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Abstract: The inverse spectral problem for the second-order differential pencil with quadratic
dependence on the spectral parameter is studied. We obtain sufficient conditions for the global
solvability of the inverse problem, prove its local solvability and stability. The problem is considered
in the general case of complex-valued pencil coefficients and arbitrary eigenvalue multiplicities.
Studying local solvability and stability, we take the possible splitting of multiple eigenvalues under
a small perturbation of the spectrum into account. Our approach is constructive. It is based on
the reduction of the non-linear inverse problem to a linear equation in the Banach space of infinite
sequences. The theoretical results are illustrated by numerical examples.
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1. Introduction

Consider the boundary value problem L(qo, q1) in the form

—y" + 2Aq1(x) + qo(x))y = A%y, x € (0,7), )
y(0) = y(m) =0, 2)

where A is the spectral parameter, g; are complex-valued functions, called the potentials,
q; € Wé_l(o, n),j = 0,1, thatis, g1 € L,(0,7), g0 = ¢’, where ¢ € L(0, ) and the
derivative is understood in the sense of distributions. Note that the class W, 1 contains,
in particular, the Dirac delta-functions and the Coulomb-type singularities %, which are

widely used in quantum mechanics [1]. Equation (1) can be rewritten in the following
equivalent form:

(y) +2Aq1 (x)y = A%y,
Uy) = =My — o)y - ?(x)y,

where ylll := y/ — oy is the quasi-derivative, y, yl') € AC[0, 7], £(y) € L,(0, 7). Clearly, the
eigenvalue problem (1) and (2) generates the pencil of second-order differential operators
with quadratic dependence on the spectral parameter.

The paper is concerned with the theory of inverse spectral problems, which consists
of the recovery of operators from their spectral characteristics. The most complete results
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in inverse problem theory have been obtained for the Sturm-Liouville Equation (1) with
g1(x) = 0 (see the monographs [2-5] and references therein). In particular, Sturm-Liouville
inverse problems with singular potentials of class W, ! were studied in [6,7] and other pa-
pers. Investigation of inverse problems for differential pencils induced by Equation (1) with
non-linear dependence on the spectral parameter causes principal difficulties comparing
with the classical Sturm-Liouville problems. Therefore, a number of open questions still
remain in this direction. At the same time, inverse problems for Equation (1) are used in
various applications, e.g., for modeling interactions between colliding relativistic particles
in quantum mechanics [8] and for studying vibrations of mechanical systems in viscous
media [9].

For the quadratic differential pencil (1) on a finite interval with the regular potentials
q; € W3[0, 7], j = 0,1, and the Robin boundary conditions y'(0) — hy(0) = 0, y'(7) +
Hy(m) = 0, the solvability conditions for the inverse spectral problem were obtained by
Gasymov and Guseinov [10]. Later on, their approach was applied for investigation of
inverse problems for the pencils with non-separated boundary conditions [11-13]. Hryniv
and Pronska [14-17] developed an approach to inverse problems for the pencils of form (1)
and (2) with the singular potentials g; € W{l [0, 7t], j = 0, 1. Their approach is based on
the reduction of Equation (1) to a first-order system. In the recent paper [18], the analogous
reduction was applied to the inverse scattering problem for the quadratic differential
pencil on the half-line. However, the results of the mentioned papers have the common
disadvantage that consists in the requirement of real-valued potentials and positivity
of some operator. Under this requirement, the eigenvalues of the pencil are real and
simple, which makes the situation similar to the classical Sturm-Liouville operators and
significantly simplifies the investigation of inverse problems. However, in the general case,
the pencil (1) and (2) can have multiple or non-real eigenvalues, even if the potentials g;
are real-valued.

Buterin and Yurko [19,20] developed another approach, which allows to solve in-
verse problems for quadratic differential pencils with the complex-valued potentials

q; € Wé [0, 7], j = 0,1, and without any additional restrictions. The approach of [19,20]
is based on the method of spectral mappings [5,21]. This method allows to reduce a non-
linear inverse spectral problem to a linear equation in an appropriate Banach space, by
using contour integration in the A-plane and the theory of analytic functions. The approach
based on the method of spectral mappings was also applied to the pencils of the matrix
Sturm-Liouville operators [22,23], to the scalar pencils on the half-line [24], to the half
inverse problem [25], and to the pencils on graphs (see [26,27] and references therein).
However, the results obtained by using this approach for differential pencils include only
uniqueness theorems and constructive procedures for solving inverse problems. The most
principal questions of solvability and stability for the general case of complex-valued
potentials were open. The present paper aims to fill this gap.

It is also worth mentioning that, in recent years, a number of scholars have been
actively studying inverse problems for quadratic differential pencils (see [28-36] and
other papers of these authors). The majority of those results are concerned with partial
inverse problems, inverse nodal problems, and recovery of the pencils from the interior
spectral data.

The aim of this paper is to study solvability and stability of the inverse spectral problem
for the pencil (1) and (2). Developing the ideas of the method of spectral mappings [5,19-21],
we reduce the inverse problem to the so-called main equation, which is a linear equation
in the Banach space of bounded infinite sequences. The most important difficulties of our
investigation are related with eigenvalue multiplicities. The multiplicities influence on the
definition of the spectral data and on the construction of the main equation. Moreover,
under a small perturbation of the spectrum, multiple eigenvalues can split into smaller
groups, which complicates the analysis of local solvability and stability. Nevertheless,
we take this effect into account and obtain the results valid for arbitrary multiplicities.
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For dealing with multiple eigenvalues, we use some ideas previously developed for the
non-self-adjoint Sturm-Liouville operators in [37-39].
Thus, the following main results are obtained.

* In Section 2, the spectral data of the quadratic differential pencil are defined and a
constructive solution of the inverse problem is obtained for the case of the complex-

valued singular potentials q; € Wéfl [0, 7], j = 0,1 (see Algorithm 1). Note that the

results of [19,20] are limited to the case of regular potentials g; € wjlo,7],j =0,1.
Our constructive procedure implies Theorem 3 on the uniqueness of the inverse
problem solution;

* InSection 3, we construct infinitely differentiable approximations q]N of the potentials
q;, by using finite spectral data (Theorem 4). This theorem plays an auxiliary role in
the further sections, but also can be treated as a separate result;

¢ In Section 4, we prove Theorem 5, which provides sufficient conditions for the global
solvability of the inverse problem. Theorem 5 implies Corollary 1 on the local solvabil-
ity and stability of the inverse problem for spectrum perturbations that do not change
eigenvalue multiplicities;

* InSection 5, we prove Theorem 6 and Corollary 2 on the local solvability and stability
of the inverse problem in the general case, taking splitting of multiple eigenvalues
into account;

* In Section 6, our theoretical results are illustrated by numerical examples. Namely,
we approximate a pencil having a double eigenvalue by a family of pencils with
simple eigenvalues.

2. Constructive Solution

In this section, we define the spectral data of the problem L(qo, 1) and develop
Algorithm 1 for recovery of the potentials q; € Wé_l(O, n), j = 0,1, from the spectral
data. The non-linear inverse problem is reduced to the linear Equation (20), which plays a
crucial role in the constructive solution and also in study of solvability and stability for
the inverse problem. In addition, relying on Algorithm 1, we obtain the uniqueness of the
inverse problem solution (Theorem 3). We follow the strategy of [20], so some formulas and
propositions of this section are provided without proofs. However, it is worth mentioning
that our constructive solution is novel for the case of the singular potentials q; € Wéfl (0, 7),
j = 0,1. The most important difference from the regular case g; € WJ[0, 7], j = 0,1, is the
construction of the regularized series (22)—(24) and the analysis of their convergence in
Lemma 2. The results of this section will be used in the further sections for investigation of
solvability and stability issues.

Let us start with preliminaries. Denote by S(x, A) the solution of Equation (1) satisfying
the initial conditions $(0,A) = 0, SI!/(0,A) = 1. Observe that the functions S(x, A) and
Sl (x,A) are entire in A for each fixed x € [0, 7]. Put Q(x) := = [y q1(t)dt. The results
of [17] yield the following lemma.

Lemma 1. There exist such functions X(x,t) and N(x, t) that
S(x,A) = 51n(Ax— /\/ (x,t) exp(iAt) dt,
SM(x, 1) = cos(Ax — +/ (x,t) exp(iAt) dt,

K (x,.) and N(x, ) belong to L (0, x) for each fixed x € (0, 7r]. Moreover, the norms || X (x,.) ||, (0,x)
and |[N(x,.)||,(0,x) are bounded uniformly with respect to x € (0, 7).

Denote Zj := Z \ {0}, wg = 1Q(r). The problem L(go,q;) has a countable set of
the eigenvalues {Ay },c 7, (counted with multiplicities), which coincide with the zeros of
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the analytic characteristic function A(A) := S(71, A) and have the following asymptotics
(see [17]):
Ap=n+wy+ s, nE L. 3)

Here and below, the same notation {, } is used for various sequences from I,. Intro-
duce the notations

S:= {n EZ(): Vk <n )\k #)\n}, My = #{kEZO: /\k:/\n}/

that is, {Ay },cs is the set of all the distinct eigenvalues and m,, is the multiplicity of the
eigenvalue A,. Without loss of generality, we impose the following assumption.

Assumption 1. (O): Ay # Ay fornk < 0and Ay = Ayy1 =+ = Apym,—1, 1 € S.

Together with the eigenvalues, we use additional spectral characteristics for recon-
struction of the pencil. Let us define two types of such characteristics. Denote

e
oylday

Su(x,A) S(x, M), Snv(x) :=Sy(x,Ay), neS, v=0,m,—1.

Put S, (x,A) = 0 for v < 0. Define the generalized weight numbers as follows:

s i= [0 = 9108, 15, A0) = S -2(x,A0))S (3, An)

7T
+ / Smn—l(x/ )\H)Sv—l(x/ )\1’1) dx/ v=0m,—1, ne¢ S. (4)
JO

Note that {ay },c7, generalize the classical weight numbers of the self-adjoint Sturm-—
Liouville operator (see, e.g., [2,5]).

We call the Weyl solution the function ®(x, A) satisfying Equation (1) and the boundary
conditions ®(0,A) = 1, ®(r, A) = 0. The Weyl function is defined as M(A) := ®[1(0, 7).
Weyl functions and their generalizations are natural spectral characteristics in the inverse
problem theory for various classes of differential operators and pencils (see, e.g., [2,5]).

Wi A
It can be easily shown that M(A) = _SS(EITE,)\))' Consequently, the function M(A) is
meromorphic with the poles {A, },,cs of the corresponding multiplicities {1, },cs.
Denote

M1y = /\Rfe/\s (A=A)'M(A), nesS, v=0m,—1.

Note that the generalized weight numbers {a, },c7, and the coefficients { M} } ¢z,
determine each other uniquely by the formula (see [20]):

v
Z“nJrvijnernfjfl =—dy0, n€ S, v=0,m,—1, )
j=0
where J,, ( is the Kronecker delta. Therefore, the following two inverse problems are equivalent:
Problem 1. Given {Ayn, &n}pez,, find qo, q1.
Problem 2. Given {Ay, My }nez,, find qo, q1.

Further, we focus on Inverse Problem 1. For convenience, let us call the collection
{An, My }nez, the spectral data of the problem L.
One can easily obtain the asymptotics

M, = —%(1 ta), ne . ©)
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In the regular case g; € Wé [0, 7t], the asymptotics (3) and (6) can be improved (see [20]):

w
Aw =1+ wo+ =2+ 21, @)
mm n
Mn:_n(1+afo—a’z+w>, ®)
us n n

where |
w1 =35 [ o) + 3 @) dx, w2 = q1(0).

Note that the function ¢ = [ go(x) dx is determined by g uniquely up to an additive
constant. However, this constant does not influence on the definition of the spectral
data. Thus, in the regular case, we may assume that o(x) = fox qgo(t) dt, so o(0) = 0 and
y11(0) = (0). N

Along with L = L(qo, g1), we consider another problem L = L(§o, §1) of the same form
but with different coefficients 7; € W{l (0,7),j =0, 1. We agree that, if a symbol 7 denotes
an object related to L, then the symbol ¥ with tilde will denote the similar object related
to L. Note that the quasi-derivatives for these two problems are supposed to be different:
ylll =/ — gy for L and y[!! = y/ — Gy for L. Without loss of generality, we suppose that the
both eigenvalue sequences {Ay } ez, and {4 } ez, satisfy Assumption (O).

Introduce the notations

Q =Q - Q/ @(x) ‘= COs Q(x), A(x) = sinQ(x),
AVl,O = /\}’l/ )Li’l,l = ;\Vl/ Ml’l,O = M}’l/ M}"l,l = Mi’l/
SO = S/ Sl = S/ My = My, My1 = Tth/
Skr,i(¥) 1= Su(, Aki),  Ski(x) == Su(x,Aki), k€Si, v=0m; -1, i=0,1,

Dl A p) = SEASEH =SS _ [\ 4y 200808, 1)8(8, ), O

A—u Jo
Apioi(xA) = mZA;M 9 DA, (10)
n+v,i\X, = = (p — 1/)! n+p,i a‘up_v A% V:/\M/

1 9V -

p}’l-‘y—l/,i,’k,j(x) = JWAk,](x/)\) ne Si/ V= O/ My, — ]-/ i= O/]- (11)

‘)\:)\n,i,
By using the contour integration in the A-plane, Buterin and Yurko [20] have derived
the following relation:

O(x)5,i(x) = Spi(x) = Y (Puio(%)Sko(x) — Py ier (x)Ska(x)), n € Zo, i =0,1. (12)
kEZO

However, it is inconvenient to use (12) as the main equation of the inverse problem,
since the series converges only “with brackets”. Therefore, below we transform (12) into
an equation in the Banach space of infinite sequences.

Define the numbers

9;1/ 971 # 0/

0, 6y=0. (13)

On = |An —7\,1|, Xn = {

Let ] be the set of indices (n,i), n € Zy, i = 0, 1. For each fixed x € [0, 7], define the
sequence ¢(x) := [@y,i(¥)](n,i)es Of the elements

[l R | o
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Analogously define ¢(x) = [§,i(x)](,)e;, replacing S, ; by S, ;. It is clear that, for
each fixed x € [0, 7t], the sequences ¢(x) and ¢(x) belong to the Banach space 9B of bounded
sequences a = [a, ;| (, i)cj with the norm ||a[[ = SUP(y, i)e ] |2y il.

Define the elements H,, ; ;(x) for (n,i), (k, j) € ] by the formula

IiIn,O;k,O(x) I?n,o;k,l(x)]_”[)(n —XnH Pyox0(x) :n,O;k,l(x):| [9k 1} (15)
Hyro(x) Hupga(x)] k[0 1 [[Pigo(x) Paga(x)] [0 —1

Consider the linear operator H(x): B8 — B, H = H({A4, Mu}nez,, L), acting as
follows:

H(x)a = Z Hn,i;k,j(x)ﬂk,j, a= [ﬂk,j] €B.
(kj)e]

Define the numbers {; },cz, as follows:

mkl

ngrv = ‘/\k—/\k|—|— E |Mk+p Mker‘r kGSﬂS, mk:rhk, VZO,mk—l, (16)
Cn:=1 for the rest of n.

Suppose that wy = @p. Then, it follows from (3) and (6) that {¢,} € I. Using the
standard technique based on Schwarz’s lemma (see Section 1.6.1 in [5] and Section 4 in [20]),
we obtain the estimate

. 1 1
L < - 4
|Hn,l,k,](x)‘ = C€k<|1’l —k| 1 + |k)/ (17)

where (n,i), (k,j) € ], x € [0, ]. Here and below, the same symbol C denotes various
positive constants independent of , i, k, j, x, etc. Consequently,

- 1 1
< - -

n€Zy keZy

<C Z@%(Sﬂp ZT Z|k|2> >~

kezy n€ly \ keZy keZg

that is, for each fixed x € [0, 7], the operator H(x) is bounded in B.
In the case §; € W3[0, 7], j = 0,1, the functions ¢, ; (x) and H,, ;x j(x) belong to C'[0, 7]
and, for (n,i), (k,j) € ], x € [0, 7],

|6, ()] < Clnl,  [H, iy5(x)| < ClnG (18)
Due to the introduced notations, relation (12) yields the following theorem.
Theorem 1. For each fixed x € [0, 7t], the following relation holds:
O(x)¢(x) = (I - H(x))¢(x), (19)
where 1 is the identity operator in ‘B.
Assume that ©(x) # 0, x € [0, 7r]. Denote

() = ni (D nier = -
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Then, (19) implies the following equation in B with respect to z(x) for each fixed

€ [0, rt]:
¢(x) = (I — H(x))z(x). (20)
We call Equation (20) the main equation of the inverse problem. The solvability of the main
equation is given by the following theorem, which is proved similarly to Theorem 4.3 from [20].

Theorem 2. If @(x) # 0, then the operator (I — H(x)) has a bounded inverse in B, so the main
Equation (20) is uniquely solvable.

Using the solution of the main equation, one can construct the solution of Inverse
Problem 1. For this purpose, we introduce the functions

1 1
On0(x) = —(On2n0(x) +251(x)),  Vn1(x) = “zna(x), n € Zo, (21)
mn,i71 _
Bn+v,i(x) = Z Mner,iSnerfv,i(x)/ nes;, v=0, My —1, i=0,1
p=v

Let nyp € NU {0} be the smallest index, such that m, ; = 1 for all |n| > ng, i = 0,1.
Consider the series

e1(x) == Y (—1)/ By (x)vij(x), (22)

(kj)eT
. N 1

e2(x) := Y (—1)AByj(x)opj(x) + Y (— )]Mk]</\k]5k/( ok (x) — 2/\k]> (23)
piky Ino :

e3(x) = ) (- 1)B, . (x X)ogi(x) + Y (- Mkj<S~]’(-(x)vkj(x)—0—A(x)>, (24)
k| <ng ] |k|>no ' / " 2Ak,j®(x)
j=0,1 j=0,1
1 myj—2

e(x) =Y (-1) ¥ Z Biivs1,j(X) O (%) (25)
j=0 my;i>1 v=

Lemma 2. ¢ € W}[0, 7], ep,e3 € Ly (0, 7).

Proof. Obviously, it is sufficient to prove the lemma for np = 0. Note that vy ;(x) =

(©(x))~'Sk;(x) and By, (x) = My,;S(x).
Step 1. Using (22), we derive

e1(x)0(x) = kZZ (MioSk0(x)Sk0(x) = Mi1Sk1(x)Sg1(x)) = kZZ (Mo = Mi1)Sko(x) Sk (x)

+kZZ Miy1(Sko(x) = Sp1(x))Sko(x kZZ My1 i1 () (So(x) — S (x)).  (26)

It follows from (3), (6) and (16), and Lemma 1 for S(x,A) and S(x, A) that

|Myi| < Clkl,  |[Mgo— My1| < Clk[&k,  |Ski(x)], |Ski(x)] < Clk|7Y,
1Sko(x) = Sk1(x)] < Clk| '8, [Sko(x) — Sea(x)| < Clk| &

for k € Zy, x € [0, t]. Hence

le1(1)@(x)| < C ) kI < oo,
keZy
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that is, the series (26) converges absolutely and uniformly with respect to x € [0, 7t]. Since
© € W3[0, ], ©(x) # 0, x € [0, 7t], this yields e; € C[0, 7t].

Step 2. Differentiating (22) and using the relations §’ = Sl + ¢S, &’ = S[1l + 75, we obtain
¢ (X) (©(x)) 7 Z1(x) + Za(x),

() 1= ¥ (~1Mii(§(x)Sk(x) + S () S (x),
(kj)e]

Za(x) = ((T(x) +o(x) - g((;;)sl(x).

Obviously, Z; € L,(0, 7). Let us prove the same for Z;. Lemma 1 yields

S0 0)85 ) + Sy (sl ) = SnPMx = Q) Z Q0 | ()

Ak j Aj

where {54 ;(x)} is some sequence satisfying

Yo ()P <G Y [smeo(x) —sga(x)| < C

y . < (27)
(kj)eT keZy
uniformly with respect to x € [0, 77]. Consequently,
Z1(x) = 81(x) + 82(x) + 83(x) + 84(x),

o Mo M1\ . ~
81(x) == keZZ:() (Ako - 7\k1) sin(2Ag0x — Q(x) — Q(x)),

Sax) = Y Afk"j (sin(2Agx — Q(x) — Q(x)) — sin(2A1x — Q(x) — O(x))),

keZy
Mo Mkl)
83(x) := (/—’ e 0(x),
0= 5 (325 )
My
84(x) =) T'l(%k,o(x) — s 1(x)).
kezy "kl

It follows from (3) and (6) that

Met| < ¢, {Mk'o - M"'l} € ly. (28)
Mo Aka

Ak

Furthermore,

sin(2Ak0x — Q(x) — Q(x)) — sin(2A,1x — Q(x) — Q(x))
= 2(Ago — Ax1)xcos((Agg + Ag1)x — Q(x) — Q(x)) + O(&3).

Hence, the series 81(x) and 8,(x) converge in L, (0, 7). In view of (27) and (28), the
series 83(x) and 84(x) converge absolutely and uniformly on [0, 77]. Thus, €] € L,(0, 77), so
e1 € W0, 7.

Step 3. Under our assumptions, we have

e(x) = 2 (‘Uij,j (Ak,jgkrj(x)sk'f(x)(®(x))_1 B 2)3)
(kj)el &
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Lemma 1 yields

1

Ak jSk,i(x)Skj(x) = Gy

(©(x) — cos(2Ax jx — Q(x) — Q(x)) + »j(x)),

where {4 ;(x)} is some sequence satisfying (27). Consequently,

a(x) = = X (<175 (cos(2Ax — Q(x) — O(x)) — 44 (x).
(kj)e] ki

Analogously to Step 2 of this proof, we show that ¢ € L(0, 7). The proof for &3
is similar. O

Lemma 3. If®(x) # 0, then 1 + €2(x) # 0 and

1 (%) __&a(x)
®*(x) = T%(x)' AP (x) = ﬁ%(x)' O(x)A(x) = T%(X)/ (29)
7 =)+ —1) (30)

1+ (x)
qo(x) =Go(x) +2¢5(x) — 247 (x)e1 (x) — 441 (x)1 (x) + 2(F1 (x) — q1(x))e3(x)
b'(x) | bP(x)

+—, (31)

+ b(x) (e2(x) — 241 (x)e1(x) +eq(x)) + 2€4(x) + 5 1

where b(x) = 2(§1(x) — q1(x))e1(x) and the derivatives of Ly-functions are understood in the
sense of distributions.

Finally, we arrive at the following algorithm for solving Inverse Problem 1.

Note that the choice of the square root branch for ©(x) and A(x) is uniquely specified
by the continuity of these functions, the condition ©®(0) = 1, and (29). If ©(x) = 0 for
some x € [0, 7], one can apply the step-by-step process described in [20]. However, in
our analysis of the inverse problem solvability and stability in the further sections, the
condition @(x) # 0 is always fulfilled.

Algorithm 1 implies the following uniqueness theorem for solution of Inverse Problem 1.

Algorithm 1: Solution of Inverse Problem

Suppose that the data {A,, My } ez, are given.

1. Choose a model problem L = L(§o, §1) such that @y = wp and ®(x) # 0 on [0, 7).
Construct ¢(x) and H(x).

Find z(x) by solving the main Equation (20).

Find &1 (x) by using (21) and (22) and then ©(x), A(x) by (29).

Calculate the functions ¢;(x), j = 2,4, by formulas (23)~(25).

Find g1 and g¢ by (30) and (31).

ARSI

Theorem 3. If A, = A, and My, = My, n € Zy, then q; ={q;in Wéfl(O, n),j = 0,1. Thus, the
spectral data { Ay, My } nez, of the problem L uniquely specify the potentials q;, j = 0, 1.
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1A (x) = AN ()l

In the case q; € Wé [0,7t], j = 0,1, the series for ¢;(x) converge in Wg_j [0,7],j=1,3.
Moreover, one can use the following simpler formulas instead of (23) and (24):

£2(X) = Z (—1)j/\k,jl§k,]-(x)vk,]-(x), (32)
(k€]

e3(x) = ) (—1)VBy (x)ogj(x). (33)
(kj)e]

Usage of either (23) and (24) or (32) and (33) leads to the same qg, 41 in (30) and (31).

3. Estimates and Approximation

This section plays an auxiliary role in studying solvability and stability of Inverse Problem 1.
We impose the assumption of the uniform boundedness of the inverse operator (I — H(x)) ™},
and obtain auxiliary estimates for the values constructed by Algorithm 1. Further, by using the
finite spectral data {A,, My }|,|<n, We construct the infinitely differentiable approximations
q}\] of the potentials 4; in Theorem 4. This theorem plays an auxiliary role in the proofs of
global and local solvability, but also can be considered as a separate result.

In this section, we assume that L = L(§o, §1), §j € W;[0, 7], j = 0,1, {Ay, My } ez, are
complex numbers (not necessarily being the spectral data of some problem L) numbered
according to Assumption (O). Suppose that the numbers {A,,, My, },c7, and the spectral
data {A,, My}, ez, satisfy the following condition

Q= Y (n&n)? < co. (34)
ney

For x € [0, 7], consider the linear bounded operator H(x) = H({Ay, My }yez,, L)
constructed according to the previous section. Let us impose the following assumption.

Assumption 2. (Z): For each fixed x € [0, 7t], the operator (I — H(x)) is invertible, and || (I —

H(x)) Y < C uniformly with respect to x € [0, 7t).

Assumption (Z) plays an important role in our analysis of the inverse problem solvabil-
ity. It will be shown below that this assumption remains valid under a small perturbation of
the spectral data. Thus, Assumption (Z) is natural for the investigation of local solvability
and stability of Inverse Problem 1. In addition, under this assumption, we managed to
obtain some global solvability results, provided in Section 4.

Together with H(x), consider the operators AN (x) = [Hrzz\,]i;k,j(x)](n,i),(k,j)eff N >1
defined as B ), I

- Hyipi(x k| <N
N _ n,i;k,j ’ = 1N,
Hn,z;k,] (X) { 0, |k| > N. (35)

Using (17), we derive

- 1 1
= sup Y |Hyxi(x)] = sup ), C§k< + > < CQy,
(ni)€] [k|>N n€Zy |k|>N [n—k[+1 " [k
=01
where
QN = Z (kgk)z, lim QN =0.
k>N N—o0

Therefore, we arrive at the following lemma.
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Lemma 4. For all sufficiently large N, the operators (I — HN (x)) are invertible in B for each
fixed x € [0, ] and

(1= AN (x)) M lsos < C,
[H(x) — AN(x) |32 < CQn,  |[(I-H(x))™ = (I—AN(x)) |3e < CQy,

where C does not depend on x and N.

Lemma 5. Let §; € Wé [0, 7], j = 0,1, be complex-valued functions, and let {A,, My}, ez, be
complex numbers satisfying Assumption (O). Suppose that the estimate (34) and Assumption (I)
are fulfilled. Then the components [R,, ik j(X)](n,i),(x,j)e of the linear bounded operator

R(x):=(I—H((x) =1

and the components [z, j(x)] y, ey of the solution z(x) = (I — H(x))"'¢(x) of the main Equa-
tion (20) belong to C1[0, 7] and satisfy the estimates

1 1
< [ B
|Rn1k,] )| C‘:k(l k| 1 + |k| +77k>/ (36)
T AV €l (37)
nlk]( )| < C|n|€k1 (38)
|zi(;ji)(x)\ <Clnl¥, v=0,1, (39)

for (n,i),(k,j) € ], x € [0, 7).

Proof. Step 1. Let us prove the continuity of R, ; ;(x). Clearly, H, ;i i € C[0, 7). Fixe > 0
and choose N such that the conclusion of Lemma 4 holds and

IR(x) = RY (x) |3 < x € [0,7], (40)

(.mm

where RN (x) = (I — AN(x))~! — I. Note that the inverse (I — HN(x))~! can be found by
solving the system of finite linear equations

ani+ Y, Huyixj(X)agj =byi,  (n,i) €]
KI=N
=01

with respect to [a,, ;] by Cramer’s rule. Consequently, the components Rn ik ]( x) of the

inverse operator are continuous functions. For fixed 1, i,k, j and xo € [0, 7], choose 6 > 0,
such that, for all x € [0, 7] N [xg — J, xp + ], we have |ank]( ) — RnN/i;k,j(xoﬂ < §. This
together with (40) yield

|Ray i (%) = Riyigj(%0) | < [Rpig (%) = RYVi i (0 + IR} (%) = Rifi (x0) |
+ |Rn,i;k,j(xo) - RrIXi;k,]'(xO)‘ S e

Thus, R, jx,i(x) is continuous at xo. Since xo is arbitrary, we conclude that R, ;; €
Clo, mt].
Step 2. Let us estimate R, ; ;(x). By definition,

(I+R(x))(I - H(x)) = L.
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In the element-wise form, this implies

Rn,i;k,j(x) = nzk] Z anls Hlsk]( ) (n,i), (kr]) SR (41)
(Is)e]

Using the estimate |[R(x)||s— s < C and (17), we obtain
Rk j ()| < [Hpige ()| + [|R(x) |3 sup [Higpj(x)] < C. (42)
(Ls)eJ
Using (17), (42), (34) and (37), we derive

~ 1 1
) ;. iy <C) - 4+ =
|Rn,l,l,s(x)||Hl,s,k,](x)| f— C glgk(” _kI +1 + |k|>

(l,S) 6] ZEZO
<_%f2@+cg Y (12)2n < CEe(k| + ).
l

E€Zy 1eZy

Using this estimate together with (17) and (41), we arrive at (36).

Step 3. Let us prove (38). Since §; € Wé [0, 7],j =0,1, we have Hn,i;k,j € C'[0, 1] and
the estimates (18) hold. Formal differentiation implies

R'(x) = (I+ R(x))H (x)(I + R(x)).

Put G(x) := H'(x)(I + R(x)). Then

Gﬂ,i;k,j( ) H7,11k] )+ Z H;,i;l,s(x)Rl,S;krj(x)/ (43)
(Ls)e]

R;zzk]( ) = Gn,i;k,j(x) + 2 Rn,i;l,s (x)Gl,s;k,j(x)' (44)
(Ls)eJ

Using (18), (34), (42), and (43), we obtain
|Gk j(x)| < Cln[Gk- (45)
Using (34), (36), (44), and (45), we arrive at (38). The absolute and uniform convergence

of the series in (43) and (44) also follows from (18), (34), and (36), so R, jx,; € ct [0, t].

Step 4. Let us estimate zfqvi) (x). Since z(x) = (I + R(x))@(x), we obtain ||z(x)||s < C,
so (39) holds for v = 0. Differentiation implies

Z;,i(x) = E nzk]( )4)k]( ) Z Rn,i;k,j(x>4~)llc,j(x)' (46)

(k€] (k€]

Using the estimates (18), (34), (36), (38), and |$,,;(x)| < C, we show that the series
in (46) converge absolutely and uniformly in [0, 7], so z,,; € C'[0, 7t], and obtain (39) for
v=1 0O

Using Lemma 5, it can be shown that the series (22), (32), (33), and the series of
derivatives for (22) consist of continuous functions and converge absolutely and uniformly
in [0, 7]. Consequently, we obtain the following lemma.

Lemma 6. Under the conditions of Lemma 5, the function e1(x) defined by (22) belongs to C'[0, 7],
the functions e;(x), j = 2,3, 4, defined by (25), (32), and (33) are continuous on [0, 7t], and

@) <ca, v=01, |¢§(x)]<CO, j=234 xec0n] (47)
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Below we consider two problems L(qo, 41) and L(§o, §1) with the spectral data {A,;, My } 7,
and {A,, My} yez,, respectively, numbered according to Assumption (O). For N € N, de-
fine the data {A}Y, M}'},,c7, as follows:

A <N M <N
AnN — N?’l/ |n| = 7 Mil,l\l — ~71/ |n| = 7 (48)
Aw, |n] >N, M,, |n|> N.

Theorem 4. Suppose that q; € W3[0, 7], j = 0, 1. Let the functions §; € C*®[0,7], j = 0,1, be
such that wy = @y, k = 0,2, ©(x) # 0 for all x € [0, 7t|, and Assumption (Z) is fulfilled. Then,
for every sufficiently large N, the numbers {AY, M}, c7, are the spectral data of the problem
L(q)Y, q%) with some functions q}-\] € C®|0, rt]. In addition,

X

| (qo(t) —qy (1) dt| <CQy, |qp(x) —gY (x)| <CQn, x€[0,7],  (49)

where the constant C does not depend on x and N.

Proof. Step 1. At the first step, we obtain auxiliary estimates. It follows from the con-
dition wy = @, k = 0,2, and the asymptotics (7) and (8) that (34) holds. Consider
the operator H(x) = H({An, Mn}uez,, L), L = L(§o,41), and the operators AN (x) =
H({AY, MY},ez,, L), N > 1. Clearly, the functions go, 71, together with {A,, My} ez,
satisfy the conditions of Lemma 5, so the estimates (36), (38) and (39) hold. Note that the
operators AN (x), N > 1, coincide with the ones defined by (35). By virtue of Lemma 4, for
all sufficiently large N, the functions gy, §; together with the data {AY, M}'},,c7, satisfy
the conditions of Lemma 5. At Steps 1-2 of this proof, we agree that, if a symbol v denotes
an object constructed by {A,, My } ez, and L, the symbol N with the upper index N will
denote the similar object constructed by {AY, MY }nez, and L. Lemmas 4 and 5 imply
the estimates

IR(x) = RN (x) | < CON, (50)

1 1
R ()] < Cék(|n_k|+1 T ’7k>r (R ()| < Clnlde, GD)
|(Zn,i(x))(v)| <Cnl", v=0,1, (52)

for (n,i),(k,j) € ], x € [0, |, where the constant C does not depend on N.
In view of (13), (14), and (48), we have 43111\71(x) = ¢p,i(x) for |n] < N and 43711\]1(9() =0
for |n| > N. Hence,

an( ) 47711 )+ Z Rn,i;k,j(x)(f’k,j(x)r
(kj)e]
ZVZXi(x) :43111 + Z Rnlk] ( ) (53)

k<N
i=0,1

for [n| < N, i = 0,1. Applying the subtraction and the estimates (36), (50), |y ;(x)| < C,
we derive

|20, (%) = 20 ()] < 5 (R () = R (01 @i ()| + Y[Ry (%) b (x) |
j
k| <N [k|>N
j=0,1 j=0,1

SCON+C ) G <COn, (54)
[k|>N
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for [n| < N,i=0,1, x € [0, t]. Following the strategy of the proof of Lemma 5 and using
the estimates (36), (38), and (39), (50)—(52), we analogously obtain

1
Rt () = R (6)] < CONG (7 ) IR () = (R ()] < O
|23, (x) = (z3};(%))'| < CQn[nl, (55)

where |n],|k| < N,i,j =0,1, x € [0, 7t]. Using (21), (54) and (55), we derive the estimates

| (i) = 0 ()] < COQ |,

n,i

[(0,0(x) = 01 (x) = oo (x) + 01 (x) )] < CON '

forv=0,1, |n| < N,i=0,1,x € [0, 7]. Taking the latter estimates formulas (22) (25), (32),
and (33), and Lemma 6 into account, we conclude that 1, e € C![0, 7], €€ N-e Clo, n],

j=2,4,and

[(e1(x) — N (x)V)]| < CQy, v=0,1, lej(x) — s?](x)| <CQn, j=24 (56)

Step 2. Let us construct the functions g), g)¥ and prove the estimates (49). The
assumption §; € C*[0, 7] implies that S,,; € C*[0, 7], (n,i) € J. Consequently, ¢, ; and
H, iy j also belong to C*[0, ] for all (n, i), (k,j) € J. In view of (35), for sufficiently large
N, the inverse operator I + RN(x) = (I — AN(x))~! can be found by Cramer’s rule, so
the components RN ]( x) are also infinitely differentiable. Using (21) and (53) for 02{ o, we

conclude that z. rI:] € C*®[0, ], (n,i) € J. Obviously, 85«\] (x), j = 1,4, are finite sums of

n,i’
C*-functions, so ¢; € C* [0,7],j=1,4.
By Lemma 3, the condition ®(x) # 0 implies €7(x) + 1 # 0, x € [0, 7t]. It follows
from (56) and hm Qn = 0 that, for sufficiently large N el (x))?+1 # 0and the functions

N 2 _ 1
(® (X)) - 1—|—(811\](X))2

are infinitely differentiable and uniformly bounded with respect to x € [0, 7] and N. One
can uniquely choose the square root branch to find @~ € C*[0, ] satisfying @ (0) = 1.
Construct the functions g, g by formulas (30) and (31), replacing ¢j by e?’ and ® by

©N. Clearly, g; € C*[0, 7], j = 0, 1. The estimates (56) imply (49).

Step 3. It remains to prove that {AY, MY }nez, are the spectral data of the problem
L(q),qY). At this step, we assume that all the considered objects are related to the data
(AN, MN }nez, for a sufficiently large fixed N, and the index N will be omitted for brevity.

Construct the function

D(x,A) := Z ]Fk] x, M)y j(x)O(x), (57)

where the summation range for k,jis |k| <N, j=0,1, and

My,i -1 1 ap—l/

Fn+v,i(x/)‘) = Z

WMVH»]HBPP SE(x, /}l)‘ , neS,v=0my;—-1,i=01 (58)
p=v

]4:)\",1'

:1y+ [t =21 ()@ NS (L ) e (59)
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Clearly, ®(x, A) is analyticin A # A, ; for each fixed x € [0, 77] and infinitely differentiable
with respect to x for each fixed A # A, ;, (n,i) € J.

Lemma 7. The function ®(x, A) defined by (57) is the Weyl function of the problem L(qo,q1).

Proof. By direct calculations, one can prove the following relations
0(®P) 4 27Ag1 (x)® = A2®, @(0,A) = 1. (60)

Let us show that ®(m,A) = 0. For simplicity, suppose that m, ; = 1 for all |n| < N,
i = 0,1. The general case requires technical modifications. Using (57) and the relation
®(m,A) = 0, we derive

®(7,A) = —®(7,1)0() ;(—1)ij,jW'
/] g

(61)

Due to our notations, the main Equation (20) is equivalent to the system

vn,i( Z ]Mk] X, An,i/ Ak,j)vk,j(x)r (n' 1) €], x€ [0' 7'[].

Recall that {11} are the eigenvalues of L, so 5, 1(7r) = 0. Hence,

vp1(m) = Z(—l)ij,]D(n, An1, Akj)ogi(m),  |n] < N. (62)
kij

Relations (4), (5) and (9) imply

D(r[, An,l//\n,l) =0y = M1

n,1’

D(n,)\n,l,)\kl) =0, n 75 k.
Consequently, (62) takes the form

Y. Puiko(m)vgo(m) =0, [n| <N. (63)
k|<N

Define the (4N x 4N)-matrix Hynwan(x) = [Hyix;i(x)], 2], k| < N, i,j = 0,1.
Denote by Lsinxan the (4N x 4N) unit matrix. It follows from the invertibility of the
operator (I — H(7)) that

det(Isnxan — Hanxan (7)) # 0. (64)

By using the definitions (10), (11), and (15), one can show that (64) implies
det(Panxan (7)) # 0, where Panson (1) = [Py1x0(7)], [n],[k| < N. Hence, the sys-
tem (63) has the only zero solution vy o(77) = 0, |k| <

Since vy (1) = 0 and S; 1(71) = 0 in (61), we obtain ®(7, A) = 0. Together with (60),
this yields the claim of the lemma. [J

Proceed with the proof of Theorem 4. In view of (57), the Weyl function has the form

M(A) = @'(0,7) +Z 1)/ (0, 7).

Taking (58) and (59) into account, we obtain

my,;i—1

MO =F) 4 () T % %

j=01 nes;, [n|<N v=
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Clearly, the function M(A) is meromorphic with the poles {A}},cz, and the corre-
sponding residues {M} },cz,. Thus, {A}, M}, o7, are the spectral data of the constructed
problem L(g)Y, %), so the proof of Theorem 4 is finished. [

Remark 1. Note that, for any fixed functions q; € Wé [0,7t], j = 0,1, there exist §; € C*[0, 7],
j = 0,1, satisfying the conditions of Theorem 4. Indeed, for every 6 > 0, one can find polynomials
do, 41, such that

wp =& k=02, Hq,-—q]-||wé-[0,n]§5, j=0,1. (65)

In particular, (65) implies ©(x) # 0, x € [0, 7], for sufficiently small 6 > 0. If the
spectrum of the problem L(qo, q1) is simple, one can easily prove the stability of the direct problem
L(q0,91) = {An, My }nez,- Namely, the conditions (65) imply the inequality Q0 < C4 for every
5 € (0,00] with some 6y > 0. Consequently, |H(x)|s—xs < C6, so for sufficiently small &
Assumption (T) is fulfilled. The case of multiple eigenvalues can be treated similarly, by using the
approach of Section 5.

Remark 2. In view of (5), Theorems 3 and 4 are valid for the spectral data {An, My } ez, being
replaced by {An, &y }nez,-

4. Solvability and Stability

The goal of this section is to prove Theorem 5 on the global solvability of Inverse
Problem 1. The proof is based on the constructive solution from Section 2, auxiliary estimates
and the approximation by infinitely differentiable potentials obtained in Section 3. Theorem 5
implies Corollary 1 on the local solvability and stability without change of eigenvalue
multiplicities. The latter result will be improved in Section 5.

Define the class C~1[0, 7] of functions f = ¢/, where ¢ € C[0, 7r] and the derivative is
understood in the sense of distributions. Put C°[0, ] := C[0, 7t].

Theorem 5. Let §; € W}[0, 7], j = 0,1, be complex-valued functions, and let {A,, My} ez, be
complex numbers satisfying Assumption (O). Suppose that the estimate (34) and Assumption (Z)
are fulfilled. Then, by Steps 2—4 of Algorithm 1, one can construct the function e; € C'[0, ). If
we additionally assume that 1+ €3 (x) # 0 for all x € [0, 7t], then {An, My } ez, are the spectral
data of the problem L(qo,q1), q; € C/~1[0, 7], j = 0, 1. The functions qo, q1 can be constructed
by formulas (30) and (31), where i, k = 2,4, are defined by (32) and (33) and (25). Moreover, the
following estimates hold:

[ @) - <ca, nx-q@i<co, xen. (66)

Proof. The possibility to construct the functions ex(x), k = 1,4, of appropriate smoothness
follows from Lemmas 5 and 6. If 1 + €2 (x) # 0, x € [0, 7], the functions qo, g1 of appropriate
classes can obviously be constructed by formulas (30) and (31). The estimates (66) follow
from (47). It remains to be shown that the spectral data of the problem L(qq, g1) coincide
with the initially known numbers {A,, M, },cz,. For this purpose, we choose the functions

g; € C*[0,7],j = 0,1, such that @ = &, k = 0,2, O(x) = cos(Q(x) — O(x)) # 0,
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x € [0, 71], and Assumption (Z) holds for the operator H(x) := H({A,, Mu}nezyr L(Go, 1))
In view of Remark 1, such functions zi]-, j =0,1, exist. Define

A, <N, My, <N,

AN = A Il s pty =} M Inl , (67)
Au, || >N, M,, |n|> N.

/"\nN: /;\l’l/ |n| SN/ Mr]l\]: ;n/ |n‘ SN/
Au, || >N, M,, |n|> N.

By virtue of Theorem 4, for every sufficiently large N € N, the numbers {A}, MY} ez,
are the spectral data of the problem LN := L(4}’,7Y) with q].N € C*[0, 7], j=0,1. Consider
the operators H(x) := H({Ay, My}, L) and AN (x) := H({AY, MY}, LN). According to
Theorem 4, the estimate (17), and the introduced notations,

- ~ 1 1 ) .
A (5) = oy (9] < COnte (g ) (v ki€l xe @)

Hence
AN (x) — H(x) [ —» < COQN.

Since Assumption (Z) holds for H(x), it also holds for HN (x) with sufficiently large
N. Therefore, the conditions of Lemmas 5 and 6 are fulfilled for {AY, M)}, 7, together
with the problem LN. Applying these lemmas to {A}, M)} ,,cz, and LV, one can construct

the infinitely differentiable functions sﬁ-\’ (x), j = 1,4, which satisfy the estimates (56). If

1+¢(x) # 0, x € [0,71], we have 1 + (e (x))? # 0 for every sufficiently large N and
all x € [0, t]. Therefore, one can construct by (30) and (31) the functions q]N € C*[0, 7],

j = 0,1, which satisfy (49). Since the series for s?’ (x),j= 1,4, are finite, it can be shown

that {A), M)} ,,c7, are the spectral data of L(g{, YY) similarly to Step 3 of the proof of
Theorem 4.
Using Lemma 1 and relations (4) and (5), we obtain the following auxiliary lemma.

Lemma 8. Let {Ay, My }nez, and {AY, MN},cz,, N > 1, be the spectral data of the problems
L(qo,q1) and L(qY,qY), N > 1, respectively, where qjs q]N € Wéfl((), m),j=0,1,and

Z\%gnoo ll9; — q; ||W£—1(0’7T) =0, j=0,1 (68)

Then, for each fixed n € Zy, we have I\l{im AN = M. In addition, if n € SNSN and
— 00

my = mY, then I\E}nw MY = M,

Clearly, the functions g; and q]N , j = 0,1, constructed in the proof of Theorem 5
satisfy (68) by virtue of (56). Thus, the spectral data {AY, MY} of the problem L(g},4})
converge to the spectral data of the problem L(go, 71 ) in the sense of Lemma 8. Taking (67)
into account, we conclude that the spectral data of L(qo,q1) coincide with {A,, My },cz,,
so Theorem 5 is proved. 0O

The following corollary of Theorem 5 provides local solvability and stability of Inverse
Problem 1.

Corollary 1. Let §; € Wé [0, 7], j = 0,1, be complex-valued functions, and let {A,, M} nez,
be the spectral data of the problem L = L(go,§1). Then, there exists &g > 0 such that, for any
complex numbers { Ay, My }nez, satisfying Assumption (O) and the estimate Q) < &y, there exist
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complex-valued functions q; € C/=1(0, ], j = 0,1, such that {Ay, My} ez, are the spectral data
of the problem L(qo, q1). In addition, the estimate (66) is valid.

Proof. It follows from (17) and (34) that ||H(x)||s s < CQ, x € [0, 7r]. If Q) is sufficiently
small, Assumption (Z) is fulfilled. Lemma 6 implies ||e1 |, -] < CQ, 501+ &3 (x) # 0 for
sufficiently small (). Thus, Theorem 5 yields the claim. O

In view of the definitions (16) and (34), the multiplicities in the sequences {A, },¢z,
and {Ay } ez, coincide for sufficiently small Q). In the next section, Corollary 1 will be
generalized to the case of changing eigenvalue multiplicities.

5. Multiple Eigenvalue Splitting

In this section, we obtain the local solvability and stability of Inverse Problem 1 in the
general case, taking the possible splitting of multiple eigenvalues into account.

Consider a fixed problem L = L(§o,41) with ; € W3[0, 7], j = 0,1. Fix an index
ns« € NU{0} and a contour 7y := {A € C: |A| =r}, r > 0, such that 7i1, = 1 for |n| > n,,
Ay € inty for all |n| < n, and A, & intvy for all |n| > n.. Along with L, consider
some complex numbers {A;, My },cz, (not necessarily being the spectral data of some
problem L). Suppose that Assumption (O) holds for the both collections {A,, My },¢z7,
and {A,, My }yez,- Set

Sii={neS:|n <n}, Si:= {n €S: \n\ <y},

neSy v=0 (A= An) nesS, v=0 - )

Theorem 6. Let §; € Wé [0, 7T], j = 0,1. Then there exists 59 > 0 such that, for any complex
numbers { Ay, My }yez, satisfying Assumption (O) and the estimate

5= max{max|M*(/\)| ) (n(',‘n)z} < d, (69)

ASy |n|>ny
there exist the functions q; € CI=[0, 7], j = 0,1, such that {Ay, My }nez, are the spectral data of

the problem L(qo, q1). In addition,

X

(@) -] <5, @ -pEl<co, xeloal 00

We emphasize that the multiplicities in the sequences {A, },ez, and {A,} ez, may
differ. However, for sufficiently small § > 0, we have S C S. Roughly speaking, multiple
eigenvalues can split into smaller groups but cannot join into new groups.

Proof. Step 1. Consider the following special case. Let §; € /=10, 7], j = 0,1, be fixed,
and let {/\n,Mn}nez0 be arbitrary numbers satisfying Assumption (O) and A, = An,
M, = M, for all |n| > n,. If § defined by (69) is sufficiently small, then, by virtue of
Lemma Al in Appendix A, A, € inty for [n| < n,.

Denote by C(v) the Banach space of functions continuous on 7 with the norm
Iflleey) = r/{lg;( |f(A)]. For each fixed x € [0, 7], define the linear bounded operator

H,(x): C(7) — C(7) acting as follows:

(Fy(0)f)(A) = 74 D, A, ML) f (1) dn, £ € C(v).

2711
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It follows from (9) and (69) that || H (x) lc(y)—sc(y) < €6, x € [0, 7). Therefore, there
exist &y > 0 such that, for any collection {A,,, My, },c7, satisfying (69) and each x € [0, 7],
the operator (I — H (x)) is invertible. Moreover, || (I — Hy (x)) |lc(y)=c(y) < C uniformly
with respect to § < Jp and x € [0, 7r]. Hence, for each fixed x € [0, 7], the equation

0(5,4) = 8(5,4) + 5 f DOt A, ) HL )0, ) dp 71)

has the unique solution v(x,.) € C(y), |v(x,u)| < Cforx € [0, 7] and p € 7.
Define the functions

§() = 5 W WL (03 e i, =12, 72
&5(x) = = ¢ NL(0)S (x, j)o(x, 1) dp. 73)
27t s

It can be easily shown that

5] S Cl [0, 7T], ||gj‘|cl[0,n] <9, j: 1,2, (74)
53 S C[O, 7'[], ||g3||C[O,7I] < Cé. (75)

Note that relation (71) provides the analytical continuation of the function v(x, A) to
the whole complex plane. Calculating the integral in (71) by the residue theorem, we obtain

Z711,1'( = 2 ]Pn i k] ZJk,j (X), (Tl, i) €], xe [0/ 7'[], (76)

where
1 90"v(x, M) ’

Vko,i(X) 1= —

o I kESi, I/ZO,Tflk/i—l, i=0,1.

A=Ay

The summation in (76) can be taken either over |k| < n,, j = 0,1, or over (k,j) € ],
because in our special case P, ;1 0(x) = By ix1(x), 0g0(x) = vg1(x) for [k| > n,. Comparing
(76) with (12), we conclude that the sequence [0;,;(x)](, i)cj coincide with the one defined
via (21) by the solution z(x) of the main Equation (20). Calculating the integrals in (72) and
(73) by the residue theorem, we conclude that

&1(x) =e1(x), &(x) =ea(x) +eq(x), &E(x) = e3(x),

where sj(x), j = 1,4, are defined by (22), (25), (32), and (33). Hence, the estimate (74)
implies that 1 + €2 (x) # 0 for all sufficiently small 6 and x € [0, 7t]. Thus, by using &(x),
k = 1,3, one can construct the functions qj € ci—1 [0, 7], j = 0,1, by (30) and (31). Since the
sums for Sj(x), j = 1,3, are finite, one can easily show that {A,, M} ez, are the spectral
data of L(go,q1)- The estimates (74) and (75) imply (70).

Step 2. Consider the general case. Suppose that g; € Wé [0,7],j =0,1, are fixed. Let
{An, My }nez, be arbitrary complex numbers satisfying Assumption (O) and § < co. By
virtue of Lemma A1, if J is sufficiently small, then A, € inty for |n| < n, and A, & inty
for |n| > ny.

Define the numbers

/V\n — {;\n/ |Tl| < ny, Mn — {Mn/ ‘nl < 1y,

An, || > ny, M, |n| > n,.
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By virtue of Corollary 1, there exists éy > 0 such that, for any collection {A,, Mn}neZO
satisfying Assumption (O) and the estimate (69), there exist complex-valued functions
jj € O710, 7], j = 0,1, such that {A,, M, },,cz, are the spectral data of L(¢o, 1) and

ot = qo(e d| < o, ()~ ma(x)] < €3 77)

uniformly with respect to x € [0, 7] and § < dp. Then, by using §; instead of §; at Step 1 of
this proof, one can construct the problem L(qo, q1) with g; € Ci=10, ], j = 0,1, having the
spectral data {A,, My }c7,. It can be shown that the final estimates (70) are uniform with
respect to §o, §1 if the estimates (69) and (77) are fulfilled for sufficiently small 6y > 0. O

Note that the conditions of Theorem 6 are formulated in terms of the rational function
M. (A) constructed by a finite number of the spectral data.

Remark 3. The function M., (\) in Theorem 6 can be replaced by M(A) = M(A) — M(A). Indeed,
this replacement does not change the contour integrals in the proof of Theorem 6 for sufficiently
small .

It can be also useful to formulate the local solvability and stability conditions in terms
of the discrete data. The following corollary provides such conditions for the case when
every multiple eigenvalue A, splits into simple eigenvalues Ay,.

Corollary 2. Let §; € Wé [0, 7], j = 0,1. Then, there exists o > 0 such that, for every § € (0, ]
and any complex numbers { Ay, My }nez, satisfying Assumption (O) and the conditions

2 (ngn)? <9,

[n|>ny

An 7£ /\k/ n # k, nke ZO/

e —1 _ _ - _
Z (Ak-i-l/ — )Lk)sMk_H, — Mk+s <9, s=0,m—1, k €S,
v=0
y—1 . - ~

E ()\k-l-l/ - Ak)sMk-‘rl/ <4, s= mklz(mk - 1)/ k€S,
v=0

|Ak+v - Ak' < 51/mki |Mk+1/| < 5(177”?1;()/7?1;(, v =0, iy — 1, ke S*/

there exist functions q; € CI=[0, 7t], such that {An, My} ez, are the spectral data of L(qo, q1).
In addition, the estimate (70) is valid.

Corollary 2 is proved analogously to Theorem 2.3 in [39].

6. Numerical Examples

In this section, we construct an example of a pencil having a double eigenvalue. Then,
we approximate this pencil by pencils with simple eigenvalues.
PutA; =A_; =05 M_; = —%, M, = — 5. This means

N M_ M
M(A) ~ ()\—)1\1) * ()\*;\1)2
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in a neighborhood of A;. For || > 1, we suppose that the spectral data coincide with the
spectral data of the problem L(0,0), namely, A, = n, M,, = — 2. Denote

a:Z%, C::%, )\122;\1-1-\/3, )\,122;\1—\/5—0—6(5,
M12:%+M—1/ Mq:z—%, Api=An, My :=M,, |n|>1, 6>0.

Observe that, for sufficiently small 6 > 0, the defined data fulfills the conditions of
Corollary 2. An interesting feature of this example is that the eigenvalues A are v/d-close
to A7 and the absolute values of the residues M., tend to infinity as 6 — 0, but the
corresponding potentials g, g1 are Cé-close to gy, 41 in the sense of the estimate (70). This
feature is confirmed by numerical computations. For 6 = 0.02, the plots of the potentials
q1(x), §1(x) and qo(x), Go(x) are presented in Figures 1 and 2, respectively.

2L n L L L TRt J 08 L L L L |
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35

Figure 1. Plots of Re g1 (x), Re 41 (x) and Im g4 (x), Im 41 (x) for 6 = 0.01.

% L L L L L 4Ll L L L L L J
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35

Figure 2. Plots of Re gg(x), Re §o(x) and Im gg(x), Im gy (x) for § = 0.01.
The results for different values of J are provided in Table 1, where

- Xk N km
dy = max |q1(xg) —gi(xk)|, do = max /0 (qo(t) —qo(t)) dt|, Y=y N =200

1<k<N 1<k<N
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Table 1. Numerical results.

) d1 d() Al /\_1 Ml M —1

0.05 0.4157 1.1131 0.724 0.276-0.2001 —0.318-0.356i1 0.356i
0.02 0.1881 0.4805 0.641 0.359-0.0801 —0.318-0.563i 0.5631
0.01 0.0982 0.2463 0.600 0.400-0.0401 —0.318-0.796i1 0.7961
0.005 0.0501 0.1242 0.571 0.429-0.0201 —0.318-1.125i1 1.1251
0.002 0.0202 0.0498 0.545 0.455-0.0081 —0.318-1.779i 1.7791
0.001 0.0101 0.0248 0.532 0.468-0.0041 —0.318-2.516i 2.516i
0.0005 0.0051 0.0124 0.522 0.478-0.002i1 —0.318-3.559i 3.559i
0.0002 0.0020 0.0049 0.514 0.486-0.0008i —0.318-5.627i 5.627i
0.0001 0.0010 0.0024 0.510 0.490-0.00041 —0.318-7.958i 7.9581

The method used for obtaining these results is based on the constructive solution of
Inverse Problem 1 provided in Section 2. We use the model problem L(O, 0), so the inverse
problem is reduced to a finite (4 x 4) system of linear algebraic equations.

Author Contributions: N.PB. has obtained all the theoretical results of this paper (Sections 1-5 and
Appendix A). A.V.G. has obtained the results of numerical experiments provided in Section 6. All
authors have read and agreed to the published version of the manuscript.
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Appendix A

Here we provide auxiliary lemmas about rational functions.

Py_1(})
N(A)

polynomial of degree at most (N — 1) and Qx(A) is a polynomial of degree N with the

leading coefficient equal 1.

Denote by 9y the class of rational functions of form , where Py_1(A) is a

Lemma A1. Let F(A) := = 5;(%) be a fixed functions of Ry, such that the zeros {A, }N_, of the

polynomial QN (A) lie in int -y, where v := {A € C: |A| = r}, r > 0. Then, there exists 6 > 0
such that, for any function

N Py _1(M)
) = 1) gy
*) Qn(A) N
satisfying the estimate
|[F(A) —F(A)| <6, Mey, (A1)

the zeros {A, }N_, of the denominator Qn (M) also lie in int y and
|Aw — Ay < C8Y™Mi, n=1,N,

where my, is the multiplicity of the corresponding zero Ay, and the constant C depends only on
E(A).

The proof of Lemma A1l is based on several auxiliary lemmas.

Lemma A2. Let {sj}]@’l be distinct points in «y. Then, a function F € Ry is uniquely specified by
its valued at these points.
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Proof. Suppose that, on the contrary, there exist two distinct functions

Py_1(A ~ Py_q1(A = ,
=G =g T =R =T
Then, the polynomial

Pn-1(A)ON(A) — Qn(A)Py-1(A)

of degree at most (2N — 1) has zeros {s; ]21:\]1 Hence, this polynomial is identically zero, so
F(A)=F(A). O

Denote by {Pk},lc\]:_ol and {qk}}(\’:_ol the coefficients of the polynomials Py_1(A) and
On(A), respectively:

N-1 N-1
Pyno1(A) = Y mAs, Qn(A) = Y qeAf + AN,
k=0 k=0

The analogous notations {7, nN:—01 and {§, nN:_()l will be used for the coefficients of the
polynomials Py_1(A) and Qn/(A), respectively.

Lemma A3. Suppose that F € Ry fulfills the conditions of Lemma Al. Then, there exists e > 0
such that, for any function F satisfying the conditions of Lemma A1, the following estimate holds:

9k — Gl <Ce, k=0,N—-1,
where the constant C depends only on F.

Proof. Choose arbitrary distinct points {s; ]22’1 in ¢ and put v; = F(s;). Consider the
following system of linear algebraic equations

N-1 % N-1 ‘ N
Z PiS; — 0 Z qksi +sp | = 0, j=1,2N, (A2)
k=0 k=0

with respect to the 2N unknown values {p;}1" ' and {g;}}" . By virtue of Lemma A2, the
system (A2) is uniquely solvable, so its determinant A is non-zero. The numbers { f; } 11\1;01
and {ji};-, satisfy the similar system with v; replaced by 9; = F(s;). Due to (Al),
lvj — j| <, j =1,2N. Therefore, |A — A| < Ce. Hence, for sufficiently small ¢ > 0, we
have A # 0. Find g from te system (A2), by using Cramer’s rule: g, = 5,k = 0,N — 1,
where Ay are the corresponding determinants. Clearly, |Ay — Ai| < Ce, k = 0, N — 1. Hence
-l =[5 % <o k=0N-T

O

Lemma A4. Let Ag be a zero of multiplicity m of a polynomial

N-1
Quv(A) = ) qir* + AN
k=0
Then, there exists € > 0, such that every polynomial

N-1
ON(A) = Y GeAk+ AN,
k=0
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with coefficients satisfying the estimate

0:= max_|qx— k| <¢, (A3)
k=0,N—T

has zeros {)1]'};”:1 (counting with multiplicities) satisfying the estimate

Aj— Aol < CMM, j=Tm, (A4)
where the constant C depends only on the polynomial Q.

Proof. Lety;:= {A € C: [\ — Ag| =71;},j = 0,1, be contours not encircling other zeros of
the polynomial Qn(A) except Ag, 0 < rp < r1. Using (A3), we obtain

|On(A) — Qn(M)] < [QN(A)], A € 7o,

for sufficiently small ¢ > 0. Applying Rouche’s theorem, we conclude that Qy(A) has ex-
actly m zeros {;\j}]mzl (counting with multiplicities) inside 7. Fix j € {1,...,m}. Note that

|Qn(A)] = 1Qn(A)) — Qn(4))] < Co.
On the other hand, Taylor’s formula implies

1 gk
Z %WQN (A0)(Aj = A0)* + d}\m QN(AO)@' —20)" + Rut1(4),  (A5)

where

(A—2)"™*! ]{ Qn(z)dz
(

R A) = .
mi1(d) 27t z—Ag)"t1(z —A)

T

It is clear that
‘Rerl()L)‘ < Cr0|)t — /\0|m, AE int’)/o.

Note that the radius rg > 0 can be chosen arbitrarily small by the choice of e. Since

dk S dm
WQN()\@:OI k=0m-—1, WQN()\O) #0,

for significantly small ¢ > 0, relation (A5) implies the estimate |7\j — Ap|™ < C4, which
yields (A4). O

Lemmas A3 and A4 together imply Lemma Al.
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