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Abstract: The system model on synchronizability problem of complex networks with multi-layer
structure is closer to the real network than the usual single-layer case. Based on the master stability
equation (MSF), this paper studies the eigenvalue spectrum of two k-layer variable coupling windmill-
type networks. In the case of bounded and unbounded synchronization domain, the relationships
between the synchronizability of the layered windmill-type networks and network parameters, such
as the numbers of nodes and layers, inter-layers coupling strength, are studied. The simulation of the
synchronizability of the layered windmill-type networks are given, and they verify the theoretical
results well. Finally, the optimization schemes of the synchronizability are given from the perspective
of single-layer and multi-layer networks, and it was found that the synchronizability of the layered
windmill-type networks can be improved by changing the parameters appropriately.

Keywords: multi-layer networks; windmill-type; coupling strength; synchronizability

1. Introduction

Complex network is a significant interdisciplinary research field that has raised the
wide attention of both scientists and engineers. The most common complex networks
in nature include neural networks, financial networks, group flight networks of birds,
social networks, etc. In the past decades, much progress has been made in many aspects
related with complex networks, such as the synchronization of multi-layer networks [1-10],
consensus problems [11,12], diffusion dynamics [13-16], robustness and spectral properties
of complex networks [17-20].

The synchronization problem is a significant research topic of complex networks that
are often related with phenomena in the real world, such as applause synchronization
during performance, simultaneous flicker of fireflies and UAV formation synchronization,
and the synchronization-related problems are also an interdisciplinary research topic which
may include physics, biology, engineering technology and social science, etc. There exist
lots of good research works on the synchronization of the usual single-layer networks,
and the results of multi-layer networks that are closer to the actual situation [21-23] are
relatively few. Li et al. [21] compared the size relationships of the synchronizability of two
kinds of double-layer dumbbell networks under different coupling modes between layers
when the synchronization domain is bounded and unbounded, and verified that the cou-
pling between key nodes between layers has a significant impact on the synchronizability
of double-layer dumbbell networks. Zhang et al. [22] gave the analytical expression of the
supra-Laplacian matrix of multi-layer K-neighbor networks and analyzed the influence
of various parameters on the synchronizability of multi-layer K-neighbor networks in
the case of unbounded and bounded synchronization domain. Wang et al. [23] studied
the synchronization of multi-layer fully coupled networks and analyzed the key factors
affecting the synchronizability. It was proven that multi-layer fully coupled networks have
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the same synchronizability as the corresponding simplest equivalent networks. The main
contributions of this paper are as follows:

1.  Two sorts of novel multi-layered windmill-type networks with different connection
relations among the leader nodes are proposed.

2. According to the real situation, the networks of various coupling strengths are con-
sidered, and the relationships between the network synchronizability and various
parameters of the two windmill-type networks are studied in the case of bounded and
unbounded synchronization domain.

3. Under the same initial conditions, the network synchronizability of the two sorts of lay-
ered windmill-type networks are compared, which provides a practical optimization
scheme to improve the synchronizability.

The paper is organized as follows: The preliminaries for the study of windmill-type
networks are given in Section 2. The weighted Laplacian spectrum and synchronizability
index of variable coupling windmill-type GX (m, n, k) are studied in Section 3. The spectrum
and synchronizability index of variable coupling windmill-type GX (m, n,k) are obtained
in Section 4. The synchronizabilities of the windmill-type networks are simulated and
analyzed in Section 5. The conclusion is given in Section 6.

2. Preliminaries
2.1. Dynamics Model of the Networks

The dynamics of the ith node of the Mth layer in a K layer network is:
M - K MLp (oL
i = faeM) —am Y H () —dar Y a0 (xf), 1)
j=1 L=1

i=12,---,N;yM=12,--- K

where x™ € RN represents the state of the ith node of the Mth layer, f () represents the
dynamic function, H is the intra-layer coupling function and I' is the inter-layer coupling
function. a) represents the intra-layer coupling strength of the Mth layer, and d;, rep-
resents the inter-layer coupling strength between the Mth layer and the Lth layer. LM =
(ZZI}/I) € RN*N s the Laplacian matrix of the Mth layer. LM = SM — WM here, SM = (sf}A)
is the degree matrix of the Mth layer, sf}/f =0(i # j),sM = d(v;), d(v;) is the degree of node
v;, WM = (wf\]/I ) is the adjacency matrix of the Mth layer, if the nodes v; and v; are adjacent
in the Mth layer, wf}d = 1, otherwise w = 0. D = (dML) € R¥*K is the inter-layer
coupling matrix, if there is an edge between the ith node of the Mth layer and the ith node

of the Lth layer, deIL = —1, otherwise, deIL =0, dlMM = — ZKL:1 dlML, LM=1,2,---,K.
LAM
(1) can be written as a vector in the form

¥=F(x)— (Ab@H)x — (AT®T)x, )

where ® is the Kronecker product, x = (x!,x%,---,xN), F(x) = (f(x!), f(x?),- -+, f(xN)).

Let AL be the supra-Laplacian matrix of the intra-layer and A’ be the supra-Laplacian
matrix of the inter-layer. The supra-Laplacian matrix of model (1) can be written as
A = Al 4+ Al Here,

glL(l) 0 ce 0
0 anL2) ... 0
AF = : i : - : ! ®)
0 0 oo agL®K)

Al = dD ® Iy, where Iy is the identity matrix of N x N.



Mathematics 2021, 9, 2721

3o0f14

2.2. Measurement Method of the Multi-Layer Network Synchronizability

The synchronizability of multi-layer networks are determined by the eigenvalue
spectrum of the supra-Laplacian matrix A. The supra-Laplacian matrix A has a zero
eigenvalue with multiplicity 1, and the other eigenvalues are positive real numbers. It can
be assumed that0 = A < Ap < A3 < -+ < Apane

The synchronizability of multi-layer networks are closely related to the synchroniza-
tion domain SR . According to the master stability function theory, the synchronization
domain is divided into the following four cases:

1. The synchronous region is bounded. SR = (&1, a3), c is the coupling strength of the
network, then a1 < cAy < an, ¥ = Ayax/Ap < ap/aq; the smaller the ratio r of the
maximum eigenvalue to the minimum non-zero eigenvalue of the Laplacian matrix,
the stronger the synchronizability of the network.

2. The synchronous region is unbounded. SR = (&, +00), then a1 < cAp < cAz <
-+ CAmax, 01 < cAp; the larger the minimum non-zero eigenvalue A, of the Laplacian
matrix, the stronger the synchronizability of the network.

3. The synchronous region is the union of several unconnected regions. Duan [24] found
it is difficult to realize the synchronizability.

4. When the synchronous region is an empty set, it can not achieve the complete syn-
chronizability no matter how the topology and coupling strength change.

Through the above analysis, two important indicators describing the synchronizability
of complex networks are obtained: (I) if the synchronization region is unbounded, then
the larger the minimum non-zero eigenvalue A, of the Laplacian matrix, the stronger the
synchronizability of the network; (II) if the synchronization region is bounded, then the
smaller the ratio r is, the stronger the synchronizability of the network.

2.3. Two Multi-Layer Windmill-Type Networks

Kooij, W. Sun [25,26] proposed generalized windmill-type graphs G;(m, n, k) and
Gy (m,n, k). G1(m,n, k) is made up of m center nodes and n groups of complete graphs K.
Each node of Ky is connected to m center nodes, and the center nodes constitute a complete
graph K;,. The difference between G, (m, n,k) and Gy (m, n, k) is that the center nodes of
Gy (m, n, k) are disconnected with each other. The graph structures are shown in Figure 1.

In recent years, scholars have found that the practical significance of multi-layer
networks is closer to real applications than the normal single-layer one [27,28]. The
single-layer windmill-type networks are extended to multi-layer structures in our research.
Gf(m, n,k), Gf(m, n,k) is formed by Gy (m, n,k), Go(m, n, k) combination superposition K
times; K denotes the number of network layers; the total number of nodes are K(m + nk);
and their connection relationships are shown in Figure 2. The red nodes represent the leader
nodes, the green nodes represent the follower nodes, and the black solid lines represent
the inter-layer connection relationships between nodes. The colored dotted lines represent
the connection relationships between node layers, in which the networks structure of each
layer are the same.

Lemma 1 ([7]). Let A and B be two L x L square matrices, Z be an integer. Then

, = |A+(Z-1)B|-|A—B|Z
B B A
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G,(2.,3,2)
G,(2.3.2) G,(2.3.3)

Figure 1. Examples of single-layer windmill-type graphs.

Figure 2. Examples of double-layer windmill-type graphs.

3. The Eigenvalue Spectrum and Synchronizability Index of GX(m, n, k)

Note that d is the inter-layer coupling strength, wy is the coupling strength among
the leader nodes in the layers, w; is the coupling strength between the leader nodes and
the follower nodes in the same layer, w, is the coupling strength between the follower
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nodes in the layers. According to the practical application in life, it may be assumed that
woy > w1 > wy, nk > m. Next, we discuss the spectrum of Gf(m, n,k).

Ql —wy —woy - —wWo
—wy Ql —wg . —wo
L,=| —wo —wo O - —wo ,
—wy —wo —wo -+ M /)
—Wwp —wp —wp o TWi
—w —wp —wp s —Wi
Ly = —w; —wp —wp o —W ,
—wp —wp —wi o W1 ) ok
Qz —Wy —wy -+ —Wp
_wz Qz _(UZ ... _w2
[3=| w2 —w D - —w ,
—wy —wy —wy - )
where Q1 = (m — 1)wq + nkwy and Qp = mwy + (kK — 1)ws.
The supra-Laplacian matrix in each layer is
L1 Ly Ly --- Ly
LI s 0 -+ 0
T
all=1 L, 0 Lz --- 0 ,
T e
L, 0 0 L (m+nk)x (m+nk)

combined with the inter-layer supra-Laplacian matrix, we have

Q3 —dl - —dl —dI
—dl Q3 --- —dI —dI
A= : SR :
—dl —dI --- Qs —dI
—dl —dl - —dI Q3
Qq dIl - dI dl
dl Q4 --- dI dI
Si(A) =det(Al—A)=| = 1o, (4)
I dl - Qy
dl dl - dl Oy

where Q3 = aL! + (K —1)dl and Q4 = Al —aL! — (K —1)dI.
According to Lemma 1,

®;(A) = |AI —aLl||AI —aL! — KdI[XY,
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Qs w—w w—w - wWr—w
Wy — w1 Qs Wy —wi -+ wWy—w
= 2w wa—wr  O5 - w-w
Wy —wp W) —w wWyr—wp --- 05 kxk
where Q5 = A — (m+ 1wy — (k—1)ws.
—Wp —wWp —wp - TWi
—wp —wWp —wp - Wi
Ls = —w —wp —wWp s TWp
—w; —wWp —wp - —wW kxk
AT —aLl|
Ly Ls -+ Ls
il Ls La o Ls
= AMA— mwy — nkwy) . . . %)
Ls Ly - Ly

= AA = mwy — nkw1)" (A — mwy — nkw ) (A — mawq)" (A — mwq — kwy)"*D),
The eigenvalue spectrum of A; are

0, mwy + nkwy, (m + nk)wy, mwy, mawy + kwy
—_——— N N———

m—1 n—1 n(k—1)
Kd, mwqg + nkwq + Kd, (m + nk)w, + Kd

m—1

(6)

K—1
mwy 4+ Kd, mwq + kw, + Kd.
—_—— ———

n—1 n(k—1)

K-1
In the case of wy > wy > wy, nk > m, the minimum nonzero eigenvalue is Ay =

min{mwy,Kd}. The maximum eigenvalue is Ay = mwy + nkwy + Kd.

4. The Eigenvalue Spectrum and Synchronizability Index of GX (m, 1, k)

Similar to the method of the eigenvalue spectrum calculated by Gf(m, n,k), the
eigenvalue spectrum of Gg(m, n,k) can be derived as follows:

nkwq 0 0 e 0
0 nkw1 0 e 0
Lg = 0 0 nkwy - 0 ,
0 0 0 <o+ nkw

mxm

The supra-Laplacian matrix in each layer is

Le L Ly --- Lp
LI Ly o -~ 0
all—| LT 0o Ly - 0 )
I 0 0 - L
2 (m+nk)x (m+nk)
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combined with the inter-layer supra-Laplacian matrix, we have

Qy —dI --- —dI —dI
—dI Qp - —dI —dI
Np = : : : : S
—dI —dI -~ Q; —dI
—dl —dl - —dI Qy
where Q7 = aL!l + (K — 1)dI.
According to Lemma 1,
®(A) = AL —aLT||AT — aL!l — Kd1)K1 @)

Similar to the calculation in (5),

Ly Ls --- Ls
Ls Ly --- Ls

AT —aL| = AMA — nkwy)" Y ,
: : .. : (8)
L5 LS L4

=AA— nkwl)m‘l(/\ — mwq — nkwy) (A — mwl)"‘l(/\ — mwy — sz)n(k—m_
The eigenvalue spectrum of A; are

0, nkwq, (m + nk)wy, mwy, mwy + kw;
——" N N———

m—1 n—1 n(k—1)

Kd, nkwy 4+ Kd, (m + nk)w, + Kd .
—_——

m—1

K-1

mwq + Kd, mwq + kwy + Kd .
N N —
n-1 n(k-1)

K-1

The minimum nonzero eigenvalue is
Ay = min{mwq, Kd}.
The maximum eigenvalue is
Amax = (m + nk)wy + Kd.

5. Numerical Simulation Experiment and Analysis

Numerical simulation experiment and analysis are provided for investigating the
synchronizability of windmill-type networks in this section. The numerical simulation
experiment is carried out by MATLAB. The relationships between parameters and synchro-
nizability are discussed as follows: Firstly, the state trajectory of windmill-type networks
are given to illustrate that its synchronization can be realized. Secondly, in the context
of practical problems, we give all parameters valid values; this can ensure the stability
of the algorithm. Thirdly, the changes in windmill-type networks synchronizability are
explored when a single parameter changes. We focus on comparing the strength of the
two windmill-type networks synchronizability and understanding which parameters play
a major role in the change of networks synchronizability through data image analysis.
Finally, we provide an optimization scheme to improve the networks synchronizability.
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We consider an example of the networked system composed by two-layers (see Figure 3).
M = 2 is the number of layers, the number of nodes within each layer is described as

N = 8, and the dynamics of each node are described as follows:
f k k_ ok 3—k _ .k
d—t’ = tanh(x}) + Z aij(x]» —x7) + Z bi]-(xj_ —x7)

JEN; JEN;

where xf is the state of a node, tanh(xf-‘) denotes the inherent nonlinear dynamics of the node,
i=12,---,8k=1,2 a;j represents intra-layer connection, and the connection weight is
2; b;; denotes inter-layer connection, and the connection weight is 1. The initial value of the
system is randomly selected, Xy = [—2,4, —6,8, 10,12, —14, 16,10, 12, 14, 16, 18,20, 22, 24].
Through the simulation, the state trajectory of the system is shown in Figures 4 and 5. It
can be seen that the state trajectory of nodes achieves synchronization under the coupling
effect. Other situations in this article can also be synchronized in a similar way.

16

Figure 3. An example of double-layer windmill-type graphs.

20

15

10

] (1)
X1 (1)
X5 (1)
x4
X2 (1)
x4 (1)
x3(t)
x4 (1)

-10

Figure 4. State trajectories of the first layer.
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Figure 5. State trajectories of the second layer.

In the following analysis, A2, denotes the minimum non-zero eigenvalue of GK (m, n, k)
networks, r, represents the synchronizability of GX(m,n,k) networks when the syn-
chronization domain is bounded; Ay, represents the minimum non-zero eigenvalue of
GK(m,n, k) networks, and r, represents the synchronizability of GX(m,n,k) networks
when the synchronization domain is bounded. From the former section, we have Ay, = Ay,
set Apyy = Agp = As.

1. When the synchronization domain is unbounded, with the increase of m(m > 1) in
Figure 6, A; monotonically increases from 0 to 25, and then remains unchanged at 25;
with the increase of wy in Figure 7, A, remains unchanged at 15; with the increase of wq
in Figure 8, A, monotonically increases from 15 to 25, and then remains unchanged at
25; with the increase of nk in Figure 9, A, remains unchanged at 15; with the increase of
K in Figure 10, A, monotonically increases from 2 to 15 and then remains unchanged
at 15; with the increase of d in Figure 11, A; monotonically increases from 5 to 15 and
then remains unchanged at 15.

30 T T T T T

0 10 20 30 40 50 60
m

Figure 6. A, and r change withm. wy =2,w; =05,n =6,k =10,d =1,K = 25.
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FRY(2881382212288 128812828 12888 118802883 1032802882383212288108310328028121022¢))

14 1 1

0.5 1 15 2

Figure 8. A and r change with wy. wyp =2,m =30,n =6,k =10,d = 1,K = 25.

2.

When the synchronization domain is bounded, with the increase of m(m > 1) in
Figure 6, r, decreased rapidly from 114 to 6.2, and then increased slowly to 7, and 7,
decreased rapidly from 111 to 3.2, and then increased slowly to 3.4; with the increase
of wy in Figure 7, r, increased slowly from 4.6667 to 7.6667, and r;, remains unchanged
at 4.6667; with the increase of wj in Figure 8, r,; decreased slowly from 7.6667 to 5.4137,
and then increased slowly to 8.2, and r; decreased slowly from 4.6667 to 4.004, and
then increased slowly to 8.2; with the increase of nk in Figure 9, 7, increased rapidly
from 19 to 32.3333, and r; increased rapidly from 16 to 29.3333; with the increase of K
in Figure 10, r, decreased rapidly from 46 to 7 and then increased slowly to 10, and 7,
decreased rapidly from 23.5 to 4 and then increased slowly to 7; with the increase of d
in Figure 11, r, decreased rapidly from 19 to 7 and then increased slowly to 9.3333,
and r;, decreased rapidly from 10 to 4 and then increased slowly to 6.3333.
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Figure 11. Cont.
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Figure 11. A, and r change with d. wg = 2,w; = 0.5,n = 6,k = 10,m = 30, K = 25.

6. Main Results
6.1. Synchronizability Comparison of the Layered Windmill-Type Networks

When the synchronization domain is unbounded, we found the synchronizability of
the GK(m, n, k) and GX(m, n, k) are the same. They are only related to the number of leaders,
the coupling strength between the leader nodes and the follower nodes, the number of
layers, and the inter-layer coupling strength. The detailed variation relationships are given
in Tables 1 and 2. When the synchronization domain is bounded, the synchronizability of
Gf (m,n, k) and Gf (m,n, k) are related to the inter-layer coupling strength, the number of
follower nodes, the coupling strength between the leader nodes and the follower nodes, the
number of layers, leader nodes and departments. However, the network GX(m, 1, k) is also
affected by wy, the detailed variation relationships are given in Tables 1 and 2. Whether
the synchronization domain is bounded or unbounded, we found the synchronizability
of GK(m, n, k) is not stronger than that of the network GX (m, n, k). With the change of the
number of leader nodes m, the synchronizability changes rapidly, which shows that the
number of leader nodes m plays a major role in the network synchronizability; when there
are connections among the leader nodes, the synchronizability of the network may be
weakened; the coupling strength among the follower nodes does not affect the synchro-
nizability of the network. These findings can provide a theoretical basis for engineers to
design optimization schemes.

Table 1. Relationships between the parameters affecting G’l‘ (m, n, k) networks synchronizability.

m 1 wo T w1 T nk 1 K+ it
Ay = min{Kd, mw, } mwy < Kd T _ T - - —
mwy > Kd — _ _ - - -
r = (mwy + nkwy + Kd) /Ay mwy < Kd ) 1 ] T T -
mwy > Kd 1 + 7 T . .

T strengthen, | weaken, — unchange.

Table 2. Relationships between the parameters affecting GX (1, n, k) networks synchronizability.

m 1 wo T w1 T nk 1 K1 a1
Ay = min{Kd, mwy } mwy < Kd 0 _ + _ - -
mwy > Kd — _ B _ T n
r = ((m+ nk)w; + Kd) /A muwy < Kd 1 — 7 7 T T
mwy > Kd 0 _ 1 N . .

T strengthen, | weaken, — unchange.

6.2. Synchronizability Optimization of the Single-Layer Windmill-Type Network

When the synchronization domain is unbounded, the synchronizability of the network
is determined by A,; when the synchronization domain is bounded, the synchronizability
of the networks model is determined by r. A natural question arises: when do the networks
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become optimal in the case of bounded and unbounded synchronization domain? The
following gives the optimal conditions of variable coupling windmill-type networks, when
the synchronization domain is unbounded and bounded.

Theorem 1. Under the assumption that nk > m for the graph structures Gi(m,n, k) and
Gy(m,n, k), Ay and r are optimal at the same condition, which means nk = m, wy = wy,
nw, = wo.

Proof. Under the assumption of nk > m, the minimum nonzero eigenvalue and the maximum
eigenvalue of G1(m, n, k) graphs are discussed, Ay = mw1, Apax = max{mwqy + nkwy, mwy +
nkwy, mwy + kwo}, ¥ = Apax /Ay = max{wy/wy + nk/m, 1+ nk/m, 1+ kwy/mwq}. O

We discuss the optimization problem in two cases:

1. nkwy > kwy, thus, r = max{wy/wy +nk/m,1+nk/m},if wy > wq, thenr = wy/wy +
nk/m>14+nk/m>1+1=2ifwg <w;y,thenr=1+nk/m>1+1=2.r=2is
the optimal solution in the case of nk = m, wy < w1, nwy > wy.

2. nkwy < kwy, thus, ¥ = max{wy/w1 + nk/m, 1+ kwy/mewn }, if wg/wy; —1 < (k/m)
(wp/w1 —mn), thenr = 1+ kwy/mwy > 1+ nkwi/mwy > 1+nk/m>1+1 =2,
r = 2is the optimal solution in the case of nk = m, wy < wy,nwy = wy. fwp/w; —1 >
(k/m)(wy/w1 —n), thenr = wy/wy +nk/m > wy/wy +1,thusr > wo/wy +1 > 2,
r = 2 is the optimal solution in the case of nk = m, wy = w1, nw; = wy.

In contrast for A, = mwy, the optimal solution can only be obtained in the case of
nwy < wy and wp > wj and increasing the number of central nodes to nk from m. Then, A,
and r are optimal at the same time in the case of nk = m, wy = w1, nwy = wy.

Under the assumption of nk > m, the minimum nonzero eigenvalue and the max-
imum eigenvalue of G,(m,n,k) graphs are discussed, Ay = mw1, Apax = max{mw; +
nkwq, mwy + kwo }, ¥ = Apax /Ay = max{1 + nk/m,1 + kw,/mw1 }. If nkwy > kw,, then
r=14+nk/m>1+1=2;if nkw; < kwy, thenr = 1+ kwy/mwy > 1+ nkwy/mwy >
1+4+nk/m > 141 = 2, r = 2 is the optimal solution in the case of nk = m, nw; > w;.
Unlike with A, = mw;, when taking nw; > wy, the optimal solution is not obtained. The
optimal solution can only be obtained when nw; < wj and increasing the number of
central nodes to nk from m. Then, A; and r are optimal at the same time in the case of
nk =m, nw, = wy.

There still exist many unsolved problems on variable coupling windmill-type networks,
for instance, how to optimize the synchronizability of multi-layer variable coupling windmill-
type networks in this paper; for multi-layer variable coupling windmill-type networks, it
would be interesting to conduct the further research on how the synchronizability of the
windmill-type networks changes when the inter-layer coupling strengths are different.
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