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Abstract: It is easily observed that the vertices of a simple graph cannot have pairwise distinct
degrees. This means that no simple graph of the order of at least two is, in this way, irregular.
However, a multigraph can be irregular. Chartrand et al., in 1988, posed the following problem: in
a loopless multigraph, how can one determine the fewest parallel edges required to ensure that all
vertices have distinct degrees? This problem is known as the graph labeling problem and, for its
solution, Chartrand et al. introduced irregular assignments. The irregularity strength of a graph G
is known as the maximal edge label used in an irregular assignment, minimized over all irregular
assignments. Thus, the irregularity strength of a simple graph G is equal to the smallest maximum
multiplicity of an edge of G in order to create an irregular multigraph from G. In the present paper,
we show the existence of a required irregular labeling scheme that proves the exact value of the
irregularity strength of wheels. Then, we modify this irregular mapping in six cases and obtain
labelings that determine the exact value of the modular irregularity strength of wheels as a natural
modification of the irregularity strength.

Keywords: irregular assignment; (modular) irregularity strength; wheel

MSC: 05C78

1. Introduction

Let G be a simple graph. Given a function ¢ : E(G) — {1,2,...,k}, the weight of
a vertex x is wty(x) = L, en(x) Y(xy), where N(x) denotes the set of neighbors of x in
G. Such a function ¢ we call an irregular assignment if wty(x) # wty(y) for all vertices
x,y € V(G) with x # y. The irregularity strength s(G) of a graph G is known as the maximal
integer k, minimized over all irregular assignments, and is set to co if no such function is
possible. Clearly, s(G) < oo if and only if G contains no isolated edge and has, at most, one
isolated vertex.

The notion of the irregularity strength was first introduced by Chartrand et al. in [1].
There is also given a lower bound of this graph invariant in the form

s(G) > max{%fﬁ1 11<i< A}, 1)

where 1; denotes the number of vertices of degree i and A is the maximum degree of the
graph G.

Faudree and Lehel in [2] studied the irregularity strength of regular graphs and
showed that s(G) < [%] 4 9 for d-regular graphs G of order 1, d > 2. They conjectured
that there exists an absolute constant C such that s(G) < 4 + C. This upper bound was
sequentially improved in [3-5] and recently in [6].

For several families of graphs, the exact value of the irregularity strength has been
determined, namely for paths and complete graphs [1], for cycles and Turan graphs [7],
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for generalized Petersen graphs [8], for trees [9] and for circulant graphs [10]. The most
complete recent survey of graph labelings is [11].

In [12], the authors introduced a modification of an irregular assignment known as a
modular irregular assignment. A function ¢ : E(G) — {1,2,...,k} of a graph G of order n
is called a modular irreqular assignment if the weight function A : V(G) — Z, defined by
Ax) = wty(x) = Lyen(x) P(xy) is bijective and is called the modular weight of the vertex
x, where Zj is the group of integers modulo n. The modular irregularity strength, ms(G), is
defined as the minimum k for which G has a modular irregular assignment. If there is no
such labeling for the graph G, then the value of ms(G) is defined as oco.

Clearly, every modular irregular labeling of a graph with no component of the order
of, at most, two is also its irregular assignment. This gives a lower bound of the modular
irregularity strength, i.e., if G is a graph with no component of the order of, at most,
two, then

s(G) < ms(G). 2)

We have already mentioned that if a graph G contains an isolated edge or at least
two isolated vertices, then s(G) = co. The next theorem gives an infinity condition for the
modular irregularity strength of a graph.

Theorem 1 ([12]). If G is a graph of order n, n = 2 (mod 4), then G has no modular irregular
labeling, i.e., ms(G) = oo.

The exact values of the modular irregularity strength for certain families of graphs,
namely paths, cycles, stars, triangular graphs and gear graphs, are determined in [12]. A
fan graph F,, n > 2, is a graph obtained by joining all vertices of a path P, on n vertices
to a further vertex, called the center. For fan graphs F, of order n + 1, n > 2,in [13], it is
proven that

3, ifn=2,
F 4, ifn =28,
ms(Fa) = 0o, ifn=1 (mod 4),

[”TH—‘ , otherwise.

A wheel Wy, n > 3, is a graph obtained by joining all vertices of a cycle C, to a further
vertex ¢, called the center. Thus, W, contains n + 1 vertices, say, ¢, x1,x2,..., Xy, and 2n
edgescx;, 1 <i<m, x;xj41,1 <i<n-—1,and x,x;.

In the present paper, we determine the exact value of the irregularity strength and
the exact value of the modular irregularity strength of wheels. The paper is organized
as follows. First, we investigate the existence of an irregular assignment of wheels. We
improve the main idea of the construction of an irregular assignment for fan graphs
used in [13] and we construct an edge labeling with the desired irregular properties. The
existence of such labeling proves the exact value of the irregularity strength of wheels.
Next, we modify this irregular mapping of wheels in six cases, and, for each case, we
determine the exact value of the modular irregularity strength.

2. Irregular Assignment of Wheels

In this section, we discuss the irregularity strength for wheels. According to the lower
bound given in (1), we have that s(W,) > [“+2]. To show that [%2] is also an upper
bound of the irregularity strength of wheels, we construct an edge labeling and show that
this labeling meets the required properties.

Now, for n > 5, we define the edge labeling ¢ as follows:

P(xixisn) :{%} + M for1<i<[4], 3)
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most, [2+2]. This implies that the edge labeling ¢ is an |

Ip(xnxl) =1,
w(xnfixnflﬂrl) :[%—‘ + [é—‘ +1,

P(ex;) :{1, for 1 =1,

forlgig%_g’ifnisodd,
for1<i< 4 —Tifniseven,

2, fori=mn,

for2 <i< "l ifnisodd,
“ [“ {OI‘ lS > 1Irniso

cx;) = [i2
ylexi) 3 for2 <i

% if n is even,

W for1 <i <l _2ifnisodd,
’ forl1 <i<

Plexy—i) = 1311 [%

Plex,—i) = é-‘ + [’H—‘ +1, fori="51—1ifnisodd.

4 —1lifniseven,

Lemma 1. The edge labeling v defined in (3) is an | "2 -labeling of wheels Wy, n > 5.

Proof. Consider the edge labeling i of wheels W, n > 5, defined above. One can easily

check that, for odd n,
max{p(xiwin) i 1<7 < 4 = plraprngs) = [151] + [52] < [142],
max{(x—ixi—is) 11 <0< B2} = plrnprus) = 62+ 2] + 1< [%2],
max{p(ex) 12 < i < B = plevpn) = [553] + [28] < [242],
2
max{ ez, )11 < 231 2} = plexnys) = [252] + [252] < [%42],
2
plex, ) =wlevas) = 2]+ [1H [ +1= 2]

For even n, we verify that

max{p(xixiyn) 110 < 3} = plagruge) = [*57] + [5] < [*57],

Observe that, under the edge labeling ¢, the edge labels of a wheel W;,, n > 5, are, at
121 labeling. O

The next lemma provides values of weights of the vertices of wheels produced by the

edge labeling .
Lemma 2. The induced weights of the vertices of Wy, n > 5, under the edge labeling 1 defined
in (3), are

3, fori=1,

2i, or2<i< |5,

wty(x;) = J T 3]
n+2, fori=[5]+1,
5, fori=mn,

wty(x,—j) =2i+5, for1<i< [”T_l—‘ -2,
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n(n+5) _
Wty (c) = = forn=0,1,3,4 (mod 6),
v %, forn=2,5 (mod 6).

Proof. Under the labeling 1, the weights of vertices x;, 1 < i < n, admit the following
values:

wiy(x1) =P(xnx1) + P(x1x2) +p(ex1) =3,
why(x) =g (xiaxi) + (rixin) +plex) = [ 2]+ [+ [ 5| + [4] + [ ]
+ [ﬂ =2i, for2<i<][}],

=n+2,
Wty (xn—i) =P (xp—i 1% i) + (X iXp_iy1) +P(cxp_i) = [ W [%W +1+ [le
+ 4] 1+ [+ [B2] =245, for1<i< [25] -2,
wty (xn) =p(Xp—1Xn) + P(xnx1) + P(cxn) = 5.

Now, the set of edges cxy,cxp,...,cx3p43, p = |#] whenn = 4,5 (mod 6) and
p= ij 1; otherwise, we split them into mutually disjoint triplets (cx3,+1, cX34+2, €X34+3)
fora =0,1,2,...,p. The sum of labels of edges for each such triplet is

¥ pteru) = [ [32] 914 192 [0 4 1959 =a s

The set of edges cxy, CXp—1, ..., CXp_39-2,4 = | % | — 1, we split into mutually disjoint
triplets (cx;,_3p, ¢xy_3p_1, CX_3p_2) for b = 0,1,2,...,q. The sum of labels of edges for
each such triplet is

Mo

1¢(cxn_3b+1_j) =[] 4 [ 2] 4 [22] 4 [22] 4 [252] 4 (3014 — 6h 17,

]

Let us distinguish six cases according to the residue of # modulo 6 for the enumeration
of the weight of the center vertex c.

Casel. n =0 (mod 6).

Split the edges cxy,cxy, ..., cx 1 into g mutually disjoint triplets (cx3,41, X342, CX34+3)

fora =0,1,2,..., ¢ —1, and split the edges cxn,cxn,l, . cxg +1

triplets (cxy,_3p, CXy_3p_1, CXy_3p_2) for b =0,1,2,..., % — 1. Then, for the weight of the
center vertex, we obtain

into § mutually disjoint

ﬂ_l n n -1 ﬂ -1
6
wty(c) = Z Zw CX3047) + Z Zw CXy3p11-j) = Z(6a+4 + Z (6b+7)
a=0 j=1 =0 b=0
_ n(n+5)
= 152
Case 2. n =2 (mod 6).
Split the edges cx1,cx, ..., cxn_, into %= mutually disjoint triplets (cx3,41, X342,
2-
cx3g43) fora=0,1,2,..., 2= -1, and split the edges cxy, cx,—1,...,cxn ,, into ?2 mu-

§+2
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tually disjoint triplets (cx,,_sp, cXy_3p_1, CXy_3p—2) for b = 0,1,2,..., == — 1. Then, the

weight of the center vertex is

1521 1221
wy(c) = Y p(exzar) +¢lexn) +y(ex, _n, )+ Y p(exnspi1-j)
a=0 j=1 2 2 b=0 j=1
n-2_, =2 4
6 6
= L oo+ [B [+ TEI+TE1+ 22+ L (6b+7) = L,
a=0 b=0
Case 3. n =4 (mod 6).
Split the edges cx1,cxp,...,cx 74 into %‘4 -+ 1 mutually disjoint triplets (cx3,41,
CX3q+2, CX3543) fora =0,1,2,..., TA‘, and split the edges cx;, cx;_1, .. cxg+ into ”—*4
122 — 1. Then, the

mutually disjoint triplets (cx;,_3p, cx;_3p_1, €Xy_3p—2) forb =0,1,2,.
center vertex receives the following weight:

S
=
|
S
|
—_

n—

3 6
Y plexsay) +plex, _np)+ )

wtw
j=1 b=0 j=1

2
Hl"@
o

=
|
=~
=
|
=~
|
—_

60+ 8+ [52] 4[]+ 5 (60+7) = 103

Nl

Il

S
<
Il
o

a

Case 4. n =1 (mod 6).
Split the edges cxy,cx, ..., cx,_1 into "= mutually disjoint triplets (cx3,+1, CX3442,
z

cx343) fora=0,1,2,. T — 1, and split the edges cx,, cx,_1,...,cX 43 into & 1 mu-
2
tually disjoint triplets (cx,,_sp, cXy_3p—1, CXy_3p—2) for b =0,1,2,..., ?1 1. Then, the

center vertex admits the following weight:

_
3
|
—_
|
_

n—

wty(c) =

-1

O\‘

3
Wexsarj) +Pexpyr) + Y w(cxy_spi1-))

1 2 b=0 j=1

i)

I

o
e

]

-
N
|
-
|
_

n—

O\‘

= (6a+4) + VT_B] + [Lgrl—‘ + (6b+7) = n(n6+5)'

)
Il
<}
<
Il
o

Case 5. n =3 (mod 6).
Split the edges cxy,cxp,...,cx -1 . into 222 mutually disjoint triplets (cx3,41, CX34+2,
2
cx3443) fora = 0,1,2,..., ’%3 — 1, and split the edges cx;, cx,—1, ... cxn+1+ into ";3
52
mutually disjoint triplets (cx,_3p, cX;—3p—1, CXy—3p—2) for b =0,1,2,..., == — 1. Then, for
the weight of the center vertex, we obtain
HTS*l 3
wry(c) = ) Y w(exaary) +plexpt) +9(cxppn) +lex pa )
a=0 j=1 2 2
121 g 12 .
+ ¥ Lwlexama )= X (6a+4)+ [552] + 25| + [552]
b=0 j=1 a=0

+
— |
X
f
3
—_
+

(2] + [ 414+ Y (6b+7) = 2
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Case 6. n =5 (mod 6).
Split the edges cxy,cxp,...,cx,41 into %‘5 + 1 mutually disjoint triplets (cx3;41,

2
CX3042, CX3443) fora = 0,1,2,..., ’%5, and split the edges cxy, cx;—1,...,¢X 11 3 into
T
”T*S mutually disjoint triplets (cx,_3p, cX,_3p-1, ¢Xy—3p—2) for b =0,1,2,. .., TS — 1. Then,
for the center vertex weight, we have

n-5
wty(c) = H/;)];lll cX3a4) + P (cx %1“) +lp(cxni%+2)
n—>5 -5
& 13 T \ ) .
+ Z leJ CXp—3b+1—;) Z (6a+4) + (?W—FP’%W—FLFV%]
b=0 j=1 a=0
n=5_
+{”—gﬂ+ (6b+7) = rbned)
b=0

This concludes the proof. [

The next theorem gives the exact value of the irregularity strength of wheels.

Theorem 2. Let W, n > 3, be a wheel on n + 1 vertices. Then,

3, ifn=3andn =4,
()= {Ww I
3 s =

Proof. Chartrand et al. in [1] proved that s(K,,) = 3 for each n > 3. Since W3 = Ky, it
follows that s(W3) = 3. Figure 1 depicts an irregular 3-labeling of the wheel Ws.

According to the lower bound given in (1), we have that s(W,,) > (”THW Hence,
s(Wy) > 2. Suppose that there exists an irregular 2-labeling of Wy. As the vertices x;,
i =1,2,3,4, are of degree 3, then, under any 2-labeling, the smallest weight of a vertex,
say x1, is at least 3 (this is realizable as the sum of edge labels 1 + 1 +1) and the largest
weight of the vertex, which must be x3, is, at most, 6 (this is realizable as the sum of edge
labels 2 + 2 +2). Since all vertices x; must have distinct weights, it follows that the weight
of the center vertex is 6 and we have a contradiction. It follows that there is no irregular
2-labeling of Wjy. Figure 2 illustrates an irregular 3-labeling of the wheel Wj.

T

T3

Figure 1. An irregular 3-labeling of the wheel W3.
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T3

Figure 2. An irregular 3-labeling of the wheel Wj.

Now, for n > 5, we consider the edge labeling ¢ given in (3). Lemma 1 shows that,
under the edge labeling ¢, the edge labels of wheels W,, n > 5, are, at most, [”TJ“Z]
Lemma 2 proves that the weights of vertices x;, i = 1,2,...,n, under the labeling ¥
successively attain values 3,4, ...,n + 2. Since

(n+1)6(n+4) > n(n6+5) >n+42

for any n > 5, we find that the center vertex weight wty(c) > n + 2. It follows that the

vertex weights are distinct for all pairs of distinct vertices and the labeling ¢ is a suitable

edge-irregular | }2]-labeling. This concludes the proof. [J

3. Modular Irregular Assignment of Wheels

For determining the exact value of the modular irregularity strength of wheels, we use
a modular irregular assignment as a suitable modification of the irregular [ 242 ]-labeling
. From Lemma 2, it follows that the weights of vertices x;,1 = 1,2,...,1n,n > 5, under the
labeling ¥, gradually reach the values 3,4, ...,n,1n 41,1 + 2, i.e., the modular weights are
3,4,...,1n,0,1 (mod n+1).In order to obtain a modular irregular assignment of wheel
W, the center vertex modular weight has to be congruent to 2 (mod 7 + 1). To produce
such a modular weight of the center vertex, we increase (decrease) the labels of edges of
W), in such a way that these operations will have no impact on the weights of the vertices
Xi, i= 1,2,...,n.

The following lemma gives the exact value of the modular irregularity strength of
wheels W,,, for even n > 4.

Lemma 3. Let W,, be a wheel on n + 1 vertices with n > 4 even. Then,

3, ifn =4,
ms(Wy) = <5, ifn =10,
[”TJ“Z] , otherwise.

Proof. The existence of a modular irregular 3-labeling of the wheel W, follows from
Figure 2, where the modular weights of vertices x;,i = 1,2,3,4,are 1,2,4,3 (mod 5) and
the modular weight of the center vertex is 0 (mod 5).

Next, for even n > 4, we will consider the following three cases.

Case 1. n =0 (mod 6).

Define an edge labeling fy as modification of the labeling 1 in the following way.

fo(xixiy1) =(xixip1), forl<i<73,

folxnx1) =9p(xux1),
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(Xp—iXy—iy1) +1,  fori=1,

[l +1
fO(xnfixnfz#l) = ll](xnfixnfzﬂrl) + 2/ fOr i= 3/ 5/ 7/ RN % - 3/ % - ]-/
2

(Xn—iXn—it1), otherwise,
1, fori=1,n,
fo(ex;) :{ L
plex;),  for2<i<l,
Y(ex,_i)—1, fori=1,
fO(anii) = lp(cxn*i) _2' for i :2/3/4/"’/% _2/% _1/
P(exn—i), otherwise.

It is a matter of routine checking that, for n = 6, the edge label fy(x5x6) = P(x5x¢) +
1=3= (”T"’z], and for n > 6, we have

max{ fo(xy_iXy_i+1) :i=1,3,5,7,...,5 =3, 5 -1} = lp(xn—gﬂxnfgﬂ) +2
=[50+ [15%] +3 < [H2].

Moreover, decreasing the labels of the edges cx;, cx,_1 by one and the labels of the
edgescx,_;,i=2,3,4,...,5 — 2,5 — 1, by two, and increasing the label of the edge x,,_1x,
by one and the labels of the edges x,_;x,_;+1,7 = 3,5,7,...,%5 — 3,5 — 1, by two has no
effect on the weights of vertices x;, 1 < i < n. They still successively attain values from
3 to n + 2. On the other hand, decreasing the labels of the edges cx;, cx,,—1 and cx,,_;,
i=23,4,..., % -2, % — 1, decreases the center vertex weight and we obtain

whyy (€)= why(c) ~2-2(§ ~2) = "FH 42

Since g is an integer, it follows that wts (c) = 2 (mod n + 1). This implies that the

modified labeling fy is a required modular irregular [”THW -labeling of W,.

Case 2. n = 2 (mod 6). In light of Lemma 2, we can see that under the labeling ¢,

the weight of the center vertex is w and it is not congruent to 2 (mod n + 1).

Therefore, we modify the edge labeling (3) as follows:

Folxixinn) 1, fori=1,2,
2(XiXip1) = .
o P(xixip1), 3<i<3y,

fa(xnx1) =p(xnx1),
fo(Xn—ixn_iz1) =P(Xp_ixp_iz1), forl<i< 32
fZ(Cxi) :1/J(Cxi), fori =1,n,
2, fori=2,
falex;) =43, fori =3,
P(ex;), ford<i<,
falexy i) =p(cx, ), for1<i<i-—1.

The new labeling f, reduces the value of the edge xpx3 by one and increases the values
of edges cxp and cx3 by one. This modification of the labeling i has no impact on the
weights of the vertices x; and x3. However, increasing the values of the edges cx; and cx3
results in an increase in the weight of the center vertex and we obtain

wtg, (c) = why(c) +2 = % +2.

As * is an integer, subsequently, wt £,(c) =2 (mod 1+ 1). This proves that the
constructed edge labeling f; is a suitable modular irregular (”TJFZ] -labeling of W,,.
Case 3. n =4 (mod 6).
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n(n

According to Lemma 2, we have that wty(c) = %5) # 2 (mod n + 1). This means
that the edge labeling ¢ is not modular irregular.

Let n = 10. From Theorem 2, it follows that s(Wyo) = 4 and wty(c) = 25. According
to (2), we have that ms(Wyo) > 4. Suppose that there exists a modular irregular 4-labeling
@ of Wyg. Since the vertices x;, i = 1,2,...,10, are of degree 3, then the smallest vertex
weight is at least 3 and the largest one cannot be more than 12 (as the sum of edge labels
4+4+4). Clearly, the weights of vertices x; successively assume values from 3 to 12, which
means the values 3,4,...,10,0,1 (mod 11). Because wty(c) =25 # 2 (mod 11), then the
weight of the center under the labeling ¢ must be either wt,(c) = 24 = 2 (mod 11) or
wty(c) =35 =2 (mod 11).

Let us first assume that wt,(c) = 24. The sum of all the vertex weights of W is

10
Y wty(x;) +wtp(c) =344+ +12+24 = 99. (4)

i=1

In the computation of the vertex weights of Wy, each edge label is used twice. Then,
the sum of all edge labels used to calculate the vertex weights is equal to the sum of all the
vertex weights. With respect to (4), we obtain

10 9
2) plexi) +2 ) @(xixig1) +2¢(xnx1) = 9. ©)
i=1 i=1

Using parity considerations for the left-hand and the right-hand sides of Equation (5),
we obtain a contradiction. Thus, there is no modular irregular 4-labeling of W;g with
wty(c) = 24.

Now, let us assume that wt,(c) = 35. Under a modular irregular 4-labeling ¢ of W1y,
if wty(x;) = 3, then ¢(cx;) = 1. If wty(x;) = 4, then ¢(cx;) is, at most, 2 and if wt,(xx) = 5,
then ¢(cxy) is, at most, 3. Values of the other seven edges incident with the center can be,
at most, 4. Thus the weight of the center cannot be more than 34 and, again, we have a
contradiction. This proves that there is no modular irregular 4-labeling of Wyg9. A modular
irregular 5-labeling of Wy is displayed in Figure 3.

For the wheel Wy4, we have a special modular irregular 6-labeling, given in Figure 4.

To obtain a required edge labeling with the property that the weights of vertices
x; € V(W,) will not change and the weight of the center vertex will be congruent to two
(mod n + 1), we construct an edge labeling f4 of W,,, n > 22, such that

1, forl <i<4,
P(xixi11), for5 <i< % —1ifiisodd,
fa(xixip1) =S P(xixip1) =2, for6 <i < 2 ifiiseven,
P(xixiy1) —1,  fori="F2 42,
P(xixi11), for 12 +4 <i < Zifiiseven,
falxnx1) =p(xnx1),
fa(n—ixn_iz1) =p(xy_iXp_iz1), forl<i< 32
1, fori=1,
2, fori =2,n,
4, fori =23,
fa(ex;) =<6, fori =4,
Plex;) +2,  for5<i< 241,
P(ex;) +1, for"TJ“Z—l—ZSiS"TH—i-B,
Plexy), for 12 44 <i< 1,

falexy—i) =p(cx,—;), for1<i< g -1
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It is not difficult to verify that increasing the labels of the edges cx,, cx ;42 by CXnt2 o
3 3

by one, the labels of the edges cx3, cx;, 5 <i < ”T*z + 1, by two and the label of the edge

cxy by three and decreasing the labels of the edges x7x3, x3x4, X 42 ¥nt2 s by one and
3 3

the labels of the edges x;x;11,4 < i < ”TJ”Z for even i has no impact on the weights of
the vertices x; € V(W,), as they successively assume values from 3 to n + 2. However,
increasing the labels of the edges cx;, 2 < i < ”TH + 3, results in an increase in the value of
the center vertex and we obtain

Because “£2 is an integer, wtf, (c) = 2 (mod 7 + 1). Moreover, it is easy to check that

max {fyex;) : 2 <1< ME 43} = fulevng ) = Plevng ) +1 = 52 ] 4 [A53] +

2< [”TJ“Z] . In light of the previous discussion, it follows that for n > 22, the labeling f; is
the desired modular irregular [+2]-labeling of W,,. O

Figure 4. A modular irregular 6-labeling of Wy,.
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Directly from Theorem 1, we achieve the following result.

Corollary 1. If n =1 (mod 4), then the wheel Wy, on n + 1 vertices has no modular irreqular
labeling.

In the next lemma, we give the exact value of the modular irregularity strength of
wheels W,,, for odd n > 3.

Lemma 4. Let W, be a wheel on n + 1 vertices with odd n > 3. Then,

3, ifn=3,
ms(Wy,) = < oo, ifn=1 (mod4),
[2£2],  otherwise.

Proof. Similarly to the proof of Lemma 3, the edge labeling i described in (3) is not a
modular irregular labeling of W, except for n = 15, because, applying Lemma 2, we have
that the weight of the center vertex is not congruent to two (mod 7 + 1). For this reason,
we will modify the edge labeling ¢ in the following three cases.

Case 1. n =3 (mod 12).

The edge labeling of the wheel W; depicted in Figure 1 is an irregular 3-labeling that
meets the properties of the modular irregular labeling. Consequently, ms(W3) = 3.

It is an easy exercise to check that the edge labeling ¢ for W5 is also a modular
irregular 6-labeling. For n > 27, we modify the edge labeling i in the following way:

Folxixiig) = P(xixip1) +1,  for3<i< 23 —1ifiisodd,
S (xixi1), otherwise,
f3(xnx1) =¢(xnx1),

fa(xn—ixp—it1) =9(xp_ixy_it1), forl<i<":3,

1, fori=1,

2, fori =mn,
falexi) = . n-3

Pex;) — 1, for3 <i< =2,

P(cx;), otherwise,

falexy—i) =¢p(cx,—;), forl <i< ”7*1 —1.

One can see that increasing the labels of the edges x;x; 1 for3 <i < ”6;3 —1lifiisodd,
and decreasing the labels of the edges cx; for 3 <i < ”T*‘Q' does not change the weights of
the vertices x; € V(W,,), but it reduces the weight of the center by ”T% — 2 and we obtain

wtp, (c) = wty(c) — (%52 —2) = %6(71‘?3) s
Indeed, "%”3 is an integer and wt(,(c) =2 (mod n + 1).

Case 2. n =7 (mod 12). For n = 7, we have a suitable modular irregular 3-labeling,
as illustrated in Figure 5.



Mathematics 2021, 9, 2710 12 of 14

Zs 3 T4

Figure 5. A modular irregular 3-labeling of W5.
For n > 19, we define the following edge labeling:

Fr(xixisr) = P(xixiyn) —1,  for2 <i< ™ 42ifiiseven,
o p(xixie1), otherwise,
fr(xnx1) =9 (xnx1),

fr(Xnixn_iy1) =Pp(Xu_ixy_iy1), forl <i< 133,

1, fori=1,
2, fori =mn,
cx;) =
frlexi) Pex;) +1, for2<i< ’%54-3,
P(cx;), otherwise,

frlexy—i) =¢p(cx,—;), forl<i<izl—1.

It is a routine procedure to verify that the edge labeling f; does not increase the largest
values of the edges in Wj,, has no effect on the weights of vertices x; € V(W,), but increases
the weight of the center vertex by ”TJFS + 2. Thus, we obtain

wtg, (c) = wty(c) + (12 +2) = %6(”“’) +2.

Clearly, £ is an integer and then wt £,(c) =2 (mod n+1).

Case 3. n =11 (mod 12).
For n > 11, we construct an edge labeling f1; as follows:

P(xixi1) —1, for2<i<™l_1ifiiseven,
P(xixit1), otherwise,

fri(xixigr) :{
fr1(xnx1) = (xnx1),

z/)(xn_ixn_lqu) -1, fori=1,3,
Xpy—iXpy—i =
fll( n—itn l+1) {lp(xnixniJrl)/ otherwise,

n+1

1, fori=1,
, fori=mn,
cx;) =
funlexi) cxi)+1, for2 <i< ”T_l,
cx;), fori = "=,

(

(

(cxp_i)+1, forl <i<3,
(cxy_i), otherwise.
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Again, it is a matter of routine checking to see that the labeling f1; has no impact on
the the weights of vertices x; € V(W,). However, by increasing the labels of the edges
cx;,2<i< ’%1, and cx,_;, 1 <i < 3, the weight of the center increases by ’%1 4+ 3 and
we have

Wty (c) = why(c) + (27 +3) = LT 4o

Since, under the edge labeling f11, wtf, (c) =2 (mod 7 + 1) and the edge labels of
wheels W,,, n > 11, are, at most, (”T*z] , it follows that f1; is a required modular irregular

{%&1 -labeling of W,, and we are finished. O

4. Conclusions

In the given paper, we investigated the existence of an irregular assignment of wheels
and we determined the exact value of the irregularity strength of wheels W, of order n + 1,
n > 3, as follows:
3, ifn=3andn =4,
s(Wy) =
(We) {(”;2}, if n > 5.

The constructed irregular assignments of wheels was modified in six cases according to
the residue of n modulo 6 for obtaining the corresponding modular irregular assignments.
These modular irregular assignments prove the following exact value of the modular
irregularity strength of Wj,.

Theorem 3. Let W, be a wheel on n + 1 vertices with n > 3. Then,

3, ifn=3andn =4,

ms(Wy) — 4% ifn = 10,
0, ifn=1 (mod 4),

”T"rz] , otherwise.

The results of the paper prove that the irregularity strength and the modular irregular-
ity strength for wheels are the same, except for two cases, where the wheel Wy is a special
case and wheels W, for n =1 (mod 4) are excluded according to Theorem 1. The same
is true for the fan graphs; see [13]. For further investigation, we propose the following
open problem.

Problem 1. Is there another family of graphs, besides wheels and fan graphs, for which the irrequ-
larity strength and the modular irreqularity strength are the same?
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