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Abstract: In this paper, we complement a study recently conducted in a paper of H.A. Mombeni,
B. Masouri and M.R. Akhoond by introducing five new asymmetric kernel c.d.f. estimators on the
half-line [0, c0), namely the Gamma, inverse Gamma, LogNormal, inverse Gaussian and reciprocal
inverse Gaussian kernel c.d.f. estimators. For these five new estimators, we prove the asymptotic
normality and we find asymptotic expressions for the following quantities: bias, variance, mean
squared error and mean integrated squared error. A numerical study then compares the performance
of the five new c.d.f. estimators against traditional methods and the Birnbaum-Saunders and Weibull
kernel c.d.f. estimators from Mombeni, Masouri and Akhoond. By using the same experimental
design, we show that the LogNormal and Birnbaum-Saunders kernel c.d.f. estimators perform the
best overall, while the other asymmetric kernel estimators are sometimes better but always at least
competitive against the boundary kernel method from C. Tenreiro.
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In the context of density estimation, asymmetric kernel estimators were introduced
by Aitchison and Lauder [1] on the simplex and studied theoretically for the first time
by Chen [2] on [0,1] (using a Beta kernel), and by Chen [3] on [0, %) (using a Gamma
kernel). These estimators are designed so that the bulk of the kernel function varies
with each point x in the support of the target density. More specifically, the parame-
ters of the kernel function can vary in a way that makes the mode, the median or the
mean equal to x. This variable smoothing allows asymmetric kernel estimators to be-
have better than traditional kernel estimators (see, e.g., Rosenblatt [4], Parzen [5]) near
the boundary of the support in terms of their bias. Since the variable smoothing is
integrated directly in the parametrization of the kernel function, asymmetric kernel es-
timators are also usually simpler to implement than boundary kernel methods (see, e.g.,
Gasser and Miiller [6], Rice [7], Gasser et al. [8], Miiller [9], Zhang and Karunamuni
[10,11]). For these two reasons, asymmetric kernel estimators are, by now, well-known
solutions to the boundary bias problem from which traditional kernel estimators suffer. In
the past twenty years, various asymmetric kernels have been considered in the literature
on density estimation:

. Beta kernel, when the target density is supported on [O, 1], see, e.g., Chen [2], Bouez-
marni and Rolin [12], Renault and Scaillet [13], Fernandes and Monteiro [14],
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Hirukawa [15], Bouezmarni and Rombouts [16], Zhang and Karunamuni [17], Bertin
and Klutchnikoff [18,19], Igarashi [20];

¢  Gamma, inverse Gamma, LogNormal, inverse Gaussian, reciprocal inverse Gaussian,
Birnbaum-Saunders and Weibull kernels, when the target density is supported on [0, o),
see, e.g., Chen [3], Jin and Kawczak [21], Scaillet [22], Bouezmarni and Scaillet [23],
Fernandes and Monteiro [14], Bouezmarni and Rombouts [16,24,25], Igarashi and Kak-
izawa [26,27], Charpentier and Flachaire [28], Igarashi [29], Zougab and Adjabi [30], Kak-
izawa and Igarashi [31], Kakizawa [32], Zougab et al. [33], Zhang [34], Kakizawa [35];

e Dirichlet kernel, when the target density is supported on the d-dimensional unit
simplex, see [1] and the first theoretical study by Ouimet and Tolosana-Delgado [36].

¢  Continuous associated kernels, the aim of which is to unify the theory of asymmetric
kernels with the one for traditional kernels in both the univariate and multivariate settings,
see, e.g., Kokonendji and Libengué Dobélé-Kpoka [37], Kokonendji and Somé [38,39].

The interested reader is referred to Hirukawa [40] and Section 2 of Ouimet and
Tolosana-Delgado [36] for a review of some of these papers and an extensive list of papers
dealing with asymmetric kernels in other settings.

In contrast, there are almost no papers dealing with the estimation of cumulative
distribution functions (c.d.f.s) in the literature on asymmetric kernels. In fact, to the
best of our knowledge, [41] seems to be the first (and only) paper in this direction if we
exclude the closely related theory of Bernstein estimators. (In the setting of Bernstein
estimators, c.d.f. estimation on compact sets was tackled, for example, by Babu et al. [42],
Leblanc [43], Leblanc [44], Leblanc [45], Dutta [46], Jmaei et al. [47], Erdogan et al. [48] and
Wang et al. [49] in the univariate setting, and by Babu and Chaubey [50], Belalia [51],
Dib et al. [52] and Ouimet [53,54] in the multivariate setting. In [55], the authors introduced
Bernstein estimators with Poisson weights (also called Szasz estimators) for the estimation
of c.d.f.s that are supported on [0, o), see also Ouimet [56]).

In the present paper, we complement the study reported in [41] by introducing five
new asymmetric kernel c.d.f. estimators, namely the Gamma, inverse Gamma, LogNormal,
inverse Gaussian and reciprocal inverse Gaussian kernel c.d.f. estimators. Our goal is to
prove several asymptotic properties for these five new estimators (bias, variance, mean
squared error, mean integrated squared error and asymptotic normality) and compare their
numerical performance against traditional methods and against the Birnbaum-Saunders
and Weibull kernel c.d.f. estimators from [41]. As we will see in the discussion of the results
(Section 9), the LogNormal and Birnbaum-Saunders kernel c.d.f. estimators perform the
best overall, while the other asymmetric kernel estimators are sometimes better but always
at least competitive against the boundary kernel method from [57].

1. The Models

Let Xy, X5,..., X be a sequence of i.i.d. observations from an unknown cumulative
distribution function F supported on the half-line [0, o). We consider the following seven
asymmetric kernel estimators (the first five are new):

1 & -
Eam(x) =~} Kgam (X; [ b2 +1,b), (1)
i=1
IGam 1 -1 -1
Fab ()_ﬁZKIGam(Xl’H’ +1,x°b), ()
i=1
. 1
B (x) := - Y Kin(X;| logx, Vb), ©)
i=1
1Gau 1&— -1
Pn, (x) = E XKIGau(Xi | xrb X), (4)
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FRS(x) 1= L Y R (s |27 (1 b) 16 7Y), 6
i=1
1 n
Ey°(x) o= — ) Kps(Xi |, Vb), (6)
i=1
%Z R (X | x/T(14+b),b°1), %
i=1

where b > 0 is a smoothing (or bandwidth) parameter, and

= _ I(a,t/0)

Kgam(t|a,0) := W, a,0 >0,
- I'(a,1/(t6

KIGam(t | 0‘19) =1- (F(DC()))’ w0 >0,
Kin(t | p,0) ::1—<I><logf7_y>, w,o >0,

Rigu(t 1) =1 -0 ([ (£-1)) ~evro( -2 (L41)), waso

= . 1 g 1
KRIG(t|y,A)._®(m<tH 1))+e @ \/ﬂ<t}l+1), A >0,

\/E— ’f)), B,a>0,
Kw(t| A k) :=exp (— (;)k) Ak >0,

denote, respectively, the survival function of the

Kas(t] ) = 1- (3 (

e Gammal/(a,0) distribution (with the shape/scale parametrization);

e InverseGamma («,6) distribution (with the shape/scale parametrization);
e LogNormal(p, o) distribution;

e InverseGaussian(p, A) distribution;

e ReciprocallnverseGaussian (y, A) distribution;

e Birnbaum-Saunders(f, «) distribution;

e Weibull(A, k) distribution.

The function I'(a,z) := [, t*~le~!dt denotes the upper incomplete gamma function
(where I'(a) :=T'(«,0)), and @ denotes the c.d.f. of the standard normal distribution. The
parametrizations are chosen so that

e The mode of the kernel function in (1) is x;
¢ The median of the kernel function in (3) and (6) is x;
e The mean of the kernel function in (2), (4), (5) and (7) is x.

In this paper, we will compare the numerical performance of the above seven asym-
metric kernel c.d.f. estimators against the following three traditional estimators (K here is
the c.d.f. of a kernel function):

. 18 rx— X

B =5 LK (), ®)
, 1 -~ X ~ X

FPR (x) :;1; K<x b )1[b,oo)(x)+1<(x p )1(0,17)(9()}/ )

A 1 &
EEPF () 1= ) i (1), (10)
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which denote, respectively, the ordinary kernel (OK) c.d.f. estimator (from Tiago de Oliveira [58],
Nadaraja [59] or Watson and Leadbetter [60]), the boundary kernel (BK) c.d.f. estimator
(from Example 2.3 in [57]) and the empirical c.d.f. (EDF) estimator.

2. Outline, Assumptions and Notation
2.1. Outline

In Sections 3-7, the asymptotic normality, and the asymptotic expressions for the
bias, variance, mean squared error (MSE) and mean integrated squared error (MISE), are
stated for the Gam, IGam, LN, IGau and RIG kernel c.d.f. estimators, respectively. The
proofs can be found in Appendices A-E, respectively. Aside from the asymptotic normality
(which can easily be deduced), these results were obtained for the Birnbaum-Saunders
and Weibull kernel c.d.f. estimators in [41]. In Section 8, we compare the performance of
all seven asymmetric kernel estimators above with the three traditional estimators OK,
BK and EDF, defined in (8)—(10). A discussion of the results and our conclusion follow
in Sections 9 and 10. Technical calculations for the proofs of the asymptotic results are
gathered in Appendix F.

2.2. Assumptions
Throughout the paper, we make the following two basic assumptions:

1. The target c.d.f. F has two continuous and bounded derivatives;
2. The smoothing (or bandwidth) parameter b = b,, > 0 satisfies b — 0 as n — co.

2.3. Notation

Throughout the paper, the notation u = O(v) means that limsup |u/v| < C < co as
n — co. The positive constant C can depend on the target c.d.f. F, but no other variable
unless explicitly written as a subscript. For example, if C depends on a given point
x € (0,00), we would write u = Ox(v). Similarly, the notation # = o(v) means that
lim|u/v| = 0 as n — oo. Subscripts indicate which parameters the convergence rate
can depend on. The symbol D over an arrow ‘—’ will denote the convergence in law
(or distribution).

3. Asymptotic Properties of the c.d.f. Estimator with Gam Kernel

In this section, we find the asymptotic properties of the Gamma (Gam) kernel estimator
defined in (1).

Lemma 1 (Bias and variance). For any given x € (0,00),

Bias[F33™ (x)] == BIEG™ ()] — F(x) = b (f() + 2f(0) +oulb), (1)
Var(ﬁgﬂm(x)) =n"'F(x)(1—F(x)) —n"'p1/2. Vrf(x) + Oy (n71h). (12)

VT
Corollary 1 (Mean squared error). For any given x € (0, 0),

MSE(£Sem (x)) = Var(ES™ (x)) + (Bias[E5™ (x)))

- i VEFR)
=n1F(x)(1—F(x)) —n1p1/2. I
+ 02 (F(x) + S/ ()2 4+ Ox(n™"b) + 0x(82). (13)

In particular, if f(x) - (f(x) + xf'(x)) # 0, the asymptotically optimal choice of b, with respect to
MSE, is

bopt = 12/3 l‘l () + ;f’<x>>2] e Ny

Vaf(x)/vr
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with
MSE(E5™ (x)) = n™'F(x)(1 - F(x))

SOOI L
g e T

Proposition 1 (Mean integrated squared error). Assuming that the target density f = F' satisfies

/Ooo Vxf(x)dx < oo and /Ooo(f(x)_|_%f/(x)>2dx<oo, (16)
then we have
MISE(FGam) — /0 " Var(ESm (x))dx + /0 " (Bias[EGam (x)]) *dx
_ -1 [T - * Vxf(x)
- 1/0. F(x)(1 = F(x))dx — n 1b1/2/0 o
0 [P + 3@ o(n ) o). a7)

In particular, if f(x) - (f(x) + xf'(x)) # 0, the asymptotically optimal choice of b, with respect to
MISE, is

bopt = n~2/3 4 [7(f(x) + 3 f(x))?dx ~2/3 .
opt — fo°° ﬁf(x)/ﬁdx
with
MISE(EGR) = n! [ F()(1 - F()dx
m = | }

+o(n*4/3).

_ 33 l (Jo~ Vf(x)/v/mdx)*
414 [T (F(x) + 3/(x))2dx

Proposition 2 (Asymptotic normality). For any x > 0 such that 0 < F(x) < 1, we have the
following convergence in distribution:

nl/z(ﬁsz‘m(x) - E[f’?m(x)]) 2, N(0,0%(x)), asb—0,n— oo, (20)

where 0?(x) := F(x)(1 — F(x)). In particular, Lemma 1 implies

/2 (ES2™ (x) — F(x)) 5 N(0,02(x)), ifn'/2b 0, (1)
2 (EGEM () — F(x)) 5 N(A- (f(x) + 5/ (%), 2(x)), ifn'/2b— A, (22)

for any constant A > 0.

4. Asymptotic Properties of the c.d.f. Estimator with IGam Kernel

In this section, we find the asymptotic properties of the inverse Gamma (IGam) kernel
estimator defined in (2).

Lemma 2 (Bias and variance). For any given x € (0, c0),

2
Bias(F, ™ (x)] = E[F,§™™ (x)] — F(x) = b+ 7 f'(x) + ox(b), (23)
Var(ﬁﬁam(x)) =n'F(x)(1—F(x)) —n~'p"/2. xf (%) + Oy (n71b). (24)

r
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Corollary 2 (Mean squared error). For any given x € (0,00),

MSE(EIG™™ (x)) = Var(EIG™ (x)) + (Bias[F15™ (x)])?

=n"'F(x)(1—F(x)) —n"'p/2. x{/(;) (25)
4
+12- xz(f’(x))z + O (n71D) + oy (b?).

In particular, if f(x) - f'(x) # 0, the asymptotically optimal choice of b, with respect to MSE, is

452"
Popt = ”_2/3[ O 1 (26)
with
MSE(F, i (x) = n—1F<x)<1 - F(x))
1/3

Proposition 3 (Mean integrated squared error). Assuming that the target density f = F' satisfies

/ xf(x)dx < oo and / '(x))?dx < oo, (28)
then we have
MISE(FIGom) — /0 ~ Var(EIG™ (x))dx + /O " (Bias[FIG™ (x)]) *dx
=n! /Ooo F(x)(1 = F(x))dx —n~'b'/? /0°° xf\/(;)dx (29)

o x4
+b2/0 5 ()2 + o 1B172) + o(B?).

In particular, if [ x*(f'(x))?>dx > 0, the asymptotically optimal choice of b, with respect to

MISE, is s
Ry 4f ))2dx
bopt = 1 [fo _p /fdx (30)
with -
MISE(EIG™) = n~! /O F(x)(1 - F(x))dx
o0 1/3 31
SR vt ol I G S
X

Proposition 4 (Asymptotic normality). For any x > 0 such that 0 < F(x) < 1, we have the
following convergence in distribution:

/2 (BIGam (x) — E[EIG™ (x)]) 25 V(0,0%(x)), asb— 0, 1 — oo, (32)

where 0 (x) := F(x)(1 — F(x)). In particular, Lemma 2 implies

V2 (1™ (x) — F(x)) 25 N(0,6%(x)), ifn/2b — 0, (33)
2B (x) — F(x)) 2 N(A- 250 62(x)), ifn'/%b — A, (34)

for any constant A > 0.
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5. Asymptotic Properties of the c.d.f. Estimator with LN Kernel

In this section, we find the asymptotic properties of the LogNormal (LN) kernel
estimator defined in (3).

Lemma 3 (Bias and variance). For any given x € (0,00),

Bias[FLN (x)] == E[ELY (x)] — F(x) = b- f( F(x) +xf'(x)) + ox(b), (35)
Var(FF) (x)) = n'F(x)(1 = F(x)) —n~'p/2- x{(F) + Oy (n71h). (36)

Corollary 3 (Mean squared error). For any given x € (0,00),

MSE(ELN (x)) = Var(FL(x)) + (Bias[EL) (x)])?

- - xf(x)
n1F(x)(1—F(x)) —n 1})1/2-7 (37)
2
+b2-xz(f(x)+xf’( x))% + Ox(n71b) + 0x(b?).

In particular, if f(x) - (f(x) +xf'(x)) # 0, the asymptotically optimal choice of b, with respect to
MSE, is

22 121 23
bopt = n2/° [4 ; (ff((); /% (x)) ] -
with
MSE(I:“nL}ngt(x)) =n"F(x)(1 - F(x))
n*4/3§ (xf(x)/v/7)* 1/2— ox(n™4/3) )
4142 (f(x) +xf!(x))? ’ '

Proposition 5 (Mean integrated squared error). Assuming that the target density f = F' satisfies

/Oooxf(x)dx<oo and /Oooxz(f(x)—l—xf’(x))zdx<oo, (40)
then we have

MISE(FLN) = / Var(EHN (x))dx + / (Bias[FLN (x)])2dx
5 ,

= n*l/o P(2 x)(1—F(x))dx —n~'p!/2 /O°o x{};)dx (41)
#8271 ()P + o 62) + o(82).

In particular, if f(x) - (f(x) +xf'(x)) # 0, the asymptotically optimal choice of b, with respect to
MISE, is

, 2d —-2/3
R
with -
MISE(ELY ) = n—1/0 F(x)(1 = F(x))dx
1/3 (43)

430 3 (fooo xf x)/\/de)4 o(n=4/3
L . Fo(n43)

A (f(x) + xf!(x))2dx




Mathematics 2021, 9, 2605

8 0of 35

Proposition 6 (Asymptotic normality). For any x > 0 such that 0 < F(x) < 1, we have the
following convergence in distribution:

n2(EIN(x) — E[EEN(x)]) 25 V(0,0%(x)), asb— 0, 1 — oo, (44)
where 0?(x) := F(x)(1 — F(x)). In particular, Lemma 3 implies
nV2(EPN(x) — F(x)) 25 N(0,0%(x)), ifn/2b —0,  (45)
2B () = F(x)) =5 N(A- S(F(x) +xf/(x)), 2 (), ifn/?b— 2, (46)
for any constant A > 0.

6. Asymptotic Properties of the c.d.f. Estimator with IGau Kernel

In this section, we find the asymptotic properties of the inverse Gaussian (IGau) kernel
estimator defined in (4).

Lemma 4 (Bias and variance). For any given x € (0,00),

2
Bias|FJG™ (x)] := E[FI5™ (x)] — F(x) = b- - f/(x) + 0x(b), 47)
~ _ _ X . _
Var(EIG (x)) = n 'P(x)(1 - F(x)) — n~1p"/2 @ [mb V2E[|Ty - Tzl]] (48)
+ Oy (n71b),

where Ty, Ty iid. IGau(x, b~ 'x).
Corollary 4 (Mean squared error). For any given x € (0, 0),

MSE(EI5 (x)) = Var(EIS™ (x)) + (Bias[£15 (x)])?

— U F() (1 F(x)) - pt/2 L) [1im 57 2E(|T - o) 49)
2 Llv—o

1 E (1024 0, (718) + o),

where Ty, T, "% IGau(x,b~'x). The quantity lim,_,o b='/2E[|T; — T»|] needs to be approxi-
mated numerically. In particular, if f(x) [lim, o b~ V2 E[|Ty — To|]] - f'(x) # 0, the asymptoti-
cally optimal choice of b, with respect to MSE, is

4 -2/3
bopt = n2/3[ 45 (f () ] 50)
L8 Yirmy o b=1/2B[|Ty — T]

with
MSE(ﬁﬁi; (x)) =n"'F(x)(1 - F(x))
_ 433 [(f(;) limy o b 2E[|T; — o))"
4
4 4-%(f(x))?

Proposition 7 (Mean integrated squared error). Assuming that the target density f = F' satisfies

1/3

51
+ ox(n_4/3). G

/:of(x) [im b=V2E[|Ty - Ty])dx < oo and /(;w PP (x)2dx <o, (52)
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where Ty, Ty iid. IGau(x, b‘lx), then we have
MISE (F}G) = / Var(F1Gau (x))dx + / (Bias[F)3( )})2dx
—ut [7 H)G—H)Mx
—1b1/2/ fx) 11rnb V2E[|Ty — T2|]}dx (53)

o [ §«f<»%x+ow*w”>+m#»

The quantity lim,_,o b~ Y2 E[|T; — T»|] needs to be approximated numerically. In particular, if
x*(f'(x))2dx > 0, the asymptotically optimal choice of b, with respect to MISE, is

bopt = 11 2/3[ 4[5 % (f/(x)dx ]2/3 "
fo llmb ob 1/2]ET[|T1 Tl
with
MISE(F)G) = n~! /0°° ()1 — F(x))dx
—n—4/32l(fo i hmfbwof 1/2E[|221 Tz}dx)4]1/3 -
E X
+o(n*3).

Proposition 8 (Asymptotic normality). For any x > 0 such that 0 < F(x) < 1, we have the
following convergence in distribution:

n'/2(BIG (x) — E[FIS™ (x)]) 25 N(0,0%(x)), asb— 0, 1 — oo, (56)

where 0?(x) := F(x)(1 — F(x)). In particular, Lemma 4 implies

n/2(BIG (x) — F(x)) -2 N(0,02(x)), ifn'/2b -0, (57)
WAESG ()~ F(x) D NS F,020), P, 69)

for any constant A > 0.

7. Asymptotic Properties of the c.d.f. Estimator with RIG Kernel

In this section, we find the asymptotic properties of the reciprocal inverse Gaussian
(RIG) kernel estimator defined in (5).

Lemma 5 (Bias and variance). For any given x € (0,00),

Bias[Fy (x)] := E[EjG (x)] — F(x) zb-xjf’(XHOx(b), (59)
Var(ERIS (x)) = n 1F(x)(1 — F(x)) —n~1b!/2. f(zx)[hmb V2R[|Ty TZM (60)
+(9x(n*1b),

where Ty, T, "% RIG(x, b~ 1x).



Mathematics 2021, 9, 2605

10 of 35

Corollary 5 (Mean squared error). For any given x € (0,c0),
MSE(FRC (x)) = Var(ENC (x)) + (Bias[FRIC (x)])*
= n ' F(x)(1 - F(x)) —n1p'/2. @ limb " 2E[T - Tofl| o)
F0 AP () + Ouln ) + ox<b2>

where Ty, Ty =" RIG(x~ (1 —b)~1, x~ 1), The quantity limy,_,q b=V 2 E[|Ty — T»|] needs to

be approximated numerically. In particular, if f(x)[lim,_,ob=2E[|Ty — To|]] - f'(x) # 0, the
asymptotically optimal choice of b, with respect to MSE, is

—-2/3

bopt = n~2/3 434 (f ()2 )
" 00 Yimy, o b-1/2E(| Ty — To|
with
MSE(FnRiGt( )) =n"'F(x)(1—F(x))

- _ 1/3

4433 (L5 1imy 0 b 2 [Ty — o))" +ox(n7¥/3). (63)
4 4- x4 (f'(x))?

Proposition 9 (Mean integrated squared error). Assuming that the target density f = F’ satisfies

/wa(x) [lim b2 E[|Ty — o] dx < o and /O°° H(F(x))2dx < oo, (64)

where Ty, T, 'K RIG( 11 —b)"L, x7 b1, then we have
MISE(FRIS (x / Var(FRIS (x))dx + / (Bias[ERS (x)]) 2dx
; ,
=t [TEw —F< ))dx (65)
0

—1b1/2/ f(x) hrnb 1/2E[|T17T2|]}dx

x4
41 /O Z(f’(x))zolx +o(n~1b12) + o(b?).

The quantity lim,_,o b=V 2E[|T; — T»|] needs to be approximated numerically. In particular, if
x*(f'(x))2dx > 0, the asymptotically optimal choice of b, with respect to MISE, is

oo —-2/3
b — ,—2/3 f 1 4 de (66)
P! 119 £ iy g b~ 1/2]E[|T ~Ty[Jdx

0 2 b—0 1 2

with
MISE(ERS (1)) = 5! /Ooo F(x)(1 - F(x))dx

Vlb pt
) 1/3
—4/3 [(fo f(x) hmhaob 1/2]E[|T1 T2|]dx)4] (67)
).

3
L 47 1 ()2

+ 0(71*4/3



Mathematics 2021, 9, 2605

11 of 35

Proposition 10 (Asymptotic normality). For any x > 0 such that 0 < F(x) < 1, we have the
following convergence in distribution:

/2 (ERIG (x) — E[EIG (x)]) =5 N(0,0%(x)), asb — 0, n — oo, (68)

where 0?(x) := F(x)(1 — F(x)). In particular, Lemma 5 implies

/2 (ERIG (x) — F(x)) 25 N(0,02(x)), ifn/2b — 0, (69)
WAERS ()~ F(x) D> N(A- (0,02 0), b, (0)

for any constant A > 0.

8. Numerical Study

As in [41], we generated M = 1000 samples of size n = 256 and n = 1000 from eight
target distributions:

1. Burr (1,3,1), with the following parametrization for the density function:

k

AR =G T 1+ ()T om0, Aek>0 D

2. Gamma (0.6,2), with the following parametrization for the density function:

a—1 xp(— %
folxa,0) = gttt gy (x), .0 > 0; 72)

3.  Gamma (4,2), with the following parametrization for the density function:

xlx—l

fa(x|a,0):= #ﬂ(om) (x), «,0>0; (73)

4.  GeneralizedPareto (0.4,1,0), with the following parametrization for the density function:

f4(x | C,U’,"IJ) = %[1 +€(x;]/l)]_%_1]1(y,oo)(x)r C,O' >0, pe R; (74)

5. HalfNormal (1), with the following parametrization for the density function:

filx]0) =/ Zrexp (= ) 1) (x), >0 (75)

6. LogNormal (0,0.75), with the following parametrization for the density function:

ogXxX— 2
fo(x|p,0) = x\/2172 exp (— (lng”))]l(Oroo)(x), HeR, o >0; (76)

Tto

7. Weibull (1.5,1.5), with the following parametrization for the density function:

frx LK) =5 () exp (= (1)) 1) (x), Ak >0; 77)

8. Weibull (3,2), with the following parametrization for the density function:

folx A0 =5 (5) T exp (= (1)) 10 (x), Ak >0. (78)
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For each of the eight target distributions (i = 1,2, ..., 8), each of the ten estimators
(j=1,2,...,10), each sample size (n = 256,1000), and each sample (k = 1,2,..., M), we
calculated the integrated squared errors

1SE(D, = [ (B (1) — Fi(x)ax, 79)

where

N

1(k denotes the estimator £G3™ from (1) applied to the k-th sample;

n 1,bopt

kn denotes the estimator FiGbant‘

él; denotes the estimator FLI;L from (3) applied to the k-th sample;

(k FiGa ; ,
4, denotes the estimator £ 72" from (4) applied to the k-th sample;

)
)
5(]; denotes the estimator FRE from (5) applied to the k-th sample;
)
)

N

152( from (2) applied to the k-th sample;

=L =2

>

(k
6,n

N

denotes the estimator F, B S from (6) applied to the k-th sample;

7(]; denotes the estimator FW . from (7) applied to the k-th sample;

N o g ok » o=

N

(for F , to F7( s Dopt is optimal with respect to the MISE (see (18), (30), (42), (54) and (66))

and approx1mated under the assumption that the target distribution is Gamma (zxgl , GAy(Zk) )

where ﬁc,(f) and é,(j‘) are the maximum likelihood estimates for the k-th sample) and

8. ﬁé")( ):i=L1yu  Fpa(*
3

e Epa(u):=(§+3%-1%). L(_1,1)(#) + 1[3,00) (1) denotes the c.d.f. of the Epanech-
nikov kernel;

®  brno is selected by minimizing the Leave-None-Out criterion from page 197
in [61];

Py .1 o x—x¥ .
9.k, (x) =3I, {Epa( bcv )]l[bcv,oo)(x) + Epa(—* )H(O,hcv)(x)} is the bound-

ary modified kernel estimator from Example 2.3 in [57], where

e Epa(u):= (3+3 - ”ZB) 1 (_11)(#) + 1} ) (1) denotes the c.d.f. of the Epanech-
nikov kernel;

®  bcy is selected by minimizing the Cross-Validation criterion from page 180 in
[57];

10. ﬁl(g/)n (x) := % Y/, 1 xW<x) is the empirical c.d.f. applied to the k-th sample.

(k )
bLN ), where

Everywhere in our R code, we approximated the integrals on (0, o) using the integral
function from the R package pracma (the base function integrate had serious precision
issues). Table 1 below shows the mean and standard deviation of the ISE’s, i.e.,

r
M |

I Mg

1 M
SEf’;)n and J e (IsEf])n 1 Z ISE{" 31) , (80)
for the eight target distributions (i = 1,2, ..., 8), the ten estimators (j = 1,2,...,10) and
the two sample sizes (n = 256,1000). All the values presented in the table have been
multiplied by 10*. In Table 2, we computed, for each target distribution and each sample
size, the difference between the ISE means and the lowest ISE mean for the corresponding
target distribution and sample size (i.e., the ISE means minus the ISE mean of the best
estimator on the corresponding line). The totals of those differences are also calculated
for each sample size on the two “total” lines. Figure 1 gives a better idea of the target
distribution of ISE’s by displaying the boxplot of the ISE’s for every target distribution and
every estimator, when the sample size is n = 1000. Finally, Figures 2-9 (one figure for each
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of the eight target distributions) show a collection of ten c.d.f. estimates from each of the
ten estimators when the sample size is 256.
Here are the results, which we discuss briefly in Section 9:

0.0030 —
0.0025 — ;
0.0020 — : ; . . ; : E
y s
70.0015 — A{ E i
0.0010 — i 1 ‘E'
EEEEEEEEEE
00000 4 A 4 = 4 L L 4 L
Gam IGam LN IGau RIG B-S W OK BK EDF
(a)
0.015 — : : ; ;
gcl.olo B é ; E E g é % § g é
3 H i
I i [
0.005 —
.| BEE550855E
G;m IG‘am L‘N IG‘au R\‘G BLS v‘v C;K B‘K EI;F
(0)
0.0025 — f
0.0020 — 8 o . ° 5
: % H § H § : :
190015 . E g N E .
S A
0.0010 i 1 L i i l i l i i
0.0005 —
HEHEEEEERS
00000 4 - — - = T - = 4 /=
Gam G;\m N G R\‘G B-S w C)‘K BK Dl
(e)
0.004 — g . 2
: T
0.003 — . .
e 8 8 s H 8
u 3 S
20.002 H : § 5 5 g ; E
ittt
0.001 —
.| BEEESEE88E88S

Figure 1. Boxplots of the ISEgl;)”, k=1,2,...

T T T T T T T T T
Gam IGam LN IGau RIG B-S W OK BK EDF

(8)

ISE

w
@

ISE

ISE

0.006 —

0.004 —

0.002 —

0.000 o

T T T T
RIG B-S W OK BK EDF

(b)

Gam IGam LN IGa

0.008 —

0.006 —

0.004 —

0.002 o

0.000 o

iliiiliiii
EEEEEEEEEE

Gam IGam LN IGau RIG B-S W OK BK EDF

(d)

0.003 o

0.002 —

0.001 —

0.000 —

0.008 —

0.006 —

0.004 —

0.002 o

0.000 —

iiiii | i il
EEEEEEEEEE

Gam IGam LN IGau RIG B-S W OK BK EDF

(h)

, M, for the eight target distributions and the ten estimators, when the sample

size is n = 1000. (a) Burr(1,3,1). (b) Gamma(0.6,2). (c) Gamma(4,2). (d) GeneralizedPareto(0.4,1,0). (e) HalfNormal(1).

(f) LogNormal(0,0.75). (g) Weibull(1.5,1.5). (h) Weibull(3, 2).
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Table 1. The mean and standard deviation of the ISE@

ijn’

k=1,2,...,M, for the eight target distributions (i = 1,2, ..., 8), the ten estimators (j = 1,2,...,10) and the two sample sizes

(n = 256,1000). All the values presented in the table have been multiplied by 10*. The ordinary kernel estimator Fg is denoted by OK, the boundary kernel estimator Fy is denoted by BK,

and the empirical c.d.f. Fjj is denoted by EDF. For each line in the table, the lowest ISE means are highlighted in cyan.

x107% i  Gam(i=1) IGam (i = 2) ING=3) IGau(i=4) RIGGE=5 B-S(i=26) W(3E=7 OK(@=8 BK(@{E=9)  EDF(=10)
n j Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. Mean Std.
256 1 139 1.27 1.37 1.34 131 126 137 132 137 132 131 126 137 132 154 143 147 134 1.54 1.44
2 259 2.36 2.50 2.53 236 242 249 246 249 247 236 242 250 251 276 244 267 257 276 245

3 670 6.28 6.77 6.58 6.62 628 669 645 669 645 662 628 674 654 744 701 670 639 744  7.00

4 374 3.14 3.60 3.27 336 315 361 320 361 321 336 314 360 326 396 324 380 327 397 324

5 114 1.10 1.18 1.13 118 107 117 113 117 113 118 107 117 112 126 119 110 1.14 1.26 1.19

6 193 1.83 1.91 1.89 181 180 191 187 191 187 181 180 191 1.8 213 194 205 193 213 195

7 175 1.82 1.77 1.99 168 18 176 19 176 196 168 183 176 195 195 193 173 204 195 192

8 269 2.71 2.75 2.78 281 266 267 271 267 271 281 266 275 275 3.02 28 256 259 303 288

1000 1 040 0.36 0.39 0.36 038 035 039 03 039 036 038 035 039 036 043 039 041 036 043 039
2 072 0.70 0.70 0.69 067 067 070 069 070 0.69 067 067 070 069 075 071 073 0.72 0.75 0.71

3 201 2.09 2.05 2.22 202 216 204 215 204 215 202 216 205 220 223 229 199 209 223 230

4 099 0.79 0.97 0.82 093 080 097 081 097 081 093 08 097 08 103 082 100 082 103 083

5 031 0.31 0.31 0.31 031 030 031 031 031 031 031 030 031 031 033 032 030 032 033 032

6 047 0.43 047 0.43 046 042 047 043 047 043 046 042 047 043 050 045 049 043 0.50 0.45

7 046 0.46 0.46 0.48 044 045 046 048 046 048 044 045 046 048 049 050 046 048 049 050

8 072 0.74 0.74 0.75 075 074 073 075 073 075 075 074 074 075 078 08 070 072 078 081
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Table 2. For each of the eight target distributions (i = 1,2,...,8) and each of the two sample sizes (n = 256, 1000), a cell represents the mean of the ISEEI;)H, k=1,2,...,M, minus the
lowest ISE mean for that line (i.e., minus the ISE mean of the best estimator for that specific target distribution and sample size). For each estimator (j = 1,2,...,10) and each sample size,

the total of those differences to the best ISE means is calculated on the line called “total”. For each sample size, the lowest totals are highlighted in cyan.

x107* i Gam(i=1) IGam(i=2) LN (i = 3) IGau(i=4) RIG (@G =05) B-S(i =6) W(GE =7 OK (i = 8) BK (i =9) EDF (i = 10)
n j Diff. with Diff. with Diff. with Diff. with Diff. with Diff. with Diff. with Diff. with Diff. with Diff. with
Lowest Lowest Lowest Lowest Lowest Lowest Lowest Lowest Lowest Lowest
Mean Mean Mean Mean Mean Mean Mean Mean Mean Mean
256 1 0.08 0.06 0.00 0.06 0.06 0.00 0.06 0.23 0.16 0.23
2 0.23 0.14 0.00 0.14 0.13 0.00 0.14 0.40 0.32 0.40
3 0.08 0.15 0.01 0.08 0.07 0.00 0.12 0.82 0.09 0.82
4 0.38 0.24 0.00 0.25 0.24 0.00 0.23 0.60 0.43 0.60
5 0.05 0.08 0.09 0.07 0.07 0.08 0.08 0.16 0.00 0.17
6 0.12 0.10 0.00 0.10 0.10 0.00 0.10 0.32 0.24 0.32
7 0.07 0.10 0.00 0.09 0.09 0.00 0.08 0.27 0.05 0.27
8 0.13 0.19 0.25 0.11 0.11 0.25 0.19 0.46 0.00 0.46
total 1.14 1.07 0.35 0.89 0.88 0.34 0.99 3.26 1.29 3.28
1000 1 0.02 0.01 0.00 0.01 0.01 0.00 0.01 0.05 0.03 0.05
2 0.04 0.02 0.00 0.02 0.02 0.00 0.02 0.07 0.06 0.08
3 0.02 0.06 0.03 0.05 0.05 0.03 0.06 0.24 0.00 0.24
4 0.06 0.04 0.00 0.04 0.04 0.00 0.04 0.10 0.07 0.10
5 0.01 0.02 0.02 0.01 0.01 0.02 0.02 0.03 0.00 0.03
6 0.02 0.02 0.00 0.02 0.02 0.00 0.02 0.04 0.04 0.04
7 0.01 0.02 0.00 0.02 0.02 0.00 0.02 0.05 0.02 0.05
8 0.02 0.04 0.05 0.03 0.03 0.05 0.04 0.08 0.00 0.08
total 0.20 0.23 0.10 0.20 0.20 0.10 0.24 0.66 0.22 0.68
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Density of Burr(1,3,1)

| | | | T | | | |
0 1 2 3 4 0 1 2 3 4
Figure 2. The Burr (1,3, 1) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere else.
Each plot has ten estimates in blue for the Burr (1,3,1) c.d.f. using one of the ten estimators (the name of the corresponding
kernel is indicated above each graph) and n = 256.
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Density of Gamma(0.6,2)

14 1
12 1
1.0 1
0.8
0.6
0.4
0.2
0.0

1 1 1 T T T ~— T T T T T T 1
o 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 3. The Gamma (0.6,2) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere

else. Each plot has ten estimates in blue for the Gamma (0.6,2) c.d.f. using one of the ten estimators (the name of the
corresponding kernel is indicated above each graph) and n = 256.
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Density of Gamma(4,2) Gam IGam

I I
0 5 10 15 20 0 5 10 15 20
Figure 4. The Gamma (4, 2) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere else.

Each plot has ten estimates in blue for the Gamma (4, 2) c.d.f. using one of the ten estimators (the name of the corresponding
kernel is indicated above each graph) and n = 256.
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Density of GenPareto(0.4,1,0)

0.8 1
0.6
0.4

0.2

0.0

I I I I I I r I I I I I I I
01 2 3 4 5 6 01 2 3 4 5 6
Figure 5. The GeneralizedPareto (0.4,1,0) density function appears on the top-left, and the target c.d.f. is depicted in red

everywhere else. Each plot has ten estimates in blue for the GeneralizedPareto (0.4, 1,0) c.d.f. using one of the ten estimators
(the name of the corresponding kernel is indicated above each graph) and n = 256.
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Density of HalfNormal(1)

| | | | T | | | |
0 1 2 3 4 0 1 2 3 4
Figure 6. The HalfNormal (1) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere

else. Each plot has ten estimates in blue for the HalfNormal (1) c.d.f. using one of the ten estimators (the name of the
corresponding kernel is indicated above each graph) and n = 256.
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Density of LogNormal(0,0.75)

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

1T T T 1
o 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 7. The LogNormal (0, 0.75) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere

else. Each plot has ten estimates in blue for the LogNormal (0,0.75) c.d.f. using one of the ten estimators (the name of the
corresponding kernel is indicated above each graph) and n = 256.
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Density of Weibull(1.5,1.5) Gam IGam

1T 1
o 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 8. The Weibull (1.5,1.5) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere

else. Each plot has ten estimates in blue for the Weibull (1.5,1.5) c.d.f. using one of the ten estimators (the name of the
corresponding kernel is indicated above each graph) and n = 256.
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Density of Weibull(3,2) Gam IGam

IIIIIII'I4IIIIII
o 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 9. The Weibull (3,2) density function appears on the top-left, and the target c.d.f. is depicted in red everywhere else.

Each plot has ten estimates in blue for the Weibull (3,2) c.d.f. using one of the ten estimators (the name of the corresponding
kernel is indicated above each graph) and n = 256.
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9. Discussion of the Simulation Results

In Table 1, the mean and standard deviation of the ISEE,I;?H, k=1,2,...,M, are dis-
played for the eight target distributions (i = 1,2,.. ., 8), the ten estimators (jf = 1,2, ...,10)
and the two sample sizes (n = 256,1000). All the values presented in the table have been
multiplied by 10%. For each line in the table (i.e., for each target distribution and each
sample size), the lowest ISE means are highlighted in cyan. We see that the LogNormal (LN)
and Birnbaum-Saunders (B-S) kernel c.d.f. estimators performed the best (had the lowest
ISE means) for the majority of the target distributions considered (for j = 1,2,3,4,6,7
when n = 256, and for j = 1,2,4,6,7 when n = 1000). They also always did so in pair,
with the same ISE mean up to the second decimal. For the remaining cases, the boundary
kernel c.d.f. estimator (BK) from Tenreiro [57] had the lowest ISE means. As expected, the
ordinary kernel c.d.f. estimator and the empirical c.d.f. performed the worst. The standard
deviations are fairly stable across all estimators for any given target distribution and sample
size (this can also be seen in Figure 1), so our analysis focuses on the ISE means. In [41],
the authors reported that the empirical c.d.f. performed better than the BK estimator, but
this has to be a programming error (especially since the bandwidth was optimized with a
plug-in method). Overall, our means and standard deviations in Table 1 seem to be lower
than the ones reported in [41] at least in part because we used a more precise option (the
pracma: :integral function in R) to approximate the integrals involved in the bandwidth
selection procedures and the computation of the ISE’s. In all cases, the asymmetric kernel
estimators were at least competitive with the BK estimator in Table 1. To give an idea of
the shape of the eight target distributions and the corresponding estimates for each of the
ten estimators, we plotted the eight target c.d.f.s and ten estimates for each estimator (one
figure for each of the eight target distributions, ten graphs per figure for the ten estimators,
and ten estimates per graph) in Figures 2-9 when the sample size is n = 256.

In Table 2, for each of the eight target distributions (i = 1,2,...,8) and each of the

two sample sizes (n = 256,1000), a cell represents the mean of the ISES,];,)W k=1,2,...,M,
minus the lowest ISE mean for that line (i.e., minus the ISE mean of the best estimator for
that specific target distribution and sample size). For each estimator (j = 1,2,...,10) and
each sample size, the total of those differences to the best ISE means is calculated on the line
called “total”. For each sample size, the lowest totals are highlighted in cyan. We see that
Table 2 paints a nice picture of the asymmetric kernel c.d.f. estimators’ performance. Indeed,
it shows that for each sample size (n = 256, 1000), the total of the differences to the best
ISE means is significantly lower for the LogNormal (LN) and Birnbaum-Saunders (B-S)
kernel c.d.f. estimators compared to all the other alternatives. For instance, the boundary
kernel (BK) c.d.f. estimator would have been the go-to method in the past, but our results
show that the total (over the eight target distributions) of the ISE mean differences to the
best ISE means is more than three times lower for the LN and B-S kernel c.d.f. estimators
compared to the BK c.d.f. estimator when n = 256, and similarly, it is more than two times
lower for the LN and B-S kernel c.d.f. estimators compared to the BK c.d.f. estimator when
n = 1000. Even if we put aside the best asymmetric kernel c.d.f. estimators, the totals of
the ISE mean differences to the best ISE means for all the other asymmetric kernel c.d.f.
estimators are also lower than for the BK c.d.f. estimator when n = 256, and they are in
the same range (or better in the case of LN and B-S) when n = 1000. This means that all
the asymmetric kernel estimators are overall better alternatives (or at least always remain
competitive) compared to the BK estimator, although the advantage seems to dissipate
(except for LN and B-S) when # increases.

10. Conclusions

In this paper, we considered five new asymmetric kernel c.d.f. estimators, namely
the Gamma (Gam), inverse Gamma (IGam), LogNormal (LN), inverse Gaussian (IGau)
and reciprocal inverse Gaussian (RIG) kernel c.d.f. estimators. We proved the asymptotic
normality of these estimators and we also found asymptotic expressions for their bias,
variance, mean squared error and mean integrated squared error. The expressions for
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the optimal bandwidth under the mean integrated squared error were used in each case
to implement a bandwidth selection procedure in our simulation study. With the same
experimental design as Mombeni et al. [41] (but with an improved approximation of the
integrals involved in the bandwidth selection procedures and the computation of the ISE’s),
our results show that the LogNormal and Birnbaum-Saunders kernel c.d.f. estimators
perform the best overall. The results also show that all seven asymmetric kernel c.d.f.
estimators are better in some cases and always at least competitive against the boundary
kernel alternative presented by Tenreiro [57]. In that sense, all seven asymmetric kernel
c.d.f. estimators are safe to use in place of more traditional methods. We recommend using
the LogNormal and Birnbaum-Saunders kernel c.d.f. estimators in the future.
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Appendix A. Proof of the Results for the Gam Kernel

Proof of Lemma 1. If T denotes a random variable with the density
t“71 eft /0

) with (,0) = (b~ 'x +1,b), (A1)

kGam(t | &, 9) =

then integration by parts yields
E[FSi™ (x)] - F(x) = E[F(T)] - F(x)
= F() E[T — 2] + 2 (1) BUT ~ 0] + ox(E[(T—x)})  (A2)
= )bt o f(x) b2+ 3) + 0u(0)

= b (f(x) + 5f/(x)) + 0 (b).

Now, we want to compute the expression for the variance. Let S be a random variable
with density t — 2kGam (t | b~ 1x +1,b)KGam (t | b~ x + 1,b) and note that min{Ty, T, } has
that particular distribution if Ty, T, ~ Gam(b~!x + 1,b) are independent. Then, integration
by parts and Corollary Al yield, for any given x € (0,00),
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E[KGam (X1, b~ x +1,b)] = E[F(S)]
F(x) + £(x) B[S — 3] + O (B[(S — 1))
FO)+£0) [\ 2+ 0] + 0:6) (AY

_ Vxf(x)
= F(x) — b1/2. S HOu),

so that
Var(Fa™(x)) = nilE[KGam(Xl,b x+1,b)] —n N (E[EG™ (x )2

=n"'F(x)(1—F(x)) —n"'p"/2. */fff( x) + Oy (n71b). (A4)

This ends the proof. O

Proof of Proposition 1. Note that FSam (x) — E[FCam(x)] = 1y | 7, where
Zip = Keam(Xi |b'x +1,b) — E[Kgam(X; | b7 'x+1,b)], 1<i<mn, (A5

are ii.d. and centered random variables. It suffices to show the following Lindeberg
condition for double arrays (see, e.g., Section 1.9.3 in [62]): for every & > 0,

Sljz E[Z%,b]l{\zl,bbsnl/zsh}] — 0, asn— oo, (A6)

where s7 := E[Zfb] and b = b(n) — 0. This follows from the fact that |Z; ;| < 2 for all
b>0,and s, = (nVar(F2m))1/2 — F(x)(1 — F(x)) as n — coby Lemma 1. [

Appendix B. Proof of the Results for the IGam Kernel

Proof of Lemma 2. If T denotes a random variable with the density

t*{!*lefl/(te)

- _ (-1 -1
T with (a,0) = (b~ +1,x D), (A7)

kIGam(t | &, 9) =

then integration by parts yields (assuming 0 < b < 1/2)
E[F,5™ (x)] — F(x) = E[F(T)] - F(x)

INﬂEﬁ*ﬂ+¥W%HU*@WHMMU*@m (A8)
bx?

= )0+ () 7+ onlD)
=02 + oull).

Now, we want to compute the expression for the variance. Let S be a random
variable with density t — 2kigam (t | 6" + 1, x 1) Kigam (t | b1 + 1, x71b) and note that
min{Ty, T>} has that particular distribution if Ty, T ~ IGam(b~! + 1, x~!b) are indepen-
dent. Then, integration by parts and Corollary A2, for any given x € (0, c0),
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E [Kigam (X1,b7" +1,2716)] = E[F(S)]
= F(x) + f(x) - E[S — x] + O« (E[(S — x)°]) (A9)
= F(x) + f(x) - [~ 2y/— + Ox(b)] + Ox(b)
= F(x) —b'/2. x{g) + Ox(b),

so that
Var(FIG™(x)) = n7'E [Kigam (X1, 67" + 1,x7'0)] — n ™" (B[FIG™(x)])?
=n"'F(x)(1—F(x)) —n"'p/2. xf\/(f) + Oy (n71p). (A10)
T
This ends the proof. O
Proof of Proposition 3. Note that ﬁﬁam(x) - E[I%Gbam(x)] =1y" .7 where

Zip = Kigam(Xi [b7' + 1,x7'b) = E[Kigam (X; [ b1+ Lx7'D)], 1<i<n, (All)

are ii.d. and centered random variables. It suffices to show the following Lindeberg
condition for double arrays (see, e.g., Section 1.9.3 in [62]): for every & > 0,

sy E[Z3 4117,/ sent/25,)) — 0, asn — oo, (A12)

where s? := E[Z%,b] and b = b(n) — 0. This follows from the fact that |Z; ;| < 2 for all
b>0,and s, = (TlValr(lf"rlﬁam))1/2 — F(x)(1—F(x)) asn — coby Lemma 2. [

Appendix C. Proof of the Results for the LN Kernel

Proof of Lemma 3. If T denotes a random variable with the density

_ 1 (logt — p)? , _
kin(t|p,0) = T exp ( = with (u,0) = (logx, Vb), (A13)

then integration by parts yields
E[£;} (x)] — F(x) = E[F(T)] — F(x)
= f()EIT x4 f(x) - E[(T — 2] + oe(E(T —x)])  (A14)

F(x) - 222" — 2P72 + 1) + oy (b)

Now, we want to compute the expression for the variance. Let S be a random variable
with density t + 2kpn(t| log x, vVb)Kin(t | log x, v/b) and note that min{T;, T} has that
particular distribution if Ty, T» ~ LN(log x,v/b) are independent. Then, integration by
parts and Corollary A3 yield, for any given x € (0, ),
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E[Kin (X, logx, Vb)] = E[F(S)]
F(x) + f(x) - E[S — x] + O« (E[(S — x)?]) (A15)
F(x) + f(x) - [bY/2- ﬁ + Ox(b)] + O« (b)

_ xf(x)
= F(x) — b1/2 . 7 + Ox(b)/

so that

Var(EWN(x)) = n'E [Kin (X1, log x, VD)] — n (E[EN (x)])?

=n'F(x)(1 - F(x)) —n"'p"2. xf/(;) + Ox(n'b). (A16)

This ends the proof. O
Proof of Proposition 5. Note that FLN(x) — E[FIN(x)] = 1y | Z;,, where

Zip = Kin(Xi | logx, Vb) — E[Kin(Xi | logx, Vb)], 1<i<n, (A17)

are ii.d. and centered random variables. It suffices to show the following Lindeberg
condition for double arrays (see, e.g., Section 1.9.3 in [62]): for every € > 0,

5y E[Z3,117, ,jsent2s,)) — 0, asn — oo, (A18)

where s? := E[Z%,b] and b = b(n) — 0. This follows from the fact that |Z; ;| < 2 for all
b>0,ands, = (nVar(ﬁrE’Ib\]))l/z — F(x)(1 —F(x)) asn — coby Lemma 3. O

Appendix D. Proof of the Results for the IGau Kernel

Proof of Lemma 4. If T denotes a random variable with the density

k PR =2 ith (1, A) = (x,b~1 A19
1Gau(t |1, A) = 273 exp 22t , with (u,A) = (x, x), ( )

then integration by parts yields

E[F3(x)] = F(x) = E[F(T)] - F(x)

1

= f(x) - E[T = x] + 5 f'(x) - E[(T — x)?] + 0 (E[(T — x)]) ~ (A20)
1
= f(.X') -0 + Ef/(X) . xzb + Ox(b)
x2

=b- 7f’(x) + 0x(b).
Now, we want to compute the expression for the variance. Let S be a random variable
with density t — 2kigau (] %, b7 1%)Kigau(t | x,b7'x) and note that min{T;, T,}, which
can also be written as %(Tl + 1) — %|Tl — T|, has that particular distribution if Ty, T, ~

IGau(x,b~'x) are independent. Then, integration by parts together with the fact that
E[T;] = E[T,] = x yield, for any given x € (0,0),
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E[Kigau(X1,%,b71x)] = E[F(S)]

= F() + f(x)-{ ~ 3BT ~ T} } + Ox(0)
= F(x) 572 L i b 2Ty - T 4 Oue), (a2

so that
. _ 2 _ _ A 2
Var(FIS (x)) = 1~ E [Rigau (X1, %, b71x)] — n ™) (E[EI™ (x)))
=n"F(x)(1 - F(x))
VA )[hmb 2Ry T2|]} + Oy (n71b). (A22)
This ends the proof. O
Proof of Proposition 7. Note that FI5* (x) — E[F}5™ (x)] = } Y1 Z;p, where
Zip = Kigau(Xi | x,071%) = E[Kigau(Xi [ x,b7x)], 1 <i<n, (A23)

are ii.d. and centered random variables. It suffices to show the following Lindeberg
condition for double arrays (see, e.g., Section 1.9.3 in [62]): for every & > 0,

sy E[ZT 4117, /sem/2g,)) — 0, asn — oo, (A24)

where s? := E[Zib] and b = b(n) — 0. This follows from the fact that |Z; ;| < 2 for all
b>0,and s, = (nVar(l:“rIl,CZau))1/2 — F(x)(1 —F(x)) asn — coby Lemma 4. [

Appendix E. Proof of the Results for the RIG Kernel

Proof of Lemma 5. If T denotes a random variable with the density

_ 2
kric (£ 1, A) = v/ 2 exp< A“z;;? ) with (1,A) = (x"1(1—=b)"L,x"1p71), (A25)

then integration by parts yields

= () BIT ~ 2] + 2 () E[(T — 0] + ox(E[(T - v)%))  (A26)
= () -0+ 3 () - ¥°b(1 +b) + ox(b)
= b 22 (x) +0u(0).

Now, we want to compute the expression for the variance. Let S be a random variable

with density t + 2kgig(t|x~1(1 —b) 7, x b~ Krig(t| x~ (1 —b)~1,x71p~1) and note
that min{ T}, T, }, which can also be wrltten as 5 (Tl + T») — 3|T1 — T»|, has that particular
distribution if Ty, T ~ RIG(x~ (1 — b)~! _1b 1) are 1ndependent Then, integration by

parts together with the fact that E[T;] = E[Tz] = x yield, for any given x € (0, ),
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E[Krig (X1, 11— b) "L, x~167)] = E[F(S)]
= F(x) + f(x) - E[S — 2] + Ox (E[(S — x)?))
F()+f(0)-{ — 3BT~ T} } + 0:(0)
— F(x) — b'/2. f(zx)[hmb 12E(|Ty T2|]]+0x(b), (A27)

so that
Var(ENG(x)) = n "E[Kag (X1, x (1= b) 7L, 271071 — n Y (B[ERS (2)])°
=n"'F(x)(1 - F(x))
1l f(x) Ll]lmb 2g[|T, — T2|]} + O (n D). (A28)

This ends the proof. O

Proof of Proposition 9. Note that FRIC (x) — JE[FRIG (x)]=1y", 7, where

Zip = Kpia(Xi [ x (1 =), 270 7)

7 (A29)
—EKpig(Xi [x (1 =b)"Lx7 b)), 1<i<n,

are ii.d. and centered random variables. It suffices to show the following Lindeberg
condition for double arrays (see, e.g., Section 1.9.3 in [62]): for every € > 0,

sy E[ZT 12, sem/2g,)) — 0, asn — oo, (A30)

where s? := E[Z%b] and b = b(n) — 0. This follows from the fact that |Z; ;| < 2 for all
b>0,and s, = (nVar(FN©))1/2 — F(x)(1 — F(x)) as n — coby Lemma 5. [J

Appendix F. Technical Lemmas

The lemma below computes the first two moments for the minimum of two i.i.d.
random variables with a Gamma distribution. The proof is a slight generalization of the
answer provided by Felix Marin in the following MathStackExchange post (https://math.
stackexchange.com/questions /3910094 /how-to-compute-this-double-integral-involving-
the-gamma-function) (accessed on 15 September 2021).

Lemma A1 Let X, Y ¢ "Gammal(a, 0), then

OT(atj) 0 T(a+j—1/2)
MW Ve @

where I' () := f0°° t*=le~tdt denotes the gamma function. In particular, for all x € R,

E[(min{X, Y})]] = je{L2), (A3

E[(min{X, Y} — x)] = 6 — \fE . W _x, (A32)
. 20> T(a+3/2)
E[(min{X,Y} — x)?] = 0®a(a +1) — i T
_oyleg— O T2 e (A33)

Vr T
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Proof. Assume throughout the proof that j € {1,2}. By the simple change of variables
(u,v) = (x/6,y/6), we have

e~ (xty)/6
i (xey)* B
E[(min{X, Y})/] —2/ / Yy 920‘1_2( ] 119,00y (x — y)dxdy

r2 / / Syt le v (u—v)dudo.  (A34)

By the integral representation of the Heaviside function

R T 1 e 1 ixT

the above is

29] 1 © 1 0 . 0 . .
= — 1 - a—1 7(171'{)1/{ / a+j—1 *(1+1T)U
T2(a) es0+ zm/ /0 b du j o dodt

—o0 T — i€
= (1—it)~*T(«) = (14+i7) "I (a+j)
j o0 2\ —w i\ —]
291"(1x+]) 1mi/ (14 19) ('1—|-1T) dr
© T(a)  eso+ 2mi T —ie
i (14+72)~*(1+it)
_ 20T (a+j) [ PV L 7, D] dz , (A36)
C T(a) +2m 2.+ 721 +it) 7 - iné(T)dT

where 6 denotes the Dirac delta function. The second term in the last brace is 1/2 and the
principal value is

:1/“(1+T2)“[ r 1 }dr

27t Jo T (I+it)y (1—it)
_ /" 2y—a—j
=-L /0 (14 72)*idr, (A37)

where we crucially used the fact that j € {1,2} to obtain the last equality. Putting all the
work back in (A36), we obtain

E[(min{X, Y})/] = Fi‘;;”{ j/°°(1+rz)“fdr+;}

7T Jo

20T (a + ) 1/2-1 a—j 1
“ T Tw U / t (1+6)~*Jdt+ = 5 (A38)
The remaining integral can be evaluated using Ramanujan’s master theorem. Indeed,

note that
i & (ma—\ g & (atjrk—1 "
L = —

(1+1) k;) < ) )t k;) ( ) (—t)

R S Gl . Tlatj+z)
= ;)cp(k) o with ¢(z) := Tat)) (A39)

Therefore,

VET(tj=1/2)

T(a+j) (A40)

/Ooo 27114 1)~ TdE =T(1/2)p(—1/2) =
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By putting this result in (A38), we obtain

E[(min{X, Y})]] = err(ﬁﬁ i _ 3/9% JMatj—1/2) *r](a) 1/2) (A41)

This ends the proof. O

Corollary Al. Let X, Y LR Gamma (b~'x +1,b) for some x,b € (0,00), then

E[(min{X, Y} —x)] = b(% + 1) - \% ' W -
E o, e

N . 2 (X
E[(min{X,Y} —x)?] = bz(g + 1) (E +2) B \Z/bE ' w

Zx[x \/b;+b+(’)x(b3/2)} +x2
= bx + O, (b*/?). (A43)

The lemma below computes the first two moments for the minimum of two ii.d.
random variables with an inverse Gamma distribution.

Lemma A2. Let X, Y Eid- InverseGamma («, 0) and assume « > 2, then

9_jlf(<i> h- ]35] = %éf) V2 jena),

where ® denotes the c.d.f. of the standard normal distribution. In particular, for all x € R,

E[(min{X,Y})/] =

E[(min{X, Y} — x)] = 70697 : [1 _ \/1% - r(r(;)/z)] _x, (A45)
. B 62 2 T(a—1/2)
Bl(min{X,Y) =) = =g [ e T
o1 1 T(x—1/2)
—2xa_1{1—ﬁ-r(w)}+x2. (A46)

Proof. Assume throughout the proof that j € {1,2}. By the simple change of variables
(u,0) = (x~1/6,y~1/6) and the reparametrization & := a — j > 0, we have

. , 0 oo (xy) e lem (¥ Ty /0
E[(mm{X, Y})]] = 2/0 /O y] 92’)61_‘2(“) ]l[O,oo) (x - ]/)dxdy
—j o oo .
_ 1329(06) /0 /0 1t —j—1,-0 ]l[o,oo) (U — u)dudU
B E o0 oo uE+]'*137”z)E7167U 1 (U — u)dudz) (A47)
CT2(a) Jo Jo (0) .

We already evaluated this double integral in the proof of Lemma A1 (with « instead
of ). The above is

:rzfm’).r("’z)[r(a+j)—2\%~r<’&+j—1/2> - (A49)

This ends the proof. O
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Corollary A2. Let X, Y iid " InverseGamma (b~! + 1,x7'b) for some x € (0,00) and b €
(0,1), then

1
E[(min{X, Y} - x)] = - = . L +1/2)

Ja T T+1)
——n/ Lo, (A49)
. 2 o 1 2x2T(b1+1/2)] 1
E[(min{X,Y} — x)7] = x {1—17_1} T T+ 1) [1—b_1}
b+ 0, (12), (A50)

The lemma below computes the first two moments for the minimum of two i.i.d.
random variables with a LogNormal distribution.

Lemma A3. Let X,Y ' "LogNormal (y, o), then

a
V2

where ® denotes the c.d.f. of the standard normal distribution. In particular, for all x € R,

E[(min{X, Y})*] = 2eaﬂ+¢¢( - ) a>0, (A51)

El(min{X,Y} —x)] =2 %@~ ) - x,
V2
. 2 21+202 +9 v 2
E[(min{X, Y} — x)%] = 2e# ™27 ®( — V20) — 4xet 2@(—\—6)+x :
Proof. With the change of variables
u 1 /1 —1\/x d(u,v)

= — , - 1, A52
()=l D) e w2

we have

(o] 24,2

;4+ffy ~72 dxdy

E[(min{X,Y})?] =2

2 dudo

(@? (o oo q w2272 (v-2)2
:2e””+T/ / e 2 e 2 dudo (A53)

V2 V2m

_ et 5 ( a0 )

V2

/‘ V""U u+v) 1 7u242rv2
27'[

—00

This ends the proof. O

Corollary A3. Let X,Y '~ iid "LogNormal (log x, V/b) for some x,b € (0, 00), then

E[(min{X,Y} — x)] = x[zeh/zcb( - \/E) - 1}
= \/?-i- X 0.772),

E[(min{X,Y} — x)?] = x° [2e2bc1>( —V2b) — 4eb/zq>( - \/E) + 1}
= bx? + OL(b%?).
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