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Abstract: This paper aims at studying the Bi-Objective Insular Traveling Salesman Problem
(BO-InTSP), which searches for a set of efficient, single visit sequences to collect (or distribute)
freight from a set of islands. In this problem, the selection of ports (nodes) to be visited at each island,
along with the associated port visit sequence, are optimized simultaneously, while the maritime
transportation costs and the ground transportation costs inside the islands are minimized with a
bi-objective perspective. This approach is employed since these costs are of a conflictive nature.
A previous Approximated Formulation of the BO-InTSP relies on aggregating the actual demand
locations within each island in a certain number of centroids for computing the ground transportation
costs. Conversely, this paper proposes and develops a novel Exact Formulation for the problem based
on the actual demand locations, instead of aggregating the demand inside the islands. Additionally,
a systematic evaluation approach is developed to compare the two alternative formulations with
different levels of demand aggregation inside the islands, considering the bi-objective nature of the
problem. The results reveal that the novel Exact Formulation significantly outperforms the previous
aggregated approach in terms of the solutions quality and computational resources.

Keywords: insular traveling salesman problem; ground transportation costs; freight collection or
distribution; isolated regions; bi-objective optimization; multi-objective analysis

1. Introduction and Literature Review

Vehicle Routing Problems (VRPs) have been widely studied for decades to address a
great variety of real-world problems that involve freight distribution to (or collection from)
a set of locations ([1–6]). In most classical cases, the set of locations or nodes to be visited
are previously determined and fixed, denoting the traditional mandatory nature of these
problems, as shown in Figure 1a.

Nevertheless, in several situations, the nodes to be served must be selected simulta-
neously with visit sequences, denoting the selective nature of the visits for these cases (as
shown in Figure 1b). Some examples are the Selective VRP, SVRP ([7–10]), Orienteering
Problems ([11–17]), and the Generalized VRP, GVRP ([18–27]). With this regard, other
related problems belonging to the family of extensive facility location problems, in which
the main goal is to determine the topology of the network for serving a set of customers by
means of tours, paths, trees, or other types of networked structures have been proposed in
the literature ([28–36]).
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Figure 1. Solution Examples of Classic and Selective VRP: (a) Classic VRP; (b) Selective VRP. 

However, there are a wide variety of applications that involve serving a set of islands 
or isolated regions (as shown in Figure 2), which cannot be directly addressed by any 
aforementioned VRPs or related works. Some distinctive features of these applications are 
the selection of the ports, docks, or locations to visit each island (similar to selective VRPs) 
jointly with the transportation process and costs inside the islands. Figure 2 shows a sim-
ple strategy to transport the freight between demand locations and ports, based on a 
greedy criterion (i.e., the nearest selected port for each demand location). Note that if the 
transportation costs inside the islands are insignificant, then the problem becomes the 
Generalized VRP or the Generalized Traveling Salesman Problem (GTSP). Other ad-
vanced transportation processes, such as routing or consolidation inside the islands, can 
be considered, which may require advanced mathematical models and solution tech-
niques. 

 
Figure 2. Solution example for insular TSP with a simple, greedy ground transportation process. 

Only a few recent studies ([37–39]) have proposed some formulations for this type of 
problem under different settings and assumptions. These studies introduced formulations 
as variants of the SVRP and the GVRP. The corresponding class of problems is referred to 
as the Insular Vehicle Routing Problem (InVRP), including the Insular Traveling Salesman 
Problem (InTSP) studied by [39] and in this present research. 

Motivated by a real case study in an archipelago of Chiloe and Palena in southern 
Chile, the aforementioned studies predominantly focus on designing a household waste 
collection system, where a set of small rural islands must be served by one barge to collect 
household waste. Each island has at least one port that should be selected to operate as a 
waste collection site. In this problem, the node selection and visit sequence decisions must 
be optimized simultaneously. 

Figure 1. Solution Examples of Classic and Selective VRP: (a) Classic VRP; (b) Selective VRP.

However, there are a wide variety of applications that involve serving a set of islands
or isolated regions (as shown in Figure 2), which cannot be directly addressed by any
aforementioned VRPs or related works. Some distinctive features of these applications
are the selection of the ports, docks, or locations to visit each island (similar to selective
VRPs) jointly with the transportation process and costs inside the islands. Figure 2 shows
a simple strategy to transport the freight between demand locations and ports, based on
a greedy criterion (i.e., the nearest selected port for each demand location). Note that if
the transportation costs inside the islands are insignificant, then the problem becomes
the Generalized VRP or the Generalized Traveling Salesman Problem (GTSP). Other ad-
vanced transportation processes, such as routing or consolidation inside the islands, can be
considered, which may require advanced mathematical models and solution techniques.
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Only a few recent studies ([37–39]) have proposed some formulations for this type of
problem under different settings and assumptions. These studies introduced formulations
as variants of the SVRP and the GVRP. The corresponding class of problems is referred to
as the Insular Vehicle Routing Problem (InVRP), including the Insular Traveling Salesman
Problem (InTSP) studied by [39] and in this present research.

Motivated by a real case study in an archipelago of Chiloe and Palena in southern
Chile, the aforementioned studies predominantly focus on designing a household waste
collection system, where a set of small rural islands must be served by one barge to collect
household waste. Each island has at least one port that should be selected to operate as a
waste collection site. In this problem, the node selection and visit sequence decisions must
be optimized simultaneously.

The InVRP modelling structure presents the advantage of being quite appropriate in a
variety of applications. Some examples are food deserts in inland regions ([40–45]), and
the maintenance of wind farm facilities ([46,47]). Overall, situations that involve serving
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isolated regions (inland or offshore) for different purposes (e.g., distributing, collection,
maintenance, etc.) are suitable applications.

As shown in Figure 2, the ground transportation costs (GTC) and its associated
processes inside the islands are relevant drivers for the problem. In this case, each demand
location is assigned to the nearest selected port. Based on this ground transportation
strategy inside the islands, [39] introduced a first approximation for these costs by explicitly
aggregating the actual demand locations with fictitious centroids. Subsequently, based on
this approximation, the authors formulated the Bi-Objective Insular Traveling Salesman
Problem (BO-InTSP), which consists of minimizing the maritime transportation costs (MTC)
incurred by a barge to visit the selected ports, and the GTC incurred inside the islands to
transport the freight between users, households, or demand locations, and such selected
ports.

It is worth mentioning that the family of clustered VRPs (or TSP) are also related to our
research, since they consider the existence of node groups or clusters to be served ([48–50]).
However, in these problems, all of the nodes must be visited, as opposed to the BO-InTSP,
where visiting all of the nodes is not mandatory.

Representing several real-world problems, multi-objective VRPs have been extensively
researched in the literature; see [51–53] for reviews on multi-objective VRPs and related
problems. Rather than exact methods, heuristic methods have been mainly applied to
multi-objective routing problems for obtaining an approximation to the Exact Pareto
Front ([54–57]). Naturally, finding the full Exact Pareto Front for large-size instances is a
difficult task in this type of Mixed Integer Programming (MIP), NP-hard problems.

Other problems related to the InVRP and the BO-InTSP are the multi-objective network
design problems, in which the topology of the network is designed while optimizing
different relevant objectives, such as the total cost, CO2 emissions, and waste generation,
among others ([58–60]). Other examples of extensive bi-objective facility locations are the
median path problem and the median shortest path problem ([61,62]). Both problems
minimize the total distance of the tour and the travel distance from the non-selected
nodes to the closest stop on the tour. Furthermore, other variants are the bi-objective ring
star problem ([63,64]), the bi-objective covering tour problem ([61,65]), and the traveling
purchaser problem ([66,67]).

The main assumptions of the approximation in [39] are: (i) the demands are aggregated
and located at a certain number of centroids instead of at the real demand locations, (ii) as
input parameters, the total island demand is homogeneously fragmented and assigned to
the defined centroids, (iii) each centroid is associated to a single port and vice-versa; thus, if
such a port is visited, then the associated centroid demand will be served through this port,
and (iv) if a port is not visited (i.e., a non-selected port), then the demand of its associated
centroid will be homogeneously split among the other selected ports of the island.

In some cases, when real information is not completely available or computational
issues arise, this aggregated approximation may be a reasonable approach. However,
there is a lack of evidence about the quality of this approximation, and, moreover, there
is no systematic methodology to assess its quality. Notice that if an inappropriate GTC
approximation is employed, then an incorrect port selection would be obtained in terms of
the quantity and location, thus yielding solutions with an inadequate trade-off between
MTC and GTC. Thus, a thorough analysis of the solutions obtained by the Approximated
Model and the Exact Formulation is worth studying.

This paper proposes a novel Exact Formulation for the BO-InTSP based on the actual
demand locations inside the islands, assuming that each user or inhabitant would prefer
the nearest operating port (i.e., node), instead of aggregating demand locations at a set
of fictitious centroids, as in [39]. Subsequently, this research proposes and develops a
systematic evaluation approach to compare the sets of non-dominated points obtained
with the two bi-objective formulations using the same exact algorithm.

It is worth highlighting that the proposed evaluation approach substantially dif-
fers from traditional multi-objective approaches, which usually compare the sets of non-
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dominated points generated by different approximated algorithms (i.e., heuristic) for a
single problem or model formulation. Thus, this research contributes to an enhanced
analysis and comparison among models with different accuracy or aggregation levels.
The proposed approach might be particularly important when trying to balance the effort
needed to solve a problem either through an Exact Formulation or through an Approxi-
mated Model, as in this research. Furthermore, the proposed strategy employed to compare
different models may be extended to models with more than two objectives (multi-objective
problems).

In multi-objective optimization, several performance indicators exist to measure the
quality of a given set of non-dominated points ([68–71]). Some examples of these indicators
are the hypervolume index (or dominated area for the 2-dimension case), uniformity index,
covering index, or simply the obtained number of non-dominated points. In general,
finding a good approximation to the set of non-dominated points would be equivalent to:
(i) maximize the number of obtained non-dominated points, (ii) maximize the associated
dominated area, (iii) minimize the distance between each pair of non-dominated points,
and (iv) maximize the range covered by the set of non-dominated points for each objective
function. As can be observed, the problem of finding a good quality set of non-dominated
points is a multi-objective problem itself. Usually, all these quality indicators are employed
to compare the performance of different multi-objective heuristic algorithms based on the
sets of (approximated) non-dominated points found by each algorithm. It is clear that this
kind of performance indicators are not needed if an algorithm is able to provide the actual
set of non-dominated points.

Thus, this paper aims at evaluating and comparing the set of non-dominated points
obtained by using the Approximated Model with respect to the set of non-dominated points
obtained by the novel Exact Formulation. This comparison involves the hypervolume
index among other natural performance indicators. Furthermore, note that the actual set of
non-dominated points obtained by the Approximated Model is indeed an approximation
to the actual set of non-dominated points of the Exact Formulation.

Summarizing, this paper proposes an Exact Formulation for the BO-InTSP, and com-
pares the results obtained with this formulation to those associated with the aggregated-
based mathematical formulation (i.e., Approximated Model) in [39]. The comparison is
focused on the set of non-dominated points obtained when employing each formulation.

Three types of centroids were tested for the aggregated formulation: (i) manually
defined centroids, (ii) geometric centroids based on the shape of the islands, and (iii)
centre-of-mass obtained by averaging the coordinates of the non-aggregated demand
locations. Therefore, the comparison shows the effect of using different procedures to
determine the centroid locations. The Pareto Front for each formulation is obtained using
the AUGMECON2 method described in [72,73].

The remainder of this paper is organized as follows. Section 2 presents the problem
description, the previous Approximated Model, and the proposed novel Exact Formulation.
Section 3 introduces the computational application along with a description of method-
ological foundations required for its implementation and analysis. Section 4 presents and
analyzes the main results from the computational applications. Finally, Section 5 concludes
the main findings of this work.

2. Problem Description and Formulations
2.1. General Problem Description

The BO-InTSP aims at determining a set of efficient, single sequences to visit a collec-
tion of islands with a single barge, while minimizing both the MTC and GTC based on a
bi-objective approach. In this problem, the barge must collect all of the freight in a single
period (e.g., a day or a week), and it is assumed that the barge has a sufficient capacity for
collecting all of the freight. The decisions involved in this problem are the port or dock
selection at each island along with the respective visit sequence. Finally, a single depot or
transfer station is considered as the start and end of the barge route.



Mathematics 2021, 9, 2641 5 of 33

Each island has one or more available ports that may be potentially employed as
a collection site, as indicated in Figure 3. Accordingly, the model should optimize the
collection site selection and the visit sequence of the selected ports, ensuring that each
island is visited at least in one port. Note that all selected nodes of an island are not
necessarily visited consecutively prior to visiting other islands. In the BO-InTSP, the
total MTC of the barge for visiting all selected ports, and the total GTC incurred by its
inhabitants to carry the freight to the selected ports at each island, must be minimized.
Figure 3 presents two examples in which a single visit sequence includes only one port per
island (Figure 3a) and all island ports (Figure 3b).
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In the studied waste collection case, the freight inside the islands is generated by a
set of rural households, and the inhabitants must transport their freight to the ports by
employing modest transportation (e.g., walking, cow, tumbril, horse, etc.). In this scenario,
the GTC inside the islands is incurred by inhabitants, whereas the MTC is incurred by
local authorities or a logistic provider to serve the islands. In other words, these costs
are incurred by different agents or stakeholders. If only the GTC is minimized, then the
problem leads to a solution where all of the ports are visited, as in Figure 3a, since the
freight of each centroid is picked up using its nearest port. On the contrary, if only the
MTC is minimized, then the problem may lead to a solution where only one port is visited
for each island, as in Figure 3b. Therefore, the GTC and MTC objectives are in conflict;
therefore, a bi-objective approach must be adopted. Thus, the set of efficient solutions
that jointly minimize both the MTC and the GTC should be found. Each efficient solution
comprises both the selection of the ports that must be visited and the visit sequence of such
ports. Considering that the Selective Traveling Salesman Problem (STSP) and the GTSP are
both NP-hard problems ([7,27]), and that they are particular cases of the InTSP (if all of the
nodes or ports conform a single big island, then the InTSP becomes a STSP; furthermore,
if the ground transportation cost is zero, then the InTSP becomes a GTSP), then InTSP is
NP-hard as well.

The following Sections 2.2 and 2.3 describe the previous Approximated Model and
the proposed Exact Formulation for the studied problem, respectively.

2.2. Approximated Model Based on Demand Aggregation

In [39], the authors proposed an approximated approach for computing the GTC. In
this approximation, it is assumed that each island is fictitiously segmented into a certain
number of zones. Each zone is associated with the nearest port and vice-versa. These
fictitious zones are defined so that if all ports of an island are selected, then the freight
generated at each zone will be fully collected through its associated port. Furthermore,
each zone is represented by a fictitious centroid that concentrates the total freight of the
zone.

Hereafter, the location of each centroid and its associated freight must be computed
as model parameters. In [39], a manual procedure is employed to locate the centroid for
each zone, and the total freight of the island is homogeneously split among the centroids.
These assumptions are motivated by a complete absence of information related to freight
generation locations within each island.
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An additional assumption is employed for splitting the freight of each centroid among
the selected ports on the island. This assumption is relevant only if the port associated
to this centroid is not selected and its freight should be collected through other selected
ports. In this case, the Approximated Model assumes a linear modelling structure, where
the freight located at a centroid is homogeneously split among the other selected ports.
Otherwise, if the associated port is selected, then the centroid demand will be completely
collected through this port.

The sets, parameters, and decision variables of the problem are the following:
H: Set of islands to be served by a barge;
N: Set of nodes, including only the ports at the islands;
N0: Set of nodes, including ports and the depot i0;
Ωh: Set of nodes at each island h;
Ψh: Set of all possible combinations of ports for island h;
Khs: Set of nodes belonging to island h that are selected as collection sites under

combination s ∈ Ψh;
δh: Number of nodes at each island h;
MCij: MTC from node i to node j;
Qh: Freight volume to be collected from each island h;
GChs: Total GTC at island h, if the port combination s is selected. This cost parameter

represents the total GTC incurred by the island inhabitants if port combination s is selected;
Zi: Binary variable indicating if node i is selected to be visited;
Yij: Binary variable indicating if node j is visited immediately after node i;
Xhs: Binary variable indicating if island h is visited using combination s;
Fij: Fictitious flows from node i to node j.
Accordingly, the Approximated Model is formulated as (1)–(13). Expressions (1) and

(2) correspond to the MTC and GTC objective functions, respectively. Constraints (3)
ensure the exact selection of a single port scenario s for each island h. Constraints (4) and
(5) are logical relationships between the decision variables Z and X, ensuring that if a
combination of port s is selected for each island h (Xhs = 1), only the selection variables
for the associated ports are activated (Zi =1, for each i ∈ Khs). Constraints (6) and (7)
ensure that, for each selected port (i.e., Zi = 1), the barge must enter and exit exactly once,
respectively. Constraints (8)–(11) are the sub-tour elimination constraints ([74]). Finally,
Constraints (12) and (13) are of domain.

Min ∑
i,j∈N0,j 6=i

MCij ·Yij (1)

Min ∑
h∈H

∑
s∈Ψh

GChs · Xhs (2)

subject to :
∑

s∈Eh

Xhs = 1 ∀h ∈ H (3)

Xhs ≤ Zi ∀h ∈ H, s ∈ Eh, i ∈ Ωh/i ∈ Khs (4)

Xhs ≤ 1− Zi ∀h ∈ H, s ∈ Eh, i ∈ Ωh/i /∈ Khs (5)

∑
j∈N:i 6=j

Yij = Zi ∀i ∈ N (6)

∑
j∈N:j 6=i

Yji = Zi ∀i ∈ N (7)

∑
j∈N

Fi0 j = ∑
j∈N

Zj (8)
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∑
j∈N0/i 6=j

Fij = ∑
j∈N0/i 6=j

Fji + Zi ∀i ∈ N (9)

∑
j∈N

Fji0 = 0 (10)

Fij ≤ |N| ·Yij ∀i, j ∈ N0, i 6= j (11)

Fij ≥ 0 ∀i, j ∈ N0, i 6= j (12)

Z, Yij, Xhs ∈ {0, 1} ∀i, j ∈ N, ∀h ∈ H, ∀s ∈ Eh (13)

2.3. An Exact Formulation for the BO-InTSP

The proposed novel exact mathematical formulation for the BO-InTSP considers
a disaggregated scheme, relying on the knowledge of the real demand locations (e.g.,
households, restaurants, or hospitals) and their respective demand values. In this model,
island inhabitants must travel to their nearest selected port for transporting their freight.
Thus, when capacity constraints at the ports are not relevant, the model will allocate each
demand location to its nearest selected port, as shown in Figure 4. It can be shown that
any efficient solution is equivalent to a greedy assignment scheme that all inhabitants may
follow. Note that this figure presents an example of a part of a complete feasible solution
(ground transportation component).
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Under this alternative disaggregated scheme, the total GTC for every island is explic-
itly computed based on the actual allocation of the demands to the selected ports. The
proposed model contains additional variables compared to the previous Approximated
Model but provides a better problem representation.

The Exact Formulation considers the definition of the following additional parameters
and decision variables:

Mh: Set of demand locations belonging to each island h;
dil: Distance between port i and demand location l;
ql: Demand of location l;
φil: Binary variable indicating if demand location l is allocated to node i.
Due to the absence of freight generation information for each specific demand location,

it is assumed that the total demand of an island is homogeneously split among all demand
locations, as ql = Qh/|Mh|, ∀h ∈ H, ∀l ∈Mh. Notice that this assumption does not affect
the structure of the Exact Formulation, since ql is only a parameter of the model that may
be computed following any other information or assumption.

Consequently, the novel Exact Formulation of the BO-InTSP is as (14) to (27). Ex-
pressions (14) and (15) correspond to the MTC and GTC objective functions, respectively.
MTC is the same as the Approximated Model, whereas GTC corresponds to a new Exact
Formulation based on demand location assignment decisions. Constraints (16)–(18) are new
constraints that allow for computing GTC in an exact manner. Constraints (16) ensure that
at least one port is selected for each island. Constraints (17) guarantee that each demand
location is assigned to a single port, and restrictions (18) allow for assignment decisions (φij)
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only involving selected ports (Zi = 1). Expressions (19)–(24) are routing-related constraints,
and are equivalent to Equations (6)–(11). Finally, Constraints (25)–(27) are of domain.

Min ∑
i,j∈N0,j 6=i

MCij ·Yij (14)

Min ∑
h∈H

∑
i∈Ωh

∑
l∈Mh

dil · ql · φil (15)

subject to :
∑

i∈Ωh

Zi ≥ 1
(
Zi0 = 1

)
∀h ∈ H (16)

∑
i∈Ωh

φil = 1 ∀h ∈ H, l ∈ Mh (17)

φil ≤ Zi ∀h ∈ H, l ∈ Mh, i ∈ Ωh (18)

∑
j∈N:i 6=j

Yij = Zi ∀i ∈ N (19)

∑
j∈N:j 6=i

Yji = Zi ∀i ∈ N (20)

∑
j∈N

Fi0 j = ∑
j∈N

Zj (21)

∑
j∈N0/i 6=j

Fij = ∑
j∈N0/i 6=j

Fji + Zi ∀i ∈ N (22)

∑
j∈N

Fji0 = 0 (23)

Fij ≤ |N| ·Yij ∀i, j ∈ N0, i 6= j (24)

Fij ≥ ∀i, j ∈ N0, i 6= j (25)

Zi, Yij ∈ {0, 1} ∀i, j ∈ N, ∀h ∈ H, ∀s ∈ Eh (26)

φil ∈ {0, 1} ∀h ∈ H, l ∈ Mh, i ∈ Ωh (27)

3. Computational Issues and Comparison Methodology

This section details the computational experience and methodological foundations
of the proposed comparison approach. The goal is to compare the results obtained with
both the Approximated Model ([39]) and the Exact Formulation proposed in this research
(Section 2.3).

The two formulations are solved using the AUGMECON2 method described in [72].
This method guarantees obtaining the Exact Pareto Front for multi-objective mixed integer
programming problems whose objective functions involve only integer variables (which
are satisfied in both formulations). Additionally, possessing the nadir point is required,
which, in this implementation, is obtained at the beginning of the algorithm.

The AUGMECON2 algorithm works similarly to the well-known epsilon constraints
algorithm, in which a mono-objective reformulation of the original multi-objective problem
is solved iteratively by optimizing only one of the objective functions, and the remaining
functions are instead handled as model constraints. The AUGMECON2 algorithm performs
an accelerated update of the right-hand side parameters of the model constraints associated
with the objective functions. For more details, see [72,73]. The algorithm was implemented
using AMPL as a programming language, CPLEX 12.8 as the optimization package, and a
computer with an Intel i7-4770 processor @ 3.40 GHz with 8 GB RAM, where the number
of threads is set to one.
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It is worth highlighting that, depending on the approach employed to obtain the
Pareto Front of a bi-objective problem, different results may be produced. For example, if
heuristic approaches are employed, only approximated Pareto Fronts would be obtained,
and there would not be a guarantee for obtaining optimal solutions and the Exact Pareto
Fronts. Thus, any comparison would not be completely definitive or conclusive. However,
in this research, we aim to compare the exact Pareto Fronts obtained for both formulations
(the exact and the approximated models) in order to gain more conclusive insights. Thus, a
state-of-the-art, exact solution approach for multi-objective MIP problems is employed; in
this case, the AUGMECON2 algorithm. Nonetheless, it is possible and advisable to develop
or apply advanced solution approaches, particularly for larger instances, such as Multi
Objective Evolutionary Algorithms based on Decomposition (MOEA/D), Non-Sorting
Genetic Algorithms II (NSGA-II), and Pareto Local Search, including all of its variations
and improvements ([75–80]).

3.1. Test Instances and Experiment Design

This study considers a variety of instances that are based on two original instances
presented in [39]: one real and one fictitious. The original real instance contains 21 islands
from southern Chile, from which, 11 islands have 1 port, 8 islands have 2 ports, and
2 islands have 3 ports. The original fictitious instance comprises 20 synthetic circular
islands, where 8 islands contain 2 ports, 8 islands contain 3 ports, and 4 islands contain
4 ports. A first set of real instances are generated by randomly selecting islands from the
original real instance with 21 islands. Similarly, a second set of fictitious instances are
generated from the original synthetic instance with 20 circular islands.

Although larger instances may be solved to optimality for the single objective TSP in a
reasonable time, solving its bi-objective version is more difficult from a computational point
of view. Therefore, this research considers small and medium-sized instances. Furthermore,
given that this study aims at solving the two formulations at optimality, the resolution of
larger instances is prohibitive. In this case, the use of non-exact algorithms or heuristics is
recommended, which is out of the scope of this study.

The two original instances were built considering an aggregated GTC, in which the
demands were modelled by employing aggregated centroids at each island. Conversely,
the proposed disaggregated Exact Formulation relies on the direct GTC (i.e., Euclidean
distances) between the disaggregated demand locations and the island ports. Accordingly,
disaggregated demand locations inside the islands are randomly generated in this study,
since real demand locations are not available.

For solving the Approximated Model, three alternative centroid generation approaches,
namely Manual Centroids, Geometric Centroids, and Centre-of-Mass, are employed for
each instance. Only Manual and Centre-of-Mass centroids are employed for the real
instances. For solving the Exact Formulation, disaggregated demand locations were cre-
ated in a random manner independently for the real and the fictitious instances, yielding
between 22 and 50 nodes per island. Homogeneous demands are considered for all gen-
erated demand locations. Furthermore, the Centre-of-Mass centroids employed for the
Approximated Model are computed using the coordinates of these disaggregated demand
locations.

The computational experience is divided into two parts. The first experiment (Part I)
aims at showing and analyzing the conceptual and structural differences between the set of
non-dominated points obtained with both the Approximated and the Exact Formulations
considering only small instances. For this analysis, one real and three fictitious instances
are generated based on the two aforementioned original instances. These are defined as
Real-0820, Fict-0660, Fict-0064, and Fict-0004, where the digits of each instance name (real or
fictitious) indicate the number of islands with 1, 2, 3, or 4 ports, respectively. For example,
Real-0820 denotes 0 islands with 1 port, 8 islands with 2 ports, 2 islands with 3 ports, and
0 islands with 4 ports.
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The second experiment (Part II) aims at evaluating the aggregated behavior and the
computational performance of the two formulations. In this case, only Centre-of-Mass is
employed for generating centroids, given the results of the first computational experience
discussed in Section 4.1. This experiment focuses on solving 10 real instances with 18 islands
that are randomly selected from the original 21-island real instance, which comprise
8 islands with 1 port, 8 islands with 2 ports, and 2 islands with 3 ports. Additionally,
10 fictitious instances are considered containing 17 islands that are randomly selected from
the original 20-island fictitious instance, where each instance comprises 7 islands with
2 ports, 7 islands with 3 ports, and 3 islands with 4 ports. Following a similar notation
associated with the first part of the experiment, the large instances are named as Real-wxyz-
n and Fict-wxyz-n, where w, x, y, and z define the number of islands with 1, 2, 3 and 4 ports,
respectively, and the additional index n defines a correlative identification number for each
instance, ranging from 01 to 10. Table 1 summarizes the instances considered in this study.

Table 1. Experiments and instance summary.

Experiment Instance
Name

Type of
Islands

# of Nodes
(Depot

Included)

# of
Islands

# Islands
with

1 Port

# Islands
with

2 Ports

# Islands
with

3 Ports

# Islands
with

4 Ports

Part I

Real-0820 Real 23 10 0 8 2 0

Fict-0660
Fictitious

31 12 0 6 6 0
Fict-0064 35 10 0 0 6 4
Fict-0004 17 4 0 0 0 4

Part II

Real-8820-01

Real

31 18 8 8 2 0
Real-8820-02 31 18 8 8 2 0
Real-8820-03 31 18 8 8 2 0
Real-8820-04 31 18 8 8 2 0
Real-8820-05 31 18 8 8 2 0
Real-8820-06 31 18 8 8 2 0
Real-8820-07 31 18 8 8 2 0
Real-8820-08 31 18 8 8 2 0
Real-8820-09 31 18 8 8 2 0
Real-8820-10 31 18 8 8 2 0

Fict-0774-01

Fictitious

52 18 0 7 7 4
Fict-0774-02 52 18 0 7 7 4
Fict-0774-03 52 18 0 7 7 4
Fict-0774-04 52 18 0 7 7 4
Fict-0774-05 52 18 0 7 7 4
Fict-0774-06 52 18 0 7 7 4
Fict-0774-07 52 18 0 7 7 4
Fict-0774-08 52 18 0 7 7 4
Fict-0774-09 52 18 0 7 7 4
Fict-0774-10 52 18 0 7 7 4

3.2. Multi-Objective Comparison Approach

Following [81,82], the concept of the dominated area, DA (also known as the hyper-
volume or S metric), is employed to compare the set of non-dominated points obtained
with the two formulations, as illustrated with the examples in Figure 5. This figure presents
different Pareto Fronts in the objective space, which comprises the values of the objective
functions for feasible solutions. The index DA represents the area inside the rectangle
limited by

(
f min
1 , f min

2
)
,
(

f max
1 , f min

2
)
,
(

f min
1 , f max

2
)
, and

(
f max
1 , f max

2
)

that is weakly domi-
nated by a set of non-dominated points, as shown with the grey area in Figure 5a, where
the reference points

(
f min
1 , f min

2
)

and
(

f max
1 , f max

2
)

are the ideal and the anti-ideal points,
respectively. As may be expected, more accurate and complete sets of non-dominated
points yield larger values of the DA.
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Figure 5. Example of hypervolume or dominated area (DA): (a) DA of a single Pareto Front; (b) DA comparison between
two Pareto Fronts.

Normally, sets with more non-dominated points that are uniformly distributed along
the objective space, and closer to the ideal point, yield higher DA values. In Figure 5b, the
DAs of two sets are partially overlapped, where the Pareto Front with black dots presents
a higher DA value than the Pareto Front with white dots. Particularly, the true set of
non-dominated points provides the maximum feasible value for the DA index. Thus, a
goal in our study is to compute the hypervolume for two Pareto Fronts: one Pareto Front
is obtained with the Approximated Model and another Pareto Front is obtained with the
Exact Formulation.

In order to perform a proper comparison between the solutions obtained with the
two formulations, the actual set of non-dominated points obtained with the Approximated
Model must be projected into the objective space of the Exact Formulation. The projection of
points into the objective space of the Exact Formulation consists of evaluating the solutions
obtained with the Approximated Model with the objective function of the Exact Model.
Consequently, these projected points represent an approximation to the true Pareto Front
of the Exact Formulation. Let this projected set be the Approximated Pareto Front, and the
true set of non-dominated points obtained by the Exact Formulation be the Exact Pareto
Front. Naturally, it is expected that some points belonging to the Approximated Pareto
Front are dominated by some points belonging to the Exact Pareto Front, whereas other
points may coincide with points of the Exact Pareto Front. An Approximated Pareto Front
can be considered a good approximation to the Exact Pareto Front if it contains points that
are close to the Exact Pareto Front. Furthermore, for a very good approximation, a large
share of its points coincides with some points of the Exact Pareto Front.

In addition to the DA index, a variety of error measurements are computed to evaluate
the quality of the points obtained with the Approximated Model after projecting them into
the objective space associated with the Exact Formulation. These error measurements are
computed by comparing each point of the Approximated Pareto Front to all points from
the Exact Pareto Front that dominate this point, as shown in Figure 6. If a point of the
Approximated Pareto Front coincides to a point belonging to the Exact Pareto Front, then
its associated error is zero. Naturally, the smaller the error, the better the Approximated
Pareto Front, and, therefore, the Approximated Model.
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Figure 6. Errors for a dominated solution with respect to non-dominated points.

In the example of Figure 6, points S1, S2, and S3 are part of an Approximated Pareto
Front, whereas S3, S4, S5, and S6 belong to the Exact Pareto Front. Notice that a point
belonging to the Exact Pareto Front may also be obtained through the Approximated Model,
as S3, whose error is zero. On the contrary, some points in the Approximated Pareto Front
may be dominated by some points belonging to the Exact Pareto Front. In the example
of Figure 6, S2 is dominated by S6, and S1 is dominated by S4 and S5. In this case, when
comparing S2 with S6, a relative error e is defined for each objective component, as shown
in Equation (28). In this study, x and y refer to the MTC and the GTC, respectively.

eS6,S2
x =

xS2 − xS6

xS6
, eS6,S2

y =
yS2 − yS6

yS6
(28)

Based on Expression (3), and considering that P is the Exact Pareto Front and P̃ is the
Approximated Pareto Front, two types of errors are defined: the maximum and Euclidean
errors for each point k ∈ P̃, with respect to each point j ∈ P that dominates point k. Both
expressions are associated with alternative norms of a vector, where norm ∞ is associated
with the maximum error and norm 2 is associated with the Euclidean error. These errors
are shown in Expression (29), where j < k indicates that point j dominates point k.

ej,k
∞ = max

{
ej,k

x ; ej,k
y

}
; ej,k

2 =

√(
ej,k

x

)2
+
(

ej,k
y

)2
∀j ∈ P, ∀k ∈ P̃/k � j (29)

Finally, considering that more than one point from the Exact Pareto Front may dom-
inate a point from the Approximated Pareto Front, a combined error is computed by
considering the minimum value for each type of norm (norm ∞ and norm 2), as indicated
in Expression (30) and (31).

Min_ek
∞ = min

j∈P/k�j

{
ej,k

∞

}
(30)

Min_ek
2 = min

j∈P/k�j

{
ej,k

2

}
(31)

4. Results and Discussion
4.1. Results for Small Instances

In this section, the results associated with both the approximated and the exact
formulations are presented and discussed for one real and three synthetic instances, as
described in Section 3.1. As previously mentioned, this comparison is performed by
contrasting the set of non-dominated points obtained by the Approximated Model with
the set of non-dominated points obtained with the Exact Formulation. In addition, since
GTC is not computed in an exact manner within the Approximated Model, this cost must
be recomputed for each obtained non-dominated point prior to performing an appropriate
comparison. Subsequently, the comparison assumes the following definitions:
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NDP*: Exact Pareto Front (set of non-dominated points obtained with the Exact
Formulation);

NDP-0: Exact set of non-dominated points obtained with the Approximated Model;
DP-1: Set of points in NDP-0 that are dominated by points in NDP* after GTC is

recomputed;
NDP-1: Set of points in NDP-0 that are actually non-dominated after GTC is exactly

computed. This set is also referred to as the Approximated Pareto Front;
DP-2: Set of points in NDP-1 that do not belong to NDP*;
NDP-2: Set of points in NDP-1 that belong to NDP*.
Figure 7 shows the set of non-dominated points obtained with the Approximated

Model (NDP-0) for the instance Fict-0660 using Manual Centroids. The set of non-dominated
points with the approximated GTC is shown with grey dots, whereas the points associated
with the same solutions with an exact GTC computation is denoted by black dots and grey
triangles. Notice that the MTC remains constant for each point, whereas the GTC vertically
varies. For this instance, the approximated GTC is always lower than the exact GTC for
each point, as shown in Figure 7. As a consequence, once the exact GTC is computed, some
points are dominated by others belonging to the same original set, and thus, they must be
removed. In other words, the solutions associated with these points are not efficient for
the Exact Formulation. The removed points are represented by grey triangles in Figure 7
(DP-1), whereas the black dots denote those points that remain as non-dominated (NDP-1).
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For this instance, 81 points (grey dots) are originally obtained for the approximated
GTC using Manual Centroids (NDP-0), whereas only 43 points (black dots) remain as
non-dominated points after the exact GTC is computed (NDP-1). As expected, only a part
of NDP-1 belongs to the exact set of non-dominated points (NDP*), which may be observed
once the two sets are contrasted (see Figure 8). In this example, NDP* comprises 127 points,
and only 17 points from NDP-1 belong to NDP* (i.e., NDP-2). The remaining 26 points
(DP-2) are dominated by other points in NDP*. Figures 9 and 10 show similar results for
the same instance Fict-0660, but using Centre-of-Mass instead of Manual Centroids.
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Table 2 summarizes all of the previous results for instance Fict-0660, including those
results obtained with the Geometric Centroids. In this case, the approximated GTC is an
underestimation of the exact GTC, analogously to the Manual Centroid approach. The
terminology in Table 2 is as follows:

Average GTC-Error: Average of the relative error of the approximated GTC with
respect to the exact GTC for all obtained non-dominated points (exact–approximated). It is
positive (negative) when the approximated GTC is lower (higher) than the exact GTC;

DA1X: Relative DA for a set X with respect to the DA for the Exact Pareto Front;
DA2X: Relative DA for a set X with respect to the area of the square that defines DA

for the ideal point
(

f min
1 , f min

2
)
, as shown in Figure 5a;

Min. Error with Norm-∞: Minimum value of the maximum relative errors for each
dominated solution;

Min. Error with Norm-2: Minimum value of the Euclidean relative errors for each
dominated solution;

Avg1: Average values of all dominated points, including zero values;
Avg2: Average values of all dominated points, excluding zero values.
Notice that the most appropriate outcome when using the Approximated Model is

NDP-1 instead of NDP-0, assuming that it is possible to compute the exact GTC for any
point of the Approximated Pareto Front, which is not equivalent to solving the Exact
Formulation. In concordance with the previous discussion, Table 2 shows that the initial
number of non-dominated points obtained with the Approximated Model (NDP-0 = 81, 78,
and 80 for the Manual, Geometric, and Centre-of-Mass centroids, respectively) includes
points that must be removed from the set of non-dominated points after GTC is exactly
recomputed (NDP-0–NDP-1 = 38, 36, and 25 for the Manual, Geometric, and Centre-of-
Mass centroids, respectively). In other words, when the exact GTC is recomputed for the
original set of non-dominated points (NDP-0), there is no guarantee that all points remain
as non-dominated points. This result manifests an important inefficiency of using the
Approximated Model. Conversely, the Exact Formulation provides the exact set of non-
dominated points without the need for removing any point (i.e., for the Exact Formulation,
NDP* = NDP-1 = NDP-2 and DP-1 = DP-2 = 0).
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Table 2. Result summary for instance Fict-0660.

Formulation Centroid
Method

Average
GTC-
Error

|NDP-0| |NDP-1|
|NDP-1|

/
|NDP-0|

|NDP-1|
/

|NDP*|

DA1NDP-1 DA2NDP-1 |NDP-2|
|NDP-2|

/
|NDP-1|

|NDP-2|
/

|NDP*|

|DP-2|
|DP-2|

/
|NDP-1|

|DP-2|
/

|NDP*|

Min. Error
With

Norm ∞

Min. Error
With

Norm 2

Avg1 Avg2 Avg1 Avg2

Approx.
Manual 20.6% 81 43 53.1% 33.9% 97.1% 64.3% 17 39.5% 13.4% 26 60.5% 20.5% 0.47% 0.78% 0.54% 0.89%

Geometric 14.8% 78 42 53.8% 33.1% 96.8% 64.1% 17 40.5% 13.4% 25 59.5% 19.7% 0.55% 0.92% 0.62% 1.05%
Centre
of Mass 8.9% 80 55 68.8% 43.3% 98.5% 65.3% 29 52.7% 22.8% 26 47.3% 20.5% 0.37% 0.77% 0.42% 0.88%

Exact N/A 0.0% 127 127 100.0% 100.0% 100.0% 66.3% 127 100.0% 100.0% 0 0.0% 0.0% 0.00% 0.00% 0.00% 0.00%
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The results in Table 2 also reveal that the utilization of the Centre-of-Mass approach
provides a better set of non-dominated points for instance Fict-0660, when compared to the
other two methods (Manual and Geometric). This inference is obtained by observing the
indicators in this table (i.e., Average GTC-Error, |NDP-1|, DA1X, DA2X, |NDP-2|, and
the error measurements of the dominated points).

All error measurements shown in Table 2 are relatively small for the three types of
centroids, having average values less than or equal to 1.05%. Moreover, by observing errors
with norm ∞, the dominated points obtained with the Approximated Model (DP-2) that
do not belong to NDP* present an average deviation of at most 0.92% in terms of the MTC
or GTC (with respect to the points in NDP* that dominate it). Although norm 2 is an upper
bound to norm ∞, both norms seem to depict very similar values. Finally, despite the small
error measurements, the number of points provided by the Approximated Model (NDP-1)
appears to be significantly smaller compared to the points in the Exact Pareto Front NDP*
(approximately 37%).

Similarly, Figures 11 and 12 present the results for instance Real-0820 with Manual
and Centre-of-Mass Centroids, respectively. Figure 11 shows that the approximated GTC
with Manual Centroids overestimates the exact GTC, as opposed to the above fictitious
instance, whereas Figure 12 illustrates that the Approximated Model with Centre-of-Mass
centroids underestimates the exact GTC, similar to instance Fict-0660. In other words, the
manual approach for determining the centroids in the Approximated Model may present
erratic results, which may be explained by the non-systematic and random nature of the
Manual Centroid method.

Finally, Figure 13 shows the Approximated Pareto Front (NDP-1) considering two
types of centroids, Centre-of-Mass (black dots) and Manual Centroids (unfilled squares),
and the Exact Pareto Front, NDP* (grey triangles). Although the number of non-dominated
points obtained with the two centroid methods is significantly small (on average, 36% of
the NDP*), these sets of points are quite close to the Exact Pareto Front NDP*, where it is
difficult to visually distinguish between them.
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Table 3 presents a summary of the results associated with instance Real-0820, and
Tables 4 and 5 summarize the results for instances Fict-0064 and Fict-0004, respectively.
These results illustrate an overestimation of the GTC for the Manual Centroids, and an
underestimation of the GTC for Centre-of-Mass Centroids for instance Real-0820. In
addition, a GTC underestimation is observed for instance Fict-0064 with Manual and
Centre-of-Mass Centroids, as shown in Table 4 and Figure 14. This underestimation is not
clear for the case of the Geometric Centroids.
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Table 3. Result summary for instance Real-0820.

Formulation Centroid
Method

Average
GTC-
Error

Avg. Abs.
GTC-
Error

|NDP-0| |NDP-1|
|NDP-1|

/
|NDP-0|

|NDP-1|
/

|NDP*|
DA1NDP-1 DA2NDP-1 |NDP-2|

|NDP-2|
/

|NDP-1|

|NDP-2|
/

|NDP*|
|DP-2|

|DP-2|
/

|NDP-1|

|DP-2|
/

|NDP*|

Min. Error
with

Norm ∞

Min. Error
with

Norm 2

Avg1 Avg2 Avg1 Avg2

Approx. Manual −10.76% 10.76% 59 38 64.4% 39.2% 97.7% 59.9% 31 81.58% 31.96% 7 18.4% 7.2% 0.10% 0.57% 0.12% 0.65%
Centre of

Mass 6.32% 6.32% 77 32 41.6% 33.0% 97.6% 59.8% 27 84.38% 27.84% 5 15.6% 5.2% 0.09% 0.60% 0.11% 0.67%

Exact N/A 0.00% 0.00% 97 97 100.0% 100.0% 100.0% 61.2% 97 100.00% 100.00% 0 0.0% 0.0% 0.00% 0.00% 0.00% 0.00%

Table 4. Result summary for instance Fict-0064.

Formulation Centroid
Method

Average
GTC-
Error

Avg. Abs.
GTC-
Error

|NDP-0| |NDP-1|
|NDP-1|

/
|NDP-0|

|NDP-1|
/

|NDP*|
DA1NDP-1 DA2NDP-1 |NDP-2|

|NDP-2|
/

|NDP-1|

|NDP-2|
/

|NDP*|
|DP-2|

|DP-2|
/

|NDP-1|

|DP-2|
/

|NDP*|

Min. Error
with

Norm ∞

Min. Error
with

Norm 2

Avg1 Avg2 Avg1 Avg2

Approx.
Manual 5.19% 5.19% 99 57 57.6% 35.4% 98.5% 55.5% 31 54.4% 19.3% 26 45.6% 16.1% 0.30% 0.63% 0.34% 0.73%

Geometric −0.50% 2.92% 103 59 57.3% 36.6% 98.6% 55.5% 32 54.2% 19.9% 27 45.8% 16.8% 0.28% 0.61% 0.33% 0.71%
Centre

Of Mass 4.75% 4.75% 124 67 54.0% 41.6% 98.9% 55.7% 39 58.2% 24.2% 28 41.8% 17.4% 0.28% 0.68% 0.32% 0.76%

Exact N/A 0.00% 0.00% 161 161 100.0% 100.0% 100.0% 56.3% 161 100.0% 100.0% 0 0.0% 0.0% 0.00% 0.00% 0.00% 0.00%

Table 5. Result summary for instance Fict-0004.

Formulation Centroid
Method

Average
GTC-
Error

Avg. Abs.
GTC-
Error

|NDP-0| |NDP-1|
|NDP-1|

/
|NDP-0|

|NDP-1|
/

|NDP*|
DA1NDP-1 DA2NDP-1 |NDP-2|

|NDP-2|
/

|NDP-1|

|NDP-2|
/

|NDP*|
|DP-2|

|DP-2|
/

|NDP-1|

|DP-2|
/

|NDP*|

Min. Error
with

Norm ∞

Min. Error
with

Norm 2

Avg1 Avg2 Avg1 Avg2

Approx.
Manual 0.28% 3.51% 41 30 73.2% 40.0% 97.4% 64.7% 22 73.3% 29.3% 8 26.7% 26.7% 0.52% 1.94% 0.59% 2.19%

Geometric −4.86% 6.86% 40 30 75.0% 40.0% 97.4% 64.7% 22 73.3% 29.3% 8 26.7% 26.7% 0.52% 1.94% 0.59% 2.19%
Centre
of Mass −0.78% 3.99% 45 32 71.1% 42.7% 98.6% 65.5% 26 81.3% 34.7% 6 18.8% 18.8% 0.24% 1.30% 0.26% 1.40%

Exact N/A 0.00% 0.00% 75 75 100.0% 100.0% 100.0% 66.4% 75 100.0% 100.0% 0 0.0% 0.0% 0.00% 0.00% 0.00% 0.00%
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Fict-0064.

In Tables 3–5, column “Avg. Abs. GTC-Error” is added to show the average of the
absolute GTC errors. This indicator becomes relevant in some cases, where some points
obtained with the Approximated Model (NDP-0) present a GTC overestimation, and other
points of the same set present a GTC underestimation. Thus, columns “Average GTC-Error”
and “Avg. Abs. GTC-Error” may yield different absolute values, such as for the Geometric
Centroids for instance Fict-0064 (See Table 4), and for all types of centroids for instance
Fict-0004 (see Table 5 and Figure 15).
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Two main types of errors related to the GTC estimation for the Approximated Model
may be distinguished. One type of error, Error Type A, consists of an underestimation of
the GTC between the Centre-of-Mass centroids and the ports compared to the actual GTC
between the real demand locations and the ports for the Exact Formulation, as shown in
Figure 16. This type of error only applies for the Centre-of-Mass Centroids, since the other
two methods may present an erratic error behavior. In other words, these methods may
yield either an underestimation or overestimation of the GTC, whose behavior cannot be
anticipated nor systematically studied.
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The other type of error, Error Type B, relates to the centroid demand splitting, when
its associated port is not selected. In this situation, the Approximated Model assumes that
this demand is homogeneously split among the selected ports (for all types of centroids),
as indicated in Figure 17. This assumption does not apply when either one or all ports are
selected. If only one port is selected, then the whole island demand is collected through
this single port. Whereas, if all of the ports are selected, then the demand of each centroid
is fully collected through its associated port, and thus, this type of error is non-existent.
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(a) demand splitting for a three-port island; (b) demand splitting for a four-port island.

The aforementioned approximated manner of splitting the demand of a centroid may
be acceptable in the case that two out of three available ports are selected, as in Figure 17a.
On the contrary, as Figure 17b suggests, this assumption does not seem to be reasonable for
a four-port island, since the centroid demand should be more concentrated towards the two
nearest selected ports (as opposed to the homogenous splitting assumption). Consequently,
this type of error produces a GTC overestimation.

According to the previous discussion, instances containing islands with fewer than
four ports mainly present Error Type A, which yields a significant GTC underestimation
(only for the Centre-of-Mass Centroid method). This underestimation is clearly observed in
Figures 14 and 17 and Tables 1 and 2. Conversely, the two types of errors may be significant
for instances with four or more ports, producing a combination of GTC in Figures 14 and 15
and Tables 4 and 5.
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4.2. Computational Performance Evaluation with Larger Instances

This section presents a discussion on the results obtained for the set of 20 instances
(10 fictitious and 10 real). The fictitious instances contain seven two-port islands, seven
three-port islands, and three four-port islands (instances Fict-0773-01 through Fict-0773-10),
and the real instances contain eight islands of one port, eight islands of two ports, and two
islands of three ports (instances Real-8820-01 through Real-8820-10).

Table 6 presents a summary of the results when solving the 20 instances with the
Approximated Model and the Exact Formulation, assuming the same notation of the
previous tables. In this case, the Approximated Model is solved considering only Centre-of-
Mass Centroids. Appendix A graphically shows the set of dominated points obtained with
the two formulations for instances Real-8820-01 through Real-8820-10 with the Manual
Centroids method. Table 6 shows that the number of non-dominated points using the
Exact Formulation (NDP*) is significantly larger for the fictitious instances than for the
real instances, since the former has considerably more nodes (51 vs. 30). Therefore, a
larger number of nodes produces significantly more points in the objective space due to
the combinatorial nature of the problem.

In addition, the average GTC error is considerably larger for the fictitious instances
(7.63% vs. 3.71%), which could be mainly explained by a smaller Error Type A in the
real instances. Notice that the real instances may not present a significant Error Type B
because these instances do not have four-port islands (as discussed in Section 4.1). These
smaller GTC errors for the real instances yield better results in terms of the quality of the
obtained sets of non-dominated points (NDP-1), which is observed in the performance
indicators (|NDP-1| and |NDP-2|). The DANDP-1 is the only indicator that performs
similarly for both sets of fictitious and real instances. For example, on average, 37.64%
of the points obtained for the fictitious instances remain as non-dominated after GTC is
recomputed (|NDP-1|/|NDP-0|), while these points also represent 33.83% of the Exact
Pareto Front (|NDP-1|/|NDP*|). These percentages rise to 50.51% and 57.05% for the
real instances, respectively. Furthermore, the algorithm obtains, on average, 9.9% of the
points in the Exact Pareto Front for the fictitious instances, and 28.7% for the real instances
(|NDP-2|/|NDP*|).

Overall, the performance indicators are quite similar within each instance group. For
example, the values of the “Avg. GTC Error” present a coefficient of variation close to 0.1
for the real instances and 0.07 for the fictitious instances, denoting the low dispersion of
these values. Additionally, |NDP-1|/|NDP*| presents a coefficient of variation close to
0.09 and 0.1 for the real and fictitious instances, respectively.

Concurring with the results associated with the smaller instances in Section 4.1, all
error measurements in Table 6 show that all dominated points (DP-2) obtained with the
Approximated Model are relatively close to the exact set of non-dominated points (on
average at most 1% in GTC or MTC, according to norm ∞).

For the same groups of real and fictitious instances, Table 7 adds the following notation:
N: Number of executions within the AUGMECON2 algorithm (i.e., a mono-objective

optimization);
Time: Total computing time to complete the N executions;
∆1: Relative variation in the indicator Time/N (Exact vs. Approximated), which

relates to the time variation when solving a mono-objective optimization problem;
∆2: Relative variation in the indicator Time/NDP-0 (Exact vs. Approximated), which

relates to the time variation for obtaining non-dominated points prior to the GTC re-
computation;

∆3: Relative variation in the indicator Time/NDP-1 (Exact vs. Approximated),
which relates to the time variation for obtaining non-dominated points after the GTC
re-computation.

Notice that NDP* = NDP-0 = NDP-1 for the Exact Formulation, since the non-
dominated points obtained with the Exact Formulation actually belong to the Exact Pareto
Front.
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Table 6. Summary of the performance indicators.

Instances |NDP*| DA2NDP* |NDP-0|
Avg.
GTC
Error

|NDP-1|
|NDP-1|

/
|NDP-0|

|NDP-1|
/

|NDP*|
DA1NDP-1 DA2NDP-1 |NDP-2|

|NDP-2|
/

|NDP-1|

|NDP-2|
/

|NDP-0|

|NDP-2|
/

|NDP*|
|DP-2|

|DP-2|
/

|NDP-1|

Min. Error
with

Norm ∞

Min. Error
with

Norm 2

Avg1 Avg2 Avg1 Avg2

Real-8820-01 71 60.59% 86 3.86% 42 48.84% 59.15% 97.32% 58.96% 21 50.0% 24.4% 29.6% 21 50.0% 0.26% 0.52% 0.29% 0.58%
Real-8820-02 110 60.09% 111 3.54% 61 54.95% 55.45% 97.24% 58.43% 26 42.6% 23.4% 23.6% 35 57.4% 0.18% 0.31% 0.21% 0.37%
Real-8820-03 90 60.65% 93 3.19% 50 53.76% 55.56% 97.48% 59.12% 27 54.0% 29.0% 30.0% 23 46.0% 0.15% 0.32% 0.17% 0.38%
Real-8820-04 91 60.94% 94 3.56% 48 51.06% 52.75% 97.51% 59.42% 26 54.2% 27.7% 28.6% 22 45.8% 0.15% 0.34% 0.18% 0.38%
Real-8820-05 80 57.17% 112 4.12% 52 46.43% 65.00% 97.27% 55.61% 21 40.4% 18.8% 26.3% 31 59.6% 0.29% 0.48% 0.31% 0.52%
Real-8820-06 73 61.20% 81 4.04% 45 55.56% 61.64% 96.98% 59.35% 21 46.7% 25.9% 28.8% 24 53.3% 0.30% 0.56% 0.33% 0.63%
Real-8820-07 89 60.56% 95 3.12% 50 52.63% 56.18% 97.48% 59.03% 27 54.0% 28.4% 30.3% 23 46.0% 0.15% 0.32% 0.17% 0.38%
Real-8820-08 74 60.02% 71 4.39% 35 49.30% 47.30% 97.71% 58.64% 28 80.0% 39.4% 37.8% 7 20.0% 0.07% 0.37% 0.08% 0.41%
Real-8820-09 110 59.99% 111 3.52% 61 54.95% 55.45% 97.23% 58.33% 26 42.6% 23.4% 23.6% 35 57.4% 0.18% 0.31% 0.21% 0.37%
Real-8820-10 71 60.59% 117 3.75% 44 37.61% 61.97% 97.35% 58.99% 20 45.5% 17.1% 28.2% 24 54.5% 0.27% 0.49% 0.30% 0.54%

Avg.
(real) 85.9 60.18% 97.1 3.71% 48.8 50.51% 57.05% 97.36% 58.59% 24.3 51.0% 25.8% 28.7% 25 49.0% 0.20% 0.40% 0.23% 0.46%

Min
(real) 71 57.17% 71 3.12% 35 37.61% 47.30% 96.98% 55.61% 20 40.4% 17.1% 23.6% 7 20.0% 0.07% 0.31% 0.08% 0.37%

Max
(real) 110 61.20% 117 4.39% 61 55.56% 65.00% 97.71% 59.42% 28 80.0% 39.4% 37.8% 35 59.6% 0.30% 0.56% 0.33% 0.63%

Fict-0774-01 267 67.67% 318 7.70% 93 29.25% 34.83% 98.51% 66.67% 31 33.3% 9.7% 11.6% 62 66.7% 0.31% 0.47% 0.35% 0.53%
Fict-0774-02 301 66.59% 265 8.55% 101 38.11% 33.55% 97.46% 64.90% 29 28.7% 10.9% 9.6% 72 71.3% 0.64% 0.90% 0.78% 1.09%
Fict-0774-03 275 70.13% 237 7.05% 102 43.04% 37.09% 98.80% 69.29% 52 51.0% 21.9% 18.9% 50 49.0% 0.29% 0.59% 0.35% 0.71%
Fict-0774-04 310 66.19% 265 6.97% 99 37.36% 31.94% 97.49% 64.53% 34 34.3% 12.8% 11.0% 65 65.7% 0.56% 0.85% 0.67% 1.01%
Fict-0774-05 296 69.40% 266 7.16% 104 39.10% 35.14% 98.93% 68.65% 49 47.1% 18.4% 16.6% 55 52.9% 0.21% 0.40% 0.24% 0.46%
Fict-0774-06 297 66.21% 283 7.89% 104 36.75% 35.02% 97.14% 64.32% 16 15.4% 5.7% 5.4% 88 84.6% 0.62% 0.73% 0.73% 0.86%
Fict-0774-07 347 64.44% 268 8.14% 94 35.07% 27.09% 97.19% 62.63% 13 13.8% 4.9% 3.7% 81 86.2% 0.54% 0.62% 0.64% 0.74%
Fict-0774-08 351 65.96% 293 6.99% 104 35.49% 29.63% 97.80% 64.51% 24 23.1% 8.2% 6.8% 80 76.9% 0.51% 0.66% 0.61% 0.79%
Fict-0774-09 280 67.87% 253 7.85% 102 40.32% 36.43% 97.48% 66.16% 32 31.4% 12.6% 11.4% 70 68.6% 0.58% 0.85% 0.72% 1.05%
Fict-0774-10 343 67.97% 308 7.96% 129 41.88% 37.61% 97.38% 66.19% 14 10.9% 4.5% 4.1% 115 89.1% 0.71% 0.79% 0.86% 0.97%

Avg. (fictitious) 306.7 67.24% 275.6 7.63% 103.2 37.64% 33.83% 97.82% 65.79% 29.4 28.9% 11.0% 9.9% 74 71.1% 0.50% 0.69% 0.59% 0.82%

Min (fictitious) 267.0 64.44% 237.0 6.97% 93 29.25% 27.09% 97.14% 62.63% 13 10.9% 4.5% 3.7% 50 49.0% 0.21% 0.40% 0.24% 0.46%
Max (fictitious) 351.0 70.13% 318.0 8.55% 129 43.04% 37.61% 98.93% 69.29% 52 51.0% 21.9% 18.9% 115 89.1% 0.71% 0.90% 0.86% 1.09%
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The efficiency of employing the Approximated Model to obtain non-dominated
points performs slightly better for the real instances. 35.8% of the executions provide
non-dominated points (NDP-1) for the fictitious instances, whereas 42% of the executions
provide non-dominated points for the real instances (|NDP-1|/N). These results may be
explained by a better GTC estimation for the real instances than for the fictitious instances,
which is observed in Table 6 through the column “Avg. GTC-Error”.

The average computing times are significantly larger for the fictitious instances than
for the real instances (17,742 s vs. 673 s for the Approximated Model, and 22,712 s vs. 984 s
for the Exact Formulation). Obviously, this is explained by the instance sizes (51 ports for
the fictitious instances vs. 30 ports for the real instances). Additionally, as may be expected,
the Exact Formulation is more time-consuming than the Approximated Model (984 s vs.
673 s for the real instances, and 22,712 s vs. 17,742 s for the fictitious instances). However,
the advantage of the Approximated Model with respect to the Exact Formulation in terms
of the computing time decreases for the fictitious instances. On average, the Approximated
Model consumes 32% less time than the Exact Formulation for the real instances (673 s vs.
984 s), whereas, for the fictitious instances, the Approximated Model consumes 22% less
time than the Exact Formulation (17,742 s vs. 22,712 s). These results are due to the fact
that the complexity of the Approximated Model is significantly conditioned by the number
of ports per island (in addition to the total number of ports), which, in this case, is larger
for the fictitious instances (two, three, and four ports per island for the fictitious islands vs.
one, two, and three ports per island for the real instances).

The previous statement holds since Expression (1.2), which is employed to approxi-
mate the GTC, relies on a combinatory of existing ports that determine all possible groups
of selected ports for each island. Conversely, the complexity of the Exact Formulation is
less sensitive to the number of ports per island, since it depends on the combination of
ports and demand locations through a linear formulation in Expression (2.2).

The most relevant result observed in Table 7 is the significant improvement regarding
the time required for providing a non-dominated point (NDP*) for the Exact Formulation
and NDP-1 for the Approximated Model (∆3). As discussed in Section 4, NDP-1 is obtained
after the GTC is recomputed and the resulting dominated points are removed from the set.
For the real instances, this time reduction is, on average, 13.7%, whereas, for the fictitious
instances, the time reduction is, on average, 61.1%. This result is strictly related to a better
algorithm performance when the Exact Formulation is employed, where only in 41.96%
of the executions (N) with the Approximated Model provide a non-dominated point (i.e.,
NDP-1) for the real instances and 35.79% for the fictitious instances. In contrast, when
employing the Exact Formulation, the AUGMECON2 algorithm provides, on average, a
non-dominated point (NDP-1 = NDP*) in 82.62% of the executions for the real instances,
and in 94.94% of the executions for the fictitious instances. As a conclusion, although the
quality of the set of non-dominated points obtained when employing the Approximated
Model may be considered as acceptable, when observing the results in Table 5, the number
of non-dominated points obtained with similar computing times is significantly lower for
the Approximated Model than for the proposed novel Exact Formulation (i.e., on average,
the size of NDP-1 is around 45% of the size of NDP*, of which, only 40% finally belongs to
NDP*).
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Table 7. Computing performance of Approximated Model with Centre-of-Mass method.

Instance

Approximated Model with Centre-of-Mass Centroids Exact Formulation

∆1 ∆2 ∆3

Approximated
Model

Exact
Formulation

N Time
(sec)

Time
/

N
|NDP-0|

Time
/

|NDP-0|
|NDP-1|

Time
/

|NDP-1|
N Time

(s)

Time
/

N

|NDP-0|
=

|NDP-1|

Time
/

|NDP-1|

|NDP-0|
/

N

|NDP-1|
/

N

|NDP-0|/N
=

|NDP-1|/N

Real-8820-01 102 503 4.9 86 5.8 42 12.0 84 731 8.7 71 10.3 76.5% 76.0% −14.0% 84.31% 41.18% 84.52%
Real-8820-02 133 830 6.2 111 7.5 61 13.6 138 1275 9.2 110 11.6 48.0% 54.9% −14.9% 83.46% 45.86% 79.71%
Real-8820-03 124 728 5.9 93 7.8 50 14.6 104 1040 10.0 90 11.6 70.4% 47.7% −20.6% 75.00% 40.32% 86.54%
Real-8820-04 123 626 5.1 94 6.7 48 13.0 107 895 8.4 91 9.8 64.3% 47.6% −24.6% 76.42% 39.02% 85.05%
Real-8820-05 140 1051 7.5 112 9.4 52 20.2 104 1150 11.1 80 14.4 47.3% 53.2% −28.9% 80.00% 37.14% 76.92%
Real-8820-06 98 464 4.7 81 5.7 45 10.3 88 851 9.7 73 11.7 104.3% 103.5% 13.1% 82.65% 45.92% 82.95%
Real-8820-07 112 507 4.5 95 5.3 50 10.1 108 905 8.4 89 10.2 84.9% 90.3% 0.2% 84.82% 44.64% 82.41%
Real-8820-08 81 477 5.9 71 6.7 35 13.6 90 1013 11.3 74 13.7 91.3% 103.9% 0.5% 87.65% 43.21% 82.22%
Real-8820-09 121 699 5.8 111 6.3 61 11.5 132 1167 8.8 110 10.6 53.0% 68.5% −7.4% 91.74% 50.41% 83.33%
Real-8820-10 138 842 6.1 117 7.2 44 19.1 86 817 9.5 71 11.5 55.7% 59.9% −39.9% 84.78% 31.88% 82.56%

Avg. 117.2 673 5.7 97.1 6.8 49 13.81 104.1 984 9.5 85.9 11.53 69.6% 70.6% −13.7% 83.08% 41.96% 82.62%

Min 81.0 464 4.5 71.0 5.3 35 10.1 84 731 8.4 71 9.8 47.3% 47.6% −39.9% 75.00% 31.88% 76.92%
Max 140.0 1051 7.5 117.0 9.4 61 20.2 138 1275 11.3 110 14.4 104.3% 103.9% 13.1% 91.74% 50.41% 86.54%

Fict-0774-01 359 28,252 78.7 318 88.8 93 303.8 306 17,528 57.3 267 65.6 −27.2% −26.1% −78.4% 88.58% 25.91% 87.25%
Fict-0774-02 276 11,684 42.3 265 44.1 101 115.7 311 13,664 43.9 301 45.4 3.8% 3.0% −60.8% 96.01% 36.59% 96.78%
Fict-0774-03 245 13,906 56.8 237 58.7 102 136.3 287 13,374 46.6 275 48.6 −17.9% −17.1% −64.3% 96.73% 41.63% 95.82%
Fict-0774-04 292 8254 28.3 265 31.1 99 83.4 335 6720 20.1 310 21.7 −29.0% −30.4% −74.0% 90.75% 33.90% 92.54%
Fict-0774-05 279 11,348 40.7 266 42.7 104 109.1 304 7702 25.3 296 26.0 −37.7% −39.0% −76.2% 95.34% 37.28% 97.37%
Fict-0774-06 302 21,803 72.2 283 77.0 104 209.6 313 27,575 88.1 297 92.8 22.0% 20.5% −55.7% 93.71% 34.44% 94.89%
Fict-0774-07 278 24,840 89.4 268 92.7 94 264.3 356 68,899 193.5 347 198.6 116.6% 114.2% −24.9% 96.40% 33.81% 97.47%
Fict-0774-08 311 10,999 35.4 293 37.5 104 105.8 381 12,315 32.3 351 35.1 −8.6% −6.5% −66.8% 94.21% 33.44% 92.13%
Fict-0774-09 257 15,049 58.6 253 59.5 102 147.5 290 14,963 51.6 280 53.4 −11.9% −10.2% −63.8% 98.44% 39.69% 96.55%
Fict-0774-10 313 31,287 100.0 308 101.6 129 242.5 348 44,381 127.5 343 129.4 27.6% 27.4% −46.6% 98.40% 41.21% 98.56%

Avg. 291.2 17,742 60.2 275.6 63.4 103 171.8 323.1 22,712 68.6 306.7 71.7 3.8% 3.6% −61.1% 94.86% 35.79% 94.94%

Min 245.0 8254 28.3 237.0 31.1 93 83.4 287 6720 20.1 267 21.7 −37.7% −39.0% −78.4% 88.58% 25.91% 87.25%
Max 359.0 31,287 100.0 318.0 101.6 129 303.8 381 68,899 193.5 351 198.6 116.6% 114.2% −24.9% 98.44% 41.63% 98.56%



Mathematics 2021, 9, 2641 26 of 33

5. Conclusions

This paper studies the Bi-Objective Insular Traveling Salesman Problem (BO-InTSP),
which minimizes both the maritime transportation costs (MTC) incurred by a barge that
visits a set of islands for freight collection (or distribution) purposes, and the ground
transportation costs (GTC) incurred by the inhabitants inside the islands when moving the
freight. A first formulation is proposed in [39], which relies on an approximation of the
GTC that assumes the existence of a set of centroids instead of using the actual demand
locations. Naturally, the use of an approximated GTC may lead to an inappropriate set of
solutions, manifesting the need for studying the quality of this approximation. Accordingly,
this paper proposes a novel Exact Formulation for the studied problem by modelling the
actual demand locations and an explicit assignment of these locations to the visited ports
at each island. Subsequently, this research proposes and develops a systematic evaluation
approach for comparing the results obtained with both the Exact and the Approximated
Formulations, in which the bi-objective nature of the problem is taken into account. A key
step of the comparison approach is the exact re-computation of the GTC for each point that
is obtained with the Approximation Model. In other words, the Pareto Front obtained with
the Approximated Model is projected into the objective space of the Exact Formulation.

Commonly, traditional multi-objective approaches compare the sets of non-dominated
points generated by different approximated algorithms (i.e., heuristic) for a single problem
or model formulation. In this research, we propose an enhanced analysis that compares
between models with different accuracy or aggregation levels, which may be relevant when
trying to balance the effort needed to solve a problem either through an Exact Formulation
or through an Approximated Model.

The results show significant differences when the set of non-dominated points ob-
tained by the proposed Exact Formulation is compared with those points obtained by the
previously studied Approximated Model. First, when the GTC is exactly recomputed for
each point obtained by the Approximated Model, many of these solutions are not actually
efficient and must be removed from the set, representing approximately 56% of the initial
set obtained for the tested instances (51% for the real instances, and 62% for the fictitious
instances). Additionally, approximately 40% of the points from the Approximated Pareto
Front actually belong to the Exact Pareto Front (51% for the real instances and 29% for the
fictitious ones), representing approximately 20% of the Exact Pareto Front (29% for the real
instances and 10% for the fictitious ones).

The proposed novel Exact Formulation for the BO-InTSP yields significantly larger
sets of non-dominated points in similar computing times when compared to the previ-
ous Approximated Model in [39], which provides an Approximated Pareto Set whose
cardinality is approximately 45% of the Exact Pareto Set. Thus, the novel proposed Exact
Formulation clearly outperforms the Approximated Model, at least for the set of instances
explored in this research. Nevertheless, the quality of the set of points obtained with the
previous Approximated Model is acceptable considering the high values of its dominated
areas and the low error values of its dominated solutions. Notice that this comparison
cannot be performed without the proposed Exact Formulation.

Based on this research, it is worth highlighting the great relevance of the modelling
approach for the GTC (in addition to multi-objective solution approaches in order to solve
the underlying optimization models), since it significantly affects the quality of the obtained
Pareto Front and also the consumed computing resources.

In this paper, the performance of different Pareto Fronts has been compared by
developing a systematic approach that relies on a variety of state-of-the-art performance
indicators. In this regard, well-known multi-objective methodologies are extended for
comparing the Pareto Sets obtained with both Exact and Approximated Formulations for a
given optimization problem. Thus, this paper proposes a systematic approach to provide
a fair and thorough comparison between the respective sets. Moreover, this approach



Mathematics 2021, 9, 2641 27 of 33

may be naturally extended to problems with three or more objective functions, denoting a
significant contribution of this research.

Alternative approximations or modelling techniques for the GTC inside the islands,
such as probabilistic and gravitational-based models, are suggested as a relevant future
research. In particular, a stochastic approach should be adopted in case of real demand
locations that are of a random nature. Naturally, considering the bi-objective and NP-
hard nature of the studied problem, multi-objective heuristics techniques for solving both
formulations are highlighted as a significant and necessary future research to be performed,
particularly when larger instances are intended to be solved (e.g., MOEA/D, NSGA-II,
and Pareto Local Search, and all of their variations and improvements [75–80]). Finally,
some interesting extensions may be addressed, such as multi-period, multi-vehicle, and
multi-depot scenarios.
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