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Abstract: The fractional integral of confluent hypergeometric function is used in this paper for
obtaining new applications using concepts from the theory of fuzzy differential subordination
and superordination. The aim of the paper is to present new fuzzy differential subordinations
and superordinations for which the fuzzy best dominant and fuzzy best subordinant are given,
respectively. The original theorems proved in the paper generate interesting corollaries for particular
choices of functions acting as fuzzy best dominant and fuzzy best subordinant. Another contribution
contained in this paper is the nice sandwich-type theorem combining the results given in two
theorems proved here using the two theories of fuzzy differential subordination and fuzzy differential
superordination.
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fuzzy best subordinant; fractional integral; confluent hypergeometric function

1. Introduction

The concept of fuzzy differential subordination and its dual, the concept of fuzzy
differential superordination were introduced in the last decade as a result of the trend for
adapting the notion of fuzzy set to different topics of research. Even if the notion of fuzzy set
didn’t look promising when it was first introduced by Lotfi A. Zadeh in his paper published
in 1965 [1], in the recent years it became part of many branches of science and scientific
research. Mathematical sciences also aimed for introducing and using fuzzifications of
the already established classical theories in different fields of research. The review paper
published in 2017 [2] shows some parts of the history of the fuzzy set notion and how
Zadeh’s new concept has revolutionized Soft Computing and Artificial Intelligence as
well as other fields of science and technique. Another review paper published as part of a
special issue dedicated to celebrating Zadeh’s birth centenary [3] shows other aspects from
the development process of fuzzy logic based on the notion of fuzzy set.

Fuzzy sets theory was connected to geometric function theory in 2011 when the notion
of fuzzy subordination was introduced [4] with as inspiration the theory of differential sub-
ordination initiated by Miller and Mocanu in 1978 [5] and 1981 [6]. The core of the theory
of differential subordination was gradually adapted to fuzzy sets notions in the subsequent
years [7-9] following the main lines of research as found in the monograph published in
2000 [10]. Obtaining fuzzy subordination and superordination results involving operators
was a topic approached early in the study of fuzzy subordinations. Fuzzy differential
subordinations were first obtained using a convolution product of Séldgean operator and
Ruscheweyh derivative in 2013 [11]. The study following this line of research was contin-
ued and, in 2015, fuzzy differential subordinations were investigated using Ruscheweyh
operator [12], and then using a multiplier transformation in 2016 [13]. Fuzzy differential
subordinations for prestar-like functions of complex order and some applications were
published in 2017 [14] and in the same year, the dual notion of fuzzy differential superordi-
nation was introduced [15]. After this event, the two notions were used together in many
investigations giving applications such as in [16] and adding operators to the research such
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as the Srivastava—Attitya operator in [17]. In recent years, theories of fuzzy differential
subordination and fuzzy differential superordination developed nicely. New fuzzy differ-
ential subordinations associated with integral operators were investigated in [18,19] and
a linear operator was considered for the study in [20]. New applications of Saldgean and
Ruscheweyh operators for obtaining fuzzy differential subordinations were investigated
in [21] and fuzzy differential subordinations based upon the Mittag—Leffler-type Borel
distribution also emerged [22].

The present paper considers for the investigation from a fuzzy point of view an
operator obtained using fractional integrals of confluent hypergeometric function. The
investigation of such an operator for obtaining new fuzzy differential subordinations
and superordinations results is motivated by recent fuzzy related investigations that
considered a fractional integral associated with generalized Mittag—-Leffler function [23],
a fuzzy Atangana—Baleanu fractional derivative operator in [24] and fuzzy differential
subordinations obtained using a hypergeometric integral operator [25].

Fractional calculus has had tremendous development in recent years proving to
have applications in many research domains such as physics, engineering, turbulence,
electric networks, biological systems with memory, computer graphics, etc. As an example,
the Korteweg—de Vries equation, developed to represent a broad spectrum of physics
behaviors of the evolution and association of nonlinear waves, is studied using a new
integral transform where the fractional derivative is proposed in the Caputo sense [26].
Related to biological systems, examples can be given as the new study on the mathematical
modelling of the human liver with the Caputo-Fabrizio fractional derivative proposed
in [27] and fractional calculus analysis of the transmission dynamics of the dengue infection
seen in [28].

Numerous interesting approaches were taken into account regarding fractional inte-
gral calculus and new results have emerged in an impressive number of papers published
lately. A study of fractional integral operators involving a certain generalized multi-index
Mittag-Leffler function was conducted in [29]. Integral inequalities were investigated using
integral operators defined with fractional integral of Gauss hypergeometric function [30]
and using y-convex functions and a generalized fractional integral operator based on
Raina’s function [31]. Subclasses of analytic functions defined using a fractional integral
operator were introduced and studied in [32,33]. Applications of differential subordination
theory to analytic and p-valent functions defined by a generalized fractional differintegral
operator were presented in [34] and a new fractional integral operator is used in the study
on the Mittag-Leffler-confluent hypergeometric function [35].

Following the research line in which fuzzy differential subordinations and super-
ordinations are connected to operators, the interesting fractional integral of confluent
hypergeometric function introduced and investigated in [36] using the classical theories
of differential subordinations and superordinations is further considered from this new
perspective involving fuzzy set theory notions. The purpose of the investigation is to
present new fuzzy differential subordinations and superordinations which lead to interest-
ing corollaries when using functions with remarkable geometric properties known from
geometric function theory as fuzzy best dominant and fuzzy best subordinant, respectively.

2. Preliminaries

The study presented in this paper is done in the general context of geometric function
theory.

The unit disc of the complex plane is denoted by U = {z € C : |z| < 1} and the class
of analytic functions in U by H (U). For n a positive integer and a € C, H[a, n] denotes the
subclass of H (U) consisting of functions written in the form f(z) = a + a,z" + a,, . 12" +
...,zel.

A function with beautiful applications in defining operators is the fractional integral
of order A given as:
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Definition 1 ([37]). The fractional integral of order A (A > 0) is defined for a function f by

_ 1 0 f(b)
D) = 105 ) E—

where f is an analytic function in a simply connected region of the z-plane containing the origin,

and the multiplicity of (z — i?)/F1 is removed by requiring log(z — t) to be real, when (z —t) > 0.

The definitions of the notions used in the present investigation are next recalled.
Confluent (or Kummer) hypergeometric function is defined as:

Definition 2 ([10] p. 5). Let a and c be complex numbers with ¢ # 0, —1, —2,... and consider

1 2
¢(ﬂcz)—1Fl(ﬂCZ)—1+%%+ Ez_tli';

+...,ze l. 1

This function is called confluent (Kummer) hypergeometric function, is analytic in C and satisfies
Kummer’s differential equation

zw” (z) + (c — z)w'(z) — aw(z) = 0.

The operator introduced in [36] using the fractional integral of confluent hypergeo-
metric function is given in the following definition:

Definition 3 ([36]). Let a and c be complex numbers with ¢ # 0,—1,—2,...and A > 0. We
define the fractional integral of confluent hypergeometric function

D ¢(a,c;z) = / (PaCt )

(c i T(a+k) /z £ i
[(a) Z T(c+k)I(k+1) Jo (Z_t)lﬁ‘ '

Remark 1 ([36]). The fractional integral of confluent hypergeometric function can be written

A C > ﬂ+k) k+A
Dz"¢la,c2) = (a) ; c+k)r(/\+k+1)z+’ ©)

after a simple calculation. Evidently D;*¢(a,c;z) € H[0,A].

For the concept of fuzzy differential subordination to be used, the following notions
are necessary:

Definition 4 ([38]). A pair (A, Fa), where F4 : X — [0,1]and A = {x € X : 0 < F4(x) <1}
is called the fuzzy subset of X. The set A is called the support of the fuzzy set (A, F4) and F4 is
called the membership function of the fuzzy set (A, Fa). One can also denote A = supp(A, Fa).

lifxe A
0,ifx ¢ A~

For a fuzzy subset, the real number 0 represents the smallest membership degree of a certain
x € X to A and the real number 1 represents the biggest membership degree of a certain x € X to
A

Remark 2 ([38]). If A C X, then Fa(x) = {

The empty set @ C X is characterized by Fp(x) = 0, x € X, and the total set X is
characterized by Fx(x) =1, x € X.
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Definition 5 ([4]). Let D C C, zg € D be a fixed point and let the functions f,g € H(D). The
function f is said to be fuzzy subordinate to g and write f <z gor f(z) <r g(z), if are satisfied
the conditions:

(1) f(z0) = &(20),

(2) Ff(D)f(Z) < Fg(D)g(Z), z € D.

Definition 6 ([8] Definition 2.2). Let ¢ : C3 x U — C and h univalent in U, with $(a,0;0) =
h(0) = a. If p is analytic in U, with p(0) = a and satisfies the (second-order) fuzzy differential
subordination

Fyeoxuy$(p(2),2p'(2),2%p" (2);2) < Fyuyh(z), z €U, )
then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is
called a fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more simply
a fuzzy dominant, if F,qp)p(z) < Fyuyq(2), z € U, for all p satisfying (4). A fuzzy dominant q
that satisfies F51y4(z) < Fyu)q(2), z € U, for all fuzzy dominants q of (4) is said to be the fuzzy
best dominant of (4).

Definition 7 ([11]). Let ¢ : C* x U — C and let h be analytic in U. If p and ¢(p(z),zp’(z),

22p""(z); z) are univalent in U and satisfy the (second-order) fuzzy differential superordination

Fiuyh(z) < Fyieoun(p(2),29'(2),2°p" (2);2), z €U, ®)

ie.,

h(z) <7 ¢(p(2),2p'(2),2%p"(2);2), z €U,
then p is called a fuzzy solution of the fuzzy differential superordination. An analytic function
q is called fuzzy subordinant of the fuzzy differential superordination, or more simply a fuzzy
subordination if

Fyanq(z) < Fyuyp(z), z€ U,

forall p satisfying (5). A 'univ.alent fuzzy subordination qN.that satisfies Fyp)q < Fyqu)q for all
fuzzy subordinate q of (5) is said to be the fuzzy best subordinate of (5). Please note that the fuzzy
best subordinant is unique to a relation of U.

The purpose of this paper is to obtain several fuzzy differential subordination and
superordination results, using the following known results.

Definition 8 ([8]). Denote by Q the set of all functions f that are analytic and injective on U\E(f),
where E(f) ={C € U : limgf(z) = oo}, and are such that f'() # 0 for { € OU\E(f).
Z—r

Lemma 1 ([8]). Let the function q be univalent in the unit disc U and 6 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) = zq'(z)¢(q(z)) and
h(z) = 0(q(z)) + Q(z). Suppose that

1. Q is starlike univalent in U and

2. Re(zg((zz))) > 0forz € U.

If p is analytic with p(0) = q(0), p(U) C D and

Eyunf(p(2)) +2p'(2)¢(p(2)) < Fy)0(q(2)) +24'(2)$(q(2)),

then
Fyanp(z) < Fyuna(z)

and q is the fuzzy best dominant.
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Lemma 2 ([11]). Let the function q be convex univalent in the open unit disc U and v and ¢ be
analytic in a domain D containing q(U). Suppose that

1. Re(l(;((g((zz))))) > 0 forz € Uand

2. ¢9(z) = zq'(2)p(q(2)) is starlike univalent in U.
If p(z) € H[q(0),1] N Q, with p(U) C D and v(p(z)) + zp'(z)¢p(p(z)) is univalent in U

and
Fyv(q(2) +2q' (2)¢(q(2)) < Fyyv(p(2) +2p'(2)9(p(2)),
then
Fywa(z) < Fyuyp(2)

and q is the fuzzy best subordinant.

3. Main Results

The first fuzzy subordination result obtained using the operator given by (2) is the
following theorem:

- N
Theorem 1. Let the function q be analytic and univalent in U such that q(z) # 0and (W

€ H(U), for all z € U, where a, ¢ be complex numbers with ¢ # 0,—1,—2,...and A,§ > 0.
Suppose that ZZ(S) is starlike univalent in U. Let

2q"(z) z4'(z)  2p ) €
Re( 7 a g +ﬁq(2)+1> >0, ©)

fore, &, u,peC,#0,z€ Uand

)i 2(D:p(a,62))"
Y0, 8 Brz) ==+ o D, 9(a,0;2) 1|+ (7)
DM ¢(a,c;z) 2 D ¢(a,c;z) ’
[P ]
If q satisfies the following fuzzy subordination
PO tnpn) < o (a+ 5 +n@P +a0)), ®)
forw, &, u,Be€C,B #0,then
D;7¢(a,c; 0
Fozipwy (W) < Fuyd(z), ze U, ©)

and q is the best dominant.

D;)‘(p(a,c;z) ¢
z

_5 D;’\(p(a,c;z) 0—1 (D;/\(P(tl,C;Z)), ZP/(Z) _ Z(D;A(P(u,C;Z))/ B
EP(Z) + (5( - ) > . Then oz = ) D p(a.ca)

By setting 6(w) := pw? + ¢w + « and Q(w) := g, it is evident that 6 is analytic in C,
¢ is analytic in C\ {0} and ¢(w) # 0, w € C\{0}.
Considering Q(z) = zq'(z)¢(q(z)) = [3% and h(z) = Q(z) +0(q(z)) = a+

ﬁzggg) + 1(q(2))* + &4(z), we deduce that Q is starlike univalent in U.

Proof. Define p(z) := ( ,z € U, z # 0. Differentiating it we obtain p’(z) =
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Differentiating we obtain h'(z) = & + ¢'(z) + 2uq(z)q' (z) + it HZqH((Z)():)()Zz)_z(q/(z))z
and Zh((z)> = ;Z(( )) =1+ ﬁq( z) + 2% (L](Z))2 zq(i)) (gz)),whlch imply that Re( Q(( ))> =
q(z

Re(l + ﬁq( )+ 2”(11(2))2 - ZZ(S) + ZZ/<S)) > 0.

. IPUVSINNY _ 128
We obtain « + /SZZéZ)) +u(p2)) +ep(z) = a+ /35[72(3;;?((:’;’2) _ 1} +u [Dz AtPZ(ﬂlc,Z)] n
5

& [ D *¢(a,c2) ]

Using (8), we deduce Fyup (a + B E + u(p(2))* +Ep(2) ) < Fyun (a+ Ba(2) + 1(a(2)) + pL5).
By an application of Lemma 1 we obtain F,;p(z) < Fy)q(z),z € U, ie,

D 9(acz) |\ . ‘
Foag <f) < Fyu)q(z), z € U and q is the fuzzy best dominant. [

Corollary 1. Let c, a be complex numbers with ¢ # 0,—1,—2,...and 6, A > 0. Assume that
(6) holds. If

, . (A— B)z 1+Az\* 1+ Az
U)‘/’ic(‘sf“f‘ffﬂfﬁfz)5Fq(u)<"‘+ﬁ(1+Az)(1+Bz)+“ 1782) TS1vBz )

foré,a,BueC,p#0,-1<B<A<1, and " is introduced in (7), then

D *¢(a,c;z) g 1+ Az
)<ZZ> < F( T o Z e u,

F
1+ Bz’

D (U

1+ Az

and 157

is the fuzzy best dominant.

Proof. Consider in Theorem 1 q(z) = %, -1<B<AKL1 O

Corollary 2. Let c, a be complex numbers with ¢ # 0,—1,—2,...and 6, A > 0. Assume that

(6) holds. If
142\ 29z
”(1—z> thia )

for&,a,B,u € C, p#0,0 <y <1, where ) is introduced in (7), then

D p(a,¢;2)\° 1+2z\"
Foorpwy <z> = Fw (z) zeth

v
and Gf) is the fuzzy best dominant.

w¥y (6,a,¢,p Biz) < Fyu <Dé+§< —|—z>

zZ

Proof. Theorem 1 give Corollary for q(z) = GJF;) 0<y<1. O

Theorem 2. Let g be analytic and univalent in U such that q(z) # 0 and ZZ;—;) be starlike
univalent in U. Assume that

Re(Sa()+ 2 a(2))?) > 0 for 2B C, B £ 0. (10)
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Let ¢, a be complex numbers with ¢ # 0,—1,-2,...and 6,A > 0. If p3°(6,a,&, u, B;2) is

_ . 6
univalent in U and (W) € H[0, (A —1)8] N Q, where ¢ (8, a,, u, B; z) is introduced
in (7), then

(84 B0 + 002+ ) ) < P Bm iz (D
implies
—A . )
Fywya(2) < Fpoag (W) ,zeU, (12)

and q is the fuzzy best subordinant.

PN
Proof. Define p(z) := (W) ,zeU,z#0.

Consider v(w) := pw? + ¢w + « and ¢(w) := g it is evident that v is analytic in C, ¢
is analytic in C\{0} and ¢(w) # 0, w € C\{0}.

In this conditions g((:]’((j)))) = q/(z)[éﬂg"(z)]"(z) , which imply Re( gégézz))))) = Re(%q(z) + 2i‘(q(z))2> >
0,for¢,B,uecC,B#0.

We obtain

(w4 8+ pa@)* 4 2002) ) < (o B G+ np2)? 4 892 ).

Applying Lemma 2, we obtain

_ 4
D; A4><a,c;z>> ey

and g is the fuzzy best subordinant. [

Corollary 3. Let c, a be complex numbers with ¢ #0,—1,—2,...and 6, A > 0. Assume that (10)
D M placz) |
holds. If (2220 ) " € 4]0, (A —1)6] N Q and

(A—B)z 1+Az\? 1+ Az ne ‘
Fq(u)<a+ﬁ(1+A2)(1+Bz) 1+8z) 61y ) S Py Gadmbiz),

forB,&,a,p e C,p#0,—1 < B < A <1, where lpj’c is introduced in (7), then

s
1+ Az D7 *¢(a,c;z2)
F”l(u)(1+Bz) < FDZA(P(U)(Z . ) , zel,

V242 s the fuzzy best subordinant.

and 1+Bz

Proof. Theorem 2 for q(z) = 1£4%, —1 < B < A < 1 give the corollary. [J

Corollary 4. Let c, a be complex numbers with ¢ # 0, —1,—-2,...and §, A > 0. Assume that (10)
D p(acz))’
holds. If (2220 )" ¢ 34[0, (A —1)8] N Qand

29z 142\ 1+z\” .
Pq(u)(”ﬂ#*“(l— ) +5(1— ) < Fypequy i (60,8, 1, B 2),

z z
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for B,¢, e, € C,0 < <1, B #0, where ) is introduced in (7), then

1+z\7 D ¢(a,c;z) d
(2] < (20852

z

v
and (%) is the fuzzy best subordinant.

Proof. Theorem 2 for g(z) = (%*i) 0 < ¢ <1, give the corollary. O

Theorems 1 and 2 combined give the following sandwich theorem.

Theorem 3. Let q1 and g, be analytic and univalent in U such that q1(z) # 0 and q2(z) #
0, for all z € U, with qu((z)) and Zqz((z)) being starlike univalent. Suppose that q; satisfies (6)
and qy satisfies (10). Let c, a be complex numbers with ¢ # 0, — .and 6,A > 0.If

- RVE
Y (0,0, ¢, 1, B; z) is as introduced in (7) univalent in U and (%) € H[O,(A —1)5] N
Q, then

Fql(u) (‘X + fgzljll((zz)) + ;"l(ql(z))z + §q1(2)> < wa\’f(u)#)‘/z\,c(éf &, 1, ﬁ;Z)

< Fn (04 Ea(2) + @) + 22 ),
for B,&w € C, B # 0, implies

z

D 2p(a,c;z 0
Fyuym (2) SFDzw(LI)(ZQD()) < F,unn(2), z€l,

and qq and gy are respectively the fuzzy best subordinant and the fuzzy best dominant.

For q1(z) = Lgf;, go(z) = giggi,where —1< By, < B; < A; < Ay <1, we obtain
the following corollary.

Corollary 5. Let ¢, a be complex numbers with ¢ #0,—1,—2,...and §, A > 0. Assume that (6)
_ N0
and (10) hold. If (%) € H[0, (A —1)6] N Q and

(A1 —By) 1+ A1z\> 1+ Az -
Fql<”><“+ﬂ(1+Alz)(1+Blz)+” T18z) 1Bz ) St Oa s bz)

Ay — By)z 1+ Arz\?2 1+ Arz
SF‘hW)(‘X—i_IB( (4, 2) +V( 2 > +¢ 2 >,

1—|—A22)(1+Bzz) 1+ Byz 1+ Byz

for B,¢a,, i, € C,p#0,—1 < By < By < Ay < Ay < 1, where ¢ is introduced in (7), then

1)
1+ Az D;Mp(a, c;z) 1+ Arz
F‘h<”>(1+31z> SFDZ%( z = fo) 7B,z

ﬁ‘gf nd 111’222 are the fuzzy best subordinant and the fuzzy best dominant, respectively.

hence
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Corollary 6. Let c, a be complex numbers with ¢ #0,—1,—2,...and §, A > 0. Assume that (6)
_ A\ O
and (10) hold. If (224220)" € 1[0, (A —1)8] N Q and

27z 1+2z\°1 1+z\M
P‘h(u) <“+ﬁ1122+]4(1_z> Jrér(l_z) Sij‘(u)lpilc(‘sr“fg/VI.B;Z)

142\ 1+2\*”? 2z
S1:‘72(u)<0‘_|—(:<1—z> +y(1—z> +’81—22 ’

for B, &, , 11, € C, B #0,0 < 71,72 < 1, where 1pf‘\’c is introduced in (7), then

14+z\M D;7¢(a,c;z) 0 142\
Fq1<U)<1_Z> SFDZ)VP(U)(Z ) Squ<U>(1_Z> :

v gt
hence (i) " and (%) * are the fuzzy best subordinant and the fuzzy best dominant, respec-

z
1-z

tively.

4. Conclusions

The interesting operator presented in Definition 3 was previously defined and stud-
ied related to several aspects of differential subordination theory in [36] as a fractional
integral of confluent hypergeometric function. In this paper, the study of the operator
is continued using the recently introduced notions of fuzzy differential subordination
and fuzzy differential superordination as a result of the preoccupation with adapting the
classical notions of differential subordination and superordination to fuzzy sets theory.
Fuzzy differential subordinations and fuzzy differential superordinations are presented
in the original theorems giving their best fuzzy dominant and best fuzzy subordinant,
respectively. Using particular functions, interesting corollaries are presented that could
inspire future studies related to the univalence of the operator. A sandwich-type result is
obtained in the last theorem combining the results proved using the two theories of fuzzy
differential subordination and fuzzy differential superordination. Since the operator gives
nice results in studies done with both theories, it could be used for introducing new fuzzy
classes of analytic functions and performing studies on those classes using both theories.

Finding applications in other domains for the operator and for the results of the
fuzzy investigation presented in this paper remains an open problem to which future
interdisciplinary applications are desired.
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