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Abstract: Hypergeometric functions and their inequalities have found frequent applications in
various fields of mathematical sciences. Motivated by the above, we set up certain inequalities
including extended type Gauss hypergeometric function and confluent hypergeometric function,
respectively, by virtue of Holder integral inequality and Chebyshev’s integral inequality. We also
studied the monotonicity, log-concavity, and log-convexity of extended hypergeometric functions,
which are derived by using the inequalities on an extended beta function.
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1. Introduction and Preliminaries

In mathematics, the theory of special functions is an area that plays a vital role due
to its applications in real analysis, functional analysis, geometry, physics, and many more
subjects of science. Special functions can be defined by power series, generating functions,
infinite products, and other series in orthogonal functions. In the past few years, many
researchers and authors have been engaged in working on theory and applications of the
special functions [1-8]. Inequalities and extensions are both important topics in the theory
of special functions, but from a theoretical point of view, very few inequalities involving
hypergeometric functions and extended hypergeometric functions seem to have appeared
in the literature until now. Here, we aim to introduce some inequalities of extended
hypergeometric functions.

Very recently, Goyal and Jain et al. [9,10] have extended the beta function, Gauss
hypergeometric function, confluent hypergeometric function and studied various prop-
erties of these extended functions. They also studied the increasing or decreasing nature
(monotonicity), log-concavity, and log-convexity of extended beta function in [10].

The extended beta function is defined as [9]:

B (w1, wn) = /01 FN (1= )2 B (<t - 1) 7ty (1)

(51/52

where min{R(w;), R(w2)} > 0, 7 > 0, N(s1) > 0,R(s2) > 0 and Es, 5,(z) is the 2-
parameter Mittag—Leffler function.
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The extended Gauss hypergeometric function is defined as [10]:
® +k, g2 —p1) k
) s 5) \1 z
(Sl 52)(‘10/ q1, l]2/ ; 1.52) q1, g2 — q1) (%)kﬁz (2)

where R(2) > R(q1) > 0, R(s1) > 0,R(52) > 0,5 > 0, |z| < 1and Bgf ., (@1, w2) is the
extended beta function.
Integral representation of the extended Gauss hypergeometric function is defined

as [10]:

((51) 52) (qO/ ql/ 0]2, ) —

B(q1,92 — 1) / (1= (1 =2t 0B (—s(H(1 - 1) )dt ©
3(6711112 —q1) Jo 51,52 g
where (%(lh) > %(lh) >0,R(s1) >0, §R(52) >0,s>0and ‘Z| <1).
[e] k _ )
( ) 51 52) ql + qz ql z- 4
cD(sl Sz ql/ q2/ ;0 qquz — ql) X , ( )

where (R(gq2) > R(q1) > 0, R(s1) > 0,R(s2) > 0and s > 0).
Integral representation of the extended confluent hypergeometric function is defined
as [10]:
ey (1100272) =
Q)

! ' -1 —q1—1 ,zt -1
gy 1 R g (51— ),

where (R(q2) > R(q1) > 0, R(s1) > 0,R(s2) > 0and s > 0).
We also require some important results that were published earlier in [10-17] to obtain
our main results.

Theorem 1 ([10]). Assume that:

o X"y, x{,y] are non-zero and non-negative numbers such that (x" — x{)(y" —y{) >0
e uy €[0,1]and uy € [0,1].
Then

B ) BL Ly < Bl B ). ©)

Theorem 2 ([10]). The map (x',y’) — Bguz ; )(x’,y’) is logarithmically convex on R™ x RT

Vu >0, withuy € [0,1] and uy € [0, 1]. Moreover:
2
) (MY Vit (u) (Y
{B(ul,u2)< 5’ 2 < B(u1,uz)( x1,Y1) - B (11, llz)( X5, Y3)- )

Lemma 1 ([11]). consider f](y) = Y5> ay* and g1 (y) = L3>, bly* with a}, € R and b}, >0
Vk, converges on (—pB, B). Then, if the sequence (h, )k>0 is decreasing (or increasing, respectively),

subsequently the mapping y — g ] Ey; is also decreasing (or increasing, respectively) on (0, B).
1
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Lemma 2 ([10,12,13] Holder Inequality). Let 6] and 6/ be positive numbers such that

1 1

LA
oy

Let f1, f3 : [c/,d'] — (—o00,4-0c0) be integrable functions. Then,

/C, ,fll(x)le(x)dx < </C,d/ fll(x)eidx>61{ . (/C,d/ le(x)%dx>elé. )

Lemma 3 ([10,14-16] Chebyshev’s integral inequality). Let f{, f} : [¢/,d'] C (—oco, +00) —
(—o00, +00) be integrable functions. Assume that:

[A) = AWIAEE) - 120, vy eldd].

Let i (x) : [¢/,d'] C (—o0,+00) — (—00, +00) be a positive integrable function. Then:

dl

[ Hfma [ @@z [ i@ [T @A@A0E o

Theorem 3 ([17]). Let

WA (10)

k>0

where, f| is not depend on b, and we consider that ¢ > b > 0 and § > 0, then the mapping

fo+06,y)f(cy)— flc+0,y)f(b,y) = Lywso Opy™ has negative power series coefficient ¢;, <
fi
fiea

0, so that b — f(b,y) is strictly log-convex for y > 0 if the sequence (%) is increasing.

2. Main Results

In this section, we are introducing some inequalities, monotonicity, log-convexity
s) .
Sllsz)(ql,qz,x) and

extended Gauss hypergeometric function F((Ssl) 52) (90,91, q2; x), respectively.

and log-concavity of the extended confluent hypergeometric function @!

2.1. Inequalities of Confluent Hypergeometric Function CIDEzz 5) (1,92 x)

Theorem 4. Consider g1 > 0and qa,q93 > 0 then for gy — g3 > 0 the mapping

(s) :

O] ,q2; %

o @ES,52>(% "), an
(51,52)(%,6]3;95)

is increasing on (0,00).

Proof of Theorem 4. By the definition of the extended confluent hypergeometric func-
tion (4), we have:

o) o (s ) @K —11)
Ploysn) (11-42:%) Dczoka (12)
o0 '

(5152)(111,%, x) e OM k

B(q1,93—q1)
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Bés) o) (D1 +kz=01)
Now, consider a;(z) = W then, we have:
( ) . o
o) ) Dot
Now assume, f = a,’<§ ; then
;g
4 (02) i (92)
k k+1
- = - . (14)
fk fk+1 ﬂ;c(%) ﬂ;/<+1(0]3)
Then, by the using above equation, we have:
fe=frrn =
(s) (s)
B(q1,93 — q1) B( 51,8 )(‘71 ka2 —q) B(Slfsz)(ql tkt1a2—q1) ) (15)
Blava=a) L) (q+kas—q1) B (@ +k+105—0q1)

On taking X' = g1 +n, %] = 1 +k+1, ¥ = g3 —q1 and ¥y} = g2 — q1, we get:

(' = x1).(y" —y1) 2 0as g2 — g3 20
So, the above equation reduces to

(=) (5)
fk _fk-‘rl ( ' —k, ]/’) B(Sl SZ)(x,,yi) B B(sl,Sz)(xll’yl) ‘ 1)
B(x' —k, y1) gsz SZ)(x/ly/) BE?, )

After using the Theorem (1), we have:

Bgi 52) (', >BE:,52) (x1,¥")
(s
(

) <1 (17)

BY) o) (K VDB ) ()

After re-arranging the terms, we have:

<0. (18)

Then, using the above result in Equation (16), we have:

fe = fer1 0. (19)

Which implies f; < fr11 that means { fi } >0 is non-decreasing, non-constant sequence,
o . ) ) (a102%)
i.e., increasing sequence. After the use of Lemma (1), we conclude that x — —1-2———

Q(zi&) (71,93:%)

is increasing on (0, o0). Hence the proof of Theorem (4), is completed. [

Theorem 5. For go — q3 > 0 the extended confluent hypergeometric function CIDEZE 5) (q1,92; x)

satisfied the inequality

B0 o (014 L0+ 109 (1,457%) >

(20)
qZCD( °) (1 +1,g93+ 1;x)¢§s) . )(sl,sz;x).

(s1,52)
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©© (a1
Proof of Theorem 5. From the previous Theorem (4), we know that x — @E? SZ)qu i x;
(s1,5p) \T1/3:%
is increasing on (0, o) for g» — g3 > 0, then by the increasing property of the function,
we have:
(s)
d CI)( 1,5 )(171/‘12/ ) >0 (21)
Lol (q1,5)
on (0,00).
o) (@1923%)
After differentiating the function 852) w.r.t x, we get:
@(51,52>(‘71r‘73;x
L) oy (01,57 2) ()P (01 + L2 + 1)
(1 5) q1,493, X (s1,5) q1 /q2 ’ B
(@) . (91,3 %)]2
(s) (s) (22)
(%)q)(sl 52)(‘71 +1lg3+1 x)qD(Sl s )(%/‘72?3‘) -0

(@) (@15 %)

On some computation, we get our desired result.

()

(s] 5
Hence proof of Theorem (5), is completed. [
Theorem 6. For € [0,1], x',y' > 0, and q1, 92 > 0 the mapping
¥ @) 1 (1,02; %) (23)

(51,52

is logarithmically convex on (—oo,00) and the extended confluent hypergeometric function
o)

(51.52) (91, q2; X) satisfies the inequalities

(5 : (5 NS =,
D (0102 B + (1= B)y) < [<D(sl,52)(q1,qz;x)] [ (or59) (01027 )} )

Proof of Theorem 6. By the integral representation of extended hypergeometric func-
tion (5), we have:
ngi,sz)(ch, g2 B + (1= B)y) = )
1 1 / !/ —
- [l - a1+ (1Bt E —s(t(1 =) )dL
ey AL e (st =1)7")

After re-arranging the terms, we get:
‘DEQ,Sz)(%qz; px'+(1-B)y) =
B
s q 1 Ja—q1—1,xt _ 1
B0 —q1)/ [(t TR Es1,52( s(t(1 1)) )) X (26)
1 1t S\
x <t41 (1— ) n-1eVtE (—s(t(l — 1)) )) ]dt.
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Then, from Lemma (2), we have:
90y (G1r5ziba’ + (1= i) <
1 1 q -1 qz_q —1 x/t 1 ,B
m/(] th=H (1 — ) e Esl,sz(—s(t(l—t)) )dt < @)

1 L 1 1 (1-p)
X[B(lhqz—ql)/o (1(1 — ) m-ley Esl,SZ(—s(t(l—t)) )dt} .

After using the integral representation of the extended confluent hypergeometric
function (5), we get our desired result and from above observations, we conclude that the
extended confluent hypergeometric function is logarithmically convex on (—oo, c0)

B (1-p)
<I>Esf o) (@192 B+ (1= B)y') < [%3 5y (1, 92; )] {qﬁif,ﬁ)(ql,qz;x’)} .29
Hence, the Theorem (6), is proved. O

Theorem 7. For x,q,q2 > 0, then the mapping

Blgr+9,92—q1 — q)<I>E§f,SZ)(q1 +4,q2;x)

B(q1,q2 — q1)® ESI o) (1,92; %)

q1 — (29)

is decreasing function on (0, c0).

Proof of Theorem 7. Consider g} > ¢1,

Hy(t) = th 11 — £ h TN Ey (—s(t(1 - t))_l)

A = ()m % and g () = ()"

Then, from integral representation of the extended confluent hypergeometric func-
tion (5), we have:

§5152><wzf ) =

(30)
By o 0 B (i1 =)
After using the above definition, we have:
B(g1+9,q2—q1 — q)<I>ESf o) (014,42, %) -
B(qu, 42 = )@ ) (71,323 %)
B(g; +4,02 — 0 — P (@] +4,92%) 1)

B(41,42 — 41) @ EsfSZ)(qi,qz;x)

Jo F(Og (K (¢ )df RAGLAG )df
INAGLAGL o (t)d
For the conditions ¢ > 0 and g} — g1 > 0, we can easily determine that the function

f1(t) is decreasing and the function g} (t) is increasing, since function /} (t) is a non-negative
mapping for t € [0,1].
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After by the using Lemma (3), we have:

1 1 1 1
| moAoa. [gomma < [nod [ o Ao
Then, after re-arranging the terms, we have:

Jo £i(®) ( Jat _ Jo gi(0m(t >dt
fo f 1 at fo iy (t)d
On some more calculations, we get:
Jo Asi( '< Jat_ Jo 10k < >dt
Jo O (Bt Jy it~

On using above relation in Equatlon (31), we have:

B(q1+4,92 —q1 — q)d%sf o) (1 14,42, %)
B(q1, 92 — 6]1)q)52152)(%/6]2;x)

/ ool (32)
Blgi +4,02 = — D) (0 + 9025 %) .
By a2 — 4L (dh %)
After some calculations, we get:
Bl +q.92 —q1 — q)¢§2,52) (71 + 9,925 %) -
By, — q1)®) (%)
(33)

B(q) +q,92 — 4} — )0 (q) + 4,92 %)

B(q1,92 — 41)® §5352)(qg,q2;x>

B(q1+4.02—1~ q)<(1> 0)

B(‘hﬂiz*ql)q’( aa) 01425%)

+
As g} > q1, we conclude that the mapping q; — ) 02) is

decreasing function on (0, o).
Hence, proof of Theorem (7), is completed. [

Remark 1. In particular, the following decreasing property of the function

B(q1+q,92 = 01 — )OL) (g1 + 4,42 %)
)
1

q1 = (
B(q1,42 — 1)@

(34)
(1,925 %)

/52

is equivalent to the inequality

2
O (01 +,025% )] >
B(q1+27,02 — 01 — 20)B(g1,02 — )@ (91429, 32:0)0()  (q1,2%)  (35)
5 :

[B(‘h +9,92—q1—q)
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2.2. Inequalities of Extended Gauss Hypergeometric Function P((ssl) 5) (90,91, 92; x)
Theorem 8. Let g1 > 0and g, 93 > 0, then for gz — q3 > 0, the mapping
(s) .
F (QO/ q1, 492, .X)
x oy ) , (36)

F(sl,Sz) (90,91, 93; X)
is increasing on (0, 1).

Proof of Theorem 8. By the similar procedure as used in the proof of Theorem (4), with
some computation, we get our desired result of Theorem (8). [

Theorem 9. For gy — q3 > 0, the extended Gauss hypergeometric function F((ssl) 5) (90,91,92; x)
satisfied the inequality

(51,52

‘JBF() )(q0_|_1,q1—|—1,q2—|—1;X) ((1) )(q0/q1/q3r )f
(37)
)

HE®  (qo+1q1+1,95+ 1 x

(s1,82)

(qO/ ‘/711 qu )

Proof of Theorem 9. On the same parallel lines as used in the proof of Theorem (5), after
some computation, we get our desired result of Theorem (9). O

Theorem 10. For x € (0,1), the mapping

q0 — ((51)52)(%,611,42, x) (38)

is logarithmically convex on (0, c0)

Proof of Theorem 10. To prove above result, applying Theorem (3), to the extended Gauss
hypergeometric function F ((ssl) 52) (90,91, 92; x).

From definition of the extended Gauss hypergeometric function (2) we have:
3 (0 + ka2 —p1) 2
(q0)x Zh

BE
£6) _ & B
Figr o) (0,91,92;2) = k§:0: B(an a2 —a1)

Bgi,SZ)(q1+kﬂ12*¢11)

Now consider f] = Bgrm)

, to prove our result it sufficient to show that the

sequence dy = (f/f—é) is increasing. Clearly,
k-1
BY (@itkp—aq)  BY (qtk-1lg—q)
(Sl 52) ql qz ql (51,52) ql qz ql
A= de1 = 75 -y (39)
B(sl 52) (ql +k7 1 qz 7q1) B(Sl,Sz)(ql +k72’q2 7q1)

On using the Theorem (2), and letting x| = q1 +k, ), = q1 +k =2,y = yb = g2 — q1,
we have:

B Eszs)(ql—i_k_l 92— q))”

B©) (s) (40)
<B (51,52) (g1 +k g2 — ql)'B(Sl,Sz) (g1 +k—=2,920—q1).
After re-arranging the terms, we get:
Es)s)(‘h—Fk‘h—’h) ES)S)(th‘I'k—l qz—ql)
1,22 > 2 (41)

B (g1 +k—1,90—q1) B

Bisa, s2) (s1,52)

(1 +k—2,q0—q1)
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Then, by using above result in Equation (39), we have: dy > dj_1, which implies (dy)

sequence is increasing. Now, we conclude by the using Theorem (3), that the mapping g —
(s)

F
(s1,5

is completed. O

) (90,91, 92; x) is logarithmically convex on (0, c0). Hence, proof of the Theorem (10),

3. Concluding Remark

We conclude our investigation by remarking that here, we describe some (presum-
ably) new inequalities including the extended type Gauss hypergeometric function and
confluent hypergeometric function, respectively. These inequalities are important for the
approximation of extended confluent hypergeometric function, extended Gauss hypergeo-
metric function, generalized Appell and Lauricella hypergeometric functions. We hope
our investigation is capable of providing potential directions for future research in the
approximation theory and applications of special functions.
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