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Abstract: Let (X, d, i) be a space of homogeneous type in the sense of Coifman and Weiss. In this
article, the author develops a partial theory of paraproducts {I1; }]3:1 defined via approximations
of the identity with exponential decay (and integration 1), which are extensions of paraproducts
defined via regular wavelets. Precisely, the author first obtains the boundedness of Il3 on Hardy
spaces and then, via the methods of interpolation and the well-known T(1) theorem, establishes

the endpoint estimates for {I1; }?=1~ The main novelty of this paper is the application of the Abel

3
=1
which has independent interests. It is also remarked that, throughout this article, y is not assumed to

summation formula to the establishment of some relations among the boundedness of {I1;}
satisfy the reverse doubling condition.
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Classical paraproducts defined via convolutions are kinds of non-commutative bi-
linear operators, which are useful tools in the decompositions of products of functions.
The prototypes of paraproducts can be found, for examples, in the work of Fujita and
Kato [1] and Kato [2] on the study of mild solutions of Navier-Stokes equations and in the
investigation of pseudo-differential operators and para-differential operators by Meyer and
Coifman [3-5]. The formal notion of paraproducts has been introduced in 1981 by Bony for
the study of the nonlinear hyperbolic partial differential equations in [6]. Since then the

theory of papraproducts has been developed rapidly, which plays an essential role in both
harmonic analysis and partial differential equations. For applications of paraproducts in
harmonic analysis, we refer the reader to [7-16]. See also [17,18] for more applications of
paraproducts in mathematical physics. The paraproducts defined via wavelets was first
investigated by Grafakos and Torres [19] and then studied by Bonami et al. [20], which
play crucial roles in both the bilinear decompositions of products of functions in [20,21],
the (sub-)bilinear decompositions of commutators and the endpoint estimates of commuta-
tors in [22,23]. See the survey [24] and the monographs [25,26] for more information.

In 1970s, Coifman and Weiss [27,28] introduced the notion of the space of homoge-
neous type which has been proven to be a natural background for extensions of many
classical results on Euclidean spaces. Recall that a quasi-metric space (X, d) is a non-empty
set X equipped with a quasi-metric d such that, for any x, y, z € &,

(i) d(x,y) =0ifand onlyifx = y;

(i) d(x,y) =d(y,x);

(iii) the quasi-triangle inequality d(x,y) < Apld(x,z) +d(z,y)] holds true, where Ay €
[1,00) is called the quasi-triangle constant which is independent of x, y and z.
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The triple (X, d, i) is called a space of homogeneous type if y is a non-negative measure
satisfying the following doubling condition: there exists a positive constant C(y) € [1,00),
depending on X, such that, for any r € (0,00) and x € X,
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or, equivalently, there exists a positive constant C such that, for any A € [1,00), € (0,0)
andx € X,
u(B(x,Ar)) < CA"u(B(x,1)), ¢))

where B(x,r) := {y € X : d(y,x) < r}and n := log,Cx) represents the “upper
dimension” of X'

As in ([29], Section 1) (see also ([30], Section 1)), throughout the whole article, we
always assume that (X, d, ) is a space of homogeneous type satisfying the following
additional assumptions:

(i)  Suppose that, for any given x € X, the sequence of balls, {B(x,7)},c(gc0), in X' is a
basis of open neighborhoods around x.

(ii) Assume that p satisfies that all the open sets are measurable and, for any measurable
set A C X, there exists a Borel set E D A such that y(A) = u(E), which is called
Borel regular.

(iii) Suppose that, forany x € X and r € (0,00), u(B(x,7)) € (0,00).

(iv) For the sake of the presentation simplicity, without loss of generality, we always
assume that diam (&X') := sup{d(x,y) : x, y € X} = oo and (X, d, i) is non-atomic,
thatis, forany x € X, u({x}) = 0.

It was shown in ([31], Lemma 5.1) or ([32], Lemma 8.1) (see also ([30], Section 1)) that,
under the above assumptions, diam (X') = oo if and only if y(X') = co.

A space of homogeneous type, (X,d, i), is called an RD-space introduced by Han
et al. [33] (see also [34]) if u further satisfies the following reverse doubling condition (o,
for brevity, RD-condition): there exist positive constants ag, 6( x) € (1,00), depending on X,
such that, for any x € X and r € (0, diam (X)/ag),

#(B(x,a0r)) = Cra)u(B(x, 7). €

Notice that the harmonic analysis on spaces of homogeneous type has a long history;
see, for example, [27,28,35,36]. We refer the reader to [33,34,37—46] for the real-variable
theory of some function spaces and Calder6n-Zygmund operators on RD-spaces. Further-
more, for some recent developments on the real-variable theory of function spaces and its
applications on spaces of homogeneous type, please see [29,47-61].

Some progress is also made on the boundedness of paraproducts on metric measure
spaces. Let (X,d, u) be an RD-space. Han et al. ([33], Theorem 5.56) extended the cele-
brated T(1)-theorem of David and Journé [11] to the RD-space via paraproducts. Later,
Grafakos et al. [43] introduced a kind of paraproducts on X, which extends the correspond-
ing notion of paraproducts in ([33], Theorem 5.56), and investigated their boundedness
from HP(X) x H1(X) into H"(X) by (in)homogeneous Calderén reproducing formulae,
which also generalizes a classical result on Euclidean spaces obtained by Grafakos and
Kalton [14]. Grafakos et al. [43] also studied the endpoint estimates of paraproducts on
X via the theory of Calder6n-Zygmund operators. Moreover, via the off-diagonal es-
timates of integral kernels, Grafakos et al. [42] showed that a kind of bilinear discrete
paraproducts on & via the theory of multilinear Calderén-Zygmund operators established
in [42], are bounded on weighted Lebesgue spaces, Triebel-Lizorkin spaces and Besov
spaces. Recently, Chang et al. [30,62] showed that the aforementioned boundedness of
paraproducts on RD-spaces remains true on spaces of homogeneous type, namely, without
having recourse to the RD-condition (2).

A space of homogeneous type, (X, d, i), is called a metric measure space of homogeneous
type if the quasi-triangle constant Ay = 1. In this setting, Fu et al. [48] proved that f x g
of f € HLY(X) and ¢ € BMO(X) can be written into a sum of three bilinear operators
{17 }]3:1, which are also called paraproducts. These paraproducts play important roles in
the study on the endpoint boundedness of the (sub-)linear commutator [b, T] of a (sub-
)linear operator T and b € BMO (X) on (local) Hardy spaces in [29,57,58]; see also the
survey [63] for more details. A natural question is whether there exists a relatively complete
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boundedness theory for paraproducts {I1; }]3:1 in [48] which enjoy the same boundedness
as the paraproducts in [30,62].

In this article, we give a partial affirmative answer to this question with the para-
products {Hj}?zl in [48] replaced by more general forms via the exp-ATIs and 1-exp-ATIs
from [53]. We obtained the boundedness of I13 on Hardy spaces and its endpoint estimates,
and the endpoint estimates for I1; and II,. The boundedness of I1; and 11, on Hardy
spaces may need different approaches and was left as an unsolved question.

In what follows, we always assume that (X, d, ) is a space of homogeneous type. The
remainder of this article is organized as follows.

Section 2 is devoted to some preliminary notions and results which are needed to the
proof of the main results Theorems 2—4 below. In particular, we recall the T(1) theorem
from ([32], Section 12) (see Lemma 3 below), and use the Abel summation formula to build
some relations among the boundedness of {I1; };’:1 (see Theorem 1 below).

In Section 3, we prove Theorems 2—4 below. In precise, Theorem 2 is an easy conse-
quence of the Holder inequality and the definition of H? (X'). To show (i)-(iv) of Theorem 3,
we first fix an f € BMO (X') and express the paraproduct IT3 by an integral operator KJ(,3).
Then, via the methods of interpolation and the crucial estimates (11) and (12), we show
that K}((B) has the weak boundedness property WBP() with 7 as in Lemma 2 below. Next

we prove that the kernel of K](f3) is an y-Calderén—-Zygmund kernel, which also relies

on estimates (11) and (12). Moreover, we point out that KJ(,3) (1), (Kj(f))*(l) € BMO (X),
which, together with the T(1) theorem from ([32], Theorem 12.2) and the boundedness of
Calderén-Zygmund operators, we finally finish the proof of (i)-(iv) of Theorem 3. In order
to prove (v) and (vi) of Theorem 3, we first fix ¢ € L®(X') and write I3 as an integral

operator Kg’). By the fact that L®(X') € BMO (X) and some arguments used in the proof
of (i)—(iv) of Theorem 3, we obtain the desired results and finish the proof of Theorem 3.
The proof of (i)—(iv) of Theorem 4 is a consequence of the arguments and ideas from the
proof of (i)-(iv) of Theorem 3. The main novelty of this paper lies in the proof of (v)-
(vi) of Theorem 4, where we use the Abel summation formula to build some relations
among the boundedness of {Hj};.’:l and then transform the same boundedness of I1; from

L2(X) x L®(X) into L?(X) into the same boundedness of 1, and I15. We also remark that,
throughout this article, p is not assumed to satisfy the reverse doubling condition (2).

Finally, we list some notation used throughout this article. Let N := {1,2,...} and
Z4 = {0} UN. We use C or ¢ to denote a positive constant which may be different from
line to line, but is independent of main parameters. In addition, we also use C(, ,, )
OF C(p,4,...) t0 denote a positive constant depending on the indicated parameters p, «, .. ..
For any two real functions f and g, we write f < ¢ when f < Cg and f ~ ¢ when
f S ¢ S f. For any subset E of X, denote by 1 its characteristic function. For any x, y € X,
r,p € (0,00) and ball B := B(x,r) := {y € X : d(y,x) < r}, define pB := B(x,pr),
V(x,r) :== u(B(x,7)) =: Vi(x),and V(x,y) := u(B(x,d(x,y))). For any p € [1,00], let p’
denote its conjugate index, namely, 1/p +1/p’ = 1. Forany a, b € R, leta A b := min{a, b}
and a VV b := max{a, b}. Finally, for any linear integral operator T, we keep the notation T
for its integral kernel.

2. Preliminary Notions and Results

In this section, we mainly state some preliminary notions and results which are needed
to the proof of the main results Theorems 2—4 below. In particular, we investigate some
relations among the boundedness of {H]-}?Zl.

We first recall the notions of some function spaces. Let q € (0, oo]. The Lebesque space
L7(X) is defined to be the set of all y-measurable functions f on X such that, if g € (0, c0),

Pl = [ [ rauto)] < o
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if g = oo, [|fllLo(x) := esssup |f(x)| < oo, where esssup |f(x)| denotes the essential
xeX xeX

supremum of | f| on X. Denote by L] _(X) the space of all locally integrable functions.

Let s € (0,1] and denote by C(X') the space of all continuous functions on X. Then the
homogeneous and inhomogeneous spaces C5(X') and C*(X') of s-Holder continuous functions on
A are, respectively, defined by setting

C(X) = {f € CA): |fllosx) <} and ()= {f € C(): |flles(a) < oo}
with

[f(x) = f(y)]
Ifllesy == Iflle ey + 1flles ey and (| flles vy = sup e
Cs(X) L=(X) Cs(X) Cs(X) (o y) e XX s xiy) [d(x,y)]

Moreover, the space C;,(X') of all s-Holder continuous functions with bounded support on
X is defined by setting

Cy(X) :={f € C°(X) : f hasbounded support},

where we equip C; (X’) with the usual strict inductive limit topology (see, for instance, ([36],
p- 273) and ([33] p- 23)) A useful subspace C(X) of C§(X) is defined by setting CS( )=
{f e Gx fx = 0}. Moreover, the dual space (C;(X))’ [resp., (C; (X))’
of CS(/'\.’ ) [resp Cs (X )] is deﬁned to be the set of all linear functionals on Cj (X’ ) [resp.,
on C;(X)] equipped with the weak-+ topology.

Definition 1 ([27,32,35]). Lets € (0,1]. A function K : (X x X)\ {(x,x): x € X} — Cis
called an s-Calderén-Zygmund kernel if there exists a positive constant C ), depending on K,
such that

(i) foranyx,y € X withx #y,

1
[K(x,y)| < C(K)mz‘ 3)

(i) forany x, X, y € X satisfying d(x,%) < (2A¢) 'd(x,y) with x # y,

KGx) = KE| < oo 3| s @
and
K3 =K ) < S | 567 | 7y ®

A linear operator T : C;(X) — (C;(X))" is called an s-Calderén-Zygmund operator if T
can be extended to a bounded linear operator on L*(X) and if there exists an s- Calderon—Zygmund
kernel K such that, for any f € C;(X) and x ¢ supp f, Tf(x) := [, K( y)du(y).

Definition 2 ([28]). Let p € (0,1] and q € [1,00] N (p,0]. A function a on X is called a
(p,q) atom supported on a ball B if (i) supp a C B; (ii) ||a|[pox) < [u(B))V/9=1/P; (iii)
Jya = 0, here and thereafter, for any measurable functzon f supp f = {x € X :

f(x) # 0}
A function f € (Lipl/p_l(/lf))’ when p € (0,1), or f € LY(X) when p = 1, is said

to belong to the atomic Hardy space HY;(X) if there exist (p, q)-atoms {aj}72, and numbers
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{Aj}521 C Csuch that Y32 1 |Aj|P < coand f = Y72 Ajajin (Lipy/,_1 (X)) when p € (0,1),
or in LY (X) when p = 1. Moreover, the quasi-norm of f in H\/"(X) is defined by setting

oo 1/p
|l = inf [2 w] ,
j=1
where the infimum is taken over all decompositions of f as above.

Let p € (0,1]. Tt was shown in ([28], Theorem A) that H:/7(X) is independent of the
choice of g € [1,00] N (p, o] and hence simply denoted by H, (X).

Definition 3 (([34], Definition 2.2) and ([33], Definition 2.8)). Let x; € X be fixed, r, ¢ €
(0,00) and x € (0,1]. The space G(x1,1,x,0) of test functions is defined to be the set of all
measurable functions f on X such that there exists a positive constant C such that

(T1) forany x € X,

1 r ¢
H(B(x1,1) + V(x1, x) {rw(xl,x)] ’

(T2) forany x, y € X withd(x,y) < [r+d(x1,x)]/(24A0),

fx)l<c

dxy) " 1 A
f) = fl)l = C[r—l—d(xl,x)] u(B(x1,7)) + V(x1,x) {r+d(x1,x)] .

Moreover, the norm of f in G(x1,1,«,0) is defined by setting
1flg(x,,r,x,0) == Inf{C : C satisfies (T1) and (T2)}.
It was shown in ([33], pp. 18-20) that, for any x € X and r € (0, 00),
G(x,r,x,0) =G(x,1,x,0)

with equivalent norms, but the positive equivalence constants may depend on x and r and that
G(x1,1,x,0) is a Banach space. In what follows, for short, we write G(x, 9) := G(x1,1,x,9) and
let G(x,8) := {f € G(x,0) : [, f(x)du(x) =0} o

Let e € (0,1], x, 9 € (0,¢] and Gj(x, ®) [resp., G§(x,®)] be the completion of the space
G(e, €) [resp., G (e, €)] in the G(x, ®) norm. Moreover, if f € G&(x,8), we then let

1fllgs .8y == I fllg(x,0)-

The dual space (Gf(x, 9)) [resp., (QOS(K, 0))'1 is defined to be the set of all continuous linear
functionals on G§(x, ) [resp., G§(x, 0)] and equipped with the weak-* topology.

We then recall the following system of dyadic cubes given in ([64], Theorem 2.2),
which was formulated in ([53], Lemma 2.3).

Lemma 1. Fix constants ¢y, Co and § such that 0 < cg < Cyp < 00,6 € (0,1), and 12A8C0(5 < cg.
Assume that a set of points, {zK : k € Z, a € o} C X with

o being a countable set of indices for any k € Z, 6)

satisfies the following properties: for any k € Z, (i) d(z’;,z’l‘g) > cook when o # B; (ii) for any
x € X, minge d(x,2K) < Coo*.
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Then there exists a family of sets, {QX : k € Z, « € o4}, which is called the system of
half-open dyadic cubes, satisfying

(iii) X = Uyewy, QF with {Qk : & € o} mutually disjoint;

(iv) ifl >k o€ o and B € o), then either Qg - Qf; or Q’; N Qg = @ holds true;

(v) foranya € o, B(zk,c,65) C QF C B(2K, C%6%) with ¢, := (3A3)~co, C* := 2A40Co and
zk being called the “center” of QF.

In what follows, for any k € Z, let
=2 weay %= S\, V= XX = {yfYpeq, @)

and, forany y € X, letd(y, V¥) := inf, .y d(y, ).

Based on the set {Zfi}kez, wew, [With @ as in (6)] of points as in Lemma 1 and its
related dyadic cubes, Auscher and Hytonen ([32], Theorem 7.1) constructed the following
notable system { 1[]1[2} kez, pew, of regular wavelets on X', which is an orthonormal basis of

L(X).
Lemma 2. There exist constants C, v € (0,00), a € (0,1], n € (0,1), and reqular wavelets

{lplé}kezlﬁe{ , with % as in (7), satisfying
(i) foranyi €L, BEYGandx € X,

1 d(yf,x) 1"
\@”’é(x)\ﬁcwexp{‘“[ o ]}

(i) foranyk € Z, B € G and x, y € X with d(x,y) < &,

. dey)]’ 1 TR0
[v5) lpﬁ(y)\SC[ 2 } Vék%)ep{ [ LA

(iii) foranyk € Zand B € %, [, lp’é(x) du(x) = 0 with {yg}kGZ,ﬁe% as in (7).
Moreover, the system of regular wavelets {l[JE Ykez, pes, is both an orthonormal basis of L*(X)
and an unconditional basis of L¥ (X') for any given p € (1, 00).

Definition 4 (([54], Definition 2.7), ([53], Definition 2.4) and ([30], Definition 2.3)). A se-
quence {Qy }rez of bounded linear integral operators on L?(X) is called an approximation of
the identity with exponential decay (for short, exp-ATI) if there exist constants C, v € (0,0),
a € (0,1 and 5 € (0,1) such that, for any k € Z, the kernel of the operator Qy, which is still
denoted by Qy, satisfies

(i) (the identity condition) Y ;7
on L2(X);
(ii)  (the size condition) for any x, y € X,

Qx = L in L2(X), where I denotes the identity operator

—00

|Qk(x,y)| < CRy(x,y)

with

Re(x,y) 1 = Wexp{—y[d(;’(y)r}

" exp{—v [max {d(x, yk),d(y/ yk)}] };

ok
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(iii) (the regularity condition) for any x, ¥, y € X with d(x,x) < o,

Qule) - Q)] + 104t - el D) < €[5 ) Rt

(iv) (the second difference regularity condition) for any x, ¥, y, § € X with d(x, %) < 6" and
d(y,y) < &,

d(x, 55)]” [d(%@

10k ) — QulE )] ~ (el ) — Qe < | G2 ||

n
} Ri(x,y);
(v)  (the cancellation condition) forany x, y € X, [, Qk(x,y) du(y) = 0= [, Qi(x,y) du(x).

Remark 1. Let {lpg}kezrﬁegk be as in Lemma 2. Forany k € Z and x, y € X, let

Di(xy) = ¥ ¢h(0vhw).

ﬁE{gk

It was shown in ([54], p. 291) that the sequence { Dy }xez, of linear integral operators associated
with kernels { Dy (-, -) }xez satisfies all conditions (i)—(v) of Definition 4.

Definition 5 ([53], Definition 2.8). A sequence { Py }cyz, of bounded linear integral operators on

L?(X) is called an approximation of the identity with exponential decay and integration 1

(for short, 1-exp-ATl) if { Py }xez has the following properties:

(i)  forany k € 7Z, Py satisfies (ii), (iii), and (iv) of Definition 4, but without the exponential decay
factor

exp{—v [max{dw 3:;)»1(;/, yk)}] }
with Y* as in (7);

(i) [y Pe(x,y)du(y) =1= [} P(y, x)du(y) forany k € Zand x € X;
(iii) Let Qg := Py — Py_q for any k € Z. Then {Qy } ey is an exp-ATL

Remark 2.

(i) The existence of the 1-exp-ATl is ensured by ([32], Lemma 10.1) (see also ([53], Remark 2.9)).

(i)  For any given p € [1,00]|, Py and hence Qi are bounded on LV (X') uniformly in k € 7Z; see,
for instance, ([54], Proposition 2.2(iii)).

(iii) It was shown that limy_,., Py = I on L2(X); see, for example, ([53], Remark 2.9).

Definition 6 (([53], Section 3 and Theorem 5.10) and ([62], Definition 1.1)). Let x, & € (0,7)
with 17 as in Lemma 2, { P } key, be a 1-exp-ATL and Qi := Py — Py_4 for any k € Z. Then, for any
f € (G (x,8))’, the non-tangential maximal function M, (f) of f, with aperture p € (0, 00),
is defined by setting, for any x € X,

Mp(f)(x) :=sup sup |Pf(y)|
k€Z yeB(x,p6%)

Moreover, for any f € (Gg (x,0))’, the Littlewood-Paley g-function g(f) of f is defined by
setting, forany x € X,

1/2
8(f)(x) := lz |Qkf(x)|2] :

keZ
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Let p € (0,00] and p € (0,00). Then the Hardy spaces H} (X) and HP(X) are defined,
respectively, by setting

Hi@) = { £ € (8050)) s Wl = 1Ml sy <
and
HP(X) = {f e (G109 Iflmva) = 18R lrer) < oo}.

Remark 3. Let p € (0,00), p € (n/(n+n),1]and x, 8 € (n(1/p —1),n). It was shown
in ([62], Remark 1.2) and ([60], Theorem 6.1) that

(i) Hg (X) and HY,(X) coincide with equivalent quasi-norms;
(i) HP(X) = HY(X) with equivalent quasi-norms as subspaces of (gg (x,9));
(ii)  for any given p € (1,00), Hﬁ(X) = LP(X) = HP(X) with equivalent norms.

We now introduce the following notion of paraproducts on X adapted from ([48], (3.2)).
Definition 7. Let x, & € (0,7) with 1 as in Lemma 2. Let {P;};cz be a 1-exp-ATI and Q; :=
P; — P4 for mfy j € Z. Then I;he paraproduct I3 is formally defined by setting, for any
fe (Qog(K,ﬁ)) ,8 € (C;g(x,ﬁ)) and x € X,

I3 (f,8) (x) == ) Qi(f)(x)Q;(8)(x),

JEZ
/
where the series converges in (Qg (r, 19)) .

Remark 4. In Theorems 2 and 3 below, we prove that I15(f, ) in Definition 7 is well defined for
any (f,g) € HP(X) x H1(X) with p, q € (0,0) and any (f,g) € BMO (X) x C/(X).

Definition 8. Let x, ¢ € (0,7) with n be as in Lemma 2. Let {P;}jcz be a 1-exp-ATI and
Qj := P;— Pj_y for any j € Z. Then the paraproducts I1; and I, are formally defined,
respectively, by setting

(i) forany f € (gog(x,ﬁ))’,g € (Gh(x,0)) and x € X,
I (f,8)(x) = ) Qi(f)(x)Pi(g)(x);

jEZ
(i) forany f € (Gl (x,9)), g € (Gl (x,0)) and x € X,

(£, ) (x) = }_ P(f)(x)Q;(g)(x),

jez
/
where the above two series converge in (gg (x, 19)) .

Remark 5.

(i) In Theorem 4 below, we show that 1y (f, g) in Definition 8 is well defined for any (f,g) €
L®(X) x C](X).

(i)  Due to the fact that T1(f, g) = I11(g, f) for any proper functions f and g , we conclude that
I1, shares corresponding boundedness to 11y as in Theorem 4 below.

To prove Theorem 3 below, we need to recall the T(1) theorem from ([32], Section 12).
Leto € (0,1) and s € (0,0]. A linear continuous operator T : C;(X) — (C;(X))" is
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said to have weak boundedness property WBP (o) if there exists a positive constant Cysuch
that, for any f, ¢ € CJ(X) normalized by | f||e(x) + r‘7||f|\c~(7(X) < 1land [|g]/ze(x) +
l1gll¢e(xy < 1, with support in some ball B(x,7) (x € X and r € (0,0)),

(Tf,8) < C1V(x,7).

As for T(1) with T associated with the s-Calder6n—-Zygmund kernel, it is defined as a
continuous linear functional on CZ (X) by setting

(T(1), f) = (T(3), f) +/X(1 —8(x)T*(f)(x) du(x), ®)

where ¢ : X — R satisfies that there exists a ball B(xg,7) D supp f such that, for any
X € X, 1p(yyr) (%) < g(x) < Lp(xy0a,r) (¥)- It is not difficult to show that both of the two
terms in the right hand side of (8) are well defined.

Lemma 3. Let 0 € (0,1), s € (0,0, (X,d, u) be any space of homogeneous type and T be
associated to an s-Calderén—Zygmund kernel. Then T can be extended to a bounded operator on
L2(X) if and only if T has WBP(s) and T(1), T*(1) € BMO (X).

At the end of this section, we use the Abel summation formula to make some links
among the boundedness of I1j, I'l; and I3 in some sense, which plays an important role
in the proof of Theorem 4 below. In what follows, for any N € Z and suitable functions f
and g,

N

N
mY(fg) = Y BNQ(E), V()= 1 Q(AR()
== ==

and HgN) (f,9) =Y 4 Qi(f)Q;(g)-

Theorem 1. Assume that there exists a positive constant C such that, forany N € N, f € L?(X)
and g € L®(X),

HH§N) (f,8)

(N)
sy VD) 2y < Cl izl ©

L2(
Then T1; defined as in Definition 8 is bounded from L>(X) x L®(X) into L*(X).

Proof. Let f € L?(X) and g € L®(X). For any N € N, by the Abel summation formula,
we know that

N N

™M (f,g) = L BHQ® = L AR~ Ba)]

j== ==
N N

= Y. PP~ X P(H)Pi-a(g)
j=—N j==N
N N-1

= Y (AP - Y Pa(f)P(8)
j=—N j=-N-1

= Pny1(f)Pn(g) — P-n(f)P-n-1(8)
N
+ ZN[Pj(f) — Pii1(f)] Pi(g)
j=—

= Pny1(f)PN(8) — P-n(f)P-N-1(8)
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N
- ). Qi(f)P(g)
=N
= Pni1(f)Pn(g) — P-N(f)P-n-1(8)
N N
- 'EN Qj+1(f)Pj+1(g) + 'ZN Qi+1(f) [Pi+1(8) — Pi(g)]
j=— j=—
= Pn11(f)Pn(g) — P-n(f)P-n-1(8)
N N
- Y QP8+ Y, Qi+1(f)Qju1(g)
[ =N

= Pn1(f)Pn(g) — P-n(f)P-N-1(8)

N+1 N+1
- Y QAR+ Y. Qi(fHQig)
j=—N+1 j=—N+1

= Pna(f)Pn(8) — P-n(f)P-n-1(8) + Q-n(f)P-n(8)
— Qn+1(f)Pn+1(8) + Qn+1(f)Qn+1(8) — Q-n(f)Q-n(g)

1V (f,9) + 1V (£, 9)-

From this, (9) and Remark 2(ii), we deduce that

[ 9] oy < 1PN PN 2y + 1P (F)Pn1 (92

+1Q-N(IP-N(&)l2(x) + 1QN+1(f)Pn41(&) |2 ()
+[1Qn+1(F)ON+1(&) 21y + 1Q-N(F)Q-N(&) |12 (1)

+ | (f.9) Y (f,9)

S Iz 8l ey

12(X) + ‘ L2(X)

which, combined with the Fatou lemma, implies that

I (f, ) 2y < limsup 110V (£, )

< o0 .
m su iy S Il I8 lmi

This completes the proof of Theorem 1. [J

3. Boundedness of Paraproducts {I'I]-};’-'=1

This section is devoted to the proofs of the main results of this article on the bounded-
ness of paraproducts {I1;}?_;.

We now state the first main result of this article as follows.

Theorem 2. Let 1 be as in Lemma 2, p, q, v € (n/(n+n),c0) with1/r = 1/p+1/q, and
k, 8 € (max{0,n(1/r —1)},n). Then the paraproduct 113 as in Definition 7 is a bounded bilinear
operator from HP (X') x H1(X) into L"(X').

Remark 6.

(i)  Theorem 2 is an extension of ([48], Lemma 3.3).
(ii) It is still unclear whether Iy and I, can be extended to bounded operators from HF (X') x
H(X) into H"(X) or not.

The following result is an easy consequence of Theorem 2, we omit the details here.

Corollary 1. Let g € (1,00) and q' :== q/(q — 1). Then the paraproduct 113 as in Definition 7 is
a bounded bilinear operator from L1(X) x L1 (X) into L*(X).
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Now, we are ready to prove Theorem 2.

Proof of Theorem 2. Let p, q, r, 7, k, ¥, and I13 be as in Theorem 2. For any (f,g) €
N /
HP(X) x H1(X), we know that f, g € (Qg (x, 19)) . By the Holder inequality, we immedi-

ately have
T (f, &)y < || 2 1Q5(F)Q4(8)

jez ()
- 11/2 1/2

< |l X 1N [ZIQj(g)IZ]
Lj€EZ ] JjEZ L7 (X)
- 11/2 1/2

< || QP [ZIQj(g)IZ]
I T e L1(x)

= Hf||HV(X)HgHHr(X)/
which completes the proof of Theorem 2. [

Then we state other two main results of this article, which give various endpoint
estimates of I13 and IT;. In what follows, the weak Lebesgue space L (X) is defined to be
the set of all y-measurable functions f on X such that

1A llpee () := o )W({x eX: |f(0)[>A})] <eo

and the space BMO (X) the set of all locally integrable functions f on X such that

o = sup s [ 1F06) = ma ()] dp(e) < e,

where the supremum is taken over all balls of X and here and thereafter, for any locally
integrable function f and aball B C X, mp(f f sf

Theorem 3. Let 1 be as in Lemma 2, g € (1,00), k, & € (max{0,n(1/qg—1)},n), and I3 be as

in Definition 7. Assume that the exp-ATI, {Q;}jcz, further satisfies

(@) Qf =Qjand Q]Z = Qjon L*(X) for any j € Z, namely, {Q;}jcz, are projection operators
on L2(X).

(0) Tjer, Qj = in Hy(X).
Then 113 can be extended to a bounded bilinear operator

(i) from BMO (X) x L1(X) into L1(X);

(i) from BMO (X) x H}(X) into L}(X);

(iii) from BMO (X') x L°°( ) into BMO (X);

(iv) from BMO (X x LY (X) into LV°(X);

(v) from L9(X) x L®(X) into L1(X);

(i) from LY (X) x L®(X) into LV (X).

Remark 7. From ([32], Section 10) and ([65], Theorem 3.10), it follows that the sequence { Dy }xe7,

in Remark 1 still satisfies all the assumptions in Theorem 3. Thus, Theorem 3(ii) is an extension

of ([48], Theorem 4.9).

The following result is a variant of ([62], Theorem 7).
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Theorem 4. Let 17 be as in Lemma 2, g € (1,00), p € (ﬁ,oo), k, ¥ € (max{0,n(1/p —
1)}, 1), and 1y be as in Definition 8. Assume that the exp-ATI, {Q;}jcz, further satisfies, for any

f € L®(X) and (1,2)-atom h supported on some ball By,

[ m @) dn() = o. (10)

Then 11 can be extended to a bounded bilinear operator
(i) from L®(X) x HP(X) into HP (X);
(i) from L®(X) x HL(X) into L1 (X);
(iii) from L®(X') x L°°( ) into BMO (X);
(iv) from L®(X) x LY (X) into LV°(X).
(v) from L9(X) x L®(X) into L1(X);
(i) from LY (X) x L®(X) into LV (X).

~— —

Remark 8.

(i) Let f € L®(X) C BMO(X), hbea (1,2)-atom and Qy := Dy (k € Z) be as in Remark 1.
By ([48], p. 985, lines 1-3 from the bottom), we have Hl(f h) H + hmBO (f) with H €
H2(X), which, together with the fact that, forany G € HL(X), [, G = 0, further
implies that [, T11(f, h)(x) du(x) = 0. Therefore, the sequence {Dk}kez in Remark 1 still
satisfies all the assumptions in Theorem 4.

(ii) It is still unknown what happens if we replace f € L®(X) (resp.,g € L®(X)) by f €
BMO (X) (resp., g € BMO (X)) in Theorem 4.

As in ([30], Remark 3.3) or ([62], Remark 1.8), the following estimates are important to
escape the dependence on the RD-condition (2). For any given a, ¢ € (0,0), and, for any
€ (0,00) and x € X,

L JaEyH] 1 11
{kezglkzr} Vise () exp{ cl 5 ] }er(x) (11)

(see ([32], Lemma 8.3)) and, for any x, y € X with x # v,

woe{ - Jee
exp{ —c¢ expy —¢
kg Vie(x) F 5 P 5
where the implicit positive constant is independent of x and y (see ([54], Lemma 4.9)), which
essentially connect the geometrical properties of X’ expressed via its equipped quasi-metric

d, dyadic reference points and dyadic cubes.
Now, we are ready to prove Theorem 3.

’ 1
< , 12
} ~ V(X,y) ( )

Proof of Theorem 3. Without loss of generality, we may assume that the sum } ;-7 in
I13(f, g) is a finite sum YN, for any fixed N € N, see ([66], pp. 302-305) for some details.

We first prove (i)—(iv) of this theorem. To this end, we temporarily fix an f € BMO (X).
For any x € X, we write

x) = Lo = [

JjEZ

Y Qi(x,y)Qi(f)(x) | g(y) duly)

JEZL

= [ K )g) dn(y) = K (g)(x),
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(3)

where K 5 isan integral operator associated with the kernel defined by setting, for any
x,y€X,

3
K2 (x,y) == Y Qi(x1)Qj(f)(x).
JEZL
To prove (i)-(iv) of this theorem, the key point is the proof of the boundedness of Kj(f?’)
on L2(X), where we need some ideas from ([67], Remark 4.4.5).
We first claim that Kj(?) has WBP(77) and hence maps from C}(X) into (C/(X))".

Indeed, let g, h € CZ(X), supported on some ball B(x, ) with xg € X and rg € (0, ),
be normalized by

I8llimry + r2llglencey <1 and [l + 8 Mhllen ey < 1.
Then, by the fact from ([62], (2.3)) that

Sug 1Qi(A)llLe(y < 1 flBmo () (13)
je

and the Holder inequality, we conclude that
(K7 (@), )| = 1153(£,8), )| = \ [, 3£, 8) (0)h(x) dp(x)
< ¥ [ 1H@]1Q@) )] Ih(x)| dn(x)

JEZL
<1 lsvoc) / Q&) () Ih(x)] da(x)
JEZ
< 1flsmo vy X 1958 2y Ml 2
]EZ
< I lswio ) [V (xo,r0)] > X 11018l 2y

JEZL
Thus, to prove the above claim, it suffices to show that

Y Qi) 2y S [V (x0,70)] % (14)

JjEZ

We further consider the following two cases.
(Case 1) &/ > ry. Choose a fixed x1 € B(x,2rg) \ B(xp,79). Then, by (v) and (ii) of
Definition 4 and (1), we have

1Qj(8)(x)] )
‘/f;(x(),ro) Qj(x,y)g(y) — g(x1)] du (y)’

= N 0] [HORFERIEE
s /B(xo,ro) V(sfl(x) eXp{_; {d%}y)r} eXp{_v {d(y&wr}[d(y' DI lslley ) 2 (v)
N VgHchg(x) /B(XMO) V(sjl(x) ex {—g{d(i;y)r}e’(p{_g[d(y(;fx())r}

P
conf o[22 boo{ -+ [24] i
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1 v d(x,xo)r} [d(xo,yf)]“
< —_ _
N/B<xo,ro> Vsi(x) eXp{ 2{ A | SO A | (Y
V(X(),V()) { v[d(x,xo)]”} |:d(x0’yj>:|a
< — | 2 —
S V) expy — Aol exps —v i ,
which implies that
V(xo,10) [d(xo,yj)r
. ~ < Y\, 70) _ / )
19 lime) o exp{ v
On the other hand, from (15), we deduce that
v[d(x,x0)]" ~ [d(xo, YN]"
108 ) < Vo) [, i exo{ =5 | 0] dntr) exp! — | 2005

< Vixo, 79) exp{ —v {W} }

Thus,

, < 1/2 1/2 S Vi, 1 _ [d(xolyj)r /
1Qi(&) 2y < 1Qj(&)lpes 4y 1Q5(&)I 11 (x0,70) V) eXP{ W

which, combined with (11), further implies that

1 d(xo, V1"
Y 1Qj(&) 2y < V(x0,70) ), mexp{—v[ (2005]- )] } (16)

{j€Z:5>1rq} {jez:6i>rq}

< V(X(), 7‘0).

~

(Case 2) &/ < ry. In this case, for a fixed x € X, by Definition 4(v), we first write
Q< [ 10 vlg) - g(x)|du(y)
_ (x, _ J / =L + L.
Sy 1 Q20 ~ (o) + [, =Tt
Indeed, by Definition 4(ii) and (1), we have
1 v[d(x,y)]"
< _Y Mol .,
he /B(x,m Vsi (%) eXp{ 2[ 5 ] Ay 1)y ) A (y)

< (‘5;)” foo exp{—; [d(’;;y)]“}du(y) < (‘5;) |

and

I

A

zg/la(xzkw \B(x,2t-16)) ngl(x) eXp{_;[d(z}y)r}[d(y'x)m'gncg(’() u(y)
() ol ) el T

=1

o0 i\ i\
ok Vo lk-1) J J
; WeXp{ 1’ a}(m) s (fo '

N
-
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Combining the estimates of I; and I,, we obtain

S\
1) 1) < () . 17)

o

Now we estimate ||Q;(8)l[1(x)- Indeed, we know that

QOIS [ 10 lsWI ) < lglimee) [ 10yl dk(y)

<y 1@ )

For any fixed x € X, we further consider the following two cases.
Case 1d(x,xp) < 2Apry. Observe that, by Definition 4(ii) and (1),

Qi(8)(x)[ S 1.

Case 2 d(x,xp) > 2Aprp. In this case, we observe that, for any y € B(xo, r9),

d(x, xo) d(y,x0) > d(x, xp)

Ao ’ 2Ag
and hence, by Definition 4(ii) and (1),

QmIs [ ggee]-5 2% fan
v

o 727 [ | W

(1 (5)

d(x,y) >

4

Combining Cases 1 and 2, we find that, for any x € &,

V(xo,10) {_V {d(x/xo))]a},

‘Q](g) (x)| S lB(XO,ZAorU) (x) + IX\B(X(],ZA()V()) (X)W ex 1 2A05]

4
which implies that
1Qj (&)1 (xy S V(xo,70)-
From this and and (17), it follows that

5"
9@l < 1961101 S (5) Vi),

o

which further implies that

Y@l S X 972 Vixr) S 4/Vi(xeno).

{jez: si<ry} {jez: si<ry}

By this and (16), we conclude that

Z”Q] ||L2 N V(xolf’o),

JEZ

which further completes the proof of the above claim.



Mathematics 2021, 9, 2591 16 of 26

Now we begin to show that Kj(f) (+,-) satisfies (3) through (5). To achieve this, by (13),
Definition 4(ii), (1) and (12), we find that, for any x, y € X with x # y,

K2 ()] < X 10;(x QA S Ifllbwo ) X 1Q;(xv) (18)
jez j€Z
1 v[d(x,y)]" v[d(x,Y)]"
§||f|BMO(X)];ZWF:XP{_2[ 5i ] }exp{_z{ 5 ] }
1
< HfHBMO(X)(Ty)'
This shows that Kj(fs) (-, -) satisfies (3).

Then we prove that KJ(?) (+,-) satisfies (4). Indeed, let x, X, y € X with d(x,x) <
ﬁd(x,y) and x # y. We observe that

ANY) g7 > HEY) (19)

X, >
d(x/y) — 2A0

From (13), it follows that

K (x,y) - KD (#y)| < L 1Q(NWIIQ)(xy) = Q%)
j€
< flsmo ) X 1Qi(x ) — Qi(E ).

jEZ

We further consider the following two cases.
Case (1) d(x,X) < ¢/. In this case, by Definition 4(iii) and (1), we have

v -z S5 hsen{5152] oof o[22}

d(x,x)1" 1 _v[dy)]” v d(x, Y)1"
i) 5 (%) er{-5[52 ferl -3 ¢
which, together with (12), implies that

o GO T e e

{jez: 51>d(x, )} QY] ez sizawzy Vo)

X exp{—z [d(x(;]yf)r}
- {d(x,f)r 1
~ldxy) ] Viny)

Case (2) d(x,X) > /. In this case, from Definition 4(ii), (1) and (19), we deduce that

1Qj(x,y) — Qi(X,y)| < [Qj(x,y)| +1Q;(% vl

amoe{ 51 Fee{ 5] )

e3[4

N

<

N
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sgmoe(5 (3] fee{ -5 }

[ 7w EXP{—Z[Zﬁ;ﬁ?]u}“f’{—v[d%y ”T}

Thus, by (12), we obtain

)3 1Qj(x,y) — Qj(%,y)]

{jeZ: §f<d(x,a?~)} o
<] 2wl YA
<y

~ 1d(x,

]V(l)

Combining the Cases (1) and (2), we have

_ dx, )17 1
T 10y - gl 5 e 20

which further proves that KJ(?) (-, -) satisfies (4). By the arguments similar to those used in
the proof of (20), we conclude that

_ dx,x)1" 1
I 100 - Q0] < ] v @

We further show that K?)(-, -) satisfies (5). Indeed, let x, X,y € X with d(x,X) <

ﬁd(x,y) and x # y. From (13), Definition 4(v), (1) and (21), we deduce that

(K ()~ K (3, 3)|
< L1 0Q (N ()~ Qv DN ()]

JEZ
< Y 1Qi(w,x) = Qi(w, D)[IQ;(N) ()] + Y 1Qi(y, D) Q;(f) (x) — Qi(f)(X)]
Jjez jEZ
S HfHBMO Z’Q} Yy, x Q] Yy, x )’
]GZ
+ L 10w [ 10)(x,2) — Q2| |f(2) — my(y ()| dn(2)
jEZ
dlx, )17 1
S 1o | 5o | gy + A

where

A=) Qi ’Am/ |Qj(x,2) — Qj(% 2 |‘f — gy sy (f) | dp(z).

JEZ

To estimate A, we deal with the following two cases.
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Case (i) d(x,%) < &/. By (ii) and (iii) of Definition 4, (1), (19), some arguments similar
to those used in the proof of ([62], (2.3)) and (12), we conclude that

AR mweet a5 ) e"p{_” [d(yéfyj)r}
S e e 52
x| f(2) = mp( s ()| dncz)
sLwwerl e Jor 15
W e A ool 3 )

< |£(2) = mpe ) (F)| du(z)

z
x
d(x,X) 1 v[d(x,y)]" v [d(y, YH1"
% I lemo d(x,w} ]Z; Vs (v) p{_4{2A05]l } {_4{ 2A05j} }
d(x, )" 1
S Ilwo) | 53| g
Case (ii) d(x, X) > ¢/. From Definition 4(ii), (1), (19), some arguments similar to those
used in the proof of ([62], (2.3)) and (12), we deduce that
mor{ 5[5  Jerl [
AS P Vo) exp{ 5 [ 5 expy V| = (22)
S el 57 e {5 N
X/X[ 5 v P 2 TV, %P T2 e
x| f(2) = mpesn ()] dncz)

X
i) Bl -wlma] el )
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. } f(2) = mp s ()] dn2)

| Ermerl5 5] ool )

< [ fllsmo (x)

Combining Cases (i) and (ii), we know that Kj((s) (+,-) satisfies (5). These complete the
proof of (3) through (5) for K}g) ().

Next we show that K”'(1), (K})*(1) € BMO(X). Obviously, K{’(1) = 0 €

BMO (X'). Now we prove that (Kj(?) )*(1) € BMO (X). It is easy to see that

() () = K (9% = L)

For any h € C/(X) with supp I C B(xo,70) and any N € N, choose 7y € C/(X)
with 7y = 1 on B(xg,2A¢Nry), supp (1n) C B(xp,4A9Nrp), and 0 < 7y < 1. We write

() m) = () ) + [ 1= iGN 00 () =Ty + Ty,
By [ h(y) du(y) = 0, we conclude that
iy = [ 1= x()] [ K y)hiy) duty)du(x)
- /X /Bm,,o) K (x,y)[1 = () () dpa(y) ()
- /X /B(xo,ro) K () = K5 G x0) | (L= o () ) ey ).

We observe that if d(y, xg) < ro and d(x,x9) > 2AoNry, then d(x,xg) > 2AoNrg >
2Apd(y, xo), which implies that

y| <

(3) j
K 1-— h(y)| du(y)d
X\B(xo,ZAgNro)/(xgro) f (x,y) - Ky (x, xo ’| N ()| |h(y) | dp(y)dp(x)

T
< Ihl] o / / [ WO] du(y)d
S Al ey B2 AoNr) JBom A%, x0) | V(x,¥0) u(y)dp(x)

1 1" 1
Sl ooy V (30, / { }
S Bl x)rg V (x0, 70) X\B(xo.2A0Nrg) L d(x,x0) |V (x,x0)

du(x) -0, as N — oo.

Then we need to prove limy_,c Iy = (f, ). Indeed, for any h € C/(X), observe that,
by ([29], Corollary 3.14) and the boundedness of Q; on L%(X), we know that Qi(f)un €
L%(X), which, combined with the assumptions (a) and (b) in Theorem 3, the fact that h
is a multiple of a (1,2)-atom, and the Lebesgue dominated convergence theorem, further
implies that

lim <(K}3))*(;7N),h> — lim Z<Q}‘(Qj(f)nw),h> = lim 3 (Q;(f)nn, Qj(h))

N—oo *}00].62 jez

= lim Y- (1N, Qi(f)Qj(h)) = Aim <77N/ Y Qi(f )>

JEZL JEL
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= <1, )3 Qj(f)Qj(h)> =2 (Qi(f). Qj(h))

jEZ JEZ
= Y (f,Q/Qim) = <f, )3 Qj<h>> = (f,h),
JEZ JEZ

where in the fifth inequality of this equation, we need to show that the series }_;c7 Q;(f)Q;(h)

absolutely converges in L' (X'). Indeed, from (13), ([62], (2.4)) and the fact that CZ (x) c
G(x1,1,1,9) for any given x; € X and r, ¢ € (0, c0) (see ([33], p. 19)), it follows that

Y 1Qi(NHQ;(M)]

jez

S Z||Qf(f)Qj(h)||L1(X) < ZHQ]'(f)’|L°°(X)||Qj(h)HL1(X)
L1 (x) JEZL JEZ

S Ifllsmo () 2 N1Qi M 11 vy S Ifllsmo () 1Bllg ey 0y < o0

JjEZ

which proves the desired result. This shows limy_,. Iy = (f, h), which, together with
the estimate of Iy, implies that (K}g’))*(l) = fon (CZ(X))’ and hence (K}g’))*(l) =fe
BMO (X).

Moreover, from the T(1) theorem (see Lemma 3) ([32], Theorem 12.2), we deduce that

Kj(f) is bounded on L2(X). Then, by the boundedness of the Calderén-Zygmund operator

(see, for example, ([27], Theorem 2.4 in Chapter III), ([28], p. 599), ([35], Theorem 1.12),
and ([58], Theorem 3.4)), we find that (i)—(iv) of Theorem 3 hold true.

Now we begin to show (v) and (vi) of Theorem 3. To this end, we temporarily fix a
g € L®(X). From the fact that g € L*(X) C BMO (X)), and the arguments used in the

proof of (i)—-(iv) of Theorem 3, it follows that the kernel of the operator Kg) () :=1I(-,g),
defined by setting, for any (x,y) € X x &,

Kg')(x,y) =) Qi(xy)Qi(8)(v)

jez

satisfies (3) through (5) and WBP (1) with | f|gmo () replaced by ||| 1~ (x), KS) (1)=0¢
BMO (X), (K))*(1) = g € L®(X) € BMO () and K is bounded on L?(X).

Thus, ng) is an r7-Calderén—-Zygmund operator, which, combined with the fact that

(Kég))*(l) =g € L*(X) € BMO (X) and the T(1) theorem (see Lemma 3) and ([27],

Theorem 2.4 in Chapter III), further completes the proof of (v) and (vi) of Theorem 3 and
hence of Theorem 3. [

Proof of Theorem 4. Similar to the proof of Theorem 3, without loss of generality, we may
assume that the sum };c7 in I (f, g) is a finite sum Z]-Ii_ N for any fixed N € N.
We first prove (i) through (iv) of Theorem 4. Fix f € L®(X’), we consider the operator

Kj(rl) and its kernel, which is still denoted by K(l), defined by setting, for any x € &,

KV ()(x) = L(£,8) () = £ BN () = [ K (xn)g(v) dutw),

jEZ

where Kj((l) (x,y) = Liez Qj(x, ) P;(f) (x).
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Now we show that K}l) (-, -) satisfies (3) through (5). To this end, we first prove that

Kj((l) (+,-) satisfies (3). From Remark 2(ii), it follows that there exists a positive constant C
such that, for any f € L*(X),

sup I1Pi()lroxy < Cllf ey, (23)
je

which, together with (13) and some arguments used in the proof of (18), further implies
that, forany x, y € &,

Ky < I @ nIBN@] S Iflim) T Q) S 1 e 7555

JEL ]EZ

which completes the proof of (3) for K}l) ()

Then we prove that K}l)(~, -) satisfies (4). Letx, X,y € X, d(x,x) < ﬁd(x,y) with
x # y. We write

K ) - K @] < Dloiey) - Qw1 @)
je
+ LIOENIRNE - BN @)
je
=: A1+ A,

From (20) and (23), we deduce that

d(x,f)r (1

A S 11wy L1000 ) ~ Q&0 Wi | 550 | s

]GZ

Moreover, by the fact that L®(X") C BMO (X') and some arguments similar to those
used in the proof of (22), we know that

A2 S LIQE)] [ [Bi(x,2) = B(%2)[[£(2) = myu (0] du2)
j€Z

d(x,%)1" d(x, )" 1
S lfllsmo () {d(y,x)} V(x,y) S f ey [d(y,x)} V(x,y)’

which completes the proof of (4) for Kfl)( .

Now we prove that Kj(f )(-, ) satisfies (5). Let x, X,y € &, d(x,X) < 54~ (x y) with
x # y. From (18) and (21), it follows that

K (v 2) = K (1,3)| < L1Qi(0,2) — Qi DB (H ()]
jEZ

NRAITETES %‘Qj(]//x) —Qj(y,%)|
j€

d(x, )17 1

<l Myﬂ et

which completes the proof of (5) for Kj(cl) (+,-). This completes the proof of (3) through (5)

for K}l)(-, .
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Then we claim that K}l) has WBP(77) and hence maps from CZ (X) into (CZ(X ).

Indeed, let g, h € CZ(X), supported on some ball B(x, ) with xg € X and rg € (0, ),
normalized by

18]l () +Vg\|g||c'g(;() <1 and |[[hfi=(x) +7g||hHCZ(X) =1

Then, by (23), the Holder inequality and (14), we conclude that

(K (g), )| = [Tna(£,9), 1)) = | [, (£, 8) (0)hx) dp ()
< ¥ [ B @]1Qie) )] In(x) du(x)

jEZ
Sl X [, 19800 1) du(x)
jez
S ey 22 1Q1 (@) 2y 1l 2y
jeZ
S ||f|\L°°(X)[V(Xo,To)]1/2 % 1Qj(&) 2y S [ fllzeo(x)V (x0, 70)-
je

Next we show that K(l)(l), (K(l))*(l) € BMO (X). Obviously, K(l)(l) =0 €

f f f
BMO (X'). Now we prove that (K}l))*(l) =0 € BMO (X). It is easy to see that
(<) ey =K w2 = ¥ Qi )P (N ).

JEZL

Forany h € éZ(X) with supp I C B(xg,19) and any N € N, choose 5 € CZ(X)
with 7y =1 on B(xg,2A0Nry), supp (yn) C B(xp,4A9Nrp) and 0 < 7y < 1. We write

(k) ) = ((K57) o)) + [ (1= GIK ) dpx) = T + T

By the same arguments used in the proof of (K}B))* (1) € BMO (&X), we conclude
that limy_,c Iy = 0. Then we show that limy_,« Iy = 0. Indeed, for any I € CZ(X),
observe that, by ([29], Corollary 3.14) and the boundedness of P; on L?(X), we know that

Pi(f)nn € L%(X), which, combined with the assumption (10), and the Lebesgue dominated
convergence theorem, further implies that

tim ( (K) (), 1) = Tim Y- ( Qi (Bi(f)nn), ) = tim Y (Pi(f)nn, Qi(h)

N—oc0 N—>z>ojGZ N—>oo].GZ

= lim ¥ O, B () = Iggnm<nw, Y Pj<f>Qj<h>>

jEZ JEZ

= <1, ZPj(f)Qj(h)> = (LIL(f,h)) =0,

JEL

where in the third to the last inequality of this equation, we have used the fact that
the series };c7 Pi(f)Q;(h) absolutely converges in L'(X), which is similar to that of
Yiez Qi(f)Q;(h).

This shows limy_,« Iy = 0, which, together with the estimate of Ily, implies that
(K")*(1) = 0 on (CJ())" and hence (K)*(1) =0 € BMO ().
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(1)

Moreover, from the T(1) theorem (see Lemma 3), we deduce that K 5 s bounded on
L?(X). Then, by the boundedness of the Calderén-Zygmund operator (see, for instance, ([27],
Theorem 2.4 in Chapter III)), we find that (i) through (iv) of Theorem 4 hold true.

Now we begin to prove (v) and (vi) of Theorem 4. To this end, we temporarily fix a
g € L®(X). By the fact that L*(X) C BMO (X') and checking the proofs of Theorem 3
and (i) and (ii) of Theorem 4 carefully, we conclude that there exists a positive constant C
such that, for any f € L®(X), ¢ € L>(X),and N € N,

M ()

, M f.)]

S Cllfllzex)lIgll2 ),

L2(x L2(x) —

which, further implies that, for any ¢ € L®(X) and f € L?(X),

HHEN) (f,8)

,t !]H§N)<f,g)\

o = T @D oy 157 (.

S 8l ey 1 f 12 -

L2(x L2(x L2(X)

From this and Theorem 1, we deduce that IT; (f, g) is bounded from L?(X) x L®(X)
into L2(X'), which, combined with the fact that L®(X) C BMO (X') and some arguments
used in the proof of (i) through (iv) of Theorem 3, implies that the kernel of the operator

Kg)() :=1I1;(-, g), defined by setting, for any (x,y) € X x X,

K (x,y) = Y Pi(x, 1) Qi(g) (%)

JEL

satisfies (3) through (5), and hence Kél) is an #-Calderén-Zygmund operator which is
bounded on L?(X). By these and the boundedness of Calderén—-Zygmund operators (see,
for example, ([27], Theorem 2.4 in Chapter III)), we finish the proof of (v) and (vi) of
Theorem 4 and hence of Theorem 4. [J

Remark 9. We observe that the proofs of Theorems 3 and 4 do not use the second difference
regularity condition of {Q;}jez in Definition 4. Thus, the results in Theorems 3 and 4 hold true for
more general approximations of identity.

Author Contributions: Conceptualization, X.F.; methodology, X.E.; software, X.E,; validation, X.F;
formal analysis, X.E,; investigation, X.F; resources, X.F.; data curation, X.F.; writing—original draft
preparation, X.E; writing—review and editing, X.F,; visualization, X.F; supervision, X.E.; project
administration, X.F,; funding acquisition, X.F. The author has read and agreed to the published
version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (Grant
Nos. 11701160 and 11871100).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: We would like to express our deep thanks to the anonymous referees for their
valuable comments, which improve the presentation of this paper.

Conflicts of Interest: The author declares no conflict of interest.

1.  Fujita, H.; Kato, T. On the Navier-Stokes initial value problem. I. Arch. Rational Mech. Anal. 1964, 16, 269-315. [CrossRef]
2. Kato, T. Strong LP-solutions of the Navier-Stokes equation in R”, with applications to weak solutions. Math. Z. 1984, 187,

471-480. [CrossRef]


http://doi.org/10.1007/BF00276188
http://dx.doi.org/10.1007/BF01174182

Mathematics 2021, 9, 2591 24 of 26

10.
11.
12.
13.
14.

15.
16.

17.

18.

19.

20.

21.
22.

23.

24.
25.

26.

27.

28.
29.

30.
31.

32.

33.

34.

Meyer, Y.; Coifman, R.R. Opérateurs pseudo-différentiels et théoréeme de Calderén. In (French) Séminaire d’Analyse Harmonique
(1976-1977); Publ. Math. Orsay, No. 77-77; Dépt. Math., Univ. Paris-Sud: Orsay, France, 1977; pp. 28—40.

Meyer, Y.; Coifman, R.R. Au Dela des Opérateurs Pseudo-différentiels, (French) [Beyond Pseudodifferential Operators] With an English
Summary, Astérisque 57; Société Mathématique de France: Paris, France, 1978.

Meyer, Y.; Coifman, R.R. Wavelets. In Calderon—-Zygmund and Multilinear Operators, Translated from the 1990 and 1991 French
Originals by David Salinger, Cambridge Studies in Advanced Mathematics 48; Cambridge University Press: Cambridge, UK, 1997.
Bony, J.-M. Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non linéaires, (French)
[Symbolic calculus and propagation of singularities for nonlinear partial differential equations]. Ann. Sci. Ecole Norm. Sup. 1981,
14,209-246. [CrossRef]

Bényi, A_.; Maldonado, D.; Nahmod, A.R.; Torres, R.H. Bilinear paraproducts revisited. Math. Nachr. 2010, 283, 1257-1276.
[CrossRef]

Bernicot, F. Uniform estimates for paraproducts and related multilinear multipliers. Rev. Mat. Iberoam. 2009, 25, 1055-1088.
[CrossRef]

Bernicot, F. A T(1)-theorem in relation to a semigroup of operators and applications to new paraproducts. Trans. Am. Math. Soc.
2012, 364, 6071-6108. [CrossRef]

Bernicot, F. Fiber-wise Calderén-Zygmund decomposition and application to a bi-dimen-sional paraproduct. Ill. J. Math. 2012,
56, 415-422.

David, G.; Journé, J.-L. A boundedness criterion for generalized Calderén—-Zygmund operators. Ann. Math. 1984, 120, 371-397.
[CrossRef]

Gilbert, ].E.; Nahmod, A.R. Bilinear operators with non-smooth symbol. I. J. Fourier Anal. Appl. 2001, 7, 435-467. [CrossRef]
Gilbert, J.E.; Nahmod, A.R. LP-boundedness for time-frequency paraproducts. II. ]. Fourier Anal. Appl. 2002, 8, 109-172. [CrossRef]
Grafakos, L.; Kalton, N.J. The Marcinkiewicz multiplier condition for bilinear operators. Studia Math. 2001, 146, 115-156.
[CrossRef]

Muscalu, C.; Pipher, J.; Tao, T.; Thiele, C. Bi-parameter paraproducts. Acta Math. 2004, 193, 269-296. [CrossRef]

Muscalu, C.; Tao, T.; Thiele, C. Uniform estimates on multi-linear operators with modulation symmetry. Dedicated to the memory
of Tom Wollff. |. Anal. Math. 2002, 88, 255-309. [CrossRef]

Germain, P.; Masmoudi, N.; Shatah, ]. Global solutions for the gravity water waves equation in dimension 3. Ann. Math. 2012,
175, 691-754. [CrossRef]

Germain, P.; Masmoudi, N.; Shatah, J. Global solutions for 2D quadratic Schrodinger equations. J. Math. Pures Appl. 2012, 97,
505-543. [CrossRef]

Grafakos, L.; Torres, R.H. Discrete decompositions for bilinear operators and almost diagonal conditions. Trans. Am. Math. Soc.
2002, 354, 1153-1176. [CrossRef]

Bonami, A.; Grellier, S.; Ky, L.D. Paraproducts and products of functions in BMO(R") and H 1 (R™) through wavelets. J. Math.
Pures Appl. 2012, 97, 230-241. [CrossRef]

Ky, L.D. Bilinear decompositions for the product space Hi x BMO,. Math. Nachr. 2014, 287, 1288-1297. [CrossRef]

Ky, L.D. Bilinear decompositions and commutators of singular integral operators. Trans. Am. Math. Soc. 2013, 365, 2931-2958.
[CrossRef]

Ky, L.D. Endpoint estimates for commutators of singular integrals related to Schrodinger operators. Rev. Mat. Iberoam. 2015, 31,
1333-1373.

Bényi, A.; Maldonado, D.; Naibo, V. What is ... a paraproduct? Notices Am. Math. Soc. 2010, 57, 858-860.

Muscalu, C.; Schlag, W. Classical and Multilinear Harmonic Analysis, Volume II; Cambridge Studies in Advanced Mathematics 138;
Cambridge University Press: Cambridge, UK, 2013.

Yang, D.; Liang, Y.; Ky, L.D. Real-Variable Theory of Musielak—Orlicz Hardy Spaces; Lecture Notes in Mathematics 2182; Springer:
Cham, Switzerland, 2017.

Coifman, R.R.; Weiss, G. Analyse Harmonique Non-Commutative sur Certains Espaces Homogenes, (French) Etude de Certaines Intégrales
Singulieres; Lecture Notes in Mathematics 242; Springer: Berlin, Germany; New York, NY, USA, 1971.

Coifman, R.R.; Weiss, G. Extensions of Hardy spaces and their use in analysis. Bull. Am. Math. Soc. 1977, 83, 569-645. [CrossRef]
Fu, X,; Yang, D.; Yang, S. Endpoint boundedness of linear commutators on local Hardy spaces over metric measure spaces of
homogeneous type. |. Geom. Anal. 2020, 31, 4092-4164. [CrossRef]

Chang, D.-C.; Fu, X.; Yang, D. Boundedness of paraproducts on spaces of homogeneous type I. Appl. Anal. 2020. [CrossRef]
Nakai, E.; Yabuta, K. Pointwise multipliers for functions of weighted bounded mean oscillation on spaces of homogeneous type.
Math. Japon. 1997, 46, 15-28.

Auscher, P; Hytonen, T. Orthonormal bases of regular wavelets in spaces of homogeneous type. Appl. Comput. Harmon. Anal.
2013, 34, 266-296. [CrossRef]

Han, Y.; Miiller, D.; Yang, D. A theory of Besov and Triebel—Lizorkin spaces on metric measure spaces modeled on Carnot—
Carathéodory spaces. Abstr. Appl. Anal. 2008, 2008, 893409. [CrossRef]

Han, Y.; Miiller, D.; Yang, D. Littlewood—Paley characterizations for Hardy spaces on spaces of homogeneous type. Math. Nachr.
2006, 279, 1505-1537. [CrossRef]


http://dx.doi.org/10.24033/asens.1404
http://dx.doi.org/10.1002/mana.200710157
http://dx.doi.org/10.4171/RMI/589
http://dx.doi.org/10.1090/S0002-9947-2012-05609-1
http://dx.doi.org/10.2307/2006946
http://dx.doi.org/10.1007/BF02511220
http://dx.doi.org/10.1007/s00041-002-0006-5
http://dx.doi.org/10.4064/sm146-2-2
http://dx.doi.org/10.1007/BF02392566
http://dx.doi.org/10.1007/BF02786579
http://dx.doi.org/10.4007/annals.2012.175.2.6
http://dx.doi.org/10.1016/j.matpur.2011.09.008
http://dx.doi.org/10.1090/S0002-9947-01-02912-9
http://dx.doi.org/10.1016/j.matpur.2011.06.002
http://dx.doi.org/10.1002/mana.201200101
http://dx.doi.org/10.1090/S0002-9947-2012-05727-8
http://dx.doi.org/10.1090/S0002-9904-1977-14325-5
http://dx.doi.org/10.1007/s12220-020-00429-8
http://dx.doi.org/10.1080/00036811.2020.1800653
http://dx.doi.org/10.1016/j.acha.2012.05.002
http://dx.doi.org/10.1155/2008/893409
http://dx.doi.org/10.1002/mana.200610435

Mathematics 2021, 9, 2591 25 of 26

35.

36.

37.

38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
65.

Deng, D.; Han, Y. Harmonic Analysis on Spaces of Homogeneous Type; Lecture Notes in Mathematics 1966; Springer: Berlin, Germany,
2009.

Macias, R.A.; Segovia, C. A decomposition into atoms of distributions on spaces of homogeneous type. Adv. Math. 1979, 33,
271-309. [CrossRef]

Bui, H.-Q.; Bui, T.A.; Duong, X.T. Weighted Besov and Triebel—Lizorkin spaces associated to operators and applications. Forum
Math. Sigma 2020, 8, ell. [CrossRef]

Bui, T.A.; Duong, X.T. Sharp weighted estimates for square functions associated to operators on spaces of homogeneous type. J.
Geom. Anal. 2020, 30, 874-900. [CrossRef]

Bui, T.A.; Duong, X.T.; Ky, L.D. Hardy spaces associated to critical functions and applications to T1 theorems. J. Fourier Anal.
Appl. 2020, 26, 27. [CrossRef]

Bui, T.A.; Duong, X.T,; Ly, EK. Maximal function characterizations for new local Hardy type spaces on spaces of homogeneous
type. Trans. Am. Math. Soc. 2018, 370, 7229-7292. [CrossRef]

Bui, T.A.; Duong, X.T.; Ly, EK. Maximal function characterizations for Hardy spaces on spaces of homogeneous type with finite
measure and applications. J. Funct. Anal. 2020, 278, 108423. [CrossRef]

Grafakos, L.; Liu, L.; Maldonado, D.; Yang, D. Multilinear analysis on metric spaces. Diss. Math. 2014, 497, 1-121. [CrossRef]
Grafakos, L.; Liu, L.; Yang, D. Boundedness of paraproduct operators on RD-spaces. Sci. China Math. 2010, 53, 2097-2114.
[CrossRef]

Hu, G; Yang, D.; Zhou, Y. Boundedness of singular integrals in Hardy spaces on spaces of homogeneous type. Taiwan. J. Math.
2009, 13, 91-135. [CrossRef]

Yang, D.; Zhou, Y. Radial maximal function characterizations of Hardy spaces on RD-spaces and their applications. Math. Ann.
2010, 346, 307-333. [CrossRef]

Yang, D.; Zhou, Y. New properties of Besov and Triebel—Lizorkin spaces on RD-spaces. Manuscripta Math. 2011, 134, 59-90.
[CrossRef]

Fu, X.;; Ma, T,; Yang, D. Real-variable characterizations of Musielak—Orlicz Hardy spaces on spaces of homogeneous type. Ann.
Acad. Sci. Fenn. Math. 2020, 45, 343-410. [CrossRef]

Fu, X.; Yang, D.; Liang, Y. Products of functions in BMO(X') and HJ,(X') via wavelets over spaces of homogeneous type. J. Fourier
Anal. Appl. 2017, 23, 919-990. [CrossRef]

Han, Y;; Han, Y;; He, Z; Li, ].; Pereyra, C. Geometric characteriztions of embedding theorems—For Sobolev, Besov and Triebel—
Lizorkin spaces on spaces of homogeneous type—Via orthonormal wavelets. J. Geom. Anal. 2021, 31, 8947-8978. [CrossRef]
Han, Y,; Han, Y,; Li, ]. Criterion of the boundedness of singular integrals on spaces of homogeneous type. J. Funct. Anal. 2016, 271,
3423-3464. [CrossRef]

Han, Y;; Han, Y,; Li, ]. Geometry and Hardy spaces on spaces of homogeneous type in the sense of Coifman and Weiss. Sci. China
Math. 2017, 60, 2199-2218. [CrossRef]

Han, Y.; Li, J.; Ward, L.A. Hardy space theory on spaces of homogeneous type via orthonormal wavelet bases. Appl. Comput.
Harmon. Anal. 2018, 45, 120-169. [CrossRef]

He, Z.; Han, Y; Li, J.; Liu, L.; Yang, D.; Yuan, W. A complete real-variable theory of Hardy spaces on spaces of homogeneous type.
J. Fourier Anal. Appl. 2019, 25, 2197-2267. [CrossRef]

He, Z.; Liu, L,; Yang, D.; Yuan, W. New Calderén reproducing formulae with exponential decay on spaces of homogeneous type.
Sci. China Math. 2019, 62, 283-350. [CrossRef]

He, Z.; Wang, F,; Yang, D.; Yuan, W. Wavelet characterizations of Besov and Triebel—Lizorkin spaces on spaces of homogeneous
type and their applications. Appl. Comput. Harmon. Anal. 2021, 54, 176-226. [CrossRef]

He, Z.; Yang, D.; Yuan, W. Real-variable characterizations of local Hardy spaces on spaces of homogeneous type. Math. Nachr.
2021, 294, 900-955. [CrossRef]

Liu, L.; Chang, D.-C.; Fu, X,; Yang, D. Endpoint boundedness of commutators on spaces of homogeneous type. Appl. Anal. 2017,
96, 2408-2433. [CrossRef]

Liu, L.; Chang, D.-C.; Fu, X.; Yang, D. Endpoint estimates of linear commutators on Hardy spaces over spaces of homogeneous
type. Math. Meth. Appl. Sci. 2018, 41, 5951-5984. [CrossRef]

Liu, L.; Yang, D.; Yuan, W. Bilinear decompositions for products of Hardy and Lipschitz spaces on spaces of homogeneous type.
Diss. Math. (Rozpr. Mat.) 2018, 533, 1-93. [CrossRef]

Wang, E; Han, Y.; He, Z.; Yang, D. Besov spaces and Triebel—Lizorkin spaces on spaces of homogeneous type with their
applications to a boundedness of Calderén-Zygmund operators. arXiv 2020, arXiv:2012.13035.

Zhou, X.; He, Z.; Yang, D. Real-variable characterizations of Hardy—Lorentz spaces on spaces of homogeneous type with
applications to real interpolation and boundedness of Calderén—-Zygmund operators. Anal. Geom. Metr. Spaces 2020, 8, 182-260.
[CrossRef]

Chang, D.-C.; Fu, X.; Yang, D. Boundedness of paraproducts on spaces of homogeneous type II. Appl. Anal. 2020. [CrossRef]
Fu, X.; Chang, D.-C.; Yang, D. Recent progress in bilinear decompositions. Appl. Anal. Optim. 2017, 1, 153-210.

Hytonen, T.; Kairema, A. Systems of dyadic cubes in a doubling metric space. Collog. Math. 2012, 126, 1-33. [CrossRef]

Fu, X.; Yang, D. Wavelet characterizations of the atomic Hardy space H' on spaces of homogeneous type. Appl. Comput. Harmon.
Anal. 2018, 44, 1-37. [CrossRef]


http://dx.doi.org/10.1016/0001-8708(79)90013-6
http://dx.doi.org/10.1017/fms.2020.6
http://dx.doi.org/10.1007/s12220-019-00173-8
http://dx.doi.org/10.1007/s00041-020-09731-z
http://dx.doi.org/10.1090/tran/7289
http://dx.doi.org/10.1016/j.jfa.2019.108423
http://dx.doi.org/10.4064/dm497-0-1
http://dx.doi.org/10.1007/s11425-010-4042-3
http://dx.doi.org/10.11650/twjm/1500405274
http://dx.doi.org/10.1007/s00208-009-0400-2
http://dx.doi.org/10.1007/s00229-010-0384-y
http://dx.doi.org/10.5186/aasfm.2020.4519
http://dx.doi.org/10.1007/s00041-016-9483-9
http://dx.doi.org/10.1007/s12220-020-00536-6
http://dx.doi.org/10.1016/j.jfa.2016.09.006
http://dx.doi.org/10.1007/s11425-017-9152-4
http://dx.doi.org/10.1016/j.acha.2016.09.002
http://dx.doi.org/10.1007/s00041-018-09652-y
http://dx.doi.org/10.1007/s11425-018-9346-4
http://dx.doi.org/10.1016/j.acha.2021.03.007
http://dx.doi.org/10.1002/mana.201900320
http://dx.doi.org/10.1080/00036811.2017.1341628
http://dx.doi.org/10.1002/mma.5112
http://dx.doi.org/10.4064/dm774-2-2018
http://dx.doi.org/10.1515/agms-2020-0109
http://dx.doi.org/10.1080/00036811.2020.1800654
http://dx.doi.org/10.4064/cm126-1-1
http://dx.doi.org/10.1016/j.acha.2016.04.001

Mathematics 2021, 9, 2591 26 of 26

66. Stein, EM. Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Integrals; Princeton University Press: Princeton,
NJ, USA, 1993.
67. Grafakos, L. Modern Fourier Analysis, 3rd ed.; Graduate Texts in Mathematics 250; Springer: New York, NY, USA, 2014.



	Introduction
	Preliminary Notions and Results
	Boundedness of Paraproducts {j}j=13
	References

