1,

For I}, we have, with getptiy), j=12,...,k-1,

1 t d
1| < a1 Z/H kH) \5ga(Cj)\<log ) s

s
Hence, by Assumption 1,

] S

|15 SCak+1,k+1( kZ; ;_Z; ) <log J+1) <log %)Ufl /tjtm <log %i)afl%
2

=I5 + L.

S
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For I},,if 0 < a < 1, then we have, with k > 4,

(108 %) (108 1) (rog )

j+1

k 1 -1

Iy <(CN-7kU=De)

=(CN " kl=) (j’_lN_r)z(j/N)’( N7k

SC(k/N)m jr(a+¢7)—2—1x (]-/k)zx(]-/k)r(l—vc)N—r(vc+U)

k171 CN-rlato), ifr(a+o)<l+a,
< { CN—"(at0) logN, ifr(a+0)=1+ua,

CN-17%, ifr(a+0)>1+a.
If « > 1, we have

121 (CN rzxk(r 1)a ) (10g j 1) (logt )(7 1(10gtk7+1)¢x—1
1 tj

S(CNfrrxk(rfl) ) 2 r 1N ]/N)r(a 1) (N/k) r(l1—a)

L _
:C(k/N)(rfl)szﬂfora r ZZ 1o —2
]:
[t
SCN—a—m—r Z ]~r+r(r—2'
j=1

Note that r +rc —2 > —1 for any r > 1. Hence, we have
Iél < CNfafrtffrkrﬂ’rffl _ C(k/N)rJrrrTleflfrx < CNflfa_

For I,, we have

to o ke (i) (o) [ () 1)

2

Noting that, with [k%l] <j<k-1, k>2

o—1 t c—-1 . _ t o—
(log ) (log;N) (j/N)e=1) = (log%) (N/]) r1=0) < c(N/k)"1
we have, with « > 0,

k-1 . .
By <N Y (kNN 00 [ (1o i)
[5] ki ° s
<(Cmek(rfl)ac)krflfrﬂTNfrJrrfm(k/N)m < Ckr(0+ac)7171xN7r(¢T+oc)
CN—rlo+a) jf rlo4+a) <1l+a,
CN™"%, ifr(c+a) >1+a

IN
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For I}, we have, with « > 0,

|13 S(CN*Mk(r*l)a) <log %) (log %k)ail ( log %)'X

<(CN~*K1%) (log t"tzl)“l (10 i")H.

Further we have

1] <(CNrok( =) (TN ) /Ny )
:C(k/N)rak—akr(oc+(r)—oc—lN—r(zx-Hr)
<Ckr(zx+z7)—a—l N—r(a-i—a)
< CN@H) ifr(c+a) <1+a,
“|CNTI, ifr(c+a) > 1+

Together these estimates complete the proof of this Lemma. [

For Lemma 5, we are attempting to find an upper bound for the sum of our weights.
This will be used in the main proof when simplifying several terms.

Lemma 5. Let « > 0. There exists a positive constant C such that

k T

Y Ak gC(log E)a/ (21)
j=0

k T\ &

2 bj,k+l SC(IOg E) ’ (22)
j=0

where ajyyq and bjr,1,j =0,1,2,..., k are defined by (12) and (10), respectively.

Proof. We only prove (21). The proof of (22) is similar. Note that
tit1 1 a1 a—1 ds - k+1 R
[ (0s%2) a0 = Lonisas(t) + R

S

where R; is the remainder term. Let g,(s) = 1, we have
k+1

];)aj,k+1 _ /atk+1 (10gtkT+1)zx—1 '1% _ %<logtk7+1)a < C(log §>a.

Thus, (21) follows by the fact ;1 > 0in Lemma 2. [J
We will now use the above lemmas to prove the error estimates of Theorem 3.

Proof of Theorem 3. Subtracting (13) from (3), we have

14 S S

)~ = s { [ (108 2) (o) — o) S

k
+ Z(:)ﬂj,kﬂ(f(tj/y(fj)) — f(t,9i) + Ak O (e, y(fn)) — f(tk+1/yl€+1))}
=

= I,(lac)(I+II+IH).



Mathematics 2021, 9, 2728

14 of 25

The term [ is estimated by Lemma 1. For II, we have, by Lemma 2 and the Lipschitz
condition of f,

Kk
|11 = Z(;)ﬂj,kﬂ(f(fj/y(tj)) - f(ty,y)
=z

k
< ;)aj,k+1|(f(tj/y(tj)) — ft,yp)|
=
k
<L Z(;)aj,k-i-l ly(t) —y;l-
=

For I11, we have, by Lemma 2 and the Lipschitz condition for f,

[TTT] = |ags1 jg1 (F (rgr, Y (Bgn)) —f(fk+1/y11:+1))\ < @11 LIy (tegr) — ]/11:+1|-

Note that
) = =g { [ (108 52) " (o) — (o)
+§ b1 (f (£, y(t7)) —f(tj,yj))}.
Thus,
11 <Caprnl [ (10g 1) (s, p5)) — 2o(s) 22

k
+Carp1 L Y b lf (4, y () — f(t, )]
=0
=II1 + II],.

The term I11; is estimated by Lemma 4. For I1],, we have, by Lemma 2,

k k
1L <Cagapr L Y b ly(ty) = yil < (CNTKUTD) Y by fy() — v
j=0 j=0

K
<C(k/N)TDEN"*Y " by |y(t) — vl
=0

k
<CN™* Y bjly(t;) — yjl-
j=0

Hence, we obtain

k
[Y(tes1) = Yiesr] SCH[+C Y ajjeialy(t)) — yjl
=0
K
+C|IIT |+ CN™* Y bjrialy(ti) — yjl.
=0

The rest of the proof is exactly the same as the proof of [18] (Theorem 1.4). The proof
of Theorem 3 is complete. [
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3. Rectangular and Trapezoidal Methods with Non-Uniform Meshes

In this section, we will consider the error estimates for the fractional rectangular
and trapezoidal methods for solving (1). These results are based on the error estimates
proposed by Liu et al. [19]. First, we will introduce the non-uniform meshes for solving (1).

Let N be a positive integer and leta = ty) < t; < --- < ty = T be the partition on
[a, T]. We define the following non-uniform mesh on [log(a),log(T)] with

loga =logty <logt; < --- <logty =logT,

such that
logtj—loga  j(j+1)
logty —loga  N(N+1)
which implies that
i(j+1

Now we see when j = 0, we have log t) = loga. When j = N we have logty = log T.
Further we have

t‘ .
szzlogt]-ﬂ—logtj:log%ll: 2(j+1) 1 EN
j

N(N+1) %4
3.1. Rectangular Method
In this subsection, we prove the following error estimate for the rectangular method

over the given non-uniform mesh.

14

Theorem 4. Assume that g,(t) := -y Dj 1y (t) satisfies Assumption 1. Further assume that y(t;)
and y; are the solutions of (3) and (9), respectively.

1. If0 < a <1, then we have

CN—2o+a), ifo<2(c+a)<1,
Jmax [y(t) —yjl < CNT2Tlog(N), if2(o +a) = 1,
o CN1, if2(c +a) > 1.

2. Ifa > 1, then we have

t) —y;| <CNL
Orgr}.'gvly(]) yil <

To prove Theorem 4, we need some preliminary lemmas. Here we only state the
lemmas without proofs since the proofs are similar as in Liu et al. [19]. In Lemma 6 we will
be defining a key estimate which we will be using in our main proof.

Lemma 6. Assume that g,(t) := cyDj 1y(t) satisfies Assumption 1.
1.  If0 < a <1, then we have, withk =0,1,2,...,N—1, N > 1,

a—1

1 & tin t d k
‘W Z/,H (log %) ga(s)?S — ij,k+1g(tj)’
j=0""% =0

CN—2(o+a), if0<2(c+a) <1,
< { CN~2+9) Jog(N), if2(c+a) =1,
CN—1, if2(c+a) > 1.

2. If1 < a <2, then we have
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1 t -1 d k _
o Z / " (log E) " gals)D = X bisagh)] < N
j=0

In Lemma 7 we will find some upper bounds for our weights b; ;1 and a; 5 1.

Lemma 7. If « > 0, k is a non-negative integer and T < T]-H,j =0,1,...,k—1, then the
weights bj x.1 and a; 1 defined by equations (10) and (12), have the following estimates:

-1
bigsr < C,X’f](log "jl) i=0,12,...,k

o 1 k+1 & ;
a; <C TO( o8 ) ' J=0
Jk+1 = S ¢ a—1 a—1 .
T](log k“) + 7 1(log "“) , j=12,..k+1,
where C, = ﬁ max{2,a}.

In Lemma 8 we will give an adapted Gronwall inequality to be used in the main results.

a—1
Lemma 8. Assume that a,Cy, T > 0 and b]-,k = Co'rj(log%?) ,j =01,2,...,k—1 for
O=t<h < - <H{ < - <ty=Tk=1,2,...,N where N is a positive integer and
=log 4 “1 . Let go be positive and the sequence {iy } meet

Po < go,
P < XI2] bkt + 8o,

then
P <Cgo, k=1,2,...,N.

Proof of Theorem 4. Fork =0,1,2,...,N — 1, we have
1 b feap\2 1 ds k
ly(tks1 — Vi | _‘W/a (108 T) 811(5)? - ];)b',kﬂf(t]r]/])‘

" (1og B1) " (gu(s) — g4

S

+\ ;)b]-,m(g(tj) —f(tj,ym\ = [+1L.
£

The first term I can be estimated by Lemma 6. For I, we can apply Lemma 2 and the
Lipschitz condition of f,

k k
1= | ¥ b (3(t) = f(,9))| < LY biealy(ty) — vl
j=0 j=0
Substituting into the original we get

k
Y(tks1) = Yisa| S THLY bigialy(t) =yl
=0
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By applying Lemma 8, we will get
Y (tk1) = Y| < CL
This completes the proof of Theorem 4. []

3.2. Trapezoid Formula

In this subsection we will consider the error estimates of the trapezoid method over
the non-uniform mesh. We shall prove the following theorem

Theorem 5. Assume that g,(t) := oy Dj 1y(t) satisfies Assumption 1. Further assume that y(t;)
and y; are the solutions of (3) and (11), respectively.

1. If0 < a <1, then we have

CN—2o+a), if0<2(c+a)<2,
Jmax [y(t) —yjl < CN72TH) log(N), if2(c+a) =2,
CN~—2, if2(c+a) > 2.

2. If1 < a <2, then we have

| <CN72
omax ly() —yjl < CN

To prove Theorem 5, we need the following lemma. In Lemma 9 we will be defining a
key estimate which we will be using in our main proof.

Lemma 9. Assume that g,(t) := cyDj 1y(t) satisfies Assumption 1.
1.  If0 < a <1, then we have, withk = 0,1,2,..N —1,N > 1,

k

+ 1
Z//H kH Z k18 (t ’

CN—2(o+a), if0<2(c+a) <2,
< { CN- 2+ 1og(N), if2(c+a) =2,
CN72, if2(c+a) > 2.

2. If1 < a <2, then we have
]+l tk -1 ds k B
2/ +1 ga(s)? — Zaj/kﬂg(tj)‘ <CN 2.
j=0

Proof of Theorem 5. Fork =0,1,2,...,N — 1, we have

dS k+1

— - Z aixi1f( ],y])‘

S

11 trt1 b1\

[¥(tki1) = el = ‘W [ (g 1) g
7 (1og 1) gy - 1B IOB 1 Joms logly s
_‘F 2/ ( alS IOgtj —logthg j logt]H —logt 8( ]+1>) s ’

k+1

+‘ Za]k-i-l f(tj/]/j)))

=I+II.
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The term I is estimated by Lemma 9. For II we can apply Lemma 7 and the Lipschitz
condition of f,

k+1 k+1
1= Y ajen(g(t) = ft,)| < LY ajualy(t) -yl
j=0 j=0

Thus we obtain

K+l
Y(tks1) = Yisrl ST+HLY ajeialy(ty) —y;l
=0

By using the corresponding Gronwall Lemma 8 we have |y(t¢1) — yx+1| < CI. This
completes the proof of Theorem 5. O

4. Numerical Examples

In this section, we will consider some numerical examples to confirm the theoretical
results obtained in the previous sections. For simplicity, all the examples below will take
0 < & < 1. All the following results may be adapted for all &« > 1.

Example 1. Consider the following nonlinear fractional differential equation, with « € (0,1) and
a=1,
{CHDg,ty(t) =flty), 1<a<t<T, -

y(a) =0,
where

() = g s (0805 = e s gt 4 7 s log

— v+ ((log £)° — (logt)* + 2(logt)3)2.

The exact solution of this equation is y(t) = (logt)® — (logt)* + 2(logt)3. We will
be solving Example 1 over the interval [1,2]. Let N be a positive integer and let loga =
logty < logt; < --- < logty = logT be the graded mesh on the interval [loga,log T].

This mesh is defines as logt; = loga + (log %) (j/N) forj=0,1,2,..., Nwithr > 1.
Therefore, we have by Theorem 3,

len|:= max ly(t)) —y;| < CN~(H+), (24)

In Table 1 we can see the maximum absolute error and experimental order of con-
vergence (EOC) for the predictor-corrector method at varying « and N values. For our
different 0 < & < 1, we have chosen N values as N = 10 x 2/, 1 = 0,1,2,...,7. For this
example we have taken » = 1. The maximum absolute errors ||ey|| Were obtained as
shown above with respect to N and we calculate the experimental order of convergence or

EOC as log (M)

[lean[[eo
As we can see, the EOCs for this example are almost O(N~(1+%)) which was predicted
by Theorem 3. Due to the solution of the FODE being sufficiently smooth, any value of r
will give the optimal convergence order given above. As we are using r = 1, this means
that we are using a uniform mesh and so can compare these results with the methods
introduced by Gohar et al. [13]. We can see, we have obtained a similar result.
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Table 1. Table showing the maximum absolute error and EOC for solving (23) using the predictor-
corrector method.

N a=04 EOC « = 0.6 EOC a=0.8 EOC
10 3.475 x 1072 1.734 x 1072 9.960 x 103

20 1.263 x 102 1.460 5427 x 1073 1.676 2.761 x 1073 1.851
40 4446 x 1073 1.507 1.686 x 1073 1.687 7.617 x 10~* 1.858
80 1.562 x 1073 1.509 5275 x 1074 1.676 2.106 x 104 1.854

160 5543 x 1074 1.495 1.668 x 10~* 1.661 5.850 x 1075 1.848
320 1.992 x 10~* 1.477 5.328 x 1075 1.646 1.632 x 1075 1.842
640 7.241 x 1075 1.460 1.716 x 1073 1.635 4568 x 107 1.837
1280 2.657 x 1075 1.446 5562 x 1076 1.625 1.283 x 107° 1.832

In Figure 1, we have plotted the order of convergence for Example 1. From Equation (24)
we have, with1 = 1/N,

(log, [[enl[) < (log, C) + (logy N4 < (log, C) + (1 +a) (log, ).

Lety = (log, ||en||) and let x = (log, ). We then plotted a graph for y against x for
h = ﬁ,l =0,1,...,7. Doing this, we get that the gradient of the graph would equal the
EOC. To compare this to the theoretical order of convergence, we have also plotted the
straight line y = (1 + a)x. For Figure 1 we choose « = 0.8. We can observe that the two
lines drawn are parallel. Therefore we can conclude that the order of convergence of this
predictor-corrector method is O (k).

—— Experimental Order of Convergence
Theoretical Order of Convergence

log,(h)

Figure 1. Graph showing the experimental order of convergence (EOC) at T = 2 in Example 1 with
x=0.8.

Example 2. Consider the following nonlinear fractional differential equation, with a, p € (0,1)
anda =1,

cuDsy(t) = f(ty), 1<a<t<T, )
y(a) =0,
where
flty) = maog t)ﬁf’x + (log t)zﬁ — yz.
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We will be solving Example 2 over the interval [1, 2]. The exact solution of this equation
isy = (log £)P and ;D% y(t) = r(rl(}ri;gf)a)(log t)P=%. This implies that the regularity of
cu D% y(t) behaves as (log t)P~*. This means that -;; D% y(t) satisfies Assumption 1. We
will be using the same graded mesh as in Example 1. Therefore, we have by Theorem 3,

witho = —a,

CN~'F, if r < L2,
llen|| := max |y(t;)) —y;| < CN"FlogN,if r = HT"‘, (26)

0<j<N CN—(l—i—uc)l ifr > 1%.

In Tables 2—4 we can see the EOC for the predictor-corrector method with varying
values of « and with r values at ¥ = 1 and r = 1% With a fixed B = 0.9 we have
obtain the EOC and maximum absolute error for increasing values of N. By doing so
we can see that the EOC are almost O(N~"#) = 0.9 when r = 1 and the EOC are almost
O(N~(+%)) =1 4 x when r = L,

Table 2. Table showing the maximum absolute error and EOC for solving (25) using the predictor-
corrector method for « = 0.4, g =0.9.

N r=1 EOC r= 15" EOC
10 1.100 x 102 1.858 x 1072

20 5.635 x 1073 0.965 6.141 x 1073 1.598
40 3.177 x 1073 0.827 2.048 x 1073 1.584
80 1.737 x 1073 0.871 7.009 x 10~* 1.547
160 9.380 x 104 0.889 2457 x 1074 1.512
320 5.043 x 1074 0.895 8.780 x 1075 1.485
640 2.706 x 1074 0.898 3.184 x 105 1.464
1280 1.451 x 1074 0.899 1.167 x 107> 1.448

Table 3. Table showing the maximum absolute error and EOC for solving (25) using the predictor-
corrector scheme for @ = 0.6, p = 0.9.

N r=1 EOC r=1ge EOC
10 2.151 x 102 6.370 x 1073

20 1.193 x 1072 0.851 1.922 x 1073 1.728
40 6.468 x 1073 0.883 5954 x 104 1.691
80 3.480 x 1073 0.894 1.888 x 10~* 1.657
160 1.868 x 1073 0.898 6.083 x 10~ 1.634
320 1.001 x 1073 0.899 1.980 x 107> 1.620
640 5.368 x 1074 0.900 6.482 x 107 1.611
1280 2.877 x 1074 0.900 2.130 x 10~° 1.605

Table 4. Table showing the maximum absolute error and EOC for solving (25) using the predictor-
corrector method for &« = 0.8, g = 0.9.

N r=1 EOC r=14" EOC
10 3.536 x 1072 4523 x 103

20 1.916 x 1072 0.884 1.299 x 1073 1.800
40 1.030 x 10~2 0.895 3731 x 104 1.800
80 5.528 x 1073 0.898 1.071 x 104 1.800
160 2.963 x 1073 0.900 3.077 x 1075 1.800
320 1.588 x 1073 0.900 8.836 x 10~° 1.800
640 8510 x 1074 0.900 2.537 x 10~ 1.800

1280 4561 x 1074 0.900 7.287 x 1077 1.800
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When r = 1, we are using a uniform mesh and we can see that the EOC obtained is the
same as those obtained by Gohar et al. [13]. Comparing these to the results of the graded
mesh when r = 1;"‘ we can see that a higher EOC has been obtained and an optimal order
of convergence is recovered.

In Figure 2, we have plotted the order of convergence for Example 2 when r = 1%
and & = 0.8. This plot is the same as for Figure 1. We have also plotted the straight line
y = (14 a)x. We can observe that the two lines drawn are parallel. Therefore we can

conclude that the order of convergence of this predictor-corrector method is O(h*%).

4

6

Experimental Order of Convergence
— Theoretical Order of Convergence

log,(llel)

22 | | | | 1 | |
-1 -10 -9 -8 7 6 5 4 3

log,(h)

Figure 2. Graph showing the experimental order of convergence (EOC) at T = 2 in Example 2 with

a:O.Sandr:HT"‘.

Example 3. Consider the following nonlinear fractional differential equation, with a, p € (0,1)
anda =1,

{CHDz,tym +y(t) =0, 1<a<t<T, )

y(a) =1,

The exact solution of this FODE is y(t) = E,1( — (logt)*). Therefore ;D y(t) =
—Ey1(— (logt)*), where E, ,(z) is defined as the Mittag—Leffler function

o Zk
Exr(2) =) ——— a,7>0.
ad kg)l’(ock-l-’)’)

Therefore

© (_logt —logt)*  (logt)*
Z( Og) _1_( Og) _(Og) -, a > 0.

crDay(t) T(ak+7) T(a+1) T(a+1)

This shows that ;D4 y(t) behaves as ¢ + c(log t)". This means that yDj y(t) satis-
fies Assumption 1. Therefore, with o = «, we have by Theorem 3,

CN—"(2) ifr < 2,
llewll = max [y(t) —yj| < N7 log N, if r = 15, (28)
CN~—(1+a), ifr > L

We will be solving this equation over the same graded mesh as in Example 1 with
varying r values. In Tables 5-7, we have calculated the EOC and maximum absolute
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error with respect to increasing N values and with r values atr = 1 and r = 12“7"‘ The
experimental orders of convergence are shown to be almost O(N "(24)) if we choose r = 1

and almost O(N"(11%) if we choose r = (1;;“). Once again it is shown when we use a
graded mesh at the optimal r value, we get a higher order of convergence to that obtained
by the uniform mesh at r = 1.

Table 5. Table showing the maximum absolute error and EOC for solving (27) using the predictor-
corrector method for & = 0.4.

N r=1 EOC r=1t% EOC
10 9.399 x 103 3.677 x 1073

20 2.049 x 1073 2.197 1.234 x 1073 1.575
40 4752 x 1074 2.108 4.687 x 1074 1.397
80 1.000 x 1073 —1.074 2116 x 1074 1.147
160 9.226 x 104 0.116 8.834 x 1075 1.260
320 6.885 x 1074 0.422 3.542 x 1075 1.319
640 4670 x 1074 0.560 1.388 x 107> 1.352
1280 3.002 x 1074 0.637 5.367 x 107 1.371

Table 6. Table showing the maximum absolute error and EOC for solving (27) using the predictor-
corrector method for a = 0.6.

N r=1 EOC r=1te EOC
10 6.864 x 1074 1512 x 1073

20 9.020 x 1074 —0.394 4.756 x 1074 1.669
40 5967 x 1074 0.645 1.766 x 10~% 1.429
80 3.767 x 1074 0.914 6.423 x 1075 1.459
160 1.495 x 10~* 1.034 2233 x 1075 1.524
320 6.982 x 10> 1.098 7.587 x 1076 1.558
640 3.177 x 1075 1.136 2545 x 1076 1.576
1280 1.423 x 1075 1.159 8473 x 1077 1.586

Table 7. Table showing the maximum absolute error and EOC for solving (27) using the predictor-
corrector method for « = 0.8.

N r=1 EOC r=1te EOC
10 4175 x 1074 6.100 x 1074

20 1.700 x 10~* 1.297 1.717 x 10~4 1.829
40 7.021 x 1075 1.275 4972 x 107° 1.788
80 2.589 x 105 1.439 1.459 x 107> 1.769
160 9.062 x 10~° 1.514 4.308 x 107 1.760
320 3.089 x 10~° 1.553 1.274 x 10~° 1.758
640 1.038 x 107° 1.574 3.766 x 107 1.758
1280 3.459 x 107 1.585 1.111 x 1077 1.760

In Figure 3, we have plotted the order of convergence for Example 3 when r = 1%

and & = 0.8. This plot is the same as for Figure 1. We have also plotted the straight line
y = (14 a)x. We can observe that the two lines drawn are parallel. Therefore we can
conclude that the order of convergence of this predictor-corrector method is O(h!*%) for
choosing the suitable graded mesh ratio r.
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Figure 3. Graph showing the experimental order of convergence (EOC) at T = 2 in Example 3 with
a=08andr= L2

Example 4. In this example we will be applying the rectangular and trapezoidal methods for

solving (27). Let N be a positive integer and let logt; = loga + (log ty —loga) Ijggi)l) be the

graded mesh on the interval [loga,log T| for j =0,1,2,...,N. We will be usinga = 1and T = 2.

In Table 8, we have calculated the EOC and maximum absolute error with respect to
increasing N values and with « = 0.2,0.4, 0.6 for the rectangular method. By once again
using the fact that ¢ = a« and applying Theorem 4 we can say

CN—4, if0<4da <1,
X, ly(t;) —yil < ¢ CN~*log(N), ifda=1,
o CN1, if 4o > 1.

The experimental orders of convergence are shown to be almost O(N~4*) if we choose
a < 0.25 and almost O(N~1) if we choose & > 0.25. This confirms the theoretical error
estimates calculated in Section 4. In Table 9, we have used the same method to solve (27)
but using the uniform mesh. This shows how a larger EOC is achieved when using
non-uniform mesh over a uniform mesh.

In Table 10, we have calculated the EOC and maximum absolute error with respect to
increasing N values and with « = 0.2,0.4, 0.6 for the trapezoidal method. By once again
using the fact that o = a and applying Theorem 4 we can say

CN—4%, if0 < 4a <2,
o1, ly(t;) —y;| < { CN~*log(N), ifda =2,
o CN~2, if 4o > 2.

The experimental orders of convergence are shown to be almost O(N ~#*) if we choose
a < 0.5 and almost O(N~2) if we choose & > 0.5. This confirms the theoretical error
estimates calculated in Section 4. In Table 11, we have used the same method to solve (27)
but using the uniform mesh. This shows how a larger EOC is achieved when using graded
mesh over a uniform mesh.
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Table 8. Table showing the maximum absolute error and EOC for solving (27) using the rectangular
method on a graded mesh.

N a =02 EOC a =04 EOC a=06 EOC
40 7.919 x 1072 8.348 x 1073 2.852 x 1073

80 4.843 x 1072 0.710 2.869 x 1073 1.141 1.404 x 1073 1.023
160 2.921 x 102 0.730 9.688 x 1074 1.166 6.951 x 1074 1.014
320 1.742 x 1072 0.745 3.239 x 1074 1.181 3.454 x 1074 1.009
640 1.030 x 1072 0.758 1.491 x 10~* 1.119 1.720 x 10~* 1.006
1280 6.053 x 1073 0.767 7.336 x 1070 1.023 8.577 x 107> 1.004

Table 9. Table showing the maximum absolute error and EOC for solving (27) using the rectangular

method on a uniform mesh.

N « = 0.2 EOC « =04 EOC a = 0.6 EOC
40 1.734 x 107! 4.650 x 102 9.971 x 1073

80 1.375 x 107! 0.335 2.795 x 102 0.735 4475 x 1073 1.156
160 1.085 x 101 0.342 1.661 x 10~2 0.751 1.986 x 1073 1.172
320 8.519 x 102 0.348 9.793 x 1073 0.762 8.750 x 10~ 1.182
640 6.667 x 1072 0.354 5.737 x 1073 0.771 3.839 x 1074 1.189
1280 5199 x 102 0.359 3.345 x 1073 0.778 1.728 x 10~* 1.152

Table 10. Table showing the maximum absolute error and EOC for solving (27) using the trapezoidal
method on a graded mesh.

N x = 0.2 EOC « =04 EOC o= 0.6 EOC
40 8.193 x 1073 1.266 x 1073 9.466 x 10~

80 5211 x 103 0.653 4391 x 1074 1.527 1.832 x 107° 2.370
160 3.241 x 1073 0.685 1.491 x 10~* 1.559 3.506 x 107© 2.385
320 1.981 x 1073 0.711 5.000 x 105 1.577 6.675 x 10~7 2.393
640 1.193 x 1073 0.731 1.664 x 107> 1.587 1.321 x 1077 2.338
1280 7.110 x 1074 0.747 5517 x 10 1.593 3.300 x 108 2.003

Table 11. Table showing the maximum absolute error and EOC for solving (27) using the trapezoidal

method on a uniform mesh.

N =02 EOC =04 EOC a =06 EOC
40 1.640 x 1072 6.803 x 1073 7.617 x 10~

80 1.341 x 1072 0.291 4.150 x 1073 0.713 2.106 x 10~ 1.854
160 1.087 x 1072 0.302 2494 x 1073 0.735 5.850 x 10~ 1.848
320 8.754 x 1073 0.313 1.482 x 1073 0.751 1.632 x 107> 1.842
640 7.001 x 103 0.322 8.733 x 1074 0.763 4568 x 10~ 1.837
1280 5.567 x 1073 0.331 5115 x 1074 0.719 1.283 x 10~ 1.832

5. Conclusions

In this paper we propose several numerical methods for solving Caputo-Hadamard
fractional differential equations with graded and non-uniform meshes. We first introduce
a predictor-corrector method and calculate the convergence and error estimates over a
graded mesh so to show that the optimal convergence orders can be recovered when
the solutions are not sufficiently smooth. We then introduce the error estimates on the
fractional rectangle and fractional trapezoidal methods with some non-uniform meshes.
Finally, we consider several numerical simulations to support the theoretical results made
for the above methods on the convergence orders and error estimates.
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