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A 0
U B
ring. In this paper, several notions in relative Gorenstein algebra over a triangular matrix ring

Abstract: Let A and B be rings, U a (B, A)-bimodule, and T = ( ) the triangular matrix

are investigated. We first study how to construct w-tilting (tilting, semidualizing) over T using
the corresponding ones over A and B. We show that when U is relative (weakly) compatible, we
are able to describe the structure of G¢-projective modules over T. As an application, we study
when a morphism in T-Mod is a special GcP(T)-precover and when the class G¢P(T) is a special
precovering class. In addition, we study the relative global dimension of T. In some cases, we show
that it can be computed from the relative global dimensions of A and B. We end the paper with a
counterexample to a result that characterizes when a T-module has a finite projective dimension.

Keywords: triangular matrix ring; weakly Wakamatsu tilting modules; relative Gorenstein dimensions

1. Introduction

Let A and B be rings and U be a (B, A)-bimodule. The ring T = is known as

U B

the formal triangular matrix ring with usual matrix addition and multiplication. Such rings
play an important role in the representation theory of algebras. The modules over such
rings can be described in a very concrete fashion. Therefore, formal triangular matrix rings
and modules over them have proven to be a rich source of examples and counterexamples.
Some important Gorenstein notions over formal triangular matrix rings have been studied
by many authors (see [1-3]). For example, Zhang [1] introduced compatible bimodules
and explicitly described the Gorenstein projective modules over triangular matrix Artin
algebra. Enochs, Izurdiaga, and Torrecillas [2] characterized when a left module over a
triangular matrix ring is Gorenstein projective or Gorenstein injective under the “Gorenstein
regular” condition. Under the same condition, Zhu, Liu, and Wang [3] investigated
Gorenstein homological dimensions of modules over triangular matrix rings. Mao [4]
studied Gorenstein flat modules over T (without the “Gorenstein regular” condition) and
gave an estimate of the weak global Gorenstein dimension of T.

Semidualizing modules were independently studied (under different names) by
Foxby [5], Golod [6], and Vasconcelos [7] over a commutative Noetherian ring. Golod used
these modules to study the G¢-dimension for finitely generated modules. Motivated (in
part) by Enochs and Jenda’s extensions of the classical G-dimension given in [8], Holm and
Jorgensen extended in [9] this notion to arbitrary modules. After that, several generaliza-
tions of semidualizing and the G¢-dimension have been made by several authors [10-12].

As the authors mentioned in [13], to study the Gorenstein projective modules and
dimension relative to a semidualizing (R, S)-bimodule C, the condition Endg(C) = R
seems to be too restrictive and in some cases unnecessary. Therefore, the authors introduced
weakly Wakamatsu tilting as a weak notion of semidualizing, which made the theory
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of relative Gorenstein homological algebra wider and less restrictive, but still consistent.
Weakly Wakamatsu tilting modules were the subject of many publications that showed how
important these modules could become in developing the theory of relative (Gorenstein)
homological algebra [13-15].

The main objective of the present paper is to study relative Gorenstein homological
notions (w-tilting, relative Gorenstein projective modules, relative Gorenstein projective
dimensions, and the relative global projective dimension) over triangular matrix rings.

This article is organized as follows:

In Section 2, we give some preliminary results.

In Section 3, we study how to construct w-tilting (tilting, semidualizing) over T
using w-tilting (tilting, semidualizing) over A and B under the condition that U is rel-
ative (weakly) compatible. We introduce (weakly) C-compatible (B, A)-bimodules for
a T-module C (Definition 4). Given two w-tilting modules 4C; and pC,, we prove in
G

(U®,C)®C ) is a w-tilting T-module when U is weakly
A G 2

Proposition 2 that C = (

C-compatible.

In Section 4, we first describe relative Gorenstein projective modules over T. Let
C= ( w ®A%1) o C2> be a T-module. We prove in Theorem 1 that if U is C-compatible,
then a T-module M = <ﬁl) is Gc-projective if and only if M; is a Gc¢,-projective

2) oM
¢

A-module, CokergM is a Gc,-projective B-module, and (pM :U®4 Mp — M is injec-
tive. As an application, we prove the converse of Proposition 2 and refine in the relative
setting (Proposition 4), a result of when T is left (strongly) CM-free due to Enochs, Izur-
diaga, and Torrecillas in [2]. Furthermore, when C is w-tilting, we characterize when a
T-morphism is a special precover (see Proposition 5). Then, in Theorem 2, we prove that
the class of G¢-projective T-modules is a special precovering if and only if so are the classes
of G¢,-projective A-modules and Gc,-projective B-modules, respectively.

Finally, in Section 5, we give an estimate of the G¢-projective dimension of a left
T-module and the left G¢-projective global dimension of T. First, it is proven that, given

M, . ( G ) . s .
a T-module M = ,if C = p(Cq,Cp) := is w-tilting, U is
(M2> oM P(CLC) (U®sC) @G &

C-compatible, and:
SGc, = PD(B) := sup{Gc,—pd(U®4 G) | G € G¢,P(A)} < oo,
then:
max{Gc, —pd(Mz), (Gc,—pd(Mz)) — (SGc, — PD(B))}
< Ge—pd(M) <
max{(Gc, —pd(Mi)) + (SGc, — PD(B)) +1,Gc, —pd(M2) }.

As an application, we prove that, if C = p(Cy, C2) is w-tilting and U is C-compatible,
then:
max{Gc, — PD(A),G¢c, — PD(B)}

< Gec —PD(T) <
max{GCl — PD(A) + SGCZ - PD(B) +1, GCZ - PD(B)}.

Some cases in which this estimation becomes an exact formula are also given.
The authors in [16] established a relationship between the projective dimension of

modules over T and modules over A and B. Given an integer n > 0 and M = ( Ml>
2/ M
¢

a T-module, they proved that pd;(M) < n if and only if pd ,(M;) < n, pdg(Mz) < n
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and the map related to the n-th syzygy of M is injective. We end the paper by giving a
counterexample to this result (Example 4).

2. Preliminaries

Throughout this paper, all rings are associative (not necessarily commutative) with
identity, and all modules are, unless otherwise specified, unitary left modules. For a ring
R, we use Proj(R) (resp., Inj(R)) to denote the class of all projective (resp., injective) R-
modules. The category of all left R-modules is denoted by R-Mod. For an R-module C, we
use Addg(C) to denote the class of all R-modules that are isomorphic to direct summands
of direct sums of copies of C, and Prodg(C) denotes the class of all R-modules that are
isomorphic to direct summands of direct products of copies of C.

Given a class of modules F (which are always considered closed under isomorphisms),
an F-precover of M € R-Mod is a morphism ¢ : F — M (F € F) such that Homg(F/, ¢) is
surjective for every F/ € F. If, in addition, any solution of the equation Homg (F, ¢)(g) = ¢
is an automorphism of F, then ¢ is said to be an F-cover. The F-precover ¢ is said to be
special if it is surjective and Ext! (F,ker ¢) = 0 for every F € F. The class F is said to be a
special (pre)covering if every module has a special F-(pre)cover.

Given the class F, the class of all modules N such that Ext (F, N) = 0 for every F € F
is denoted by Fi (similarly, - F = {N; Exti(N,F) = 0 VF € F}). The right and left
orthogonal classes F* and *F are defined as follows:

Flt=nsFliand P F =i HF

It is immediate to see that if C is any module, then Addg (C)* = {C}* and *Prodg(C) =

L{ch.

Given a class of R-modules F, an exact sequence of R-modules:
e X XV X Xy -

is called Hompg (—, F)-exact (resp., Homg (F, —)-exact) if the functor Homg(—, F) (resp.,
Homg (F, —)) leaves the sequence exact whenever F € F. If F = {F}, we simply say
Hompg (—, F)-exact. Similarly, we can define F ®g-exact sequences when F is a class of
right R-modules.

We now recall some concepts needed throughout the paper.

Definition 1.

1. ([17], Definition 2.1) A semidualizing bimodule is an (R, S)-bimodule C satisfying the
following properties:
(a) rC and Cg both admit a degreewise finite projective resolution in the corresponding

module categories (R-Mod and Mod-S);

()  Extz'(C,C) =Extz(C,C) =0;

(c) The natural homothety maps R X Homg(C,C) and S X3 Homg(C, C) both are
ring isomorphisms.

2. ([18], Section 3) A Wakamatsu tilting module, simply tilting, is an R-module C satisfying

the following properties:

(a) rC admits a degreewise finite projective resolution;

(b)  Extz'(C,C)=0;

(c) There exists a Hompg (—, C)-exact exact sequence of R-modules:

X=0-R->C'—=cl—...

where C' € addg(C) for every i € N.
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It was proven in ([18], Corollary 3.2), that an (R, S)-bimodule C is semidualizing if and
only if gC is tilting with S = Endg(C). Therefore, the following notion, which is crucial in
this paper, generalizes both concepts.

Definition 2 ([13], Definition 2.1). An R-module C is weakly Wakamatsu tilting (w-tilting for
short) if it has the following two properties:

1. ExtZl(C,Cc) = 0 for every set I;
2. There exists a Homg (—, Addg (C))-exact exact sequence of R-modules:

X=0—R— A" Al ...
where A" € Addg(C) for every i € N;
If C satisfies 1 but perhaps not 2, then C will be said to be X-self-orthogonal.

Definition 3 ([13], Definition 2.2). Given any C € R-Mod, an R-module M is said to be
Gc-projective if there exists a Hompg (—, Addg (C))-exact exact sequence of R-modules:

X=- =P —>P— A= Al - ...
where the P!s are all projective, A" € Addg(C) for every i € N, M = Im(Py — A?).
We use GcP(R) to denote the class of all Ge-projective R-modules.

It is immediate from the definitions that w-tilting modules can be characterized
as follows.

Lemma 1. An R-module C is w-tilting if and only if both C and R are G¢-projective modules.

Now, we recall some facts about triangular matrix rings. Let A and B be rings and U a

(B, A)-bimodule. We shall denote by T = (2 g
By [19], Theorem 1.5, the category T-Mod of left T-modules is equivalent to the category

Ml) , where M; € A-Mod, M, € B-Mod, and
M, oM

the generalized triangular matrix ring.

1Q) whose objects are triples M = (

oM : U ®4 My — M, is a B-morphism and whose morphisms from (Ml) to (Nl)
M, oM N, oN

are pairs (?) such that fj € Homyu(Mj, Ny), fo € Homp(M;, N;) satisfying that the
2

following diagram is commutative.

M

U®a M —— M,

1u®f1l lfz
N

U®a Ny —— Ny

Since we have the natural isomorphism:
Homp (U ® 4 M1, M) = Hom 4 (M;, Homg(U, M3)),

there is an alternative way of defining T-modules and T-homomorphisms in terms of maps

oM : My — Hompg (U, My) given by ¢M (x)(u) = ¢M(u ® x) for each u € U and x € M;.
Analogously, the category Mod-T of right T-modules is equivalent to the category
Q1 whose objects are triples M = (MllMZ)lpM/ where M; € Mod-A, M, € Mod-B,

and oM : M, @ U — M; is an A-morphism and whose morphisms from (M, M5) oM to
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(Ny, N2)¢N are pairs (f1, f2) such that fi € Homy4 (Mj, Ny), f» € Homp(My, N») satisfying
that the following diagram:

M

M, ®p ULMl

f2®1ui lfl
N

MZ@BUL)Nl

is commutative.
In the rest of the paper, we shall identify T-Mod (resp. Mod-T) with 7Q) (resp. Q).
Consequently, through the paper, a left (resp. right) T-module will be a triple M =

<ﬁl> (resp. M = (Ml, Mz) ¢M), and whenever there is no possible confusion, we shall
2/ oM
9

omit the morphisms ¢M and ¢M. For example, 7T is identified with (Ug B) and Tt is

identified with (A & U, B).
M Mj My . .
A sequence of left T-modules 0 — ( Mz) — ( M, — MY — 0 is exact if and
only if both sequences 0 - M; — M} - M{ — 0and 0 — M, — M) — M} — 0
are exact.

Throughout this paper, T = (fl g) is a generalized triangular matrix ring. Given

My

a T-module M = ( M,

) , the B-module Cokerg™ is denoted as M, and the A-module
(PM

Kergﬁ as Mj. A T-module N = (I;]]l) is a submodule of M if Nj is a submodule of Mj,
— 2/ oN
9
N> is a submodule of My, and ¢M | AN, = oN.
As an interesting and special case of triangular matrix rings, we recall that the T,-

extension of a ring R is given by:
R 0
T(R) = ( R R)

and the modules over T(R) are triples M = (ﬁl) where M; and M; are R-modules
2) oM
P

and pM: M; — M is an R-homomorphism.
There are some pairs of adjoint functors (p,q), (q,h) and (s, r) between the category
T-Mod and the product category A-Mod x B-Mod, which are defined as follows:
1. p:A-Mod x B-Mod— T-Mod is defined as follows: for each object (M, My) of
M,
(U@ M) S M,

for any morphism (f1, f) in A-ModxB-Mod, let p(f1, f2) = ((1 ® f}c ) f >;
u'wAJl 2

2. q:T-Mod— A-Mod x B-Mod is defined, for each left T-module (ﬁl> asq( (ﬁl> )=
2 2

A-Mod x B-Mod, let p(M;, M) = ( ) with the obvious map, and

(M3, M;) and for each morphism (?) in T-Mod as q( ({Cl) )= (f1, f2);
2 2
3. h:A-Mod x B-Mod— T-Mod is defined as follows: for each object (M, My) of A-

Mod x B-Mod, let h(Mj, M) = <M1 ® Homyp(U, M)

M, ) with the obvious map, and

for any morphism (f1, f) in A-ModxB-Mod, let h(f, f») = (fl @ Ho;ng(u, fz));
2
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4. r:A-Mod x B-Mod— T-Mod is defined as follows: for each object (M, My) of
A-Mod xB-Mod, let r(M;, M) = <ﬁl> with the zero map, and for any morphism
2

(f1, f2) in A-Mod x B-Mod, let t(f1, f») = (ﬁ)'

5. s:T-Mod— A-Mod x B-Mod is defined, for each left T-module (ﬁl) ass( (ﬁl>) =
2 2

(M1, M) and for each morphism <f

fi) in T-Mod as s( (jc(;)) = (f1,f,), where f, is

the induced map.

It is easy to see that q is exact. In particular, p preserves projective objects and h
preserves injective objects. Note that the pairs of adjoint functors (p, q) and (q, h) were
defined in [2]. In general, the three pairs of adjoint functors defined above can be found
in [20].

For a future reference, we list these adjointness isomorphisms:

My ~
HomT(((u @4 M) @M2>,N) =~ Homy (M7, N1) @ Hompg(Ma, N7).
M,y

HomT(N, (MZ

) ) = Hom (N1, My) & Homg (N2, My).
0

N; @ Homg (U, Np)

HOI’IIT (M, < NZ

>) >~ Homy (M1, N1) @ Hompg(Mp, Np).

Now, we recall the characterizations of projective, injective, and finitely generated
T-modules.

M,y

M,

(1) ([21], Theorem 3.1) M is projective if and only if My is projective in A-Mod, My =
CokereM is projective in B-Mod, and ™M is injective.

(2)  ([22], Proposition 5.1) M is injective if and only if My = KergM is injective in A-Mod, Mj
is injective in B-Mod, and oM is surjective.

(3)  ([23]) M is finitely generated if and only if My and M are finitely generated.

Lemma 2. Let M = ( ) be a T-module.
(PM

The following Lemma improves [24], Lemma 3.2.

Ny
M N>
number. Then, we have the following natural isomorphisms:
My
U®aq M

Lemma 3. Let M = (ﬁl) and N = < ) be two T-modules and n > 1 be an integer
2 N

1. IfTorf., (U, M) =0, then Ext’%(<

2. Ext’%((A(/)h),N) = Exty(My, Na);

Ny
0

4. IfExty~'="(U,Np) = 0, then Ext’:(M, (

>,N> = EXtrA(Ml,Z\h)}

3, Ext’%(M,( )):Extg(Ml,Nl);

Homg (U, N2)

! )) ~ Ext} (My, Ny).
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Proof. We prove only 1, since 2 is similar and 3 and 4 are dual. Assume that Torfgign
(U, M1) = 0, and consider an exact sequence of A-modules:

0—-Ki—>P—>M —0
where P is projective. Therefore, there exists an exact sequence of T-modules:
Ky Py My
0— — — —0
(U@AKl) (U@AP1> <U®AM1
P is projective by Lemma 2
Let n = 1. By applying the functor Homr(—, N) to the above short exact sequence

and since <

exact rows:

where <

P - . . . .
U ®1 p and P; are projectives, we obtain a commutative diagram with
A1

Py Ky 1 M,
U, Pl)'N) HomT((u - Kl>,N) ExtT((U®A M1>'N)

r r |

Hom (P, Ni) —————— Hom (Ky, Ni) ————— Ext}, (M1, Ny)

Homr( (

where the first two columns are just the natural isomorphisms given by adjointness
and the last two horizontal rows are epimorphisms. Thus, the induced map:

M
Ext%( <u ®A1M1> , N) — EXt%(Ml, Nl)

is an isomorphism such that the above diagram is commutative.
Assume that n > 1. Using the long exact sequence, we obtain a commutative diagram
with exact rows:

n—1 Kl f n Ml
0 —— Ext’; (<U®AK1 ,N) —— Ext7( U, M ,N)——=0

- \
0| |
A

00— EXtZ{l(Kl, Nl) % EXtZ(M],Nl) — >0

o

where ¢ is a natural isomorphism by induction, since Tor{!(U,K;) = 0 for every k €
{1,---,n — 1} because of the exactness of the following sequence:

0 = Torg 4 (U, M;) — Torf (U, Kq) — Torf (U, P;) = 0.
Thus, the composite map:

-1 . n Ml n
Qof .ExtT((u @4 My ,N) — Ext} (M1, Nq)

is a natural isomorphism, as desired. [

Since T can be viewed as a trivial extension (see [20,25] for more details), the following
lemma can be easily deduced from [25], Theorems 3.1 and 3.4. For the convenience of the
reader, we give a proof.
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Lemma4. Let X = (il) be a T-module and (C1,Cp) € A-Mod x B-Mod:
2/ oX
¢

1. X e Addr(p(Ci1,Cy)) if and only if:
(i) X=p(X,Xa),
(i) X; € AddA(Cl) and Yz S AddB(Cz)

In this case, (pX is injective;
2. X € Prodr(h(Cy, Cp)) if and only if:
(i1) & € PI‘OdA(C1) and X, € PI‘OdB(Cz).

In this case, ¢pX is surjective.

Proof. We only need to prove (1), since (2) is dual.
For the “if” part: if X; € Add4(C;) and X, € Addp(Cy), then X; @ Y; = C() and

Xo®Y, = CélZ) for some (Y1, Ys2) € A-Mod x B-Mod and some sets I; and I,. Without loss
of generality, we may assume that I = [} = I. Then:

Xap(Y,Y2) = p(X1,X2) @P(YLYZ)

Y
(U®a Xl @Xz) . ((U®A Y1) EBY2>

P
c“
(U®x C Cél)

1

1

Hence, X € Addr(p(Cq,C2)).

Conversely, let X € Addr(p(Cy,Cz)) and ¥ = (Yl) be a T-module such that

Y2) v

¢
X®Y = p(Cy,Cy)D for some set I. Then, ¢X is injective, as X is a submodule of C :=
p(C1,C2)(D and ¢C is injective. Consider now the split exact sequence:

) ()
A
0oy V¥ eV x o

which induces the following commutative diagram with exact rows and columns:

0*>U®AY1L%>U®AAC§” lu®p1 Uy X; —=0
9" ¢ X

0 Y,—2sue,cVacd) 2o x, 0
w ” ?X

0 Y, e O X 0
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where X, ¢C and @X are the canonical projections. Clearly, p : C%I) — X7 and py : CEI) —
X are split epimorphisms. Then, X; € Add4(C;) and X, € Addp(Cy). It remains to prove
that X = p(Xy, X,). For this, it suffices to prove that the short exact sequence:

X o X<
0-URsX] = Xp > X —0

splits. Let 3 be the retraction of p;. If i : Cél) — (U®x Ci”) @ Cél) denotes the canonical
injection, then ¢Xpyiry = PagCira = para = 1x;, and the proof is finished. [l

Remark 1.

1. Since the class of projective modules over T is nothing but the class Addr(T), when we
take Cy = A and Co = B in Lemma 4, we recover the characterization of projective T-
modules. On the other hand, note that the class of injective T-modules coincides with the
class Prodr(T™). If we take Tr = (A & U, B), then the injective cogenerator T-module

" o (AU L
T = Hom(T,Q/Z) can be identified with B+ =~ gq(A*,B"). Therefore, by
taking Cy = A" and Cy = BT in Lemma 4(A), we recover the characterization of injective

T-modules;
2. Let (Cq,Cy) be a module over A-Mod x B-Mod. By Lemma 4(2), every module in Addr(p
(C1,Cy)) has the form p(Xy, X2) for some X1 € Add 4 (Cq) and X, € Addp(Cy).

3. w-Tilting Modules

In this section, we study when the functor p preserves w-tilting modules.
It is well known that the functor p preserves projective modules. However, the functor
p does not preserve w-tilting modules in general, as the following example shows.

Example 1. Let Q be the quiver:
€1 i) e,

and let R = kQ be the path algebra over an algebraic closed field k. Put Py = Rej, P, = Rey,
I, = Homy(e1R, k), and I = Homy(e2R, k). Note that C1 and Cy are projective and injective
R-modules, respectively. By [12], Example 2.3,

Ci=hP @Pz(: R) and Cor=6L&1

are semidualizing (R, R)-bimodules and, then, w-tilting R-modules. Now, consider the triangular

matrix ring:
R 0
i - (X 9),

We claim that p(Cq, Cy) is not a w-tilting T (R)-module. Note that I is not projective. Since R is
left hereditary by [26], Proposition 1.4, pd(Iy) = 1. Hence, Ext (Ij, R) # 0. Using Lemma 3, we
obtain that Exty g (p(C1,C2),p(C1,Ca)) = Ext(Cr, C1) @ Exty (Ca, C1) ® Exty (Ca, Cp) =

Extk(I1, R) # 0. Therefore, p(Cy, Cy) is not a w-tilting T(R)-module.

Motivated by the definition of compatible bimodules in [1], Definition 1.1, we intro-
duce the following definition, which will be crucial throughout the rest of this paper.

Definition 4. Let (C1,Cp) € A-Mod x B-Mod and C = p(Cq, Cp). The bimodule gU 4 is said
to be C-compatible if the following two conditions hold:

(a)  The complex U ® 4 X; is exact for every exact sequence in A-Mod:
Xp: =P P )l

where the Pi’s are all projective and C} € AddA(Cy) Vi;
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(b)  The complex Homp (X5, U ® 4 Add 4(Cq)) is exact for every
Homg(—, Addp(Cy))-exact exact sequence in B-Mod:

Xp: =P} P —-C) = Ch— -

where the Py's are all projective and Cy € Addp(Cy) Vi.
Moreover, U is called weakly C-compatible if it satisfies (b) and the following condition:
(a’)  The complex U ® 4 Xq is exact for every Hom g (—, Add 4 (Cq))-exact exact sequence in
A-Mod
Xp: =Pl
where the Pi’s are all projective and Ci € Add(Cy) Vi.
When C = 1T = p(A, B), the bimodule U will be called simply (weakly) compatible.

Remark 2.

1. Itis clear by the definition that every C-compatible is weakly C-compatible;

2. The (B, A)-bimodule U is weakly compatible if and only if the functor U ® 4 — : A-Mod
— B-Mod is weakly compatible (see [27]);

3. If A and B are Artin algebras, and since 1T = (UAGB

1T-compatible bimodules are nothing but compatible (B, A)-bimodules as defined in [1].

) = p(A,B), it is easy to see that

The following can be applied to produce examples of (weakly) C-compatible bimod-
ules later on.

Lemma 5. Let C = p(Cyq,Cy) be a T-module:

1. Assume that Tor{!(U,C;) = 0. If fd o (U) < oo, then U satisfies (a);

2. Assume that Exth(Cp, U ®4 Cgl)) = 0 for every set I. If idg(U ®4 C1) < oo, then U
satisfies (b);

3. IfUu®aCy € Addp(Cy), then U satisfies (b).

Proof. (3) is clear. We only prove (1), as (2) is similar. Consider an exact sequence of
A-modules:
Xg: =Pl Pl

where the Pi’s are all projective and C! € Adda(Cy) Vi. We use induction on fdU.
If f{d4U = 0, then the result is trivial. Now, suppose that fd4U = n > 1. Then, there exists
an exact sequence of right A-modules:

0O—-L—-F—-U—0

where fd4L = n — 1 and F is flat. Applying the functor — ® Xj to the above short exact
sequence, we obtain the commutative diagram with exact rows:
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00— L®P)——=FR,P) —=Ux4 P! —=0

Torf (U,CY) ——= L@ C) —= F®,4 C) —=U®4 C) —=0

Tor{ (U,C}) —> L ®4 C} —=F@4Cl —= U C} —>0

Since Tor{! (U, C;) = 0, the above diagram induces an exact sequence of complexes:
0—=La X1 > F®4X1 >U®a4Xy —0.

By the induction hypothesis, the complexes L ® 4 X; and F ® 4 X; are exact. Thus, U ® 4 X3
is exact, as well. O

Given a T-module C = p(Cy, C;), we have simple characterizations of Conditions (a’)
and (b) if C; and C; are w-tilting.

Proposition 1. Let C = p(Cyq,Cy) be a T-module:
1. If Cq is w-tilting, then the following assertions are equivalent:
(i) U satisfies (a');
(i) Tor{'(U,G;) = 0,YGy € G¢,P(A);
(iii)  Tor{(U,G;) = 0,YGy € G, P(A).
In this case, TorlAZl (U,C1) =0;
2. If Cy is w-tilting, then the following assertions are equivalent:
(i) U satisfies (b);
(i) Exth(Gy,U®4 X1) =0,VGy € G, P(B), VXy € Adda(Cy);
(iii)  Exty!(Gy,U®4 X1) = 0,YGy € G, P(B), VX1 € Adda(Cy);

In this case, Extfg21 (Co,U®4 X1) =0,VX7 € Adda(Cq).

Proof. We only prove (1), since (2) is similar.
(i) = (iii) Let Gy € G¢,P(R). There exists a Homu (—, Add4(C;))-exact exact se-
quence in A-Mod:
Xp: =Pl 5=l -

where the Pi’s are all projective, G; = Im(PY — C) and C| € Add4(C;) Vi. By Condition
(a'), U ®4 X; is exact, which means in particular that Tor4 ; (U, G;) = 0.
(iii) = (ii) Clear. B
(ii) = (i) Follows by [13], Corollary 2.13.
Finally, to prove that TorZA>1 (U, Cy) = 0,note that C; € G¢, P(A) by [13], Theorem 2.12.
O

In the following proposition, we study when p preserves w-tilting (tilting) modules.

Proposition 2. Let C = p(Cy, C2) be a T-module and assume that U is weakly C-compatible.
If Cy and Cy are w-tilting (tilting), then p(Cy, Ca) is w-tilting (tilting).



Mathematics 2021, 9, 2676

12 of 28

Proof. By Lemma 2, the functor p preserves finitely generated modules, so we only need
to prove the statement for w-tilting. Assume that C; and C; are w-tilting, and let I be a
set. Then, Extfl(Cl, Cil)) = 0and ExtlEl(Cz, Cél)) = 0. By Proposition above, we have
Ext%zl(CZ, U®xp C%I)) = 0and TorlAZl(U, Cy) = 0. Using Lemma 3, for every n > 1, we
obtain that:

Extf(C,CY) = Ext}(p(C1, C2), p(Cr, o))
Ext’} (Cp, C\) @ Extly (Ca, U @4 C1V) @ Exty(Cy, C3)

0.

1%

Moreover, there exist exact sequences:
X1:0A-C=Ch— -

and:
X;: 0+B—=C)—Cl—--

which are Hom4 (—, Add 4 (Cy))-exactand Homp (—, Addp(C;))-exact, respectively, and such

that C! € Add4(Cy) and C} € Addp(Cy) for every i € N. Since U is weakly C-compatible,
the complex U ® 4 X is exact. Therefore, we construct in T-Mod the exact sequence:

p(X1,X2) : 0= T — p(C),C9) — p(C},C3) — -+

1
where p(C},C}) = ((U ®A%i) o C’z) € Addr(p(Cy,Cp)), Vi € N, by Lemma 4(1).
Let X € Addr(p(Cy,Cy)). As a consequence of Lemma 4(1), X = p(Xj, X») where
X1 € Add4(Cq) and X, € Addg(Cy). Using the adjointness (p, q), we obtain an isomor-
phism of complexes:

Homr(p(X1,X2), X) = Homx (Xq, X1) @ Homp(Xz, U ® X7) @ Homp(Xa, X3).

However, the complexes Hom 4 (X1, X7) and Homp(Xp, X») are exact, and the complex
Homgp(Xy, U ® X1 ) is also exact since U is weakly C-compatible. Then, Hom7(p(X1,Xz), X)
is exact, as well, and the proof is finished. [

Now, we illustrate Proposition 2 with two applications.

Corollary 1. Let C = p(Cq, Cp) be a T-module and A’ and B’ be two rings such that 4C 4 and
ACpr are bimodules, and assume that U is weakly C-compatible. If 5C 4 and oCps are semidualizing
bimodules, then p(Cy, Cy) is a semidualizing (T, Endr(C))-bimodule.

Proof. This follows by Proposition 2 and [18], Corollary 3.2. [

Corollary 2. Let R and S be rings, 6 : R — S be a homomorphism with Sg flat, and T =
T(0) =: (1; g) Let Cq be an R-module such that S ®g C; € Addr(Cy) (for instance, if R is

commutative or R = S). If rCy is w-tilting, then:
1.  S®g Cy isaw-tilting S-module;
G

Z = ((5 ®r C1) ® (S ®r C1)

) is a w-tilting T(6)-module.

Proof. 1. Let C; = S ®g Cq, and note that C = p(Cy, ;) and that §Sg is C-compatible.
Therefore, by Proposition 2, we only need to prove that C; is a w-tilting S-module. Since
rCq is w-tilting, there exist Hompg (—, Addg(C7))-exact exact sequences:



Mathematics 2021, 9, 2676

13 of 28

P:---—>P—-P—-C—=0

and:
X:0-=R—=-Cy—+C —---

with each g P; projective and rC; € Addg(Cy). Since Sg is flat, we obtain an exact sequence:
SRRP:--- —>S®rP; > SR P —>S®KC—0

and:
SRX:0—-5—=>S®RrRCy—S®RCL — -

with each S ®g P; a projective S-module and S @ C; € Addgr(Cy).

We prove now that S ®g P and S ®g X are Homg — (, Adds(C,))-exact. Let I be a set.
Then, Homg (S @g P, S @g C\") & Hompg (P, Homs (S, S @g CI")) = Homg (P, S @g C\)
is exact since S ®g C%I) € Addgr(Cy). Similarly, S ®g X is Homg(—, Adds(C,))-exact;

2. This assertion follows from Proposition 2. We only need to note that S is weakly
C-compatible since Sy is flat and S ®g C; € Addr(Cy). O

We end this section with an example of a w-tilting module that is neither projective
nor injective.

Example 2. Take R and Cy as in Example 1. Therefore, by Corollary 2, C = ( C % C ) isa
2D 2

w-tilting T(R)-module. By Lemma 2, C is not projective since Cy is not, and it is not injective since

the map ¢C : C; — C @ Cy is not surjective.

Moreover, by [26], Proposition 2.6, gl.dim(T(R)) = gl.dim(R) + 1 < 2. Therefore, if 0 —
T(R) — E° — E' — E2 — 0 is an injective resolution of T(R), then C' = E° @ E' @ E?isa
w-tilting T(R)-module. Note that T(R) has at least three w-tilting modules, C', C* = T(R) and
cd=C.

4. Relative Gorenstein Projective Modules

In this section, we describe G¢-projective modules over T. Then, we use this descrip-
tion to study when the class of G¢-projective T-modules is a special precovering class.

Clearly, the functor p preserves the projective module. Therefore, we start by studying
when the functor p also preserves relative Gorenstein projective modules. However, first,
we need the following:

Lemma 6. Let C = p(Cy, Cy) be a T-module and U be weakly C-compatible:
M,y
1. IfM; € Gclp(A), then <u ®4 Ml}) € GcP(T).

0
2. IfMpe GCZP(B), then <M2> € GeP(T).

Proof. 1. Suppose that My € G¢,P(A). There exists a Hom4 (—, Add 4 (Cy))-exact exact
sequence:

Xg: =Pl Pl -l
where the Pi’s are all projective, C; € Add4(C;) Vi and M; = Im(P) — C?). Using the
fact that U is weakly C-compatible, we obtain that the complex U ® 4 Xj is exact in B-Mod,
which implies that the complex p(Xj,0) :

U®a P} U®a Py U@y CY U®sC]
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is exact with 0 0
M o~ P1 C1
(U®A M1> _Im(<U®A P?) - <U®A C? )-

. i . i
Clearly, p(P;,0) = (U ;}4 Pi) € Proj(T) and p(Cj,0) = <U @i Ci) € Addr(C)Vie N

by Lemmas 2(1) and 4(1). If X € Add7(C), then X; € Add4(C;) by Lemma 4(1), and using
the adjointness, we obtain that the complex

Homr(p(X1,0), X) = Hom 4 (X3, X1) is exact. Hence, < ) is G¢-projective;

My
U®a M
2. Suppose that M, is G¢,-projective. There exists a Homp(—, Addp(C,))-exact exact
sequence:

Xp: =Pl sP) ) Cl -

where the P}’s are all projective, C; € Addg(C,) Vi and My & Im(P) — C9). Clearly, the

complex:
0 0 0 0
o) () = () = (&) = (&) =
p(0.X2) Pl Py 9 cl

. o (0 o 0 0 W (0 . i
is exact with <M2> = Im((le> — (Cg>), p(0,P}) = (Pﬁ) € Proj(T) and p(0,C}) =

<C01> € Addr(C) Vi, by Lemmas 2(1) and 4(1). Let X € Addr(C). Then, by Lemma 4(1),
2

X = p(Xy, Xp) where X; € Add4(Cy) and X, € Addp(Cy). Using adjointness, we obtain
that:
Homr(p(0,X2), X) = Homp(Xz, U ©4 X1) & Homp (X3, X3)

The complex Homp (X, X7) is exact, and since U is weakly C-compatible, the complex
Homp (X3, U ® 4 X7) is also exact. This means that Homp(p(0,X3), X) is exact as well and

0. I
<M2> is Gc-projective. [

Proposition 3. Let C = p(Cy,Cy) be a T-module. If gUy is weakly C-compatible, then the
functor p sends G(c, c,)-projectives to Ge-projectives. The converse holds provided that Cy and C;
are w-tilting.

In particular, p preserves Gorenstein projective modules if and only if U is weakly compatible.

Proof. Note that:

p(My, Mp) = (u é\ilMl) ® (]\22)

Therefore, this direction follows from Lemma 6 and [13], Proposition 2.5.

Conversely, assume that C; and C, are w-tilting. By Proposition 1, it suffices to prove
that Tor{' (U, Gc, P(A)) = 0 = Ext}(Gc,P(B), U ®4 Add4(Cy)).

Let Gy € G¢, P(A). By [13], Corollary 2.13, there exits an exact and a Hom 4 (—, Add 4
(Cy))-exact sequence 0 — L; = P; — Gy — 0, where 4P is projective and L; is Gg,-
projective. Note that A,C; € G¢,P(A) and B,C; € G¢,P(B) by Lemma 1. Then, 1T =
p(A,B) and C = p(Cy, Cy) are Ge-projective, which imply by Lemma 1 that C is w-tilting.

Moreover = p(L1,0) is also Gc-projective, and by [13], Corollary 2.13, there

Ly
U ® A L1
exists a short exact sequence:

Ly Xl) <H1)
0— — — —0
(U ®a L1> (Xz X Hp oH

where X = <X1> € Addr(C) and H = (Hl> is Ge-projective.
X @X Hy oH
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Since X; € Add4(Cq), we have the following commutative diagram with exact rows:

1

0 L P, G 0
0 Ly X3 H 0

Therefore, if we apply the functor U ® 4 — to the above diagram, we obtain the following
commutative diagram with exact rows:

1
LI®AL1U—®Z>U®AP1—>U®AG1—>O

-

U®AL1*>U®AX1*>U®AH1*>O

l l

0—=Uw®s Ly X> H; 0

The commutativity of this diagram implies that the map 1;; ® 1 is injective, and since P; is
projective, Tor{' (U, G;) = 0.

Now, let G, € G¢,P(B) and Y, € Add4(Cy). By hypothesis, ((?) = p(0,Gy) is
2

Gc-projective, and by Lemma 4, < ) = p(Y1,0) € Addr(C). Hence, Ext} (G, U ® 4

Y
U®Y
Y) = ExtlT(< 0 > ( & )) = 0 by Lemma 3 and [13], Proposition 2.4. O

G )'\U®Y; !
My
M,
then the following assertions are equivalent:

Theorem 1. Let M = ( ) and C = p(Cy,Cy) be two T-modules. If U is C-compatible,
(PM

1. Mis Ge-projective;
2. (i) (pM is injective;
(i) My is Gg,-projective and M := Coker @M is Gc,-projective.
In this case, if Cy is X-self-orthogonal, then U ® 4 My is Gc,-projective if and only if M is
Gc,-projective.

Proof. 2. = 1. Since ¢M is injective, there exists an exact sequence in T-Mod:
M, 0
0— M= (- )| =0
(U ®a Ml) <M2>

Note that (U é\il M1> and (1&2) are Gc-projective T-modules by Lemma 6. Therefore, M

is G¢-projective by [13], Proposition 2.5.
1. = 2. There exists a Homr(—, Addr(C))-exact sequence in T-Mod:

Pl PO o Cl
e ), (D) ),
where C' = i) € Addr(C), P! = pi) € Proj(T) Vi € N, and such that M =
2/ ¢ 2/ P

Im(P? — CP). Then, we obtain the exact sequence:

Xj=--—=P P )=t — -
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where C! € Add(Cy), Pi € Proj(A) Vi € N by Lemmas 2(1) and 4(1) and such that
M; = Im(PY — C?). Since U is C-compatible, the complex U ®4 X is exact with U ®4
M; 2 Im(U®s P) - U®aCY).1f 11 : My — CY and 15 : My — CJ are the inclusions, then
1y ® 1 is injective, and the following diagram commutes:

1
U M 2 Uy )

1

My, —2 >

By Lemma 4(1), goCO is injective, then ¢M is also injective. Moreover, for every i €

N, ¢ and ¢ are injective by Lemmas 2 and 4(1). Then, the following diagram with
exact columns:

0 0 0 0
..4>U®AP114>U®AP?4>U®AC9—>U®AC%4>...
o o o< oC"
P ) cs cl
0 0 0 0

is commutative. Since the first row and the second row are exact, we obtain the exact
sequence of B-modules:

where PZ € Proj(B), (72 € Addp(C;) by Lemmas 2 and 4(1) and such that M, =
Im(PY — C9). It remains to see that X; and X, are Homu(—, Add(Cy))-exact and

Homgpg(—, Addp(Cy))-exact, respectively. Let X; € Add4(C;) and X, € Addp(Cy). Then,

p(X1,0) = <u gj Xl) € Addr(C) and p(0,X,) = <}?2> € Addr(C) by Lemma 4(1).

Therefore, by using adjointness, we obtain that Homp (X3, X2) = Hom7(X, ( )g ) ) is exact.
2
Using adjointness again, we obtain that:

0

Homr (X, <LI e

)) = Homp (Xp, U ®4 X)

and:
Homz (X, (’él)> ~ Homy (X1, X1).
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Note that C’ = p(Ci,@) by Lemma 4(1). Hence, Ext:(C/, (U ®(l X1> ) = Ext}(Ch, U®4

X1) = 0 by Lemma 3. Therefore, if we apply the functor Hom7(X, —) to the sequence:

0— 0 (% S (%) 5o
U®s X1 U®s X 0 ’

we obtain the following exact sequence of complexes:

Xy

0 — Homp(Xp, U ®4 X7) = Hom7(X, (U ®a X1

>) — HOI’I‘IA(Xl,Xl) — 0.

Since U is C-compatible, it follows that Homp(Xp, U ® 4 X7 ) is exact, and since C is w-
tilting, Hom (X, (
finished. O

U gj X1> ) is also exact. Thus, Homy4 (X3, X7) is exact, and the proof is

The following consequence of the above theorem gives the converse of Proposition 2.

Corollary 3. Let C = p(Cy, Cy) and assume that U is C-compatible. Then, C is w-tilting if and
only if C1 and Cy are w-tilting.

Proof. An easy application of Proposition 1 and Theorem 1 on the T-modules C =

G (A
<(U®AC1)EBC7_> and 7T = (U@B)' O

One would like to know if every w-tilting T-module has the form p(Cy, C;) where C;
and C, are w-tilting. The following example gives a negative answer to this question.

Example 3. Let R be a quasi-Frobenius ring and T(R) = (
of T-modules:

R 0 .
R R) . Consider the exact sequence

R®R R
0—=T— (R@R) — <0) — 0.
R®R
R®R
T(R) is Noetherian ([23], Proposition 1.7), and then, we can see that C := 1° @ I' is a w-tilting
T(R)-module, but does not have the form p(Cy, Cy) where Cy and Cy are w-tilting by Lemma 4

By Lemma 2, I' = < > and I' = (g) are both injective T(R)-modules. Note that

since I' € Addy(g)(C) and q)ll is not injective.

As an immediate consequence of Theorem 1, we have the following.

R R M,
two T (R)-modules with Cy X-self-orthogonal, then the following assertions are equivalent:
1. Mis Ge-projective T(R)-module;
2. Mjy and M, are G¢,-projective R-modules, and ¢M is injective;
3. My and M, are Gc,-projective R-modules, and ™ is injective.

Corollary 4. Let R be a ring and T(R) = (R 0). IfM = (Ml) and C = p(Cy,Cq) are
QOM

An Artin algebra A is called Cohen-Macaulay-free (CM-free) if any finitely generated
Gorenstein projective module is projective. The authors in [2] extended this definition
to arbitrary rings and defined strongly CM-free as rings over which every Gorenstein
projective module is projective. Now, we introduce a relative notion of these rings and give
a characterization of when T is such rings.
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Definition 5. Let R be a ring. Given an R-module C, R is called CM-free (relative to C) if
GcP(R) N R-mod = addgr(C), and it is called strongly CM-free (relative to C) if GcP(R) =
Addgr(C).

Remark 3. Let R be a ring and C a X-self-orthogonal R-module. Then, Addgr(C) C G¢P(R)
and addg (C) C G¢P(R) N R-mod by [13], Propositions 2.5 and 2.6 and Corollary 2.10, then R is
CM-free (relative to C) if and only if every finitely generated Ge-projective is in addg (C), and it is
strongly CM-free (relative to C) if every Ge-projective is in Addg(C).

Using the above results, we refine and extend [2], Theorem 4.1, to our setting. Note
that the condition B is left Gorenstein regular is not needed.

Proposition 4. Let 4C; and gCy be X-self-orthogonal, and C = p(Cy,Cp). Assume that U is
weakly C-compatible, and consider the following assertions:

1. T is (strongly) CM-free relative to C;
2. Aand B are (strongly) CM-free relative to C1 and Cy, respectively.

Then, 1. = 2. If U is C-compatible, then 1. < 2.

Proof. We only prove the result for relative strongly CM-free, since the case of relative
CM-free is similar.

1. = 2. By the remark above, we only need to prove that Gc, P(A) C Add(C;) and
Gc,P(B) € Addp(Cs). Let My be a G, -projective A-module and g M, a Gc,-projective B-
module. By the assumption and Proposition 3, p(Mj, M) € GcP(T) = Addr(C). Hence,
M; € Add4(Cq) and M; € Addg(Cy) by Lemma 4.

2. = 1. Assume U is C-compatible. Clearly, C is X-self-orthogonal, then by Remark
above, we only need to prove that GcP(T) C Addr(C). Let M = (ﬁ;) . be a G¢-
projective T-module. By the assumption and Theorem 1, M; € G¢, P(A) = Add4(Cq) and
M, € G¢,P(B) = Addg(C,), and the map ¢M is injective. By the assumption, we can easily

. _ M _
see that Ext?l(u ®4 My, M) = 0. Therefore, the map 0 — U ® 4 M; s My > My >0
splits. Hence, M = p(M1, M) € Addr(C) by Lemma 4. O

Our aim now is to study special GcP(T)-precovers in T-Mod. We start with the
following result.

Proposition 5. Let C = p(Cy,Cy) be w-tilting, U be C-compatible, and M = <ﬁl) and
2/) M
%

G = (gl) two T-modules with G G¢-projective. Then:
2/ 4G
¢

= (3)ro—m

is a special G P(T)-precover if and only if:
(i G L\ M, is a special G¢, P(A)-precover;
(i) Gy LA M, is surjective with its kernel lying in Gc, P(B)11.
In this case, if G € G, P(B), then Gy EiA My, is a special G, P(B)-precover.
Proof. Firstofall,letK = Kerf = (?) , and note that, since C; is w-tilting, Toriq (U,Hy) =
2

SDK
0 for every Hy € G¢, P(A) by Proposition 1(1).
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= Since the map f is surjective, so are f; and f,. Let H; € G, P(A) and H, € G¢,P(B).

Then, <Ll (;;il Hl) , < P(I)2> € G¢P(T) by Theorem 1. Using Lemma 3 and the fact that K

lies in GcP(R)*1, we obtain that:

H
Extl (Hy, K1) 2 Extip( (u ®A1 H1>,1<) =0

and:

N 0
Exth(Ha, Kp) = Exth( <H2>,1<) =0.

It remains to see that G; € G¢, P(A), which is true by Theorem 1, since G is Gc-
projective.

<« The morphism f is surjective since f; and f, are. Therefore, we only need to prove
that K lies in GcP(R)*1. Let H € GcP(R). By Theorem 1, we have the short exact sequence

of T-modules:
H; 0
0— (”®A Hl) —~H — <H2> —0

where Hj is G, -projective and H) is G¢,-projective. Therefore, by hypothesis and Lemma 3, we
. Hy ~ 0 ~ +
obtain that Ext}( <U - H1>’K) >~ Extl (Hy, Ky) = 0 and Exth( ( ),K) >~ Exts(Ha, K)

H,
= 0. Then, the exactness of this sequence:

H 0
1 1 1 1
Exth( (u ) Hl),K) — Exth(H, K) — Extk( (HZ>,K)

implies that Ext-(H,K) = 0. O
Theorem 2. Let C = p(Cy,Cy) be w-tilting and U C-compatible. Then, the class GcP(T)

is special precovering in T-Mod if and only if the classes G¢c,P(A) and G¢,P(B) are special
precovering in A-Mod and B-Mod, respectively.

Proof. = Let M; be an A-module and <G1> — (Agl) be a special G¢P(T)-precover
(PG

Gy
in T-Mod. Then, by Proposition 5, G; — M is a special G¢, P(A)-precover in A-Mod.
0 G1> < 0 > . .
Let M, be a B-module and : — be a special GcP(T)-precover in
2 (f2> <G2 (PG M2 P C ( ) p

T-Mod. By Proposition 5, G; — 0is a special G¢, P(A)-precover. Then, Exty (G, P(A), G;) =
0. On the other hand, by [13], Proposition 2.8, there exists an exact sequence of A-modules:

0—-G — Xy —H;—0

where X; € Add4(C;) and H; is G¢,-projective. However, this sequence splits, since

Extl (Hi, G) = 0, which implies that G; € Add(Cy). Let K = (?) be the kernel of
2/ K
¢

<j9 ) . Note that K1 = Gy. Therefore, there exists a commutative diagram:
2
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0——=URs G UsG ——0——=0

ok 9 l
0 K> Gy M, 0
Kz 62 My 0

0 0 0

Using the snake lemma, there exists an exact sequence of B-modules:
05Ky —=Gy— My =0

where G, is Gc,-projective by Theorem 1. It remains to see that Ko lies in Gc,P(B )J-l. Let
Hy € Gc,P(B). Then, Extj(Hs, K) = 0 by Proposition 5 and Extfgzl(Hz, URaG1) =0
by Proposition 1(2). From the above diagram, ¢X is injective. Therefore, if we apply the
functor Hompg (Hy, —) to the short exact sequence:

0= U®s4G — K, = Ky =0,
we obtain an exact sequence:
Extp(Ha, Ky) — Extp(Ha, Ka) — Extp(Hp, U ®4 Gy)

which implies that Exts (Ha, K;) = 0.
<+ Note that the functor U ®4 — : A-Mod— B-Mod is G¢, P(A)-exact since Torf (U,
Gc,P(A)) = 0by Proposition 1. Therefore, this direction follows by [27], Theorem 1.1, since
GcP(T) = {M = <ﬁ1> € T-Mod|M; € G, P(A), M, € Gc,P(B) and ¢M is injective}
2) oM
P

by Theorem 1. [

Corollary 5. Let R be a ring, T(R) = <§ ?{) ,and C = p(Cy, Cy) a w-tilting T(R)-module.
Then, GcP(T(R)) is a special precovering class if and only if Gc, P(R) is a special precovering

class.

5. Relative Global Gorenstein Dimension

In this section, we investigate the G¢-projective dimension of T-modules and the left
Gc-projective global dimension of T.

Let R be a ring. Recall [13] that a module M is said to have a G¢-projective dimension
less than or equal to 1, Gc —pd (M) < n, if there is an exact sequence:

0—-G, = =G —-M—=0
with G; € G¢P(R) forevery i € {0,---,n}. If n is the least nonnegative integer for which
such a sequence exists, then Gc—pd(M) = n, and if there is no such n, then Gc —pd(M) = oo.
The left G¢-projective global dimension of R is defined as:

Gc — PD(R) = sup{Gc—pd(M) | M is an R-module}

Lemma 7. Let C = p(Cy, Cp) be w-tilting and U C-compatible.
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L Ge,-pd(M) = Ge—pi( . )

2. Ge,—pd(Mq) < Ge—pd( (U nglqlM) ), and the equality holds if

Tor, (U, M;) = 0.
Proof. 1. Let n € N, and consider an exact sequence of B-modules:
0K -G t—... Gy My —0

where each G} is G¢,-projective. Thus, there exists an exact sequence of T-modules:

0—>0—>0—>~~—>0—>0—>0
K} Gyt e} M,

where each ( 0 ) is G¢-projective by Theorem 1. Again, by Theorem 1, ( I?”) is Gc-
2

G

projective if and only if K% is G¢,-projective, which means that Gc —pd ( ( Ag ) ) < nifand
2

only if Gc, —pd(M;) < n by [13], Theorem 3.8. Hence G¢ — pd( (]\22> ) = Gc, —pd(M>);

M

2. We may assume that n = G¢c—pd( (U %, M
A My

)) < oo. By Definition, there exists
an exact sequence of T-modules:

M
n n—1 0 1

(G . _— :
where each G' = ( G}) ~is Ge-projective. Thus, there exists an exact sequence of A-
2/ G

modules:
0-Gl =Gl — ... G =M —0

where each G! is G, -projective by Theorem 1. Therefore, G, —pd(M;) < n. Conversely,
M,

U®s M

pd(Mj) < co. The hypothesis means that if:

we prove that Gc—pd(( )) < G, —pd(M;). We may assume that m := G¢, —

X : 0= KPPl o5 P) 5 My — 0

is an exact sequence of A-modules where each P! is projective, then the complex U ® 4 X; is
exact. Since Cy is w-tilting, each P; is G¢, -projective by [13], Proposition 2.11, and then, K"
is G¢,-projective by [13], Theorem 3.8. Thus, there exists an exact sequence of T-modules

0 — Ky — Pinil - s = P? — M — 0
U®p K Uy Pt U®y P U®s M ’

1

K7 P I
where (U o KT) and all (U D4 Pi) are Gc-projectives by Theorem 1. Therefore,

M
Gc—Pd((u ®A1M1>) <m=Ge,—pd(Mz). O

Given a T-module C = p(Cy, C;), we introduce a strong notion of the Gc,-projective
global dimension of B, which will be crucial when we estimate the G¢-projective dimension
of a T-module and the left global G¢-projective dimension of T. Set:

SGCZ — PD(B) = sup{GCz—de(U ®aG)|Ge GCIP(A)}.
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Remark 4.

1. Clearly, SGc, — PD(B) < G¢, — PD(B);
2. Note that pdg(U) = sup{pdg(U @4 P) | aP is projective }. Therefore, in the classical case,
the strong left global dimension of B is nothing but the projective dimension of gUl.

My

Theorem 3. Let C = p(Cq, Cz) be w-tilting, U C-compatible, M = (M
2

) a T-module, and
4)M
SGc, — PD(B) < 0. Then:
max{Gc, —pda(Mi), (Gc,—pdg(M2)) — (SGc, — PD(B))}
< Ge—pd(M) <
max{(Gc, —pda(Mi)) + (SGc, — PD(B)) +1,Gc,—pdp(Ma2) }

Proof. First of all, note that C; and C; are w-tilting by Proposition 3, and let k := SG¢, —
PD(B).
Let us first prove that:

max{Gc, —pd(M1), Gc, —pd(Mz) — k} < Gc—pd(M).

We may assume that n := Gc—pd(M) < oo. Then, there exists an exact sequence of
T-modules:
0-+G"=G"15... G > M—=0
, i
where each G' = (g}) ~is Gc-projective. Thus, there exists an exact sequence of A-
2/ ¢G

modules:
0Gl -Gl = =G - M =0

where each G} is G¢, -projective by Theorem 1. Therefore, Gc, —pd(Mj) < n. By Theorem 1,
for each i, there exists an exact sequence of B-modules:

0= U®sGi— Gh— Gl —0

where Gil2 is Gc,-projective. Then, Gc, —pd(G) = Gc,—pd(U ®4 G}) < k by [13],
Proposition 3.11. Therefore, using the exact sequence of B-modules:

0-Gl =Gyt — .. =Gy = My =0

and [13], Proposition 3.11(4), we obtain that G¢, —pd(M,) < n +k.
Next we prove that:

Ge—pd(M) < max{Ge,—pd(My) +k+1,Gc,—pd(M>)}.
We may assume that:
m := max{Gc, —pd(My) +k+1,Gc, —pd(My) } < co.

Then, ny := Gclfpd(Ml) < ooand np := Gczfpd(Mz) < 0. Since GC1 *pd(Ml)
=ny < m — k — 1, there exists an exact sequence of A-modules:

1 0
O—>G{”*k*1—>---—>G;‘2_k—>-~~f$G?f$Ml—>0

where each Gi is G¢,-projective. Since C; is w-tilting, there exists an exact sequence of B-

0 . .
modules G 5 M, — 0 where G is Gc,-projective by [13], Corollary 2.14. Let K| = Kerf],
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and define the map £ : U ®4 G? & GJ — M, to be (¢M(1y ® fV)) & 3. Then, we obtain
an exact sequence of T-modules:

K} GY (ﬁ’)
- (Ki)qo > (weosdyocy) F M0

1
Similarly, there exists an exact sequence of B-modules G} % K} — 0 where G is
Gc,-projective, and then, we obtain an exact sequence of T-modules:

K Gj Ki
0— — — — 0.
(K%) 2 ((u ®4 Gp) ® G%) (K%) e

Repeating this process, we obtain the exact sequence of T-modules:

fret
0 ( 0 ) . ( Gin—k-1 ) (é”_k)l)
Kok (U4 Gy @Gyt
N | N
R ((uw%b@c%) 2 ((um%?)@GS) Moo

Note that Gc, —pd((U ®4 Gi) & Gi) = Gc,—pd(U ®4 G}) < k, for every i €
{0,---,m —k — 1}. Therefore, by [13], Proposition 3.11(2), and the exact sequence 0 —

m—k—1 0
Kk (Uea G @ Ggptt AN (U®sGY) & GY 3 My — 0, we obtain
that G¢, —pd (K2 %) < k. This means that there exists an exact sequence of B-modules:

0= Gy — - — G R gk gk 0,

Thus, there exists an exact sequence of T-modules:

0 0
0— Gy — = Ggﬂ_kﬂ —

m—k—1
fi
0\, Gr—k-1 ( z":";l)
Gy k (UeaGrFhegy !
A ¥
Gi 2 GY 2
. M — 0.
- ((U@A G%)GBG%) ((U®A hecy) M7

i 0
By Theorem 1, all ( w ®AC(;;1§) e > and all (G]2> are Gc-projectives. Thus,

Ge—pd(M) <m. O

The following consequence of Theorem 3 extends [2], Proposition 2.8(1), and [3],
Theorem 2.7(1), to the relative setting.

Corollary 6. Let C = p(Cq,Cy) be w-tilting, U C-compatible and M = (ﬁl> a T-module.
2) oM

If SGe, — PD(B) < oo, then Gc—pd(M) < oo if and only if G, —pd(M;) < oo and G¢, —
pd(Mp) < oo.
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The following theorem gives an estimate of the left G¢--projective global dimension of T.

Theorem 4. Let C = p(Cyq, Cy) be w-tilting and U C-compatible. Then:
max{Gc, — PD(A),Gc, — PD(B)}

< Gc — PD(T) <
max{Gc, — PD(A) + SG¢c, — PD(B) +1,G¢c, — PD(B)}.

Proof. We prove first that max{Gc, — PD(A),Gc, — PD(B)} < G¢c — PD(T). We may
assume that n := G¢ — PD(T) < oo. Let M1 be an A-module and M; be a B-module. Since
M, 0
Ge—pd( (U - Mz) < nand Gc—pd( <M2> < n,Ge,—pd(M;) < nand Ge,—pd(M,) <
nby Lemma 7. Thus, G¢, — PD(A) < nand G¢, — PD(B) < n.
Next, we prove that:

Gc — PD(T) < max{G¢, — PD(A) + 1+ SG¢, — PD(B), G¢, — PD(B)}.
We may assume that:
m := max{Gc, — PD(A) +1+ SGc, — PD(B),Gc, — PD(B)} < co.

Then, n; := G¢, — PD(A) < oo and k := SG, — PD(B) < 3 := G, — PD(B) < oo

Let M = <M1

be a T-module. By Theorem 3,
MZ) oM Y

Ge—pd(M) < max{n; +k+1,ny} < m.
O

Corollary 7. Let C = p(Cy, Cy) be w-tilting and U C-compatible. Then,
Gc — PD(T) < o ifand only if G¢, — PD(A) < o0 and G¢, — PD(B) < o

Recall that a ring R is called left Gorenstein regular if the category R-Mod is Goren-
stein ([2], Definition 2.1, and [28], Definition 2.18).
We know by [29], Theorem 1.1, that the following equality holds:

sup{Gpdr(M) | M € R-Mod} = sup{Gidr(M) | M € R-Mod}.

and this common value is call the left global Gorenstein dimension of R, denoted by
1.Ggldim(R). As a consequence of [28], Theorem 2.28, a ring R is left Gorenstein regular if
and only if the global Gorenstein dimension of R is finite.
We shall say that a ring R is left n-Gorenstein regular if # = .Ggldim(R) < co.
Enochs, Izurdiaga, and Torrecillas characterized in [2], Theorem 3.1, when T is left
Gorenstein regular under the conditions that gU has finite projective dimension and Uy
has finite flat dimension. As a direct consequence of Corollary 7, we refine this result.

Corollary 8. Assume that U is compatible. Then, T is left Gorenstein regular if and only if so are
A and B.

There are some cases when the estimate in Theorem 4 becomes an exact formula,
which computes left the G¢-projective global dimension of T.

Recall that an injective cogenerator E in R-Mod is said to be strong if any R-module
embeds in a direct sum of copies of E.

Corollary 9. Let C = p(Cy, Cy) be w-tilting and U C-compatible.
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1.  IfU =0 then:
Gc — PD(T) = max{Gc, — PD(A),Gc, — PD(B)};
2. If Aisleft Noetherian and 4C; is a strong injective cogenerator, then:

Ge, — PD(B) ifU=0

Gec — PD(T) = {max{SGcz —PD(B) +1,Gc, — PD(B)} ifU # 0.

Proof. 1. Using a similar way as we do in the proof of Theorems 3 and 4, we can prove

this statement. We only need to notice that if U = 0, then a T-module M = <ﬁl> is
2/ oM
¢

Ge-projective if and only if M, is G¢,-projective and M), is Gc,-projective (since oM is
always injective and My = My) by Theorem 1;
2. Note first that G, — PD(A) = 0by [14], Corollary 2.3. Then, the case U = 0 follows

by 1. Assume that U # 0. Note that by Theorem 1, <Ig> is not G¢-projective since U # 0.

Hence, G, — PD(B) > Ge—pd( <Ig>) > 1.
By Theorem 4, we have the inequality:

Ge, — PD(B) < Ge — PD(T) < max{SGe, — PD(B) +1,Gc, — PD(B)}.

Therefore, the case SG¢c, — PD(B) +1 < G¢, — PD(B) is clear, and we only need to prove
the result when SGc, — PD(B) +1 > n := G¢, — PD(B). Since G, —pd(U ®4 G) <
Gc, — PD(B) = n for every G € G¢,P(A), SGc, — PD(B) = n. Let G; be a G, -projective
A-module with G¢, —pd(U ®4 G1) = n, and consider the following short exact sequence:

0 Gy Gy

0— (U®AG1> — <U®AG1> — (0> — 0.
By Theorem 1 Gy is Ge-projective and by Lemma 7:
y "\U®4 G Cc pProj y :

GC_Pd( <u ®4 Gl)) = GCz_pd(u®A G) =n.
Thus, by [13], Proposition 3.11(4):
Ge—pd( C1 ) = Ge—pd( 0 )+1=n+1=S5Gc, —PD(B) +1
0 U®a Gy 2 '

This shows that Gc — PD(T) = SG¢, — PD(B) + 1, and the proof is finished. [

R R
Gec — PD(T(R)) = G¢, — PD(R) + 1.

Corollary 10. Let R bearing, T(R) = <R 0) and C = p(Cyq, C1) where Cy is w-tilting. Then:

Proof. Note first that C is a w-tilting T(R)-module, R is C-compatible, and SG¢, —
PD(R) = 0. Therefore, by Theorem 4,

Gc, — PD(R) < Gc — PD(T(R)) < G¢, — PD(R) + 1.

The case G¢, — PD(R) = oo is clear. Assume that n := G¢, — PD(R) < 0.



Mathematics 2021, 9, 2676 26 of 28

There exists an R-module M with G¢, —pd(M) = n and Extz (M, X) # 0 for some
X € Addg(Cy) by [13], Theorem 3.8. If we apply the functor Homr(g) (—, <§)()) to the

exact sequence of T(R)-modules:

o= (a) = (), = (6) =0

we obtain an exact sequence

N Ext'%(R)(<AAﬁ>, <§>) — Ext'%(R)((]?/[)’ (?{)) —

Ext’%{é((zg/I), (2)) — Ext’ﬁﬁ)((ﬁ)’ (SJ) -

1 (MY (0N .
By Lemma 3, Extsz(}{) ( (M) ! (X) ) = EthRzl (M,0) = 0. Again, by Lemma 3 and the

above exact sequence,

Ext’Tl'("I%)((]gI), (;)()) = Ext’Tl(R)((;\)/I), (;)) >~ Ext% (M, X) # 0.

since (;)() € Addr(g)(C) by Lemma 4(1), it follows that n < G¢—pd( (%) ) by [13], The-

%4)) < Gec — PD(T(R)) < n + 1. Thus, chd((]‘(f)) _

n + 1, which means that Gc — PD(T(R)) =n+1. O

orem 3.8. However, Gc—pd(

Corollary 11. Let R be a ring, T(R) = (ﬁ ?{

(n + 1)-Gorenstein reqular if and only if R is left n-Gorenstein regular .

), and n > 0 an integer. Then, T(R) is left

The authors in [16] established a relationship between the projective dimension of

modules over T and modules over A and B. Given an integer n > 0 and M = ( Ml) a
2 M
¢

T-module, they proved that pd;(M) < n if and only if pd , (M) < n, pdz(M;) < n, and
the map related to the n-th syzygy of M is injective. The following example shows that this
is not true in general.

Example 4. Let R be a left hereditary ring that is not semisimple, and let T(R) = (112 2)
Then, ID(T(R)) = ID(R) +1 = 2 by [24], Corollary 3.4(3). This means that there exists a
1
T(R)-module M = <M1> with pdr gy (M) = 2. IfK!' = (K%) is the first syzygy of M,
M, oM Kz 4,1<1
then there exists an exact sequence of T(R)-modules:

0Kl P—->M=0

where P = (11;1) is projective. Then, we obtain the following commutative diagram:
2/ oP
¢
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0
0 K] P M, 0
¢ k11 ‘PP (PM
0 K} P, M, 0
Kl P, M, 0
0 0 0

By the snake lemma, qul is injective. On the other hand, since ID(R) =1, pdg(M;) <1
and pdp(M,) < 1. However, pdpg) (M) =2 > 1.
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